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The Order of Presentation of the 
Formulas 


The question of the most expedient order in which to give the formulas, in particular, in what division 
to include particular formulas such as the definite integrals, turned out to be quite complicated. The 
thought naturally occurs to set up an order analogous to that of a dictionary. However, it is almost 
impossible to create such a system for the formulas of integral calculus. Indeed, in an arbitrary formula 
of the form 


f f(x) dx = A 

J a 


one may make a large number of substitutions of the form x = ip(t ) and thus obtain a number of 
“synonyms” of the given formula. We must point out that the table of definite integrals by Bierens 
de Haan and the earlier editions of the present reference both sin in the plethora of such “synonyms” 
and formulas of complicated form. In the present edition, we have tried to keep only the simplest of the 
“synonym” formulas. Basically, we judged the simplicity of a formula from the standpoint of the simplicity 
of the arguments of the “outer” functions that appear in the integrand. Where possible, we have replaced 
a complicated formula with a simpler one. Sometimes, several complicated formulas were thereby reduced 
to a single, simpler one. We then kept only the simplest formula. As a result of such substitutions, we 
sometimes obtained an integral that could be evaluated by use of the formulas of Chapter Two and the 
Newton-Leibniz formula, or to an integral of the form 


f(x) dx, 


where f(x) is an odd function. In such cases, the complicated integrals have been omitted. 
Let us give an example using the expression 


r?r / 4 (cot X — 1) P 1 7T 

In tan xdx = cosec pit. 

P 


sin 2 x 


By making the natural substitution u = cot x — 1, we obtain 

r°° n 

/ u p ~ l ln(l + u) du = — cosec pn. 

Jo P 


(0.1) 


( 0 . 2 ) 


Integrals similar to formula (0.1) are omitted in this new edition. Instead, we have formula (0.2). 
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As a second example, let us take 


r rr / 2 

/ In (tan p x + cot p x) In tan x dx = 0. 

Jo 


1 = 


The substitution u = tan x yields 


If we now set v = In u , we obtain 


In (u p + u p ) In u 

I = l lTu 5 


I = 


r°° l;p v r 


00 In (2 cosh pv) , 
v — ; av. 


2 cosh v 


The integrand is odd, and, consequently, the integral is equal to 0. 

Thus, before looking for an integral in the tables, the user should simplify as much as possible the 
arguments (the “inner” functions) of the functions in the integrand. 

The functions are ordered as follows: First we have the elementary functions: 

1. The function f(x) = x. 

2. The exponential function. 

3. The hyperbolic functions. 

4. The trigonometric functions. 

5. The logarithmic function. 

6. The inverse hyperbolic functions. (These are replaced with the corresponding logarithms in the 
formulas containing definite integrals.) 

7. The inverse trigonometric functions. 


Then follow the special functions: 

8. Elliptic integrals. 

9. Elliptic functions. 

10. The logarithm integral, the exponential integral, the sine integral, and the cosine integral functions. 

11. Probability integrals and Fresnel’s integrals. 

12. The gamma function and related functions. 

13. Bessel functions. 

14. Mathieu functions. 

15. Legendre functions. 

16. Orthogonal polynomials. 

17. Hyper geometric functions. 

18. Degenerate hyper geometric functions. 

19. Parabolic cylinder functions. 

20. Meijer’s and MacRobert’s functions. 

21. Riemann’s zeta function. 

The integrals are arranged in order of outer function according to the above scheme: the farther down 
in the list a function occurs, (i.e., the more complex it is) the later will the corresponding formula appear 
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in the tables. Suppose that several expressions have the same outer function. For example, consider 
sine x , sin a:, sin In x. Here, the outer function is the sine function in all three cases. Such expressions are 
then arranged in order of the inner function. In the present work, these functions are therefore arranged 
in the following order: sin a:, sine x , sin In a:. 

Our list does not include polynomials, rational functions, powers, or other algebraic functions. An 
algebraic function that is included in tables of definite integrals can usually be reduced to a finite com- 
bination of roots of rational power. Therefore, for classifying our formulas, we can conditionally treat a 
power function as a generalization of an algebraic and, consequently, of a rational function.* We shall 
distinguish between all these functions and those listed above, and we shall treat them as operators. 
Thus, in the expression sin 2 e x , we shall think of the squaring operator as applied to the outer function, 
namely, the sine. In the expression x + cos x , we shall think of the rational operator as applied to the 
trigonometric functions sine and cosine. We shall arrange the operators according to the following order: 

1. Polynomials (listed in order of their degree). 

2. Rational operators. 

3. Algebraic operators (expressions of the form A p / q , where q and p are rational, and q > 0; these are 
listed according to the size of q). 

4. Power operators. 

Expressions with the same outer and inner functions are arranged in the order of complexity of the 
operators. For example, the following functions [whose outer functions are all trigonometric, and whose 
inner functions are all f(x) = x\ are arranged in the order shown: 

1 sin x sin x + cos x . m „ 

smx, sinscosx, — — = cosec x, = tana;, — , sin x , sin x cos a;. 

sin x cos x sin x — cos x 

Furthermore, if two outer functions ipi(x) and tp^ix), where <pi(x) is more complex than ip 2 (x), appear 
in an integrand and if any of the operations mentioned are performed on them, the corresponding integral 
will appear [in the order determined by the position of <P 2 .(x) in the list] after all integrals containing 
only the function <p i(a:). Thus, following the trigonometric functions are the trigonometric and power 
functions [that is, = a:]. Then come 

• combinations of trigonometric and exponential functions, 

• combinations of trigonometric functions, exponential functions, and powers, etc., 

• combinations of trigonometric and hyperbolic functions, etc. 

Integrals containing two functions <p\ ( x ) and ip 2 (x) are located in the division and order corresponding 
to the more complicated function of the two. However, if the positions of several integrals coincide 
because they contain the same complicated function, these integrals are put in the position defined by 
the complexity of the second function. 

To these rules of a general nature, we need to add certain particular considerations that will be easily 
understood from the tables. For example, according to the above remarks, the function e* comes after 

e x as regards complexity, but In x and In — are equally complex since In — = — In x. In the section on 

x x 

“powers and algebraic functions,” polynomials, rational functions, and powers of powers are formed from 
power functions of the form (a + bx) n and (a + f5x) v . 

*For any natural number n. the involution (a + bx ) " of the binomial a + bx is a polynomial. If n is a negative integer, 
(a + bx) n is a rational function. If n is irrational, the function ( a + bx) n is not even an algebraic function. 
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Use of the Tables* 


For the effective use of the tables contained in this book, it is necessary that the user should first become 
familiar with the classification system for integrals devised by the authors R.yzhik and Gradshteyn. This 
classification is described in detail in the section entitled The Order of Presentation of the Formulas (see 
page xxvii) and essentially involves the separation of the integrand into inner and outer functions. The 
principal function involved in the integrand is called the outer function, and its argument, which is itself 
usually another function, is called the inner function. Thus, if the integrand comprised the expression 
In sin x, the older function would be the logarithmic function while its argument, the inner function, 
would be the trigonometric function sin x. The desired integral would then be found in the section 
dealing with logarithmic functions, its position within that section being determined by the position of 
the inner function (here a trigonometric function) in Gradshteyn and Ryzhik’s list of functional forms. 

It is inevitable that some duplication of symbols will occur within such a large collection of integrals, 
and this happens most frequently in the first part of the book dealing with algebraic and trigonometric 
integrands. The symbols most frequently involved are a, j 3 , 7, 6 , t, u, z, Zk, and A. The expressions 
associated with these symbols are used consistently within each section and are defined at the start of 
each new section in which they occur. Consequently, reference should be made to the beginning of the 
section being used in order to verify the meaning of the substitutions involved. 

Integrals of algebraic functions are expressed as combinations of roots with rational power indices, 
and definite integrals of such functions are frequently expressed in terms of the Legendre elliptic integrals 
F(cj),k ), E((j>,k) and H(<j>,n,k), respectively, of the first, second, and third kinds. 

The four inverse hyperbolic functions arcsinh z, arccosh z, arctanh z, and arccoth z are introduced 
through the definitions 


arcsin 2 = 


— arcsinh (iz) 


arccos 2 = - arccosh(z) 

1 

arctan z = - arctanh/iz) 
i 

arccot z = i arccoth(i^) 


* Prepared by Alan Jeffrey for the English language edition. 
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or 


arcsinh 2 = - arcsin(* 2 :) 
i 

arccosh z = i arccos z 

arctanh z = — arctan(iz) 

1 

arccothz = - arccot(— iz) 

1 

The numerical constants C and G which often appear in the definite integrals denote Euler’s constant 
and Catalan’s constant, respectively. Euler’s constant C is defined by the limit 


E 


— - Ins | = 0.577215.... 


C= lim 

s — >00 \ z — ' m 

\m=l / 

On occasion, other writers denote Euler’s constant by the symbol 7 , but this is also often used instead 
to denote the constant 

7 = e c = 1.781072.... 

Catalan’s constant G is related to the complete elliptic integral 

dx 

K = K(fc) = ' 


by the expression 


'0 \J\ — k 2 sin 2 . 


1 ^ (-i) r 


G=- K dk=J2 


- (2m + l) 2 

m — 0 x 7 


= 0.915965.... 


Since the notations and definitions for higher transcendental functions that are used by different 
authors are by no means uniform, it is advisable to check the definitions of the functions that occur in 
these tables. This can be done by identifying the required function by symbol and name in the Index of 
Special Functions and Notation on page xxxix, and by then referring to the defining formula or section 
number listed there. We now present a brief discussion of some of the most commonly used alternative 
notations and definitions for higher transcendental functions. 


Bernoulli and Euler Polynomials and Numbers 

Extensive use is made throughout the book of the Bernoulli and Euler numbers B n and E n that are 
defined in terms of the Bernoulli and Euler polynomials of order n, B n {x) and E n {x), respectively. These 
polynomials are defined by the generating functions 


J-pXt fU 

— = E 5 ^)^ 

n = 0 


and 


5 * - 1 

2e xt 


for |t| < 27 t 


i = E jB ™( a: )“! for \t\ < 7r. 


e L + 1 ^ ' n\ 

n = 0 

The Bernoulli numbers are always denoted by B n and are defined by the relation 

B n = B n (0) for n = 0 , 1 , . . . , 


when 


£°-l, b 2 -1 b 4 _-1.... 
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The Euler numbers E n are defined by setting 


E n = 2 n E r , 


for n = 0, 1, . . . 


The E n are all integral, and Eq = 1, E 2 = —1, E 4 = 5, Eq = —61, .... 

An alternative definition of Bernoulli numbers, which we shall denote by the symbol B *, uses the 
same generating function but identifies the B* differently in the following manner: 

t 1 f 2 f 4 

= 1 - -t + B?— -B%— + .... 

e* - 1 2 1 2! 2 4! 

This definition then gives rise to the alternative set of Bernoulli numbers 

B{ = 1/6, B * 2 = 1/30, B; = 1/42, Bl = 1/30, B% = 5/66, 

Bq = 691/2730, B; = 7/6, B^ = 3617/510, .... 

These differences in notation must also be taken into account when using the following relationships 
that exist between the Bernoulli and Euler polynomials: 


1 n 

B n {x) = ^^2 (/!) B n-kE k (2x ) n = 0,1,... 

En ~i{x) = — { B n (— ) -B n (-) | 


- B n - 


E n -i(x)= ^{B n (x)-2 n n= 1,2,... 

and 

n — 2 

E n _ 2 {x) = 2 (^) - 1 ^ (”) (2 n ~ k - 1) B n _ k B. n {x) n = 2,3, . . . 

k — 0 

There are also alternative definitions of the Euler polynomial of order n, and it should be noted that 
some authors, using a modification of the third expression above, call 

the Euler polynomial of order n. 


Elliptic Functions and Elliptic Integrals 

The following notations are often used in connection with the inverse elliptic functions sn u, cn u, and 
dn u: 


sd u = 


1 

1 



11 c u = 

ndu = 

snii 

enu 


snw 

enu 


— 

cs u= 

dsu = 

cnw 

snu 


sn u 

enu 



cd u = 

dc u = 

dn u 

dn u 



cn u 
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The elliptic integral of the third kind is defined by Gradshteyn and R.yzhik to be 

r* da 


n (ip,n 2 ,k) = [ 
Jo 


(l — n 2 sin 2 a) 


'■ sin 2 a 


) a/1 - k 2 sin „ 

(—00 < n < oo) 
f slnip dx V ' 

o (1 — n 2 x 2 ) y/(l — x 2 ) (1 — k 2 x 2 ) 


The Jacobi Zeta Function and Theta Functions 

The Jacobi zeta function zn (u,k), frequently written Z(u), is defined by the relation 


zn (u,k) = Z(u) = J |dn‘ 


E 


K 


E 


dv — E(u) - —u. 


K 


This is related to the theta functions by the relationship 


d 

zn (u, k) = — In 0(u ) 
ou 


giving 


(i). zn (u,k) = 


(ii). zn(u, k) = 


(iii). zn(u, k) = 


(iv). zn (u,k) — 


7T 

/ 7TU\ 

I2 k) 

cn u dn u 

2^1 

f 7TU \ 

I2 k) 

sn u 

7T 

/ 7 TU\ 

V 2 KJ 

dnusnu 


/ 7 TU\ 

I2 k) 

cn u 


ilil) 

2 MS) 


-k 


2 sn u cn u 


dn u 


Many different notations for the theta function are in current use. The most common variants are the 
replacement of the argument u by the argument u/n and, occasionally, a permutation of the identification 
of the functions to $4 with the function $4 replaced by 1?. 

The Factorial (Gamma) Function 

In older reference texts, the gamma function T(z), defined by the Euler integral 

J.Z — 1 — t 


t z e dt , 


t(z) = r 

Jo 

is sometimes expressed in the alternative notation 

T(1 + z) = z! = n(z). 

On occasions, the related derivative of the logarithmic factorial function is used where 

G?(lnz!) (z!/ 


dz 


= T(z). 
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This function satisfies the recurrence relation 


and is defined by the series 


TO) = TO - 1) + 


to) = -c+£ 


z-l 


n — 0 


n + 1 z + n 


The derivative 'Sf'(z) satisfies the recurrence relation 


T'O + 1) = ^'O) o 


and is defined by the series 


= Y 


n — 0 


0 + n) : 


Exponential and Related Integrals 

The exponential integrals E n (z) have been defined by Schloemilch using the integral 

/ OO 

e ~ zt t~ n dt (n = 0,l>---> R.e z > 0) . 

They should not be confused with the Euler polynomials already mentioned. The function E\(z) is 
related to the exponential integral Ei(z) through the expressions 


and 


/»oo 

Ei(z) = — Ei(— z) = / dt 

J Z 

Hz) = y^=Ei(lnz) 0 > 1] • 


The functions E n (z) satisfy the recurrence relations 


and 

with 


E n (z) = 1 {e 2 - zE n _i(z)} 

n — 1 

E' n {z) = -E n _ 1 {z) 


[n > 1] 


E 0 (z) = e z /z. 

The function E n (z) has the asymptotic expansion 


E n {z) 

while for large n, 


n n(n + 1) n(n+l)(n + 2) 

“ 2 H 0 ^3 


|arg z\ < 


37 r 


E n 0) = 


1 + 


n(n — 2x) n (6x 2 — 8 nx + n 2 ) 


where 


x + n I {x + n) 2 (x + n ) 4 


— 0.36n 4 < R(n, x) < ( 1 + 


0 + n) 6 


+ R(n, x) 


1 


-4 


[x > 0] . 


x + n — 1 

The sine and cosine integrals si(a;) and ci(a;) are related to the functions Si(x) and Ci(x) by the 
integrals 

. f x sint , ... 7 r 

SiO) = / dt = si(;r) + — 

Jn t 2 


and 
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Ci(:r) = C + In x + f 

J o 

shi(a;) anc 
shi(a’) = 


: (cos t — 1) 


t 


dt. 


The hyperbolic sine and cosine integrals shi(cc) and chi (a:) are defined by the relations 

: sinh t 


t 


dt 


and 


Some authors write 


so that 


chi(x) = C + In x + 

Jo 

Cin(x) = f 
Jo 


: (cosh t — 1) 


t 


dt. 


; (1 — cos t) 


dt 


Cin(a;) = — Ci(a) + In x + C. 

The error function erf (a;) is defined by the relation 

2 f x _ 2 

erf (a;) = $(x) = — ^ / e * dt, 
s/nJ o 

and the complementary error function erfc(a) is related to the error function erfc(a) and to $(x) by the 
expression 

erfc(a) = 1 — erf (a;). 

The Fresnel integrals S(x) and C(x) are defined by Gradshteyn and R.yzhik as 


sin t~ dt 


and 


Other definitions that are in use are 


2 r 

sw = Tsl 

2 f x 

C(x) = , / cost 2 dt. 

vW o 


and 

n , 1 f x sin t , 

S2{x) ~7EJ 0 ~Vt dt 

These are related by the expressions 


and 


f x nt 2 f x nt 2 

S i(x) = / sin dt, Ci(x)= / cos — - dt, 

Jo 2 J q 2 

1 f x cost ^ 

C2{x) = wJo ~VT dt - 

S{x) = Si (a/f) = 5 2 (a 2 ) 


C(x) = Ci = C 2 (a 2 ) 


Hermite and Chebyshev Orthogonal Polynomials 

The Hermite polynomials H n (x) are related to the Hermite polynomials He n (x) by the relations 

He n {x) = 2~ n / 2 H n (j^j 

H n (x) = 2 n/2 He n (xV2j . 


and 
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These functions satisfy the differential equations 

d 2 H n _ d H n 
dx 2 X dx 


2 n H „ = 0 


and 

They obey the recurrence relations 
and 

die n n He n — i . 

The first six orthogonal polynomials He n are 

He o = 1, He \ = x, He 2 = x 2 — 1, He 3 = x 3 — 3x, He 4 = x 4 — 6 x 2 + 3, He 5 = x 5 — 10x 3 


_ dHen 

l 9 ^ 1 ' — U. 

ax z ax 


H n j r \ — 2 xH n 2nH n -i 


15x. 


Sometimes the Chebyshev polynomial U n (x) of the second kind is defined as a solution of the equation 

( 1 - x2 ) ^ + n ( n + 2 )v = °- 


Bessel Functions 

A variety of different notations for Bessel functions are in use. Some common ones involve the replacement 
of Y n (z) by N n (z ) and the introduction of the symbol 


A-n(z) = T(n+l)J n (z). 

In the book by Gray, Mathews, and MacRobert, the symbol Y n (z) is used to denote ^7r Y n (z) + 

(In 2 — C) J n (z) while Neumann uses the symbol Y^ n \z) for the identical quantity. 

The Hankel functions H^\z) and H^- 2 \z) are sometimes denoted by Hs u (z) and Hi„(z), and some 

authors write G„(z) = 7r iH^\z). 

The Neumann polynomial O n (t) is a polynomial of degree n + 1 in 1/t, with 0$(t) = 1/t. The 
polynomials O n (t) are defined by the generating function 


= J 0 (z) O 0 (t) + 2^ J k {z) O k (t), 

k=\ 

giving 


O 


n [n/ 2] 

•<*> - j E 

fe= 0 


n(n — k — 1)! 

k! 


n— 2/c+l 


for n = 1,2, 


where [ A?x] signifies the integral part of |n. The following relationship holds between three successive 
polynomials: 


2 (n 2 



2 n o mr 
— sin — — . 
t 2 


(n - 1) O n+ i(t) + ( n + 1) O n -i(t) 


t 
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The Airy functions Ai(z) and Bi(;t) are independent solutions of the equation 


dz 2 


— zu= 0. 


The solutions can be represented in terms of Bessel functions by the expressions 

1 fz .. (2 


2 -z^ 2 ]-I 


Ai O) = ^\/^|/-l/3 ^ 

Ai(-2:) = \-sfz | Ji/3 ^ 3/2 ^ + J- 1/3 


1/3 l 3 2 


3/2 U - - .l-K~ - I -* 3/2 


7T V 3 1/3 l 2> Z 


2 3/2 


and by 


= V-Ar V2 


h„ ( j* 


3/2 




Parabolic Cylinder Functions and Whittaker Functions 

The differential equation 


d 2 y 

dz 2 


+ ( az 2 + bz + c) y = 0 


has associated with it the two equations 


d ' 2 y , 2 , „V._ n „ , d2 y ( 1 ..2 


d? + U* +a J 2 /= 0 and ^-U" +a J y=0 ’ 

the solutions of which are parabolic cylinder functions. The first equation can be derived from the second 
by replacing 2 by ze 171 ’/ 4 and a by —ia. 

The solutions of the equation 

U - (t 2 + a )« = 0 

are sometimes written U(a,z) and V(a,z). These solutions are related to Whittaker’s function D p (z ) by 
the expressions 

U(a,z) = D_ a _i(z) 

and 

V(a,z) = ^ r Q +a ) {^-a-i(- 2 ; ) + (sin7ra)£>_ 0 _i(2)|. 


Mathieu Functions 


There are several accepted notations for Mathieu functions and for their associated parameters. The 
defining equation used by Gradshteyn and R.yzhik is 


0/ u 

— 2 + (a — 2 k 2 cos 2 z) y = 0 with k 2 = q. 

Different notations involve the replacement of a and q in this equation by h and 6 , A and ft 2 , and 
b and c = 2 y/q, respectively. The periodic solutions s e n (z,q) and c e n (z,q) and the modified periodic 
solutions S e n (z,q) and C e n (z,q) are suitably altered and, sometimes, re-normalized. A description of 
these relationships together with the normalizing factors is contained in: Tables Relating to Mathieu 
Functions. National Bureau of Standards, Columbia University Press, New York, 1951. 
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P{x) 




8.37 



T(z) 



Gamma function 

8.31-8.33 



l(a,x), r(a, x) 



Incomplete gamma functions 

8.35 



A (n — k ) 



Unit integer pulse function 

18.1 



£(*) 




9.56 



A(x,y) 




9.640 


p{x,f3), n(x,/3,a) 



9.640 



v(x), v(x,a) 




9.640 



U(x) 



Lobachevskiy’s angle of parallelism 

1.48 



n(y>, n, k) 



Elliptic integral of the third kind 

8.11 



CW 



Weierstrass zeta function 

8.17 



C(a<?), C(a) 



Riemann’s zeta functions 

9.51-9.54 

e(«) = 

= 04(f£), 0i(«) = 

: d. 

( iru \ 

! V 2K/ 

Jacobian theta function 

8.191-8.196 


N 

o 

e j 

II 

M 



1 

1 t), $ 2 (v | r) 

i M v 1 t) 

1 

'j 

> 

Elliptic theta functions 

8.18, 8.19 



ct(m) 



Weierstrass sigma function 

8.17 






See probability integral 

8.25 






Lerch function 

9.55 

$>(a 

, c; a;) = 1 F 1 (a; 7 ; 2 ; 

) 

Confluent hypergeometric function 

9.21 


1 

f $i(a,/3,7>®>2/) j 
■ $2(0,l3','lf,x,y) 

{ ®3(P,'y,x,y) J 

1 


Degenerate hypergeometric series in two 
variables 

9.26 



i>(x) 



Euler psi function 

8.36 



p(u) 



Weierstrass elliptic function 

8.16 



am(u, k) 



Amplitude (of an elliptic function) 

8.141 



B n 



Bernoulli numbers 

9.61, 9.71 



B n {x) 



Bernoulli polynomials 

9.620 



B (x,y) 



Beta functions 

8.38 



B x (p, q ) 



Incomplete beta functions 

8.39 



bei( 2 ), ber(z) 



Thomson functions 

8.56 

continued on next page 
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Notation 


Name of the function and the number 
the formula containing its definition 


of 


C 

C(x) 

CM 

c x (t) 

C x {x) 

c e 2n (z,q), ce 2 „+i (z,q) 

Ce 2n (z,q), Ce2n+i{z,q) 

chi(x) 
ci(x) 
cn (u) 

D(k) = D 
D((p,k) 

D n (z), D p (z) 
dn u 
ei, e 2 , e 3 
E n 

E(<p, k) 

f m = E l 

\ E(k') = E'j 
E(p ; a r : q;p s ■■ x) 

E v {z) 

E\{z) 
erf (a;) 

erfc(:r) = 1 — erf (a;) 

F(ip, k) 

pFq(cXi,... ,Oip\( 3 1, . . . , ( 3 q'i z) 

2F1 (a, /3; 7; z) = F(a, /?; 7; z) 
1F1 (a; 7; z) = $(a,7 ;z) 

F\ (ct ./?! , ■ • • , /?715 

71) »7n : Zi,... ,z n ) 

Fi,F 2 , F 3 , F4 

( fe n (z,q),Fe n (z>q)--- ) 

\ Fey n (2,g),Fek n (z,g ) ... j 

G 

gda; 

f ge n (z,q),Ge n (z,q) 1 
j Gey„(2,g),Gek„(2,g) ) 


'- T l a 


cii , . . . ,ttp 

hi,... ,hg 


Euler constant 

Fresnel cosine integral 

Young functions 

Gegenbauer polynomials 

Gegenbauer functions 

Periodic Mathieu functions (Mathieu 

functions of the first kind) 

Associated (modified) Mathieu functions of 
the first kind 

Hyperbolic cosine integral function 

Cosine integral 

Cosine amplitude 

Elliptic integral 

Elliptic integral 

Parabolic cylinder functions 

Delta amplitude 

(used with the Weierstrass function) 

Euler numbers 

Elliptic integral of the second kind 

Complete elliptic integral of the second 
kind 

MacRobert’s function 
Weber function 
Exponential integral function 
Error function 

Complementary error function 
Elliptic integral of the first kind 
Generalized hypergeometric series 
Gauss hypergeometric function 
Degenerate hypergeometric function 
Hypergeometric function of several 
variables 

Hypergeometric functions of two variables 

Other nonperiodic solutions of Mathieu ’s 
equation 

Catalan constant 

Invariants of the p(w)-function 

Gudermannian 

Other nonperiodic solutions of Mathieu’s 
equation 

Meijer’s functions 


73, 8.367 
25 
76 
93 

932 1 


8.61 


8.63 


22 

23 

14 

112 

111 

24-9.25 

14 

162 

63, 9.72 
11 - 8.12 


8 . 11 - 8.12 

9.4 

8.58 

8.21 

8.25 

8.25 

8 . 11 - 8.12 

9.14 

9.10-9.13 

9.21 

9.19 

9.18 

8.64, 8.663 

9.73 

8.161 

1.49 

8.64, 8.663 
9.3 


continued on next page 
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Notation 

Name of the function and the number of 
the formula containing its definition 

h(n) 

Unit integer function 

18.1 

hei „(z), her „(z) 

Thomson functions 

8.56 

H?\z), H<?\z) 

Hankel functions of the first and second 
kinds 

8.405, 8.42 

H(u)=0 

Theta function 

8.192 

i sits 
jfc CN 

IM 

II 

? 

Theta function 

8.192 

H n {z) 

Hermite polynomials 

8.95 

H v {z) 

Struve functions 

8.55 

I v {z) 

Bessel functions of an imaginary argument 

8.406, 8.43 

Ix(p,q) 

Normalized incomplete beta function 

8.39 

Jv{z) 

Bessel function 

8.402, 8.41 

J v(z) 

Anger function 

8.58 

k„(at) 

Bateman’s function 

9.210 3 

K(k) = K, K(k') = K' 

Complete elliptic integral of the first kind 

8 . 11 - 8.12 

K v {z) 

Bessel functions of imaginary argument 

8.407, 8.43 

kei(z), ker(t;) 

Thomson functions 

8.56 

L(x) 

Lobachevskiy’s function 

8.26 

L v {z) 

Modified Struve function 

8.55 

m 

Laguerre polynomials 

8.97 

li{x) 

Logarithm integral 

8.24 


Whittaker functions 

9.22, 9.23 

O n (x) 

Neumann’s polynomials 

8.59 

PZ(z), Pt{x) 

Associated Legendre functions of the first 
kind 

8.7, 8.8 

Pu(z), P v (x) 

Legendre functions and polynomials 

8.82, 8.83, 8.91 

( a b c ) 



P < a P 7 5 > 

Riemann’s differential equation 

9.160 

[a' p i ) 



P^\x) 

Jacobi’s polynomials 

8.96 

QZ(z), Q£(x) 

Associated Legendre functions of the 
second kind 

8.7, 8.8 

Q„(z), Qis(x) 

Legendre functions of the second kind 

8.82, 8.83 

S(x) 

Fresnel sine integral 

8.25 

S n (x) 

Schlafli’s polynomials 

8.59 

S fj,,i/(z') 

Lommel functions 

8.57 

se 2 „+i (z,q), se 2 „+2 (z,q) 

Periodic Mathieu functions 

8.61 

Se 2 „+i (z,q), Se 2n + 2 (z,q) 

Mathieu functions of an imaginary 
argument 

8.63 

shi(x) 

Hyperbolic sine integral 

8.22 

si(x) 

Sine integral 

8.23 

sn u 

Sine amplitude 

8.14 

T n (x) 

Chebyshev polynomial of the 1 st kind 

8.94 

U„(x) 

Chebyshev polynomials of the 2 nd kind 

8.94 

continued on next page 
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Notation 

Name of the function and the number of 
the formula containing its definition 

U v (w,z), V v (w, z) 

WxA z ) 

Y„(z) 

Z v {z) 

Lommel functions of two variables 8.578 

Whittaker functions 9.22, 9.23 

Neumann functions 8.403, 8.41 

Bessel functions 8.401 

Bessel functions 




Notation 


Symbol 

Meaning 

L*J 

The integral part of the real number x (also denoted by [a:]) 

r(b+) r(b~) 

J a J a 

Contour integrals; the path of integration starting at the point a extends 
to the point b (along a straight line unless there is an indication to the 
contrary), encircles the point b along a small circle in the positive 
(negative) direction, and returns to the point a, proceeding along the 
original path in the opposite direction. 

fc 

Line integral along the curve C 

PVf 

Principal value integral 

z = x — iy 

The complex conjugate oi z = x + iy 

n\ 

= 1-2-3 ...n, 0! = 1 

(2n + 1)!! 

= 1 • 3 . . . (2 n + 1). (double factorial notation) 

(2n)!! 

= 2 • 4 . . . (2n) . (double factorial notation) 

0!! = 1 and (—1)!! = 1 

(cf. 3.372 for n = 0) 

0° = 1 

(cf. 0.112 and 0.113 for q = 0) 

0 

_ p(p - 1) ■ • ■ (p - n + 1) _ pi 7E _ 7E pl 

l-2...n n!(p — n)V '°' ’ n\(p — n)\ 

[n = 1,2,... ,p>n\ 

o 

= x(x — 1) . . . (x — n + l)/n! [n = 0, 1, . . . ] 

( a)n 

= a(a + 1) . . . (a + n — 1) = (Pochhammer symbol) 

n 

5Z Uk 

k=m 

n 

= u m + Um+i + . . . + u n . If n < m, we define Uk = 0 

k=m 

E'- E' 

n m,n 

Summation over all integral values of n excluding n = 0, and summation 
over all integral values of n and m excluding m = n = 0, respectively. 

e, n 

An empty ^2 h as value 0, and an empty J~[ has value 1 

continued on next page 
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Symbol 

Meaning 

c / 1 * = 3 

<i_ io i/i 

Kronecker delta 

r 

Theta function parameter (cf. 8.18) 

x and A 

Vector product (cf. 10.11) 


Scalar product (cf. 10.11) 

V or “del” 

Vector operator (cf. 10.21) 

V 2 

Laplacian (cf. 10.31) 


Asymptotically equal to 

ar gz 

The argument of the complex number z = x + iy 

curl or rot 

Vector operator (cf. 10.21) 

div 

Vector operator (divergence) (cf. 10.21) 

T 

Fourier transform (cf. 17.21) 

Tc 

Fourier cosine transform (cf. 17.31) 

T s 

Fourier sine transform (cf. 17.31) 

grad 

Vector operator (gradient) (cf. 10.21) 

hi and y-ij 

Metric coefficients (cf. 10.51) 

H 

Hermitian transpose of a vector or matrix (cf. 13.123) 

H (a: ) = | 0 I<0 
(1 x > 0 

Heaviside step function 

Im z = y 

The imaginary part of the complex number z = x + iy 

k 

The letter k (when not used as an index of summation) denotes a number 
in the interval [0, 1]. This notation is used in integrals that lead to elliptic 
integrals. In such a connection, the number y/l — k 2 is denoted by k' . 

£ 

Laplace transform (cf. 17.11) 

M 

Mellin transform (cf. 17.41) 

N 

The natural numbers (0, 1,2,...) 


The order of the function f(z). Suppose that the point 2 approaches Zq. 

If there exists an M > 0 such that \g(z) \ < M\f(z)\ in some sufficiently 
small neighborhood of the point zq, we write g(z) = 0(f(z)). 

continued on next page 
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Symbol 

Meaning 

q 

The nome, a theta function parameter (cf. 8.18) 

R 

The real numbers 

R{x) 

A rational function 

Re z = x 

The real part of the complex number z = x + iy 

Cm 

o n 

Stirling number of the first kind (cd. 9.74) 

6 m 

Stirling number of the second kind (cd. 9.74) 

(+1 x > 0 
sign x = < 0 x = 0 

[-1 :r<0 

The sign (signum) of the real number x 

T 

Transpose of a vector or matrix (cf. 13.115) 

z 

The integers (0, ±1, ±2, . . . ) 

Z b 

Bilateral z transform (cf. 18.1) 

Z u 

Unilateral 2 transform (cf. 18.1) 
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Note on the Bibliographic References 


The letters and numbers following equations refer to the sources used by Russian editors. The key to the 
letters will be found preceding each entry in the Bibliography beginning on page 1141. Roman numerals 
indicate the volume number of a multivolume work. Numbers without parentheses indicate page numbers, 
numbers in single parentheses refer to equation numbers in the original sources. 

Some formulas were changed from their form in the source material. In such cases, the letter a appears 
at the end of the bibliographic references. 

As an example, we may use the reference to equation 3.354-5: 

ET I 118 (1) a 

The key on page 1141 indicates that the book referred to is: 

Erdelyi, A. et al., Tables of Integral Transforms. 

The Roman numeral denotes volume one of the work; 118 is the page on which the formula will be 
found; (1) refers to the number of the formula in this source; and the a indicates that the expression 
appearing in the source differs in some respect from the formula in this book. 

In several cases, the editors have used Russian editions of works published in other languages. Under 
such circumstances, because the pagination and numbering of equations may be altered, we have referred 
the reader only to the original sources and dispensed with page and equation numbers. 
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0 Introduction 


0.1 Finite Sums 

0.11 Progressions 

0.111 Arithmetic progression. 

n— 1 

^2(a + kr) = ^[2o+(n-l)r] = ^(a + l) 


k—0 


0.112 Geometric progression. 
'£ag k - 1 = aiqn ~ 1) 


fe = i 


q- 1 


0.113 Arithmetic-geometric progression. 


n— 1 


J2(a + kr)q k = 

k = 0 

n— 1 

0.114 s ^k 2 x k = 


, - [a + (n — l)r]q n rq(l — q n x ) 


[l = a + (n — l)r is the last term] 

[9^1] 


k = 1 


i -q (i - q) 2 

[q^ i, n > l] 

(-n 2 + 2n - 1) a;" +2 + (2n 2 - 2n - l) x n+1 - n 2 x n + x 2 + x 

(1 — a;) 3 


0.12 Sums of powers of natural numbers 


0.121 ^ k q 

fc= l 


n 9+ 1 n 9 

<7 + 1 2 

n 9+! n 9 

<7 + 1 2 


I (?) + 3 (D + I ( 5 ) + • ■ 

gn q 1 _ g(g- l)(g- 2) „_3 g(<? - l)(g - 2)(g -3 )(q- 4) 5 

12 720 30,240 

[last term contains either n or n 2 ] 


1. 

2 . 

3. 




fe=i 


n 


E fc2 


£ fc3 


fe=i 


n(n + 1) 

2 

n(n + l)(2n + 1) 
6 

n(n + 1)1 2 
2 


JO (5) 


CE 332 

CE 333 

CE 333 

CE 333 


1 



2 


Finite Sums 


0.122 


4. 

5. 

6 . 

7. 

0.122 

1. 

2 . 

3. 

4. 11 

5. 10 

6. 10 

0.123 

0.124 

1. 

2. 10 

0.125 

0.126 


,L 1 

E fc 4 = — n(n + l)(2n + l)(3n 2 + 3n — 1) 
k=i 

n i 

E fc 5 = — n 2 {n + l) 2 (2?i 2 + 2 n — 1) 
fc= l 

” 1 

E fc 6 = — n(n + l)(2n + l)(3n 4 + 6 n 3 — 3n + 1) 
k=i 

n 1 

'E fc' = —n 2 (n + 1) 2 (3 n 4 + 6 n 3 — n 2 — 4n + 2) 


fc= l 
n 

fe=i 


2« 

9+1 


n 9+1 - - 


\(l) 


2 q ~ 1 B 2 n q ~ 1 - 


CE 333 

CE 333 

CE 333 

CE 333 

j (g) 29 ” 3 (2 3 — l) 7? 4 n 9-3 — • • • 

[last term contains either n or ?i 2 .] 


E ( 2k - !) = n2 

k = 1 
n 

E( 2 fc - l) 2 = » ti( 4 ?i 2 - 1 ) 
fe= 1 
n 

E(2fc - l) 3 = n 2 (2n 2 - 1) 
fc=l 
n 

E(mfc — 1) = ^ [ro(n + 1) — 2] 
fe=i 

" 1 

— 1) 2 = -n[m 2 (n + l)(2n + 1) — 6m(n + 1) + 6] 

fc=i 

n i 

E ( m ‘k — l) 3 = -n[m 3 n(n + l) 2 — 2 ?n 2 (n + l)( 2 n + 1 ) + 6m(n + 1 ) — 4 ] 
fc=i 

” 1 

E^(fc + i) 2 = Y2 ?x ^ n **) 

k- 1 

E k ( n 2 - fc 2 ) = *9(9 + 1) (2n 2 - q 2 - q) [q = 1 , 2 ,.. .] 

k = 1 
n 

E + l) 3 = gQ n ( n + -*-) (l 2 ?r 3 + 63 n 2 + 107 n + 58 ) 
k = 1 


JO (32a) 
JO (32b) 


Efc! • fc = (n + 1)! — 1 
fc= 1 


(n + fc)! 
^fc!(n- fc)! 




AD (188.1) 
WA 94 



0.142 


Sums of the binomial coefficients 


3 


0.13 Sums of reciprocals of natural numbers 


0.131 11 

where 


n 1 1 oo 

E z=C+lnn+ --X: 


Ai. 


k= 1 


fc= 2 


n(n + 1) . . . (n + k — 1) ’ 


Ak 

A2 

A4 


1 f 1 

— / x(l — x)(2 — x)(3 — x) • • • (k — 1 — x) dx 
k J 0 


1 , 1 

— , A3 = — 

12 ’ 12 


19 

120 ’ 


A* = — 


20 ’ 


0.132 7 Y 

k= 1 
n 

0.133 Y 

k—2 


1 

2k -1 
1 

k 2 -l 


1(C+1„„) + 1„2+|| 

3 2n 1 

4 2 n(n + 1) 


( 23 ~ 1 ) j? 4 

64?t 4 


JO (59), AD (1876) 


JO (71a)a 
JO (184f) 


0.14 Sums of products of reciprocals of natural numbers 


E 


fc = i 


2- E 

k = 1 
n 

3- E 


b + ( fc - !)<?] (. P + kq) p{p + nq) 


1 


n(2p + nq + q) 


k —[ \p+(k- 1 )q]{p + kq)[p + (fc + l)g] 2 p(p + q){p + ng)b + (n + l)g] 

1 


Gl III (64)a 
Gl III (65)a 


k = 1 


b + (k - l)b (p + kq) ...\p+(k+ l)q } 


(l + l)q l p{p + q) ■■■(p + lq) (. p+nq)\p+(n+l)q]...\p+(n + l)q] 


4- E 


rj [1 + {k - l)q\[l + (k - l)q + p\ p 


E 


-E 


^l + (fc-l)g ^l + (k-l)q + p 


0.142 Y 


k 2 + k — 1 1 n+1 


fc=i 


(fc + 2)! 2 (n + 2)! 


AD (1856)a 

Gl III (66)a 
JO (157) 


0.15 Sums of the binomial coefficients 


Notation: n is a natural number. 


1. 

2 . 


bb / n + k \ / n + m + 1 

^ 0 V n 7 V n + 1 


1 + 



= 2 71-1 


KR 64 (70.1) 
KR 62 (58.1) 



4 


Finite Sums 


0.152 


3 OQ + Q— 2 "- 
* f(-»* C) 

k—0 V 7 

0.152 

1 0 + Q + Q + 

- gm:m> 

- OOO 

0.153 

- O + O+O 

- 0 + 0+0 + 

3 0 + 0+Q + 

4 ( 3 ) + ( 7 ) + (n) + 

0.154 

n 


1. 

^(fc + l)(”)=2- 1 (n + 2) 
k= 0 

[n > 0] 

2. 

n 

GH 

fc=l 

[n > 2] 

3. 

k= 0 ' 7 

[TV > n > 1; 0° 

4. 

n 

Y J {-i) k ( n k )k n = {-irn\ 

k= 0 

[n >0; 0° = 1] 

5. 

n 

£(-l) fc (£) (a + *)" = (-!)"«! 

k= 0 

[n >0; 0°s 1] 

6. 

B- 1) ‘(i) (a+t) ”" 1 = 0 

fc=0 ' 7 

[TV > n > 1, 0° 

0.155 

1. 

A (— l) fc+1 /n\ n 

k + 1 V /c / n + 1 

fc— 1 



..= 1 ( 2"- 1 + 2 > C 06 ^) 
. . = 1 O—i + 2i sin^) 
- = 


- (2 
3 V 


... = -( 2™ + 2 cos 

O 

... = l I 2" + 2 cos 


. = ^ ( 2" + 2 cos 


nir\ 

y ) 

(n — 2)7t 
3 

(n — 4)7t 


KR 62 (58.1) 
KR 64 (70.2) 

KR 62 (59.1) 
KR 62 (59.2) 
KR 62 (59.3) 

KR 63 (60.1) 
KR 63 (60.2) 
KR 63 (60.3) 
KR 63 (60.4) 

KR 63 (66.1) 
KR 63 (66.2) 


1 TV, ?z e TV+] 


1. 


n + 1 


KR 63 (67) 



0.159 


Sums of the binomial coefficients 


5 


2 . 

3. 

4. 

0.156 

1. 

2 . 

0.157 

1. 

2 . 

3. 

4. 


n .. 

y — ( nN ) 
^ k + l \kJ 

k—0 


k+l 


E a T ( n ^ 

k + l \k) 


2 n+1 - 1 
n + 1 

(a + l) n+1 — 1 


k—0 


n + 1 


E 

fc=i 


(-i) 


fe+i 


G)-t 


m= 1 


l 

771 



n + m 
P 


(2 n)! 


(n — p)!(n + p)! 



= (-l) r 


2n+l 


E(-^( 2 ’T) 


= 0 


/c— 0 


x>Q 


k=l 


(2n — 1)! 

l( n ~ l )-] 2 


KR 63 (68.1) 
KR 63 (68.2) 
KR 64 (69) 

[to is a natural number] KR 64 (71.1) 

KR 64 (71.2) 

KR 64 (72.1) 

KR 64 (72.2) 

KR 64 (72.3) 
KR 64 (72.4) 


0.158 10 

n 

E 


2 . 


3. 


4. 


fc= l 


E 

fe=i 

n 

E 

fe=i 

n 

E 

fc=i 


2 n — k 
n — k 

2 n — k 
n — k 

2 n — k 
n — k 

2n — k 
n — k 


- 2 fc+1 
- 2 fc+1 
- 2 fc+1 


- 2 


k+l 


2n — k — 1 
n — k — 1 

2n — k — 1 
n — fc — 1 

2n — k — 1 
n — fc — 1 

2n — k — 1 
n — fc — 1 


0.159 10 

n 

i- E 


fc =0 


2 n 

n — k 


2 n 

n — k — 1 


2 



3 • 4" 


/c 3 = (6n + 13)4" — 18?i 


/c 4 = (32rr + 104n) - (60n + 75)4" 

' n 1 


4" _ 



6 


Numerical Series and Infinite Products 


0.160 


2- E 

k - 0 L 
n 

3- E 


fc= o L 


0.160 


1. 


10 


2 n 

E 

k=n+l 


2 n 

n — k 
2 n 

n — k 


(2 n 

V k 


2 n 

n — k — 1 
2 n 

n — k — 1 


/C = x 


( 2 n + 1 ) ( 2n ] - 4" 
n 


1,3 _ (3?i+2) An 1 ( 2n 


k a = 


1 / 2 n 


2 V n 


n , (1 + a) 2 " 

a + 2 E 

k—0 


l(3» + D 


n— 1 


(2k\ 

a 

U ) 

[(1 + a) 2 \ 


l k 


= 2(! + “) 


2n 


2- E(-D r C) 


r (r + 6 ) B (n + a — 6 , 6 ) 


r=0 


v r / r (r + a) T (a — 6) 

0.2 Numerical Series and Infinite Products 


0.21 The convergence of numerical series 

The series 

OO 

0.211 = Ui + U2 + u 3 + . . . 

fc= l 

is said to converge absolutely if the series 

OO 

0.212 ^2\uk\ = \ui\ + \u 2 \ + |u 3 | H , 

k = 1 

composed of the absolute values of its terms converges. If the series 0.211 converges and the series 0.212 
diverges, the series 0.211 is said to converge conditionally. Every absolutely convergent series converges. 


0.22 Convergence tests 

Suppose that 

lim \u k \ 1/k = q 

k — too 

If q < 1, the series 0.211 converges absolutely. On the other hand, if q > 1, the series 0.211 diverges. 
(Cauchy) 

0.222 Suppose that 


lim 


Uk+l 


Uk 


= q 


Here, if q < 1, the series 0.211 converges absolutely. If q > 1, the series 0.211 diverges. If 
approaches 1 but remains greater than unity, then the series 0.211 diverges. (d’Alembert) 

0.223 Suppose that 

u k 


Uk+l 


u k 


lim k 

k — >oo 


^fc+1 


-1=9 


Here, if q > 1, the series 0.211 converges absolutely. If q < 1, the series 0.211 diverges. (R.aabe) 



0.229 


Convergence tests 


7 


0.224 Suppose that f(x) is a positive decreasing function and that 

e k f(e k ) 

, llm fti\ = q 

k— >oo J yfc) 

for natural k. If q < 1, the series /(&) converges. If q > 1, this series diverges. (Ermakov) 

0.225 Suppose that 

uk = 1 | q | \vk\ 

Uk + i k kP ’ 

where p > 1 and the |ffc| are bounded, that is, the |ffc| are all less than some M, which is independent 
of k. Here, if q > 1, the series 0.211 converges absolutely. If q < 1, this series diverges. (Gauss) 

0.226 Suppose that a function f(x) defined for x > q > 1 is continuous, positive, and decreasing. Under 
these conditions, the series 


'Em 


converges or diverges accordingly as the integral 


f(x) dx 


converges or diverges (the Cauchy integral test). 

0.227 Suppose that all terms of a sequence «i, u^, . . . ,u n are positive. In such a case, the series 


OO 

1. ^(-l) fc+1 Wfc = u 1 -u 2 +u 3 - ... 
k = 1 

is called an alternating series. 

If the terms of an alternating series decrease monotonically in absolute value and approach zero, 
that is, if 

2. Uk + i < Uk and lim Uk = 0, 

k—> oo 

the series 0.227 1 converges. Here, the remainder of the series is 

oo oo n 

3. 53 (-l) k ~ n+ 1 U k = Y,{-V k+1 Uk - ^(-l) fc+1 «fe < V! (Leibniz) 

k=n + 1 k—1 k—1 


0.228 If the series 

OO 

1 . Y,V k =V 1 +V2 + ... + Vk + ... 

k = 1 

converges and the numbers Uk form a monotonic bounded sequence, that is, if [uk\ < M for some 
number M and for all k, the series 

OO 

2. 53 UkVk = UiV\ + U 2 V 2 + . . . + UkVk + . . . FI II 354 

fc= 1 

converges. (Abel) 


0.229 If the partial sums of the series 0.228 1 are bounded and if the numbers Uk constitute a monotonic 
sequence that approaches zero, that is, if 
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Numerical Series and Infinite Products 


0.231 


E Vk < M [n =1,2,...] and lim Uk = 0, 

1c . — 


then the series 0.228 2 converges (Dirichlet). 

0.23-0.24 Examples of numerical series 

0.231 Progressions 

OO 

1 I>‘=Pt 


FI II 355 


2 . D«+* !r )«‘ = r^ + (r ^5 

k = 0 ^ V 


< 1 ] (cf. 0 . 113 ) 


0.232 


OO 1 

1. E(-l) fe+1 r=ln2 


(cf. 1 . 511 ) 


OO 1 OO 1 

2 V'' ('_X') fc + 1 = 1 — 2 V'' = — 

^ ’ 2k -1 (4fc- l)(4fc + l) 4 


(cf. 1 . 643 ) 


^ b k (6-l) a+1 4^ b a ~ l ^ j\(a + 1 — j)\ 
k — 1 i — 1 ] — 0 


1 ‘ (-ip ( a +!)!(* -j)° 


[a = 1, 2,3, ... , fop 1] 


0.233 

00 ' x 11 

L =1+ 2P + 3P + -'- = CW 


OO 1 

2. E(-i) fe+1 ^ = (i- 2 l - p )c(p) 


[Rep > 1] 


[Rep > 0] 


1 o2n-l„2n °° 1 2 

3 - 10 E^f = (2n)! ^ 2n ^’ El2=7r 


4- £(-!)" 


1 (2 2 ™” 1 - l)- 2n 


FI II 721 


JO (165) 


5 - E 


1 _ (2 2n - l)7T 2n 

(2k - l) 2n ~ 2 ■ (2n)\ ' 


JO (184b) 


6. E(- 1 )" 


(2fc-l) 2 "+ 1 2 2 ”+ 2 (2n)! 


JO (184d) 



0.236 


Examples of numerical series 


9 


0.234 

1. 


00 , 2 

k = 1 

^ i 

^(2fc-i) 2 " 8 



— n 

(2k + l) 2 

— \jr 

(_l)fe+! 

7 r 3 

(2k - l) 3 

“ 32 

1 

7T 4 

(2k - l) 4 

= 96 

(-l) fc+1 

57 r 5 

(2k - l) 5 

“ 1536 


y(-l) fe+1 ^-^ = - -In 2 

; (jfe + 1) 2 12 


FI II 482 


V — = 2 - 2 In 2 

fr[k(2k + l) 

(n+i)_ ^ , 
^ n 2 r (n) ^ n 

n=l v 7 


0.235 


s » -E («;-!)> 

= 1 S 2 = 


32 - 3tt 2 tt 4 + 30tt 2 - 384 

53 -“6^’ 54 “ 768 


0.236 


OO 1 

V — — — = 21n2 — 1 

^ k (4 k 2 — 1) 

^ l 3 

^ k (9 k 2 - 1) “ 2 ^ ln “ ^ 

°°^ ^ ^ 

Q — = — 3 + — In 3 H- 2 In 2 

y ft (36 ft 2 - 1) 2 


x k 1 

hi (4fc 2 - 1) 2 = 8 


°o 1 o 

V 2 = --21n2 

f~ ft (4ft 2 — l) 2 2 


JO (186) 


BR 51a 


BR 51a 


BR 52, AD (6913.3) 


BR 52 



10 


Numerical Series and Infinite Products 


0.237 


^ 12fc 2 — 1 nl n 

6. 2_ o =2 In 2 


k= 1 


k (4 k 2 - 1 y 


7. 6 V— — - — — -21n2 

Z ^fc(2fc+1) 2 4 

fc— 1 


0.237 

OO 

E 


i 


i 


*;= i 


(2fc-l)(2fe + l) 2 


2- E 


1 


1 7T 


fc=l 


(4fc-l)(4fc + l) 2 8 


3. 


4. 


5. 




1 


fc= 2 


(fc- 1)0+1) 4 


£' 


k—l,k^m 


(to + fc) (to — fc) 4 to 2 


£' 


fc-1 


k=l,k^m 


(-i) 

(to — fc) (to + k) 4 to 2 


0.238 

OO 

i- E 


fc=i 


I = In2 _i 

(2k - l)2k(2k +1) 2 


2- E 


(_l)fe+! 


1 


k = 1 


3- E 


(2k - l)2k(2k +1) 2 


1 


= o(!- ln2 ) 


AD (6917.3), BR 52 


AD (6917.2), BR 52 


[cf. 0.133], 

[to is an integer] 

[to is an even number] 


= l-hn3 + 


fc= o 


(3fc + 1 ) (37c + 2)(3fc + 3) (37c + 4) 6 4 12\/3 


0.239 


i- u £(-D 


fc+i 


1 1 / 7T 


fc=l 


3k — 2 3 VV3 


+ In 2 


2.7 g(_iO+iE-^ = EE-ln2 


fe=l 


s- B-i> 


fe+i 


37c — 1 3 VV3 

1 


1 


fc= l 


4 A: — 3 4\/2 L 


7r + 21n(v2 + l 


AD (6916.1) 

AD (6916.2) 

Gl III (93) 
Gl III (94)a 
Gl III (95) 


Gl III (85), BR* 161 (1) 
BR* 161 (1) 
BR* 161 (1) 


°o , 1 

E , _ x r fe+3 1 1 7 r 1 

(- 1 )W- = - + -I n 2 


fc= l 


4. 


Gl III (87) 



0.241 


Examples of numerical series 


11 


5. EM) 1 


fc + 31 1 

-1 u~ 


fc= 1 


oo 


2k - 1 2\/2 


6. EH) 1 " 1 - 

fc= 1 


57T 

2fc^l “ 12 


OO 


E 


i 


fc=i 


(8fc — l)(8/c + 1) 2 16 


= E^(72 + 1 


0.241 


1. — 7 — = In 2 


4. 


5. 


10 


6. 


10 


10 


9. 


10 


i 


00 1 2 i 

2 - E«3 = ^-,(i» 2 ) 2 


fc=l 

OO 


p = 


2 11 E 

n = 0 
oo 

sr^ = 7r _ _ 
^ n 2 6 .n 


1 


n=l 


V 1 -4 p 

2 /,p ln(l — a:) 




E 

l=i L 


2 J 


E 

l=i L 


V 


i~3 


7.‘» x: 

i=i L 


v 


i~3 


E 

1=1 l 


2 J 


i-J 


i-3 


[° <*><*] 

[0 < p < 1] 


2i ~ A _ 2 j+i ( 2i -ti + i)\ 


1-U + 1 ) J 


3 = 4 1 - 


n ' 
L\?ns 


= 0 , m < 0 


2i ~3\ _ 2j+ 1 / 2i — (j + 1)\ 


* - (i + !) / 


j = 41 


-3-4* 


n ' 
i\iru 


= 0 , m < 0 


2 *- A _ 2 i+i f 2 *- C? + iA 


* - U + !) / 


j 3 = (61 + 13)4* - 181 


n ' 
i\iru 


= 0, to < 0 


2i ~ A _2 1+ 1 f 2 *- O' + lA 


* - (i + !) / 


j 4 = (32 l 2 + 1041) ( ) - (601 + 75)4* 


E 

j=n+l 


if 10 E 


fc =0 


'2n' 
3 

i + k 


k j + 


1 /2n 


2 \ n 


in , (1 + fc) 2 — ^(l-fc) ^ /21 

+ 9 E 


2 — 0 


(l + fc) 2 J ^2 (1 + fc)2 


2^ — fc ^2 


Gl III (88) 

JO (172g) 
JO (174) 
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0.242 


n. 10 Y,( i+ h k ) 1 ~" k = (< + i) 4 * - (2* + 1) 

fc=0 ' ' ^ * 


12.'“ E 


2A 1 


fc=0 


4* 


fc=0 


13. 10 E | 7 I k = 


k = 0 
oo 


14“ 


i 2 f 2i 
2 { i 


k—O 


0.242 B-l ) k ^k = 

0.243 

OO 

4 - E 


n 2fc n 2 + 1 


[n > 1] 


fc= i 


b + (& - 1)9] (p + kq) ...\p+(k + l)q] ( l + 1 )q p(p + q) . . . (p + Iq) 


(see also 0.141 3) 


2- 7 E 


Jfe -1 


fe= 1 


_ 1 rtp-^i -ty 

[p+(k- l)q\ [p+(k- l)q + 1] [p + (fc - l)q + 2] . . . [p + (A; - l)g + Z] Z! 7 0 1 “ 




3- E 


— tanh 


fc =0 


0.244 

OO 

4 - E 


(2fc+l) 3 \x 


1 


( 2 k + 1)7 tx 


+ x tanh 


[p >0, x 2 < 1] BR* 161 (2), AD (6.704) 
(2k + l)7tl 


2x 


k = 1 
00 

2 . E(-D 


1 f L x p -x q 

( k+p)(k + q ) q-pJo 1 - £ 


dx 


fe+i 


1 


fc= 1 


1 fP- 1 


P + (fc- 1)9 Jo l + < 9 


dt 


3- 10 E 


1 


1 q 1 

- = — E - 

k=i (k + p)(k + q) q-pj^ +i m 


7T 

16 


[p>-l, q>- 1 , P7^9] Gl III (90) 

[p > 0, q > 0] BR* 161 (1) 

[<7 > p > — 1, p and q integers] 


Summations of reciprocals of factorials 
0.245 

XI . 

1. E 77 = e = 2.71828... 

fci 


fc= 0 


00 1—1) fc 1 

2 . 11 E EE = — « 0.1839397... 


k = 0 


fc! 2e 



0.249 


Examples of numerical series 
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3. 

4. 

5. 

6 . 

7. 


0.246 

1. 

2 . 

3. 

4. 

5. 

6 . 

0.247 

0.248 


0.249 7 


°° h 1 

Y ^ ~ = - = 0.36787 . . . 


k = 1 


(2k + 1)! e 


E 

fc= i 


(k + 1)! 


= 1 


1 1 / i\ 

£<sr»( e+ ;)- 1Ji4i “- 


£ 

k—0 


1 = I ( e - - ) = 1.17520. 


(2k + 1)! 2 V e 


00 7 l4 fe 

Y Ettt- = cos 1 = 0.54030 . . . 


k—0 


(2 k)\ 


00 r-nfc-i 

Y E ... = sin 1 = 0.84147 . . . 


/c— 0 


(2k — 1)! 


V = / ( 2 ) = 2.27958530 . . . 
fro (^) 2 

OO 

V _ = 7,(2) = 1.590636855. 

+ 1 )! 

OO 1 

E , V = 7 n( 2 ) 

^ fc!(fc + n)! 

00 7 14 

V 4 — 1 = J 0 ( 2 ) = 0.22389078 . . . 
fro (fcO 2 

00 / l\fc 

T ,,,, ' , = J i(2) = 0.57672481 . . 

ti k, ( k + 1 )’ 

00 / -j \ k 

E ,, fr v = ^n(2) 

^ /c!(fc + n)\ 


k\ 


-E (n + k — 1)! (n — 2) • (n — 1)! 

E 7T = Sn ' 


fe= l 


-Si = e, 

S 5 = 52e, 


S 2 = 2e, 

S 6 = 203e, 


f^ti£ = 15e 


fe =0 


jfe! 


S 3 = 5e, 

S 7 = 877e, 


S4 = 15e 
S 8 = 4140e 
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0.250 


0.25 Infinite products 

n 

0.250 Suppose that a sequence of numbers 01 , 02 ,... , a*,,... is given. If the limit lim 1 I (1 + a*,) 

k—1 

exists, whether finite or infinite (but of definite sign), this limit is called the value of the infinite product 

OO 

(1 + 0 ^), and we write 

k= 1 


1. lim TT (1 + o fc ) = TT (1 + a fc ) 

n — too A A A A 

fc=l fe=l 


If an infinite product has a finite nonzero value, it is said to converge. Otherwise, the infinite product is 
said to diverge. We assume that no Ofc is equal to —1. FI II 400 

0.251 For the infinite product 0.250 1. to converge, it is necessary that lim = 0. FI II 403 

k—*oo 

0.252 If a*, > 0 or Ofc < 0 for all values of the index k starting with some particular value, then, for the 
product 0.250 1 to converge, it is necessary and sufficient that the series Y^kLi a k converge. 

OO OO 

0.253 The product JJ (1 + ak) is said to converge absolutely if the product JJ (1 + |ofe|) converges. 
fc= 1 fc= 1 

FI II 403 


0.254 Absolute convergence of an infinite product implies its convergence. 

OO OO 

0.255 The product (1 + ak) converges absolutely if, and only if, the series ^ ak converges ab- 
k—1 k = 1 

solutely. FI II 406 


0.26 Examples of infinite products 


0.261 Hi 1 
0.262 


k= 1 


(- 1 ) 


fc+1 


2k — 1 


= V2 


1. 

2 . 

3. 

0.263 

1. 

2 .* 


n 

k—2 x 
00 / 

nf' 


1 

¥ 


k - 1 


1 


no 


fc = 1 


(2k) 2 

1 


2 
7 r 


(2k + l) 2 


7 r 
4 


_2 / 4\ 1/2 / 6 - 8 \ 1/4 / 10 - 12-14 - 16 \ 

e_ I'l v 3y vsw/ V 9 ’ 11 ’ 13 ' 15 / 


1/8 


e = - 


2\ 1/2 / 2 2 \ 1/3 ( 2 3 • 4\ 1/4 ( 2 4 • 4 4 \ 1/S 

ij lW3 


1 • 3 3 / \ 1 • 3 6 • 5 


EU 


FI II 401 


FI II 401 


FI II 401 
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7 t _ / 1\ 1/2 / 2 2 \ 1/4 / 2 3 • 4 \ 1/8 / 2 4 - 4 4 \ 1/16 

2 v 2 ) V 1 ’ 3 / V 1 ' 33 / V 1 ' 36 ' 5 / 

where the n th factor is the (n + l) th root of the product ]~[fc=o(^ + 



0.3 Functional Series 

0.30 Definitions and theorems 

0.301 The series 

OO 

!• J2fk{x), 

k = 1 

the terms of which are functions, is called a functional series. The set of values of the independent 
variable x for which the series 0.301 1 converges constitutes what is called the region of convergence of 
that series. 

0.302 A series that converges for all values of x in a region M is said to converge uniformly in that 
region if, for every e > 0, there exists a number N such that, for n > N, the inequality 

OO 

fk(x) < £ 

k = n -\- 1 

holds for all x in M. 

0.303 If the terms of the functional series 0.301 1 satisfy the inequalities: 

\fk( x )\ < u k {k = 1,2,3,...), 

throughout the region M, where the Uk are the terms of some convergent numerical series 

OO 

'Y. U k = u l + u 2 + ■ • • + Uk + ■ • • , 
fc= 1 

the series 0.301 1 converges uniformly in M. (Weierstrass) 
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0.304 


0.304 Suppose that the series 0.301 1 converges uniformly in a region M and that a set of functions 
gk{x) constitutes (for each x) a monotonic sequence, and that these functions are uniformly bounded; 
that is, suppose that a number L exists such that the inequalities 


1- \9n(x)\ < L 

hold for all and x. Then, the series 


OO 

2 - ^2fk(x)gk{x ) 

fc= l 

converges uniformly in the region M. (Abel) FI II 451 

0.305 Suppose that the partial sums of the series 0.301 1 are uniformly bounded; that is, suppose that, 
for some L and for all n and x in M, the inequalities 


£/*(*) 
k = 1 


< L 


hold. Suppose also that for each x the functions g n {x) constitute a monotonic sequence that approaches 
zero uniformly in the region M . Then, the series 0.304 2 converges uniformly in the region M . (Dirichlet) 


FI II 451 


0.306 6 If the functions f k (x) (for k = 1,2,3,...) are integrable on the interval [a,b] and if the series 
0.301 1 made up of these functions converges uniformly on that interval, this series may be integrated 
termwise ; that is, 


fb f oo \ oo r.b 

/ [^Zfk(x)\ d x = ^2 

Ja \fc= 1 / k=l Ja 


fk(x ) dx 


[a < x < b] 


FI II 459 


0.307 Suppose that the functions fk(x) (for k = 1,2,3,...) have continuous derivatives f' k (x) on the 
interval [a, 6]. If the series 0.301 1 converges on this interval and if the series fk( x ) °f th ese 

derivatives converges uniformly, the series 0.301 1 may be differentiated termwise; that is, 

{ oo 'j 1 OO 

£>(*)> =J2fk( x ) F|||46 ° 

fc = 1 J fc = 1 


0.31 Power series 

0.311 A functional series of the form 

OO 

1. ^2 a k (x - $) fc = a 0 + a^x - £) + a 2 (x - ^) 2 + . . . 

fc =0 

is called a power series. The following is true of any power series: if it is not everywhere convergent, the 
region of convergence is a circle with its center at the point £ and a radius equal to R; at every interior 
point of this circle, the power series 0.311 1 converges absolutely, and outside this circle, it diverges. This 
circle is called the circle of convergence , and its radius is called the radius of convergence. If the series 
converges at all points of the complex plane, we say that the radius of convergence is infinite ( R = +oo). 



0.315 


Power series 
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0.312 Power series may be integrated and differentiated termwise inside the circle of convergence; that 
is, 


, fc =0 


d 

dx 


J2 a k( x ~0 k \ dx = Y,YT 

J k—0 

oo 

^2a k (x-^) k \ = ^ka k {x - 


k- 1 


. k=0 


fc= 1 


The radius of convergence of a series that is obtained from termwise integration or differentiation of 
another power series coincides with the radius of convergence of the original series. 


Operations on power series 

0.313 Division of power series. 


y hx k 


where 


or 


fc= o 

oo 

E 

k = 0 


a k x 


oo 

= -£ 

t a «ti 


c k x 


Cn + 


1 " 

O n — k O k b n = 0, 

oor-r 

k — 1 


Cn — 


(-1)^ 


aib 0 

- a 0 bi 

a 0 

0 

■ O' 

0 2 b o 

- a 0 b 2 

ai 

Oo 

0 

0 3 b 0 

- a 0 b 3 

0,2 

a 1 

0 

a n -i b o 

— Oo&n-l 

On— 2 

O n -3 ’ ' 

• Oo 

a n b 0 

- a 0 b„ 

On— 1 

O n —2 ' ' 

■ Oi 


0.314 Power series raised to powers. 


E a * x i = E 


c k x 


where 

Cq — CLq 5 — 


Kk—0 


k = 0 


AD (6360) 


mao 


kn — m + k)a k c m -k for m > 1 [n is a natural number] AD (6361) 


fc= l 


0.315 The substitution of one series into another. 


E b ^y k = E 


k = 1 


Cfca; fe y = E a kX k ; 
k=l k= 1 


Ci — ai6i, C2 — o 2 bi + al b 2 , C3 — O3&1 + 2aia2&2 + a i b 3 > 
C4 = <1461 + ^62 + 2ai a 3 b 2 + 3 a\a 2 b 3 + ajb^, 


AD (6362) 
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0.316 


0.316 Multiplication of power series 

OO OO OO 

E a k x k E bkX k = E °kX k 
k = 0 k—0 k — 0 


n 

Cn = ^ ^ O'k^n—k 
k—0 


FI II 372 


Taylor series 

0.317 If a function f(x) has derivatives of all orders throughout a neighborhood of a point £, then we 
may write the series 


i- no + ^fi-no + {JL ^~no + ^-^-no + ■ ■ • , 

which is known as the Taylor series of the function f(x). 

The Taylor series converges to the function f(x) if the remainder 


2. 

n ( £\k 

R n {x) = f{x) - fid) - E ( -^r L f {k) (0 

k—1 



approaches zero as n — > oo. 

The following are different forms for the remainder of a Taylor series: 


3. 

r r c\n+l 

R n(x) = / ( ” +1) (C + *(* - 0) [0 < ^ < 1] 

(Lagrange) 

4. 

r r fOra+l 

i2n(*) = — (1 - em n+1 \d + e(x -0) [0 <e< i] 

(Cauchy) 

5. 

(I ' £) T ' 9) > +1 ’(f + »(* - 0) 



[o < e < i] , 

(Schlomilch) 


where ip( x ) is an arbitrary function satisfying the following two conditions: (1) It and its derivative 
ip'(x) are continuous in the interval (0,x — £); and (2) the derivative ip'{ x ) does not change sign 
in that interval. If we set il>(x) = x p+1 , we obtain the following form for the remainder: 


(t — m n—p—l 

R n (x)= 7 — yvp— j /(«+ 1 )(£ + 0(x - 0 ) [0 < p < n; 0 < 9 < 1] (Rouche) 

lp+l)n\ 

6 . R n {x) = ~. I* f (n+1) (t)(x-t) n dt 

n\Jc 

0.318 Other forms in which a Taylor series may be written: 

oo 2 

l - 11 /(« + *) = E |r. / W («) = /(“) + + ![/» + ■ ■ ■ 

k—0 

oo k 2 

E fr / (fc) (°) = /(°) + ^/'(°) + fr A 0) + ■ ■ • 

fc =0 


2 . 


(Maclaurin series) 
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0.319 The Taylor series of functions of several variables: 

t, uc ^ , t ^ d f(Z>v) , ( 

f(x,y) = /(£,r?) + (x-£) — g^ + (y-V) — Qy — 


, 1 \ t c^ d2 f(^' l l) , or tv ^ 2 /(£,? 7) , , 

+ 2! ’ ( ^) — ^ — + 2( - “ ~ V ’ Q - Q - + ^ ^ 


dx 2 


dx dy 


dy 2 


0.32 Fourier series 

0.320 Suppose that f(x) is a periodic function of period 21 and that it is absolutely integrable (possibly 
improperly) over the interval (—1,1). The following trigonometric series is called the Fourier series of 
f(x): 


1. 


2 . 


3. 1 


ao 

2 


( ak 


*:= i 


knx kirx 

, cos — 1- o fc sin 


l 


l 


the coefficients of which (the Fourier coefficients) are given by the formulas 
ri i — + i r a + 21 


1 f kirt 1 r a+zi k'Kt 

a k = jJ /(f) cos — dt = - J /(f) cos — dt (A; = 0,1,2,...) 

, 1 ibrf , 1 /'“ +2Z .. kirt , „ , „ , 

bk = jJ /W s m — df = y J /(f) sm — dt (k = 1,2,...) 


Convergence tests 

0.321 The Fourier series of a function /(cc) at a point £0 converges to the number 

/ (x 0 + 0) + / (x 0 - 0) 


if, for some h > 0, the integral 


1/ (zo + f) + / (a:o - f) - / (a;o + 0) - / (x 0 - 0)| 


(if 


/o t 

exists. Here, it is assumed that the function f{x) either is continuous at the point Xq or has a discontinuity 
of the first kind (a saltus) at that point and that both one-sided limits f(x 0 + 0) and f(x 0 — 0) exist. 
(Dini) FI III 524 

0.322 The Fourier series of a periodic function f(x) that satisfies the Dirichlet conditions on the interval 
[a, b\ converges at every point xq to the value \ [f(x 0 + 0) + f(x 0 — 0)]. (Dirichlet) 

We say that a function f(x) satisfies the Dirichlet conditions on the interval [a, b\ if it is bounded on 
that interval and if the interval [a, b } can be partitioned into a finite number of subintervals inside each 
of which the function f(x) is continuous and monotonic. 

0.323 The Fourier series of a function f(x) at a point x f) converges to ,) [f(x 0 + 0) + f(x 0 — 0)] if f(x) is 
of bounded variation in some interval (xo — h, Xo + h) with center at Xo- (Jordan-Dirichlet) FI III 528 
The definition of a function of bounded variation. Suppose that a function /(x) is defined on some 
interval [a, 6], where z < b. Let us partition this interval in an arbitrary manner into subintervals with 
the dividing points 

a = x 0 < xi < X 2 < . . . < x n -i < x n = b 

and let us form the sum 
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0.324 


\f( x k) - f{Xk-i) I 

fc= l 

Different partitions of the interval [a, 6] (that is, different choices of points of division x.j) yield, generally 
speaking, different sums. If the set of these sums is bounded above, we say that the function f(x) is of 
bounded variation on the interval [a, b ]. The least upper bound of these sums is called the total variation 
of the function f(x ) on the interval [a, b\. 

0.324 Suppose that a function f{x) is piecewise-continuous on the interval [a, b\ and that in each interval 
of continuity it has a piecewise-continuous derivative. Then, at every point xo of the interval [a, b\, the 
Fourier series of the function f(x) converges to \ [f(x o + 0) + f(x o — 0)]. 

0.325 A function f{x) defined in the interval (0, l) can be expanded in a cosine series of the form 


1. 


2 . 


Oo 

2 


OO 

+ Ofc cos 

fc = 1 


knx 


where 


2 F knt 

a k = t / f{t) cos — dt 


0.326 A function f(x) defined in the interval (0, l) can be expanded in a sine series of the form 

1. 


2 . 


E . knx 

b k sin — — , 


fc= l 

where 


, 2 kirt , 

b k = -jJ fit) sin — dt 


The convergence tests for the series 0.325 1 and 0.326 1 are analogous to the convergence tests for the 
series 0.320 1 (see 0 . 321 — 0 . 324 ). 

0.327 The Fourier coefficients a k and b k (given by formulas 0.320 2 and 0.320 3) of an absolutely 
integrable function approach zero as k — > oo. 

If a function f{x) is square-integrable on the interval (— l, l), the equation of closure is satisfied: 

^2 + ^ (a)? + bf.) = j / f 2 {x) dx (A. M. Lyapunov) FI III 705 

fc= l J ~ l 

0.328 Suppose that f(x) and <p{x) are two functions that are square-integrable on the interval (—1, l) 
and that a k ,b k and a k ,/3 k are their Fourier coefficients. For such functions, the generalized equation of 
closure (Parseval’s equation) holds: 


ao«o 


+ ^2 (a k a k + b k /3 k ) = j / fix)ip{x)dx 

k= l ^ ~ l 


FI III 709 


For examples of Fourier series, see 1.44 and 1 . 45 . 
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0.33 Asymptotic series 


0.330 Included in the collection of all divergent series is the broad class of series known as asymptotic 
or semiconvergent series. Despite the fact that these series diverge , the values of the functions that they 
represent can be calculated with a high degree of accuracy if we take the sum of a suitable number of 
terms of such series. In the case of alternating asymptotic series, we obtain greatest accuracy if we break 
off the series in question at whatever term is of lowest absolute value. In this case, the error (in absolute 
value) does not exceed the absolute value of the first of the discarded terms (cf. 0.227 3). 

Asymptotic series have many properties that are analogous to the properties of convergent series, and, 
for that reason, they play a significant role in analysis. 

The asymptotic expansion of a function is denoted as follows: 


f( z ) 


n — 0 


A n 


This is the definition of an asymptotic expansion. The divergent series ^ is called the asymptotic 


n = 0 


expansion of a function f(z) in a given region of values of arg z if the expression R n (z) = z n [ f(z ) — S^z)], 

n a 

where S n (z ) = > — satisfies the condition lim R n (z) = 0 for fixed n. FI II 820 

k = 0 

A divergent series that represents the asymptotic expansion of some function is called an asymptotic 


0.331 Properties of asymptotic series 

1. The operations of addition, subtraction, multiplication, and raising to a power can be performed 
on asymptotic series just as on absolutely convergent series. The series obtained as a result of 
these operations will also be asymptotic. 

2. One asymptotic series can be divided by another, provided that the first term Aq of the divisor 
is not equal to zero. The series obtained as a result of division will also be asymptotic. 

FI II 823-825 


3. An asymptotic series can be integrated termwise, and the resultant series will also be asymptotic. 

In contrast, differentiation of an asymptotic series is, in general, not permissible. FI II 824 

4. A single asymptotic expansion can represent different functions. On the other hand, a given 
function can be expanded in an asymptotic series in only one manner. 


0.4 Certain Formulas from Differential Calculus 

0.41 Differentiation of a definite integral with respect to a parameter 

0.410 j f(x,a)dx = f(<p(a),a) dip j a ^ -f(ip(a),a) + f f(x,a)dx 

a) da da Jip(a) da 

0.411 In particular, 

L = 

^bJb = 


FI II 680 


2 . 
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0.430 


0.42 The n th derivative of a product (Leibniz’s rule) 

Suppose that u and v are n-times-differentiable functions of x. Then, 


or, symbolically, 


d n (uv) 

d n v /? 

n, |_ | 

du d n 1 v | 

Z\ d 2 ud n 2 v / 7 

i\ d 3 it d" 3 t; 

dx n 

CF , 1 1 

dx n V ] 

L / dx dx n ~ l V i 

1 / dx 2 dx n ~ 2 V f 

5 / dx 3 dx n ~ 3 


d n {uv ) 


= (u + v)^ 


FI I 272 


0.43 The n th derivative of a composite function 

0.430 If /( x) = F(t/)and y = <p(x), then 

L X^ I(x) ' TT^I + f + W F "' to) + ' ■ ' + ^ 


where 


t r u h rv u, 

Uk = v v v 

dx n 1! dx n 






AD (7361) GO 


d" ^ n! d m F /t/V /t/V fy'" 

rlqr n ^ fb'l/il /.’I rhi m 111 / \ 91 / \ .31 


dx nJy ' ^ i\j\h\...k\ dy m \1\J \2\ J \ 3! / \l'-J 

Here, the symbol indicates summation over all solutions in non-negative integers of the equa- 
tion i + 2j + 3h+... + lk = n and m = i + j + h+ ... + k. 


0.431 


n i 


1. (-1)"— W - = _ f(") - + -F^- 1 ) - 

1 ' dx n \x) X 2n \ a- I „2n-l II l 


1 \ n — 1 n 


x ) x 2n_1 1! 


( n ~ l)( n ~ 2) n(n — 1) „( n - 2 ) ( 1 
x 2n-2 2! V X 


AD (7362.1) 


„ / d n a la fa\ n . /nwax"- 1 , /nN /a\’ 

dx n x n \xJ \l) \xJ \2/\xJ 

/ ji \ / n \ ti — 3 

+ (n-l)(n-2)(n-3)( )(-) +... 

V 3 / V x / 


AD (7362.2) 


0.432 

1 . 


^F (x 2 ) = (2aO n F( n ) (x 2 ) + ^ (2x) n ~ 2 (x 2 ) 

+ n(n- l)(n-2)(n-3)' (2a;) „— 4fl(w — 2) (a;2) + 

| n(n ~ l)(n - 2)(ra - 3)(n - 4)(n - 5) ( 2j .)n-6 F 0»-3) ^ + 


AD (7363.1) 
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2 . 


dx’ 


-e ax = (2 ax) n e' 


1 + 


n(n — 1) n(n — l)(n — 2)(n — 3) 


1! (4ax 2 ) 2! (4 ax 2 ) 2 

n(n — 1 )(n — 2)(n — 3)(n — 4 )(n — 5) 


3! (4 ax 2 ) 


+ 


AD (7363.2) 


3. 


d n ti , _2 \p_ p(p- 1 )(p-2)---(p-n+ 1 )(2aa;) r 

I -L | CLX I — 


dx 


x 4 1 + 


(1 + ax 2 )” p 

n(n — 1) 1 + ax 2 n(n — l)(n — 2)(n — 3) / 1 + ax 


jm— 1 


4. 


l!(p — n+1) 4ax 2 2!(p — n + l)(p — n + 2) \ 4ax 2 

_ 1 (2 to — 1 )!! 


j- (l — x 2 )’" 2 = (— l) m — — — sin (to arccos x) 


d n 

5- (-1)"^ 


6 . (- 1 )’ 


0.433 


9a n V a 2 + 6 2 


d n 


da n \a 2 + b 2 


= n\ 


= n! 


m 

n+l 


a 2 + & 2 


+ & 2 


E (- 1 )' 

0<2fc<n+l 


n + 1\ 

2k / la, 


2k 


n+l 


£ (-W 


n+l 


0<2 k<n 


V 2k + 1 ) V a 


2fc+l 


AD (7363.3) 
AD (7363.4) 

(3.944.12) 

(3.944.11) 


d n , „ F ( ' n '> (Jx) n(n — 1) F^ n (-y/x) (n + l)n(n — l)(n — 2) F^ n ^ (\/x) 

h d^ F ^ = 


2 . !+l + «vX) 


(2 v^r 

2n—i _ (2 n — 1)!! a 


1! (2©x)” +1 


2 ! 


(2-y/x) 


n+2 


a 

x 


n— 1 


°' 434 = p 


0.435 — lny = 

dx 11 


n-p\\ (n\ 1 p _\d n y fn\ 1 „_ 2 d"+ 2 ) 


'){-(") 


p — 1 dx n 


© 


p-2‘ 


dx" 


n\ 1 d”y /n\ 1 d n ( y 2 ) d n ( y 3 ) 


. 1 / 1 • y dx" 


© 


2 • y 2 dx" 


dx" 


AD (7364.1) 
AD (7364.2) 

AD (737.1) 
AD (737.2) 


0.44 Integration by substitution 

0.440 11 Let f(g(x)) and g(x) be continuous in [a, 6], Further, let g'(x) exist and be continuous there. 
Then / /[.g(x)]g'(x) dx = / f(u)du 

J a J a(a) 
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1 Elementary Functions 


1.1 Power of Binomials 


1.11 Power series 

k — 0 

If q is neither a natural number nor zero, the series converges absolutely for \x\ < 1 and diverges for 
| a; | > 1. For x = 1, the series converges for q > — 1 and diverges for q < —1. For x = 1, the series 
converges absolutely for q > 0. For x = — 1, it converges absolutely for q > 0 and diverges for q < 0. If 
q = n is a natural number, the series 1.110 is reduced to the finite sum 1.111. FI II 425 

n 

l.m ( 4+^ = EQ A "" fc 

k—0 

1.112 

oo 

1 . (1 + a -)- 1 = l-x + x 2 - x 3 + --- = ^(- l )*- 1 **- 1 

fc=i 


2 . 

3. 11 

4 . 


(see also 1.121 2) 


(1 + a :) -2 = 1 - 2 x + 3 x 2 - 4 x 3 + • • • = ^(- l )^ 1 ^" 1 

k = 1 


(! + *)'/» = l + 


1-1 


2 - 4-6 
1 - 3-5 
’ 2 - 4 - 6 : 


3 o 1-1 
x A - 


3 • 5 


2 • 4 • 6 • 8 


1113 713^2 =E^ fc [* 2<1 ] 

' ’ fe= 1 

1.114 

X\ q(q- 3) /a<\ 2 g(g^4)(g~5) /x\ 3 

4/ 2! W 3! V47 

[. x 2 <1, g is a real number] 

AD (6351.1) 


1- (l + vT+lr) 9 = 2 9 l+^( 


25 
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The Exponential Function 


1.121 


2 . 


(x + \/l 


= i + £ 


k=0 


+qx + 


q 2 (g 2 — 2 2 ) (g 2 — 4 2 ) ... g 2 — (2fc) 2 a; 2fc+2 
(2k + 2)! 

(g 2 -l 2 ) (g 2 — 3 2 ) . . . [g 2 ^ (2k — l) 2 ] 


,2fc+l 


fe=l 


(2fc + 1)! 

[a; 2 <1, g is a real number] AD(6351.2) 


1.12 Series of rational fractions 


1.121 


1. 


— 2 k ~ 1 x 2,k ~ 1 — 


E 


\ ' 




2 . 


1 _ ~ 2 fc_1 
_ 1 _ 2-^1 n ,2 k ~ 1 


x - 1 t — ? £C 

k— 1 


+ 1 


1.2 The Exponential Function 

1.21 Series representation 


1.211 


l. 11 e x 


OO L, 

X K 


E X 

k\ 


k - 0 


2 . 


3. 


= E 


k = 0 


(xln a) 

kT~ 


00 rp^k 


k=0 

4.* e x = lim fl + -) 

n— ► oo V 77,/ 

00 


1.212 e x (l + a;) = ^ 


ar(/c + 1) 


1.213 


fc =0 


= 1 - 


fc! 


E 


B 2fe a; : 


2/c 


*-l 2 ^ (2fc)! 

x / 2x 2 5a; 3 15a; 4 

1.214 e* = e (l+x+ — + — + — 

1.215 


1. 

2. e 


i x 2 3a; 4 8a; 5 3a; 6 56a; 7 

smx = l + a:+ — 


2! 4! 5! 6! 

4 


7! 


cosx = e i 1 _ 3 L_ , 4x4 31x6 


2! 4! 


6 ! 


E < i] 
E > i] 


[x < 2i r] 


AD (6350.3) 
AD (6350.3) 


FI II 520 
AD (6460.3) 

AD (6460.4) 
AD (6460.5) 
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3. 

1.216 

1. 

2 . 

1.217 

1. 

2 . 


. x 2 3a: 3 9a: 4 37a: 5 

= ! + a;+- + — + — + — 


0™3 Krn 4 

arcsin x _ i . ~ i Z i i 

“ + + 2! + 3! + 4! 


arctan x _ i , , ~ ~ 

6 “ +X+ 2! 3! 4! 


OO 


e nx — e 
27 r 


= a: v 

—7tx / £.2 _|_ J~2 

k =— oo 


(- 1 )* 


e nUj — e 


oo 

= x V 

— 7TX / -J ^.2 _|_ j^.2 

k=—oo 


(cf. 1.421 3) 
(cf. 1.422 3) 


1.22 Functional relations 


1.221 

1. 

2 . 

1.222 

1. 

2 . 


a x = e xlna 


a log a * _ a log x a — x 

e x = cosh x + sinh x 
e lx = cos x + i sin x 

1.223 e ax — e bx = (a — b)x exp 


~( a + b)x 


n 

J k = 1 


2„21 


i + 


(a — b) 2 x 
2fc 2 7T 2 


1.23 Series of exponentials 


1.231 

1.232 

1. 

2 . 


J2 akx = 


fc= 0 


1 — a 1 


[a > 1 and x<0or0<a<l and x > 0] 


tanh x = 1 + 2 E(-d 


k ^—2kx 


k=l 


secha: = 2 y^(— 1) 


k e -(2k+l)i 


[x > 0] 
[x > 0] 


k - 0 


3. cosech x = 2 i 


,-(2fc+l)x 


fc =0 


4.* 


sm x = exp 


E 


2r) 

COS X 

2 n 


[x > 0] 

[0 < x < 7r] 


AD (6460.6) 

AD (6460.7) 
AD (6460.8) 

AD (6707.1) 

AD (6707.2) 


MO 216 
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Trigonometric and Hyperbolic Functions 


1.311 


1.3-1. 4 Trigonometric and Hyperbolic Functions 

1.30 Introduction 

The trigonometric and hyperbolic sines are related by the identities 

sinhx = -sin(za;), sin a; = -sinhfia;). 

i i 

The trigonometric and hyperbolic cosines are related by the identities 

cosh x = cos(ia;) , cos x = cosh( ix) . 

Because of this duality, every relation involving trigonometric functions has its formal counterpart involv- 
ing the corresponding hyperbolic functions, and vice versa. In many (though not all) cases, both pairs of 
relationships are meaningful. 

The idea of matching the relationships is carried out in the list of formulas given below. However, not 
all the meaningful “pairs” are included in the list. 


1.31 The basic functional relations 


1.311 

1 . 


sin a; = — (e lx — e lx ) 
2 i v ' 

= — i sinh(jai) 


2. sinhrr = ^ (e x — e x ) 

= — isin(iir) 

3. cosa; = ^ (e” + e"“) 

= cosh(ur) 

4. cosh x = ^ (e x + e ~ x ) 

= cos (ix) 


sm x 1 

5. tan a; = = -tanhuir) 

cos x i 

sinh x 1 ... 

6. tanha; = — - — = - tan (ix) 

cosh x i 

_ cos a; 1 . 

7. cot x = — = = i coth(*x) 

sm x tan a: 

cosh a; 1 . 

8. cotha: = — = — = tcot (ix) 

smh x tanh x 


1.312 


cos 2 x + sin 2 x = 1 


1 . 
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cosh 2 x — sinh 2 x = 1 


sin (x ± y) = si 
sinh (x ± y) = 
sin (x ± iy) = £ 
sinh (x ± iy) = 
cos (x ± y) = c 
cosh (a’ =fc y) = 
cos (x ± iy) = i 
cosh (a’ ± iy) = 

tan (x ;tr y) = 

I null (x ± y) = 
tan (x ± iy) = 


sin x cos y ± sin y cos x 
= sinh x cosh y ± sinh y cosh x 
= sin x cosh y ± i sinh y cos x 
= sinh x cos y ± i sin y cosh x 


tanh (x ± iy) = 


cos x cos y =F sin x sin y 
= cosh x cosh y ± sinh x sinh y 
: cos x cosh y =F i sin x sinh y 
= cosh x cos y ± i sinh x sin y 
tan x ± tan y 
1 =F tan x tan y 
tanh a’ ± tanh y 
1 ± tanh x tanh y 
tan x ± i tanh y 
1 =F i tan x tanh y 
tanh x ± i tan y 
1 ± i tanh x tan y 


1.314 


sin x ± sin y = 2 sin - (x ± y) cos - (x =F y) 
sinh x ± sinh y = 2 sinh - (x ± y) cosh - (x T y) 
cos x + cos y = 2 cos ^ (x + y) cos ^ (x — y) 
cosh x + cosh y = 2 cosh ^ (x + y) cosh ^ (x — y) 
cos x — cos y = 2 sin - (x + y) sin - (y — x) 
cosh x — cosh y = 2 sinh - (x + y) sinh - (x — y) 


tan x ± tan y = 


tanh x ± tanh y = 


sin (x ± y) 
cos x cos y 
sinh (x ± y) 


cosh x cosh y 


1 7T 1 7T 

sin x ± cos y = ±2 sin - (x + y) ± — sin - (x — y) ± — 
= ±2 cos ^(x + y) T cos ^(x-y)#^ 
= 2 sin (x r. y ) t ^ cos i(x=Fy)T^ 
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1.315 


10 .* 


11 .* 


12 .* 


13 .* 


1.315 

1. 

2 . 

3 . 

4 . 

1.316 

1. 

2 . 

1.317 

1. 

2 . 

3 . 

4 . 

5 . 


a sin x ± b cos x = a\ / 1 + [ - ) sin 

a 


x ± arctan ( - 
a 


[a ^ 0] 


zbasinx + bcosx = b\ 1 + ( - cos 


©■ 


x =F arctan ( — 


© 


M 0] 


a sin x ± 6 cos y = q\ 1 + [ - sin 


X / N I 

- © ± y) + arctan - 


q = (a + b) cos 

ri 


i(*T y) 


, r = (a — b) sin 


(*T y) 


cosx + bcosy= ty 1 + cos -(x =F 2/) + arctan 


= — st/ 1 + ( - ) cos 
s 


\{xT y) - arctan ( - 


s = (a — b) sin 


2©±y) 


[MO] 


[t ^ 0] 

M0] 

, t = (a + b) cos 


2 ©±y) 


sin 2 x — sin 2 y = sin© + y) sin© — y) = cos 2 y — cos 2 x 
sinh 2 x — sinh 2 y = sinh© + y) sinh© — y) = cosh 2 x — cosh 2 y 
cos 2 x — sin 2 y = cos© + y) cos© — y) = cos 2 y — sin 2 x 
sinh 2 x + cosh 2 y = cosh© + y) cosh© — y) = cosh 2 x + sinh 2 y 


(cos x + i sin x) n = cos nx + i sin nx 
(cosh x + sinh x) n = sinh nx + cosh nx 


sin - = ±\/-(l-cosx) 


sinh — = ± t / - (cosh x — 1) 


x _L 

cos — = ± 
2 


(1 + COS X ) 


cosh = W ^ (cosh x + 1) 


x 1 — cos x sm x 

tan — = ; = 

2 sm x 1 + cos x 


[n is an integer] 
[n is an integer] 
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x cosh x — 1 smh x 

6. tanh — = — = — 

2 smh x cosh x + 1 

The signs in front of the radical in formulas 1.317 1, 1.317 2, and 1.317 3 are taken so as to agree 
with the signs of the left-hand members. The sign of the left hand members depends in turn on the value 
of x. 

1.32 The representation of powers of trigonometric and hyperbolic functions in terms 
of functions of multiples of the argument (angle) 


1.320 


1. sin 2 " x 


2. sinlr x = 


= 2 ST {E(-l)”-*2( 2 ”) c«2(n - h)x+ ( 2 ") J 
' = ^ {|;(- i r-‘2( 2 ;) cosh 2(n - k)x + } 


1 itn+k-1 f 2n - 1 


3. sin 2n - 1 x=^^^(-l)" +fe - 1 ( j sin(2n — 2k — l)x 

k—0 ' 7 

4. sinh 2ra-1 a; = ^ y^(— l) w+fc - 1 f ^ \ sinh(2n — 2k — l)x 


5. cos 2 " a;: 


1 fv-L/^rA 0/ 

= b 2 n)2^ 2 { I. ) cos2(n — k)x + 


2 2 « | ^ V k 
lfc=0 v 


6. cosh 2 " * = | 2 ( 2 " ) cosh 2(n - k)x + ( 2 ”) | 

7. cos 2 "- 1 a:= ( 2n M cos(2n - 2k - l)x 


2 2n-2 V k I V 

fc— 0 v 7 

1 ^ ^ / O 1 \ 

cosh 2 " -1 x = _ 2 ( j, J cosh(2n — 2k — l)x 

fc= o ' ' 


KR 56 (10, 2) 


KR 56 (10, 4) 


KR 56 (10, 1) 


KR 56 (10, 3) 


Special cases 


1.321 


1. sin 2 a: = - (— cos 2a: + 1) 

2. sin 3 x = - (— sin 3x + 3 sin x) 

4 

3. sin 4 x =- (cos 4a; — 4 cos 2x + 3) 


sin 5 x = — (sin 5a: — 5 sin 3a: + 10 sin x) 


4. 
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1.322 


5. 

6 . 

1.322 

1. 

2 . 

3. 

4. 

5. 

6 . 

1.323 

1. 

2 . 

3. 

4. 

5. 

6 . 

1.324 
1. 

2 . 

3. 

4. 

5. 


1 

sin x = — (— cos 6a; + 6 cos 4x — 15 cos 2x + 10) 

O ^ 

sin 7 a; = — (— sin 7 a: + 7 sin 5a; — 21 sin 3a; + 35 sin x) 
64 


sinh 2 x = - (cosh 2a; — 1) 

3 1 

sinh' 3 x = — (sinh 3a; — 3 sinh a;) 

4 

sinh 4 x = - (cosh 4x — 4 cosh 2a; + 3) 

8 

sinh 5 x = — (sinh 5a: — 5 sinh 3a: + 10 sinh x) 

16 

6 1 

sinh x = — (cosh 6a; — 6 cosh 4x + 15 cosh 2a; + 10) 

7 1 . 

sinh x = — (sinh lx — 7 sinh 5x + 21 sinh 3a: + 35 sinh x) 


cos 2 x = ^ (cos 2a: + 1) 

cos 3 x = ^ (cos 3a; + 3 cos a;) 

cos 4 x = ^ (cos 4a; + 4 cos 2a; + 3) 

8 

cos 5 x = — (cos 5a; + 5 cos 3a: + 10 cos x) 

16 

1 

cos x = — (cos 6a; + 6 cos 4a; + 15 cos 2a; + 10) 
o/ 

cos 7 x = — (cos 7x + 7 cos 5a: + 21 cos 3a; + 35 cos x) 
64 


cosh 2 x = ^ (cosh 2a: + 1) 

3 1 

cosh x = - (cosh 3a; + 3 cosh x) 

cosh 4 x = ^ (cosh 4a; + 4 cosh 2a: + 3) 

8 

cosh 5 x = -77 (cosh 5a; + 5 cosh 3a; + 10 cosh a;) 

16 

6 1 

cosh x = — (cosh 6a; + 6 cosh 4a; + 15 cosh 2a: + 10) 
oz 

7 1 

cosh x = — (cosh 7x + 7 cosh 5a; + 21 cosh 3a: + 35 cosh x) 
64 


6 . 
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1.33 The representation of trigonometric and hyperbolic functions of multiples of 
the argument (angle) in terms of powers of these functions 


-i 7 . ti — 1 • / Ti \ rj — “3 • 3 / Tt \ r) _ c . c 

1 . ' sm nx = n cos x sm x — ^ J cos x sm x + ^ J cos x sm x — 

= sin x / 2" _1 cos" -1 x — ( n 7 2 ^2"- 3 cos"- 3 x 


2" -5 cos" -5 x — 


2"- 7 cos" _7 x + . . . 


K«+l)/2] 


sinh nx = x 


ti \ 2fc — 1 

I(n-l)/2] 


sinh 2fc 2 a; cosh" 2fe+1 ; 


= sinh x (- 1 ) fc ( n f 1 )2"- 2fc - 1 cosh"- 2fc - 1 a: 


AD (3.175) 


n ( n— 2 • 2 n— 4 • 4 

cos nx = cos x — ^ 2 J cos # sin x ^ J cos x sm x — . . . ; 

= 2"“ 1 cos"x- j2"- 3 cos"- 2 a:+ |^ n “ 3 ^2"- 5 cos"- 4 a: 


n / n — 4 


3 V 2 


2" -7 cos" -6 a: + . . . 


AD (3.175) 


4. 3 coshnx = ^ (^) smh 2fc a:cosh" 2k x 

k - o 

[«/ 2 ] . , 

= 2"- 1 cosh" i + 

k - 1 ' 


1 / n — k — 1 


2"- 2fe - 1 cosh"- 2fe a: 


1. sin 2nx = 2n cos x < sin x — 


4n 2 - 2 2 . 3 (4n 2 - 2 2 ) (4n 2 - 4 2 ) . 


■ sm x + 


= (-1)"" 1 cos x jV"” 1 sin 2 "- 1 x - ^—l2 2n ~ 3 sin 2 "- 3 x 

+ (2n ^ 3 ^ 2n - 4) 2 2"— 5 sin 2 "" 5 x 
_ (2n — 4)(2n — 5)(2?i — 6) ^ 2n -7 c ^ n 2"-7 x | | 


sm x — . . . 


AD (3.171) 


AD (3.173) 
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1.333 


2. sin(2n — \)x = (2 n — 1) < sin x — 


(2n — l) 2 — l 2 3 


3! 


sin x 


[(2 n - l) 2 - l 2 ] [(2 n - l) 2 - 3 2 ; 


5! 


sin x — . . . 


AD (3.172) 


= (-l) 11 ' 1 jV"” 2 sin 211 " 1 x - ^l—l2 2n ~ 4 sin 2 ”" 3 x 

+ ( 2n ~ 1 K 2n ~ 4 ) 2 2n ~ 6 sin 2 "" 5 x 
_ (2 n - l)(2n - 5) (2 n - 6) iri ,_ 8 dn 2 n -7 x ^ 

4 n 2 o 4n 2 (4?t 2 — 2 2 ) . 4n 2 (4n 2 — 2) (4n 2 — 4 2 ) 

cos 2 nx =1 — sin x H — sin x — sin x + 


= (-1)" <{ 2 2 "- 1 sin 2 " x - ^2 2 "" 3 sin 2 "" 2 x 


AD (3.174) 


AD (3.171) 


2n(2n 3) o2n -5„- 2n-4 2n(2n 4)(2?t 5) 0 2n-7 ■„ 2n-6 , 


2 ! 


sm x — 


3! 


sm x + 


, , f (2n — l) 2 — l 2 2 

4. cos(2 n — l)x = cos x s 1 — sin x 

[(2n — l) 2 — l 2 ] [(2n — l) 2 — 3 2 ] 
4! 


sm x — . 


= (-1)"- 1 cos x |2 2 "- 2 sin 2 "- 2 * - 2 ^-J-2 2 

+ ( 2n ~ 4 ^ 2n ~ 5 ) 2 2 "~6 sin 2 "— 6 x 

(2 n — 5)'(2?z — 6)(2n — 7) 2 n- 8 -„2n-8 


sm x 


3! 


sm x + ... 


AD (3.173)a 


AD (3.172) 


AD (3.174) 


By using the formulas and values of 1 . 30 , we can write formulas for sinli 2nx, sinh(2n — l)x, cosh2na;, 
and cosh(2?r — l)x that are analogous to those of 1 . 332 , just as was done in the formulas in 1 . 331 . 

Special cases 


1.333 

1. sin 2x = 2 sin x cos x 


2. sin 3a: = 3 sin x — 4 sin 3 x 

3. sin 4a: = cos x (4 sin a: — 8 sin 3 x) 

4. sin 5x = 5 sin x — 20 sin 3 x + 16 sin 5 x 

5. sin 6a: = cos x (6 sin x — 32 sin 3 x + 32 sin 5 a:) 
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6. sin 7 a = 7 sin x — 56 sin 3 x + 112 sin 5 x — 64 sin 7 a: 

1.334 

1. sinh 2a 

2. sinh 3a 

3. 11 sinh 4a 

4. sinh 5a: 

5. 11 sinh 6a; 

6. sinh 7a: 

1.335 

1. cos 2a; = 2 cos 2 x — 1 

2. cos 3a; = 4 cos 3 a: — 3 cos x 

3. cos 4a = 8 cos 4 x — 8 cos 2 x + 1 

4. cos 5a; = 16 cos 5 x — 20 cos 3 a; + 5 cos x 

5. cos 6a; = 32 cos 6 x — 48 cos 4 x + 18 cos 2 x — 1 

6. cos 7x = 64 cos 7 x — 112 cos 5 x + 56 cos 3 a; — 7 cos x 


= 2 sinh a; cosh x 
= 3 sinh x + 4 sinh 3 a; 

= cosh x (4 sinh x + 8 sinh 3 a;) 

= 5 sinh x + 20 sinh 3 x + 16 sinh 5 x 
= cosh x (6 sinh x + 32 sinh 3 x + 32 sinh 5 a:) 

= 7 sinh a; + 56 sinh 3 x + 112 sinh 5 a; + 64 sinh 7 a: 


1.336 

1. cosh 2a; = 2 cosh 2 x — 1 

2. cosh 3a; = 4 cosh 3 a: — 3 cosh x 

3. cosh 4a; = 8 cosh 4 x — 8 cosh 2 x + 1 

4. cosh 5a: = 16 cosh 5 x — 20 cosh 3 x + 5 cosh a 

5. cosh 6x = 32 cosh 6 x — 48 cosh 4 x + 18 cosh 2 x — 1 

6. cosh 7x = 64 cosh' x — 112 cosh 5 x + 56 cosh 3 x — 7 cosh x 


1.337 

1 .* 

2 * 

3.* 

4 * 

5. * 

6 . * 


cos 3a 
cos 3 a 
cos 4a 
cos 4 a 
cos 5a 
cos 5 a 
cos 6a 
cos 6 a 
sin 3a 
cos 3 a 
sin 4a 
cos 4 a 


= 1 — 3 tan 2 a 

= 1 — 6 tan 2 a + tan 4 a 

= 1 — 10 tan 2 a + 5 tan 4 a 

= 1 — 15 tan 2 a + 15 tan 4 a — tan 6 a 

= 3 tan a — tan 3 a 

= 4 tan a — 4 tan 3 a 
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1.341 


7. * 

8 . * 

9. * 

10 . * 
11 .* 
12 .* 

13. * 

14. * 

15. * 

16. * 

1.34 

1.341 

1. 

2 . 

3. 

4. 

5. 


sin 5x 
cos 5 x 
sin 6x 
cos 6 x 
cos 3a; 
sin 3 x 
cos 4a; 

. 4 

sm x 
cos 5a; 
sin 5 x 
cos 6a; 
sin 6 x 
sin 3a; 
sin 3 x 
sin 4a; 
sin x 
sin 5a; 
sin 5 x 
sin 6a: 
sin 6 x 


= 5 tan x — 10 tan 3 x + tan 5 x 
= 6 tan x — 20 tan 3 x + 6 tan 5 x 
= cot 3 x — 3 cot x 
= cot 4 x — 6 cot 2 x + 1 
= cot 5 x — 10 cot 3 x + 5 cot x 
= cot 6 x — 15 cot 4 x + 15 cot 2 x — 1 
= 3 cot 2 x — 1 
= 4 cot 3 x — 4 cot x 
= 5 cot 4 x — 10 cot 2 x + 1 
= 6 cot 5 x — 20 cot 3 x + 6 cot x 


Certain sums of trigonometric and hyperbolic functions 


E . / n — l\.ny y 

sm(a: + ky) = sm I x H — y J sm — cosec 


fc= o 
n—1 


( n — 1 \ 

sinh(x + ky) = sinh f x H — y J sinh 

b—C \ ' 


2 2 
ny 1 


k-0 

n—1 


sinh : 


k = o 

n—1 


n—1 


y cos(x + ky) = cos ^ x H — y j sm - cosec 


'y cosh(a; + ky) = cosh f x H — — y J sinh 

%=o V 2 / 

y (-l) k cos (a: + ky) = sin ^a; + - y^j 


ny y 

— cosec - 
2 2 

ny 1 


2 sinh — 
2 


sm ny sec 


k=0 

n—1 


( n—1 \ 

l) fc sin(a: + ky) — sin I x H — — ( y + ir) J 

fc= o V 2 / 


. n(y + tt) y 


sm 


sec - 
2 2 


AD (361.8) 


AD (361.9) 


JO (202) 


6 . 


AD (202a) 
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Special cases 


1.342 


n „ i i 

v-^ . n + 1 . nx x 

1. > sm kx = sin ism — cosec — 

^ 9 2 2 


AD (361.1) 


„ i a , n + 1 . nx x 

2. > cos kx = cos — - — ism — cosec — + 1 

‘ 2 2 2 

ni . n+1 a: 1 / sin(n+i). 

= cos — sm x cosec — = - 1 H — 

2 2 2 2 l sm | 


AD (361.2) 


3. ^2 sin (2 k — l)x = 


sm nx cosec x 


AD (361.7) 


4. ^2 cos(2 k — l)x = - sin 2 nx < 


JO (207) 


1.343 


1. y^(-l) fc cos kx = — 


1 (— l) n cos 


2 cos | 


2. ^(-l) fc+1 sin(2fc-l)a: = (-l) r 


, sin 2nx 
2 cos a: 


AD (361.11) 


AD (361.10) 


3. ^2 cos(4 k — 3)a; + ^ sin(4fc — l)a; = sin 2nx (cos 2nx + sin 2nx) (cos x + sin x) cosec 2x 


1.344 


n—1 1 

. . 7T/C 7 r 

1. > sm — = cot — 

^ J n v/n 


JO (208) 


AD (361.19) 


. 2nk~ Jn / n7t . n7t\ 

2. > sm = 1 + cos sm — 

^ n 2 V 2 2 / 


AD (361.18) 


3- E 


27 xk 2 Jn. / mr . mr\ 

cos = 1 + cos 1- sm — 

n 2 V 2 2 > 


AD (361.17) 


1.35 Sums of powers of trigonometric functions of multiple angles 


1. ^2 sin 2 k x = j [(2n + 1) sin x — sin(2n + l)ar] cosec x 

k ~ 1 n cos(n + l)a;sinna; 

2 2 sin x 


AD (361.3) 
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1.352 


\ ' o It — 1 1 

2. > cos“ fca = — 1- - cos nx sm(n + 1 )cc cosec x 

2 2 

fc=1 n cos(n + l)xsinna 

2 2 sin a: 


3. 


4. 


2 . 


it 


E . o, 3 . n+1 . nx x 1 . 3(n+l)a . 3na 3a 

sin kx = - sm a: sm — cosec sin sin cosec ■ 

4 9 9 


fc=i 


2 4 


E o 3 n + 1 . nx a: 1 3(n + l) . 3na 3x 

cos kx = - cos — - — x sm — cosec — + - cos a; sm cosec ■ 

4 9 9 ~ ' 


fc = i 


2 4 


5. ^ sin 4 kx = - [3n — 4 cos(n + l)a sin na cosec a: + cos 2(n + l)a sin 2nx cosec 2a:] 


fc= l 


6. cos 4 fca = - [3n + 4 cos(n + l)a sin nx cosec a: + cos 2 (n + l)a sin 2na cosec 2a;] 


1.352 

l. 11 


fc=i 


n— 1 

> k sin kx = ^ 

h 4sin 


sm nx n cos 




f 2 sin f 


E " 1 , , nsin(^-^x) 1 — cosnx 

k cos fca: = — — ^ 

fc=1 2sm 2 4 sin 2 f 


1.353 

1. 

2 . 

3. 

4. 


n— 1 


sin fca: = 


p sin x — p n sin ?ia + p n+1 sin(n — l)a 


fe= l 

71 — 1 


y; sinh /ex = 

fe=l 

71—1 

y cos kx = 
k=0 

71—1 

^ cosh fca; = 


1 — 2p cos x + p 2 

p sinh x — p n sinh nx + p n+1 sinh(n — l)x 


k—0 


1 — 2 p cosh x + p 2 

1 — p cos x — p n cos nx + p n+1 cos (n — l)x 
1 — 2 p cos x + p 2 

1 — p cosh x — p n cosh nx + p n+1 cosh(n — l)a 
1 — 2 p cosh x + p 2 


1.36 Sums of products of trigonometric functions of multiple angles 


1.361 


1. ^ sin kx sin(fc + l)x = - [(n + 1) sin 2a’ — sin 2 (n + l)x] cosec : 


fc= l 


yy sin kx sin (fc + 2)x = — cos 2a — - cos(n + 3)a sin nx cosec : 


fc=i 


AD (361. 4)a 
JO (210) 

JO (211)a 

JO (212) 

JO (213) 

AD (361.5) 

AD (361.6) 

AD (361.12)a 

AD (361.13)aj 

JO (396) 

JO (214) 


2 . 


JO (216) 
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„ „ . ( n+1 \ . n(x + 2y) x + 2 y 

3. 2 2_^ sin kx cos(2 k — 1 )y = sin I ny H — x I sin cosec — - — 

^.—1 v / ~ 

. ( n + 1 \ . n(2y — x) 2y — x 

— sm ny — x | sin — cosec 


1.362 

1. 


E ( 2 " sin2 J) " = ( 2 ” sin |r) ^ sin " x 


k = 1 


k = 1 


2. - 


. , , —cosec x— —cosec — 

2 k 2 k V 2™ 2 r 


1.37 Sums of tangents of multiple angles 

1.371 

1 X 1 £ 

1. > — r tan — = — cot 2 cot 2x 

/ ^ o k 2 k 2 n 2 n 

k—0 

„ A 1 o a; 2 2n+2 -l „ 2 „ 1 2 x 

2- > txt tan 2 -7- = — — — — — + 4 cot 2 2x — —5- cot 2 — 

/ ^ 3 • 2 2n_1 2 2n 2 n 

k—0 


1.38 Sums leading to hyperbolic tangents and cotangents 

1.381 


/ 


tanh 


1 


\ 


E 


n sin 


2/c + 1 

“fer’vy 


fc=0 l . 


tanh 2 


= tanh (2 nx) 


tan 


2k + 1 
4 n 


tanh 


' , ^ 


2 - £ 


• 2 { kir\ 

\ nsm — — 1 

\ V 2 njj 


fe= 1 


1 + 


tanh 2 x 


= coth (2na;) (tanh x + coth x) 

2 n 


tan | — 
2 n 


JO (217) 


AD (361.15) 
AD (361.14) 


AD (361.16) 
AD (361.20) 


JO (402)a 


JO (403) 
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1.382 


tanh 


n— 1 


3- E 


(2 n + 1) sin 2 


2k + 1 

2(2n + 1 ) V ' ) ) 


k - o 


1 + 


tan 


tanh 


4- E 


tanh 2 x 
2k + 1 
2(2 n + 1) ' 

2 


= tanh (2 n + 1) x — 


tanh x 
2 n + 1 


(2 n + 1) sin 2 


kir 


2{2n+l)J J 


fc= l 


1 + 


tanh 2 


tan^ 


x 

kn \ 
(2 n + 1 )) 


= coth (2 n + 1) x — 


coth x 

2 Tl + 1 


1.382 


n— 1 


4- E 


k—0 


( • 2 + 1 


sm 




4n 


= 2 n tanh (fix') 


1 


. +^tanhff) 

smh a: 2 V 2 / 




2 . 


3. 



(2 n + l)x 


x 

— tanh — 


£ 


( sill 2 ( -TM 

V2n + iy 1 


= (2?i + 1) coth 


(2 n + l)x 


- coth | 


+ ^tanh(E 
smh a: 2 V 2 / 


V 


J 


JO (404) 


JO (405) 


JO (406) 


JO (407) 


JO (408) 


JO (409) 
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1.39 The representation of cosines and sines of multiples of the angle 
products 


1.391 


n— 2 / 

2 ' 


1. sin nx = n sin x cos x 


fc= l 


1 - 


sin 2 x 


V 


kir 


sin 


? / 


2. cos nx = 


fc= l 


1 - 


sin 2 x 


V 


. 2 (2k — 1)7T 
sin 


2n 


^ / 


3. sin nx = n sin x jj 


1 - 


sin 2 x 


k = 1 

\ 

re— 1 / 

2 ' 


kir 


sm 


4. cos nx = cos x JJ 


fc=i 


1 - 


sin 2 x 


V 


2 (2k — 1)7T 
sir 


2?t 


1.392 

"- 1 / WN 

1. sin nx = 2" 1 sin f x + — j 

fc=0 ' ' 

n ( *2k 1 

2. cos nx = 2 n ~ 1 sin I x H 7 r 


1.393 


fe =0 


fc=i 


2fc 


2 n 


n / 2 


n— 1 


2.» n 


/c— 0 


sm | x H 7r | = 

n 


(— 1 ) 2 

= 0- “Cos nx) 


n is even 


n is even 


is odd] 


is odd] 


1 

cos nx 

[n odd] 

2 n ~ 1 

1 

[(—1)® — cosnx] 

[n even 

2 n ~ 1 

(-i y 

On— 

n - 1 

2 

^ — sin nx 

[n odd] 


n even 


n ~ i z' / 2kn\ 1 

1.394 ]Q |x 2 — 2xycos H — J + t/ 2 | = x 2n — 2x n y n cos na + y 

2kir\ 


1.395 


n— 1 

cos nx — cos ny = 2 n ~ 1 i cos x — cos I y H I 

fe=0 ^ \ n / 


as finite 

JO (568) 

JO (569) 

JO (570) 

JO (571)a 

JO (548) 
JO (549) 

JO (543) 

JO (544) 
JO (573) 


1. 


JO (573) 
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1.396 


2. cosh nx — cos ny = 2 n 1 < cosh x — cos ( y H — 


k—0 


2/c7T 


1.396 


n— 1 


. tt / 2 „ bn A x 2n — 1 

1. ( x 2 — 2a cos 1- 1 ) = 


fc= 1 


X 2 — 1 


tt / 2 „ 2/ctt A a 2 +1 — 1 

2. 1 I ( x 2 — 2a; cos h 1 ) = 

2n + 1 ' 


fc= l 


fc=i 
n— 1 


2/c7T 


3. TT a^zcos^A^ + l = 

2n + 1 I 


x — 1 

a 2n+1 _ x 
x + 1 


4 . n (* 2 - 2 * cos (2fc ~ + 1 )? r + 1 ) = ^ + 1 


k—0 


2n 


JO (538) 

KR 58 (28.1) 
KR 58 (28.2) 
KR 58 (28.3) 

KR 58 (28.4) 


1.41 The expansion of trigonometric and hyperbolic functions in power series 

1.411 

1. sina = ^^(— 1) A 


00 „2k+l 

\k x 


k=0 


(2k + 1)! 


2. sinha = 


— x 2k+1 


k—0 

oo 


(2k + 1)! 


3. cosa = ^(— 1) 


k—0 


t 2 k 
Jc ^ 

w 


— a 2fe 


4. cosh a; = > . , 

^ (2*0 ! 

5. tana’ = 


fe= o 

oo o2fc /92A; _ 1 \ 

z v z i A D l„2fc-l 


fc=i 


(2fc)! 


-|-S 2 fc|a 


2 7r 

* <T 


2a 5 17 


1 1 .. «X/ -L / y \ 

6. ta„hx = x- T + — * +- = L 


fc = 1 


2 2fc _ l) 

~j2k)\ 


B 2 kX 


2k— 1 


n + 1 2 2fc |U 2 fe| 2 fc_i 

7. cota = > — , a 

7> / 


a ^ (2/c) ! 


* <T 


r 2 / 21 

X < 7T 


, 1 a a 3 2a 5 

coth a = — I 1 

a 3 45 945 


1 2 2k B- 


E 


zt (m 


2k x 2k ~i 


r 2 21 

a < 7t“ 


FI II 523 


FI II 523a 


FI II 522a 
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sec* = v (fgL» 
to (“> ! 

. . x 2 5x 4 61a; 6 

seen x = 1 1 

2 24 720 


* < T 


°° rp 

= i + V -—^-x 2k 


x < T 


cosec x = — b V 

rp / 


1 ~ 2(2 2fe " 1 -1) \B 2k \x 2k ~ l 


r 2 , 2i 

X < 7T 


CE 330a 


CE 330 


CE 329a 


, 1 1 7a; 3 31a: 5 

cosechx = -x + — - — — 

x 6 360 15120 


1 ” 2(2 2k -i-l)B 2k 

x ^ (27c) ! 

\x 2 < 7 r 2 ] 


JO (418) 


1.412 




2 2 ^x 2 


JO (452)a 


cos 2 X 


= 1 -E(-!) A 


2 2fe_i x 2 


JO (443) 


1 00 o2fc+l _ o 


JO (452a)a 


3 + 3 ) x2k 


JO (443a) 


1.413 


sinh a; = cosec x ^(— 1)* 


o2fc-l„4fe-2 

L Zi X 

(47c - 1)! 


JO (508) 


coshx = sec a: + secx ^(— 1)* 


JO (507) 


sinh a; = secxy^(— l)t fc / 2 l 


2k-l x 2k-l 

{2k- 1)! 


JO (510) 


cosh a: = cosec x^(— 1) 


[(fc-l)/2] 


2 fc-l x 2k - 1 

(2ft -1)! 


JO (509) 


1.414 


OO 

cos nln ^x + \/l + x 2 ^ = 1 — ^(— l) 1 


(n 2 + 0 2 ) {n 2 + 2 2 ) . . . n 2 + (27c) 2 
(27c + 2)! ' 


[x 2 < 1] 


AD (6456.1) 
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1.421 


OO 

2. sin n In (a; + \Jl + a: i 2 ) =nx-n^(- 1) A 


(n 2 + l 2 ) (n 2 + 3 2 ) ... n 2 + (2k — l) 2 x 2k+1 
(2k + 1)! 


Power series for In sin a;, In cos x, and In tan a; see 1.518. 


1.42 Expansion in series of simple fractions 


AD (6456.2) 


1.421 

7TX AX 1 

tan T = V ^ (2k - l) 2 - a; 2 

.OO 

! n , 7TX AX v-^ 1 

2. 10 tanh — = — N —7 7 

2 7t y-y (2/c — l) 2 + a; 2 

1 2a; ^ 1 1 x ^ 1 

3. cot7ta;= 1 > „ ^7 = 1 — > 77 77 

7 ta ; 7 t 2 — ' a ; 2 — fc 2 ttx it 2 — ' k(x — k) 
k = 1 k=—oo v ' 


BR* (191), AD (6495.1) 


AD (6495.2), JO (450a) 


, , 1 2a’ ^ 1 

4. coth 7ta; = 1 > -7 — 

7TT* •7T ' ^ -I- 


7 TX 7 r ' ' X 2 + k 2 

k = 1 


(cf. 1.217 1) 


r 4 . 2 nX 2 

5. tan — = a; 


2(2fc - l) 2 - a; 2 


2 (l 2 - cc 2 ) 2 (3 2 - a: 2 ) 2 . . . [(2k - l) 2 - x 2 ] z 


JO (450) 


i S ec— = 4 V(-l) fc+1 2k ~ 1 

2 tt 2 ^ 1 ’ (2k — l) 2 — a; 2 


AD (6495.3)a 


2 tra; 4 f 1 1 

S6C ~2 ~ ^ ^ \ (2k - 1 - x) 2 + (2k -l + x) 2 

n 1 2a: ^ (~l) fe 

3. cosec 7ta;= 1 > -7 — 

7ra: 7 r 2 --' x z — fc- 

fc= 1 


(see also 1.217 2) 


2 1 ^ 1 1 2 ^ z 2 + k 2 

4. cosec 7ta: = ^- > 777 = -5—9 + ^y > y 

tt 2 (a: - fc) 2 7t 2 a: 2 tt 2 ( x 2 _ tfy 

1 + a; cosec a: 1 (— l) fe+1 

2a: 2 a; 2 (x 2 — k 2 TT 2 ) 

c 2 ^ (~ l) fc 

6. cosec7ta;=— > -7 77 

7r ' a; 2 — A: 2 

k=—oo 


JO (451)a 


AD (6495. 4)a 


JO (446) 


JO (449) 


JO (450b) 


9 1 00 1 

7T 9 7T 7T 7T 1 1 

1.423 - — tt cosec h - — cot = > « 

4m 2 m Am m 2 ' (1 — k 2 m 2 ) 


JO (477) 
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1.43 

1.431 

1. 

2 . 

3. 

4. 

1.432 

l. 11 

2 . 

1.433 

1.434 

1.435 

1.436 

1.437 

1.438 

1.439 

1. 

2 . 


Representation in the form of an infinite product 





4x 2 \ 

” (2k + l) 2 7t 2 ) 

4x 2 

+ (2fc+ 1) 2 tt 2 


EU 

EU 

EU 

EU 


2 \ oo / o 

_ / . X \ . 2 V TT / x 

cos x — cos u = 2 [ 1 ^ sin - II 1 o 

1 V) 2 Mv (2 kn + y)\ 


1 - 


x 


cosh x — cos y = 2 1 + 


• 2 V 
■I I 2 


n * 


k = 1 


( 2kkt — y ) 2 
™2 


1 + 


(2kn + y) 2 ) \ ( 2kir — y) 


7 TX . 7TX 

cos — sin — = 

4 4 


cos 2 x 


n 

k = 1 L 

1 oo 

= z^+ 2a; ) 2 n 


(-i) A 


2 k - 1 


fc=i 


1 - 


sin 7t(a; + a) x + i 


sm 7ta 


nu 


1 - 


• 2 00 
sm 7TX 


sin 2 7 ra 


n 


k——c 


k = 1 

l - 


7T + 2X 

2kir 

x 

k — a 


1 + 


k + a 


k- 


sin 3x 


Sint 


n 


k —— oo 

cosh x — cos a 


1 — cos a 


1 - 


n 


2x 


kir 


k =— oo L 


i + 


2/c7t 


OO 


smx 


x 


n 

k— 

oo 

n 

k= 1 


sm x = x ii cos 
k = 1 
oo 


2 fe 

4 


1 sin — r- 


(f) 


[|x| < 1] 


AD (653.2) 
AD (653.1) 

BR* 189 

MO 216 

MO 216 

MO 216 

MO 216 

MO 216 

AD (615), MO 216 

MO 216 
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1.441 


1.44-1.45 Trigonometric (Fourier) series 


sin kx 7t — . 


[0 < x < 2n\ 


FI III 539 


E °° cos kx 1 , 

— — = --In [2(1 - cos a;)] 


[0 < x < 27t] 


FI III 530a, AD (6814) 


(— l) fc 1 sinfcx x 


[— 7T < X < 7t] 


FI III 542 


OO , 

E ( i \k—i cos kx ( x\ 

f- 11 — = ‘"( 2 c “2) 


[— 7T < X < 7t] 


FI III 550 


sin(2fc — l)x 7 r 

2fc — 1 = 4 slgn x 


[— 7T < X < 7t] 


FI III 541 


E cos (2 k — 1)® 1 , x 

1 = - In cot - 

2k — 1 2 2 


k = 1 


yv cos (2fc — l)x _ 7T 

’ 2k -l 4 

fc= i ^ 

7T 


[0 < X < 7t] 


BR* 168, JO (266), Gl 111(195) 


~\ <X< \ BR* 168, JO (268)a 


7T 7T 

- < X < - 

. 2 2 . 
7 r 37t 

2 <a;< T 


BR* 168, JO (269) 


cos kwx 


tt 2 n 3^ / 2n 


- ( - ir 1w B ‘© 


0 < a: < 2, P=\~ \ CE 340, GE 71 


y sin _ / -1 \n — lp2n 7r2n+1 y 1 / 2n + 1 \ fc 

P+1 ^ ' ("On 4- 111 ^ \ h ] B 2n -k+lp 


v 2 (2n + i)!^ o V k 

_/ ^n-1 1 (27r) 2n+1 /®\ 

( ' 2 (2n + 1) ! ^ 2ra+1 v 2 / 


r„ .. x a: i 

[0<x<l; P= 2 - L 2 JJ 


CE 340 
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3. 

4. 

5. 

6 . 

7. 

1.444 

1. 

2 . 

3. 

4. 

5. 


E 

k=l 


k = 1 


k = 1 


E 

fe=i 


fe=i 


cos kx 

TT 2 

7TX 
|_ 

X 2 


k 2 

= ~6~ ~ 

2 + 

T 


(-!)*" 

1 cos kx 

7T 2 

X 2 


k 2 

= 12 

~ 4 


sin kx 

tt 2 x 

2 

7 TX 

X 3 


k 3 

~ IT ‘ 

~ ~4~ 

+ 12 


cos kx 

7T 4 

7T 2 X 2 

7rcc 3 

X 4 

k 4 

" 90 _ 

12 

~12 

' 48 

sin kx 

tt 4 x 

tt 2 x c 

’ 7ra: 4 

L . 

z 5 

k 5 

~ ~90~ ’ 

36 

+ 48 

240 


E 


sin2(fc + l)x 


[0 < x < 2 tt] 

[— 7T < X < 7t] 

[0 < x < 2i r] 
[0 < x < 2 tt] 
[0 < x < 2 tt] 

= sin 2x — (tt — 2x) sin 2 x — sin x cos x In (4 sin 2 x ) 


fe=i k(k+l) 

[0 < X < 7t] 

= cos 2x — — x^ sin 2x + sin 2 x In (4 sin 2 x) 

[0 < X < 7t] 


E 


cos 2 (k + l)x 


^ k(k + 1) 


E °° . „ . ,.sin(fc + l)x . x . 

(— 1) ; n t 1 ^ =sini- — (1 + cos x) — sin x In 


fc= l 


k(k + 1) 


E , . i. cos(k + l)x x , . . 

(—1) ; n — ^ = cos x — — srni — (1 + cos x) In 


fc= l 


k(k + 1) 


VV 1 xfc sin ( 2fc + !)x _ TT 

’ (2fc+l) 2 4' 


k = 0 


= -^-x) 


2 cos | 


2 cos — 
2 


7T 7T 

— — < X < — 
2 - “ 2 . 

7 r 3 

— < a; < -7t 

2 “ “ 2 


6 . 

7. 

1.445 

1. 


E 

k = 1 
oo 

E 


cos(2 k — l)x TT fn 


cos 2kx 


(i-N) 


1 7T . 

= - — - sin x 


^ (2k- l)(2fc + 1) 2 4 

/c sin kx 7r sinh a(7r — x) 


E 

fc=i 

oo 

E 

fc=i 


/c 2 + cr 2 2 sinh a7t 

cos kx tt cosh a(7t — x) 1 
~ 2^ 


k 2 + a 2 2a sinh a7t 


[— 7T < X < TT] 


TT 

0 < x < — 
~ ~ 2 


[0 < x < 27t] 
[0 < x < 2 t r] 


FI III 547 

FI III 544 

AD (6617) 
AD (6818) 

BR* 168, Gl III (190) 

BR* 168 
MO 213 

MO 213 


MO 213 
FI III 546 

JO (591) 

BR* 157, JO (411) 


2 . 


BR* 257, JO (410) 
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1.446 


(— l) fc cosfcx 7r cosh ax 1 

fc 2 + a 2 2a sinh a7t 2a 2 


[— 7T < X < 7t] 


FI III 546 


£(-D 


fe _ 1 fc sin kx it sinh ax 
k 2 + a 2 2 sinh a7t 


[— 7T < X < It] 


FI III, 546 


fc sin fcx sin {a[(2m + l)7t — x]} 


E k sin kx 
P/2 — r/i 


2 sin a7t 


if x = 2m7r, then 


£••• = 0 ] 


[2to7t < x < (2 to + 2)7t, a not an integer] MO 213 


cos kx 1 7t cos [a {(2?n + l)7t — x}] 

k 2 — a 2 2a 2 2 a sin a7t 


[2to7t < x < (2m + 2)7 t, a not an integer] MO 213 


£(-d 


k k sin kx sin[a(2m7r — x)] 

VI 

fc 2 — a 2 2 sin a7r 


- if x = (2m + l)7r, then ^ • • • = 0 , 

[(2m — l)7r < x < (2m + 1)7T, a not an integer] FI III 545a 


E °° . , fe cos kx 1 7t cos[a(2m.7r — x)] 

fc 2 — a 2 2a 2 2 a sin a7t 

fc=i 


[(2m — l)7r < x < (2m + l)7r, a not an integer] FI III 545a 


e lna 7t e l ^ a 27r ) sinh( 7 a) + e i/3 “ sinh [7(27r — a)] 

(n — P) 2 + 7 2 7 cosh(27T7) — cos(27t/3) 


1.446 


1.447 


(_!)*+! Cos(2fc + l)x 7T 2 1 

> 7— ~T~r~~; TT— = — COS X — ~ COS X 

2-^ {2k — l)(2fc + l)(2fc + 3) 8 3 


[0 < a < 2 tt] 


< x < | BR* 256, Gl III (189) 


sin fcx = - 


yy p fc cos fcx = - 


p sin x 

— 2 p cos x + p 2 


1 — p cos x 
— 2p cos x + p 2 


M < 1 ] 


[\P\ < 1] 


1 + 2 p k cos fcx = - — 


1 — p 2 


FI II 559 


FI II 559 


1 — 2 p cos x + p 2 


[\P\ < 1] 


FI II 559a, MO 213 



1.449 


Trigonometric (Fourier) series 


49 


1.448 


OO U . J * 

p sm kx p sin x 

1. = arctan 


k=l 


1 — p COS X 


2. f;^=^ = -il n (l-2 P c™ I + p 2 ) 


fe=l 


^ p 2k 1 sin(2fc — l)x 1 2p sin x 

6. > — t = - arctan ■ 


fc= l 


2 k - 1 


1 — p 2 


4- E 


00 „2fc— 1 


p 2/c 1 cos(2/c — l)x 1 l + 2pcosx+p 2 
= — m 


k = 1 


2k — 1 4 1 — 2pcosx+p 2 


r ^ (— l) k 1 p 2k 1 sin(2/c — l)x 1. l + 2psinx+p 2 

5. 2^ • = - ln 


fc= 1 


2/c — 1 


4 1 — 2p sin x + p 2 


^ (-l) fc -V fc - 1 cos(2)fe-l)x 1 2p cos x 

6. 2^ — 7 = - arctan ■ 

fe= l 


2fc — 1 


1 — p 2 


[0 < x < 27 t, p 2 < l] 


[0 < x < 27 t, p 2 < l] 


[0 < x < 27 t, p 2 < l] 


[0 < x < 27 t, p 2 < l] 


[0 < x < 7T, p 2 < l] 


[0 < X < 7T, p 2 < l] 


1.449 


fe=i 


p fc sin kx 

Id 


1 . Y, - TE = eP COS x sill (p sin x) 


2- E 


k - 0 


p k cos kx 

jfe! 


= e pcosa: cos (psinx) 


Let 5(x) = — j cos x 4- ^ and C(x) = \ sinx. 

OO _ 

3 .* Y -75 ^S(nx) = —[C(ax)—cot(na)S(ax] 

• J — n. v 


n = 1 
oo 


[p 2 < i] 

[p 2 < i] 

[0 < x < 27r, a / 0, ±1, ±2, . . 


4 * E „2^„2 CI ( ra:r ) = 0^2 - T7 [ 5 (°®) - cot(7ro)C'(c 


n=l 


5.* 2] 


(-l) n ^ 7T 

— 7 7 — S(nx) = — cosec (najb (ax) 

n 2 — a 2 2 


[0<x< 27t, a / 0, ±1, ±2, . . 
[— 7T < X < 7 r, a/0, ±1, ±2, . 


FI II 559 


FI II 559 


JO (594) 


JO (259) 


JO (261) 


JO (597) 


JO (486) 


JO (485) 
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1.451 


(-l)”' 1 ^ . 1 . 7 T 


6.* y v ’ — ^-C(nx) = — — : ^ + y- cosec( 7 ta) C(ax) [— 7 t < x < n, a ^ 0 , ± 1 ,± 2 , .. 

77/ (7 ZG/ Zfl 


n=l 

oo 


7.* y 


2n — 1 


— ' (2n — l) 2 — a 

OO 

E 


; S(nx) = — C(ax) + tan ^ — S(ax) 


n— 1 


tt; —77 ^C(nx) = — — .. 

( 2 n — l) 2 — a 2 4 a L 


[0 < x < 7t, 0 , ± 1 , ± 2 , . . .] 

S(ax) — tan ( C(ax) 


\n— 1 


/ 1 \ (t, JL _ 

9 .* V 7- —75 ^S(nx) = sec ( y 

^ (2n - l) 2 - a 2 v ' 4 a ' 0 

n— 1 v 7 


(f) 5(aa;) 


10.* y 


n— 1 


(2n — l) 2 — a 2 C( ’“) = 4 SeC (- 


(?)*<“> 


[0 < x < 7r, 0 , ± 1 , ± 2 , . . .] 

a^0,±l,±2, 


a^0,±l,±2, 


Fourier expansions of hyperbolic functions 
1.451 

- (l2 + 0 2)(l2 + 2 2)_ . . [12 + (2fc )2] 

1. smh x = cos x > 

k- 0 


( 2 k + 1)! 


sin 2fc+1 x 


~ (l 2 + l 2 ) (l 2 + 3 2 ) . . . [I 2 + ( 2 k - 1) 2 1 
2. cosh a; = cos x + cos x } 

fc= 1 


( 2 *)! 


• 9 £* 

sm x 


1.452 

1. sinh (x cos 0) 


OO 

sec (x sin 0) y 
fc= 0 


x 2fe+1 cos(2/c + 1)0 
( 27 c + 1 )! 


2. 


cosh (x cos 9 ) 


OO 

sec (x sin 9 ) y 
fc= 0 


x 2k cos 2fc0 

(2^)1 


3 . 


sinh (x cos 0) 


OO 

cosec (x sin 0) y 
fc=i 


x 2k sin 2 k 9 

(2fc)! 


4 . 


cosh (x cos 0) 


OO 

cosec (x sin 0) y 
fc=0 


x 2fe+1 sin(2fc + 1)0 
( 2 k + 1)! 


[x 2 < 1] 

[x 2 < 1] 

[x 2 < 1, xsin0 ^ 0] 

x sin 0^+0] 


JO (504) 
JO (503) 

JO (391) 

JO (390) 

JO (393) 


x 2 < 1 


JO (392) 
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1.46 Series of products of exponential and trigonometric functions 


1.461 


1 . kt S ' n = 9 


1 sin x 


k - o 


2. 1 + 2 e kt cos kx = 


2 cosh t — cos x 
sinh t 


fc= 1 


1.462 9 V sinfca:sin % c -2fc|i| = 1 

Z_/ l. 4 


cosh t — cos x 

2 x + y 


In 


k=l 


sin 


sinh 2 t 


. o x — y . , 9 
sur — — h smh 2 f 


1.463 

1. 


cos 


(xsinyj) = 


x cos nip 

l 


n — 0 
oo 


n! 


sin (x sin yj) = 


x smntp 
n! 


[f >0] 

[t >0] 


[x 2 < 1] 
[x 2 < 1] 


1.47 Series of hyperbolic functions 

1.471 

1 . jr Sm ^, fcx = e cosh x sinh (sinh x) . 


k = 1 


k\ 


2. jr C °y ,,r = e cosh x cosh (sinh x) . 


k = 0 


3- E 


k - 0 


(2 k + 1) 3 


1 (2m + 1 )ttx (2to + 1)7t" 1 

- tanh h x tanh v ' 


2x 


7T 

16 


1.472 


1. p fc sinh kx = - — 


p sinh x 


fc= l 


2. cosh fcx = - — : 


1 — 2 p cosh x + p 2 
1 — p cosh x 


fc =0 


1 — 2 p cosh x + p 2 


[ P 2 < 1 ] 
[ P 2 < 1 ] 


MO 213 

MO 213 

MO 214 

AD (6476.1) 
AD (6476.2) 


JO (395) 
JO (394) 


JO (396) 
JO (397)a 


1.48 Lobachevskiy’s “Angle of Parallelism’’ II(ai) 

1.480 Definition. 

1. II(x) = 2arccote a: = 2arctane _a: [x > 0] LO III 297, LOI 120 
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1.481 


2 . 

1.481 

1. 

2 . 

3 . 

4 . 

5 . 

6 . 


n(cc) = 7 r — n(— x) 


Functional relations 


sinFfia:) = — - — 
cosh x 

cos II (a;) = tanli x 

tanll(x) = t— : — 
sinn x 

cotll(x) = sinli x 


sinll(x + y) 
cos II (a; + y ) 


sinll(a;) sinll(y) 

1 + cos n(a;) cos II (y) 
cosII(a;) + cosn(y) 
1 + cos II(x) cos n(y) 


[x < 0 ] 


1.482 Connection with the Gudermannian. 

gd(-a') = n(x) - | 

(Definite) integral of the angle of parallelism: cf. 4.581 and 4.561. 


1.49 The hyperbolic amplitude (the Gudermannian) gd x 


1.490 

1. 

2 . 

1.491 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

1.492 

1.493 

1. 


Definition. 


gda; = 


dt 


cosh t 


= 2 arctan e x — — 


rgdx 


X = 


dt 

COS t 


= In tan 


gda; 


Functional relations. 

cosh a: = sec (gda;) 
sinha; = tan(gda:) 

e x = sec(gda;) + tan(gda;) = tan ( 

tanha; = sin(gda;) 

x /I 

tanh — = tan - gd x 
2 \ 2 6 

arctan (tanh x) = - gd 2 a: 

If 7 = gd x, then ix = gd *7 
Series expansion. 


g^ = glzl^tanh 2fc+1 


fe= 0 


2k + 1 



1 + sin(gd x) 
cos(gda:) 


LO III 183, LOI 193 


LO III 297 
LO III 297 
LO III 297 
LO III 297 
LO III 297 

LO III 183 


JA 

JA 

AD (343.1), JA 
AD (343.2), JA 

AD (343.5), JA 

AD (343.3), JA 

AD (343.4), JA 

AD (343.6a) 
JA 

JA 


2 
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2 . 


x 

9 _ 


l 


2 ^ 2k + 1 

k—0 


tan 


2fc+l 


oS dl 


a; 3 a; 5 61a: 7 


3. gdx = x~ — + — - 

4. x = gd x + 


6 24 5040 

(gdx) 3 (gdx) 5 61(gdx) 7 


6 


24 


5040 


i n 

gda: < - 


1.5 The Logarithm 

1.51 Series representation 

ill 00 k 

1.511 ln(l + x) =x x 2 + -x 3 x 4 H V(-l) fe+1 ^- 

2 3 4 ^ k 

fc= l 


[—1 < x < 1] 


1.512 


1 1 00 
1. lnx = (x - 1) - „(x - l) 2 + (x ^ l) 3 ^ • • • = ^(-l) fe+1 


(x — 1) A 


fc=i 


2. lnx = 2 


x — 1 1 / x — 1 \ 3 1 / x — 1 N 5 


x + 1 3 V x + 1 / 5 \ a: + 1 


[0 < x < 2] 

OO 

= 2E 


00 1 fx-l'™- 1 


3. lnx = 


x — 1 1 / x — 1 \ 2 1 / x — 1 x 3 


x 2 V x 


3 V x 


fc = i 
[0 < x] 

1 / X — 1 

^ k V a: 

fc=i v 

[z> s] 


2/c — 1 V x + 1 


4.* lnx = lim [ 

e -o V e 

1.513 


1 I OO . 

1. lni±^ = 2V-l-x 2fc - 1 

1 — x ' 2k — 1 

fc=i 


2. ln^±l = 2V 

'T* — 1 


x — 1 ^ (2fc — l)x 2fc_1 


3. In 


E — 

' -a Jc , T* k 


x — 1 ' kx k 

fc= l 


i 00 

4. ln T^ = E^T 
1 — x f—' k 

k = 1 




5. — In— = 1-E,r, n 

^ fc(fc + 1) 


X 1 — X 


[x 2 < 1] 

[x 2 > 1] 

[x < -1 or x > 1] 
[-1 < X < 1] 

[-1 < X < 1] 


JA 

JA 

JA 


AD (644.6) 

FI II 421 

AD (644.9) 
JO (88a) 
JO (88b) 
JO (102) 
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1.514 


6 . 

7. 

1.514 

1.515 

l. 11 

2 . 

3. 

4. 

1.516 

1. 

2 . 

3. 

4. 


is, 

^ln^ = V^E 1 

1 — x 1 — x z z ' n 

fc— 1 n=l 

(1 “ 1)2 1„ _J_ = -L _ i. + v 

9^2 zlr / — ^ 


„fc-l 


2x 3 1 — x 2x 2 4x + l)(fc + 2) 


^ cos jfe<z? / / \ 

In (l — 2x cos ip + x 2 ) = —2 E — j-^-x k ; In \^x + s/l + x 2 J = arcsinh x 


E < 1] 

[—1 < x < 1] 


JO (88e) 
AD (6445.1) 


fc= l 


In 


(see 1.631, 1.641, 1.642, 1.646) [x 2 <1, x cosip g l] MO 98, FI II 485 

(l + sjl + x 2 ^j = In 2 + 


1-1 2 1-1-3 4 1-1-3-5 

-x 2 - - — - — -x 4 + - — — — -x b - ... 


2-4-4 2 • 4 • 6 • 6 


= ln2-f>l) fc Ez_Ex 2fc 


fc= 1 


2 2k ( k\y 

1 1 1-3 


x 2 < l] 


in(i + yrTT ) = i„x+j- 2 3i3 , 2 4 5i5 ... 

= l n;B +I+y'(-l) fc (2k-l)\ 

x 22k ~ 1 ' M(k - l)!(2fc + ljx 2 ** 1 


In (x + s/1 + x 2 ) 
s/1 + x 2 




JO (91) 


k = 0 


[x 2 > 1] 

AD (644.4) 

. k 2 2k ~ l (k — l)!fc! 2fc+1 

g +1) ; *“ +1 


h 2 < 1 ] 

JO (93) 

22k ( k! ) 2 x 2k+1 [x 2 < ll 

(2k + 1)! 1 S j 

JO (94) 


1 


- {In (1 ± x)} 2 = 


22. (=pi) fc+1 x k+1 ^ 1 


E - 


fc + 1 ' n 

k—1 n= 1 

1 EE ( 1 \ k-\-l —k+2 

l{]n(l + *)} 3 = E ( ’ 


fc + 2 


/c— 1 n=l m=l 

00 2A; 2fc— 1 


- ln(l + x ) • ln(l - *) = E V E 


(- 1)" +1 


/c— 1 n— 1 


1 fl + X 1 + vx 
In 


4x I \/x 1 — Jx 


'\ 1 00 
+ 21n(l — x) \ = f-+Y 


[x 2 < 1] 


k 1 n 1 

yEyi [x 2 < !] 

' n + 1 ' in L 


[x 2 < 1] 


„fc- 1 


2x ^ (2fc - l)2fc(2fc + 1) 

[0 < x < 1] 


JO (86), JO (85) 

AD (644.14) 

JO (87) 


AD (6445.2) 
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1.517 

l. 6 


2 . 

3. 

1.518 

1. 


2. 3 


3. 


_L (l _ 1„(1 + X) - 1— J arctan v^} = £ 


2a: 


1 1±t T 4fc-2 2^-! 

- arctan x In = V' V ( } 

2 1 — x ^ 2 fc - 1 ^ 2n - 1 

fc — 1 71—1 


- arctan x In (l + x 2 ) = 


fc=i 


(-l) fc+1 x 2fc +i ya 1 
2k + 1 n 


[0 < x < 1] 

E < 1] 

E > 1] 


. X 2 X 4 X 6 

In sm x = In x 


= in x + 


6 180 2835 

(-l) fe 2 2k ~ 1 B 2k x 2k 


k= 1 


k(2k)\ 


In cos x = 


x 2 x 4 x 6 17x 8 


= E 


2 12 45 2520 

OO 2 2fc-l ( 2 2fc _ ^ | B 


[0 < X < 7r] 


fc=l 


k{2k)\ 


2k ' x 2k = -~Y^ 


-i OO . ‘2k 

1 sni x 


2 ^ k 

k = 1 


* <T 


, , 7 4 62 6 127 8 

lntanx=mx4 1 x H x H x - 

3 90 2835 18, 900 

OO f 0 2k-l i\ o2fcn „2 k 

= l„* + £(_l)«ii. -h2 

fc = l 


k{2k)\ 


0 < x < 


1.52 Series of logarithms (cf. 1.431) 

1.521 

~ / 4x 2 \ 

1. ) hi 1- — „ ,, ) = In cos x 

V (2/c — l) 2 7t 2 ) 

— — — ) = In sin x — hi x 

k Z 7T Z ] 



7 r 

~2 <X< 


[0 < X < 7r] 


7 r 
2 . 


AD (6445.3) 
BR* 163 

AD (6455.3) 

AD (643. l)a 

FI II 524 

AD (643. 3)a 
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1.621 


1.6 The Inverse Trigonometric and Hyperbolic Functions 


1.61 The domain of definition 

The principal values of the inverse trigonometric functions are defined by the inequalities: 


7T 7 T 

1. < arcsin a; < ; 0 < arccos a: < 7t 

2 ~ ~ 2 

7 T 7T 

2. — — < arctan a: < — ; 0 < arccot a: < n 


[-1 < x < 1] 
[—00 < x < +oo] 


FI II 553 


FI II 552 


1.62-1.63 Functional relations 

1.621 The relationship between the inverse and the direct trigonometric functions. 


1. arcsin (sin x) = x — 2mr 


= —x + (2 n + 1)7 r 


2. arccos (cos x) = x — 2nn 


= — x + 2 (n + l)7t 


3. arctan (tan x) = x — mr 

4. arccot (cot x) = x — n7t 


7T 7 r ' 

2mr < x < 2mr H — 

L 2 ~ ~ 2 \ 

(2 n + l)7r — — < x < (2 n + l)7r + — 

[2ri7r < x < (2 n + l)7r] 

[(2 n + l)7r < x < 2(n + 1 ) 7 r] 


7 r 7t 

nir < x < mr H — 

L 2 2 

[mr < x < (n + l)7r] 


1.622 The relationship between the inverse trigonometric functions, the inverse hyperbolic functions, 
and the logarithm. 


1. arcsin z = - In (iz + y/l — z 2 ^] = — arcsinh(i^) 

i V / i 

2. arccos z = - In (z+ \J z 1 — l') = - arccosh z 

1 V / 1 

1 1 + iz 1 . . . 

3. arctan z = — in = - arctanrqzz) 

2 i 1 — iz i 

, 1 iz — 1 . , .. . 

4. arccot z= — in = 1 arccoth(zz) 

2i iz + 1 

5. arcsinh z = In (^z + \J z 1 + l^j = -7 arcsin( iz) 

6. arccosh 2 = In ^ z + \/ z 2 — lj = i arccos z 

„ , 1, 1 + z 1 

7. arctanh z = - In = - arctan(j 2 j 

o , 1, z + 1 1 . . , 

8. arccoth z= - in = - arccot {—iz) 
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Relations between different inverse trigonometric functions 


1. arcsin x + arccos x = — 

7T 

2. arctan x + arccot x = — 

1.624 


1. arcsin x = arccos \J 1 — x 2 [0 < x < 1] 


NV 47 (5) 


= — arccos \J 1 — x 2 [~ 1 < 2 ; < 0] 


NV 46 (2) 


2. arcsin a; = arctan - 


[x 2 < 1] 


3. arcsin x = arccot 


= arccot 


x 

f \ — x 2 


[0 < x < 1 ] 

— 7 r [— 1 < a; < 0] 


NV 49 (10) 


4. arccos x = arcsin J\ - x 2 [0 < x < 1] 


= 7 r — arcsin \/l — x 2 [ — 1 < at < 0] 


NV 48 (6) 


5. arccos x = arctan ■ 


[0 < x < 1 ] 


= 7t + arctan 


[-1 < x < 0 ] 


NV 48 (8) 


6. arccos x = arccot ■ 


[-1 < x < 1 ] 


NV 46 (4) 


7. arctan a; = arcsin ■ 


NV 6 (3) 


arctan x = arccos ■ 


'1 + x 2 

1 


= — arccos ■ 


NV 48 (7) 


9. arctan x = arccot — 
x 


— — arccot 7 r [x < 0] 

x 


NV 49 (9) 


1 0 . 1 1 arccot x = arcsin 


= 7t — arcsin ■ 


[x < 0 ] 


NV 49 (11) 


11. arccot x = arccos ■ 


NV 46 (4) 
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1.625 


12. arccotrr = arctan — [a: > 0] 

x i 

= 7t + arctan — [a: < 0] 

x 


NV 49 (12) 


1.625 

1. arcsin x + arcsin y 


arcsin (xy/l — y 2 + yy/l — x 2 ^ 

7 r — arcsin ^ ' xyfl — y 2 + yy/l — x 2 ^ 
—tv — arcsin ^ xy/l — y 2 + yy/l — x 2 ^ 


\xy < 0 or x 2 + y 2 < l] 

[x > 0, y > 0 and x 2 + y 2 > l] 

[a; < 0, y < 0 and x 2 + y 2 > l] 

NV 54(1), Gl I (880) 


2. arcsin x + arcsin y = arccos ^\/l — x 2 y/l — y 2 — xy^J 

= — arccos ( \Jl — x 2 \Jl — y 2 — xy^j 


[x >0, y > 0] 
[x <0, y < 0] 


NV 55 


3. 


arcsin x + arcsin y = 


arctan 

arctan 

arctan 


xy/l — y 2 + yy / 1 — x 2 
a / 1 — x 2 y/l — y 2 — xy 
xy/l — y 2 + yy / 1 — x 2 
y/l — x 2 y/l — y 2 — xy 
Xy / 1 — y 2 + yy/l — x 2 
y/1 — x 2 y/l — y 2 — xy 


+ 7 r 

— 7T 


[xy < 0 or x 2 + y 2 < l] 

[a: > 0, y > 0 and x 2 + y 2 > l] 
[x < 0, y < 0 and x 2 + y 2 > l] 


NV 56 


4. 

arcsin x — arcsin y = arcsin yxy/l — y 2 — yy/l — x 2 j 

[xy > 0 or x 2 + y 2 < l] 


= 7 r — arcsin (xy/ 1 — y 2 — yy/l — x 2 ^ 

[x > 0, 

y < 0 and x 2 + y 2 > l] 


= —7 r — arcsin (xy/l — y 2 — yy/l — x 2 ^ 

[x < 0, 

y > 0 and x 2 + y 2 > l] 




NV 55(2) 

5. 

arcsin x — arcsin y = arccos (xy/ 1 — x 2 y/l — y 2 + xy'j 

[xy > y] 



= — arccos (y/l — x 2 y/l — y 2 + xy^j 

[x < y] 

NV 56 

6. 

arccos x + arccos y = arccos (xy — y/l — x 2 y/l — y 2 ^ 

+ 

IV 

0] 


= 2tt — arccos (xy — y/l — x 2 y/l — y 2 ^ 

I [x + y < 0] NV 57 (3) 

7. 11 

arccos x — arccos y—— arccos (xy + y/l — x 2 y/l — y 2 ^ 

[x > y] 



= arccos (xy + y/l — x 2 y/l — y 2 ) 

[x < y] 

NV 57 (4) 
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x + y 

arctan x + arctan y = arctan 

1 - xy 
x + y 

= 7 r + arctan 

1 ~xy 
x + y 

= — 7t + arctan — 

1 ~xy 


arctan x — arctan y = arctan 

1 + X[ 

a 

= 7t + arctan — 
= — 7t + arctan 


x-y 

1 + xy 
x — y 

:tan 

1 + xy 
x — y 

rctan 

1 + xy 


[xy < 1 ] 

[x >0, xy > 1] 

[x <0, xy > 1] 

[xy > -1] 

[x >0, xy < —1] 
[x <0, xy < —1] 


NV 59(5), Gl I (879) 


NV 59(6) 


1. 2 arcsin x = arcsin ^ 2a;\ / 1 — a; 2 ^ 

= 7t — arcsin ^ 2 x \/ 1 — x 2 ^ 
= — 7t — arcsin 2a; \ / 1 — x 2 


= —ir — arcsin 


2 arccos x = arccos ( 2 x 2 — l) [0 < x < 1] 

= 27t — arccos (2a; 2 — l) [—1 < x < 0] 


1.627 

1 7T 

1. arctan a; + arctan — = — [x > 0 

x 2 

= -J [*<0] 


2. arctan x + arctan 


1 — x 7 r 
1 + x 4 


[* > “!] 


= --7t [X < — 1] 

4 


— ;= < x < 1 

V2 ~ . 


— 1 <X< 7= 

V2 


2 x 


2 arctan x = arctan 7 

1 — x z 

[|*l < !] 

2 x 


= arctan 7 + 7t 

1 — x z 

[x > 1] 

2 x 


= arctan ^ — it 

1 — x z 

[* < - 1 ] 


NV 61 (7) 


NV 61 (8) 


NV 61 (9) 


Gl I (878) 


NV 62, Gl I (881) 
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1.628 


1.628 


1. arcsin » = — n — 2 arctan x 

1 + x- 

= 2 arctan x 


= 7r — 2 arctan x 


[x < -!] 

[-1 < x < 1] 
[x > 1] 


2. arccos — = 2 arctan x [x > 0] 

1 + x^ 

= —2 arctan a: [x < 0] 


2x-l 1 ( 2a; — 1 \ 

1.629 — arctan tan — - — 7t = E{x) 

2 7T \ 2 J 

1.631 Relations between the inverse hyperbolic functions. 


1. arcsinh x = arccosh \J x 2 + 1 = arctanh ■ 

2. arccosh x = arcsinh \J x 2 — 1 = arctanh ■ 


'x 2 + 1 
lx 2 — 1 


X 11 

3. arctanh a; = arcsinh . : = arccosh . : = arccoth — 

Vl — x 2 Vl-x 2 x 

4. arcsinh x ± arcsinh y = arcsinh ^x-y/l + y 2 ij/V T + 

5. arccosh x ± arccosh y = arccosh ^xy ± i/ (x 2 — 1) ( y 2 — 1)^ 


6. arctanh x ± arctanh y = arctanh 


1 rfc xy 


Gl (886) 


1.64 Series representations 


7T 1 3 1-3 5 1-3-5 7 

1. arcsmx= — — arccos x = x + - — -x + - — - — -x + - — - — - — -x - 

^ * O Z ' T ' O Z ' T ' U ' / 

= £ ® X 2fe+1 = X F f 1 1; X 2 ) 

2 2k (fc !) 2 ( 2 k + 1 ) \2 2 2 J 


x 2 < 1] 


„ . . 1 3 1-3 5 

2. arcsinh x = x x H x — . . . ; 

2-3 2-4-5 


= V(-l) fc ® ; 

^ 2 2fe (A;!) 2 (2k + 1) 

= xF (bb |;-x 2 ) 


x 2 < 1] 


FI II 479 


FI II 480 



1.645 
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1.642 

1. 


arcsinh x = In 2x + - — ^ — 

OO 

= \n2x + y>i) 

fc= 1 


1-3 1 
2^4 4 ^ + 
fe+i (2fc)!x~ 2fc 

2 2fc (fc!) 2 2k 


[x > 1] 


2 . 


OO 

arccosh x = In 2x — 

k=i 


(2k)\x~ 2k 
2 2k (fc!) 2 2k 


[x > 1] 


1.643 

1. 


x 3 x 5 

arctan x= x — — + — 

(_l)^2fc+l 

fc=0 


2k + 1 



3 q* 5 

2. arctanh x = x + — H 

3 5 


00 ~2fc+l 

E X 

2fc+ 1 


[, 2 < 1] 
[, 2 < 1] 


1.644 

1. 


arctan x = 


x 

y/l + x 2 
x 

y/l + X 2 


(2k)! 

to 22^ (fc!) 2 (2k + 1) 

F (l 

\2 ’ 2’ 2’ l + a; 2 / 


/ x 2 
\1 + x 2 


k 


x 2 < OO 


2 . 


7 T 

arctan a: = — 


1 

a: 


1 

3a; 3 


1 

5a; 5 


1 

7x 7 


7 r 
2 


fe =0 


1 

(2k + l)a; 2fe+1 


AD (6480. 2)a 
AD (6480. 3)a 


FI II 479 
AD (6480.4) 


AD (641.3) 
AD (641.4) 


1.645 

1. 


2 . 

3. 


7T 1 1 1-3 

arcsec x — - 2 • 4 • 5cc 5 

= n - 1 F ( l 

2 x V 2 ’ 2 ’ 2 ’^ 2 / 


7 r 
2 


^ (2fc)!a;-( 2fc+1 ) 

fr' Q (k\) 2 2 2k (2k+l) 


[x 2 > 1] 


OO 

(arcsina:) 2 = 

fc= o 


2 2fc (fc!) 2 a; 2fc+2 
(2fc + l)!(fc+l) 


(arcsina:) 3 = a; 3 + 




a; 2 < 1] 


3!. 


1 1 


7! 3 ' 5 \ 1+ V + V) X 
(x 2 < 1] 


AD (641.5) 
AD (642.2), Gl III (152)a 


BR* 188, AD (642.2), Gl III (153)a 
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1.646 


1.646 

- • , 1 , ^ (~l) k (2k)\ — 2fc— 1 

1. arcsinh — = arcosech x = > x 

x 2 2fc (fc!) 2 (2k + 1) 


1 2 

2. arccosh — = arcsecha; = In 2_ ^ 


(2 k)\ 


2 k 


X 2 2k (k!) 2k 


k—0 


2fc+l 


[, 2 > i] 

[0 < x < 1] 


o -1 1 1 , 2 ^ (— l) fc+1 (2/c)! 2k 

3. arcsinh — = arcosech a: = In — h > ^ x 

x x 2 2fc (fc!) 2 2k 


1 ~ x -(2k+l) 

4. arctanh — = arccoth x = > 

rp / 


[0 < X < 1] 

[* 2 > 1] 


AD (6480.5) 
AD (6480.6) 


AD (6480. 7)a 
AD (6480.8) 


1.647 

( ^ tanh ( 2fc - 1 ) ( tt / 2 ) _ n ^+ 3 ( " (- l)'" 1 - l ) ( 2 4 »~^+ 4 - l ) 

^ (2k — l) 4n + 3 2 1 (2j)\(4n — 2j + 4)! 

| (_ 1)» (2 2 "+ 2 ^ 1 ) 2 B* n+ A 

[(2n + 2)!] 2 ) 

n = 0,1,2,..., 

V (~ 1)^ 1 sech(2fc — 1) ( tt / 2 ) = ^ (-l)^B 4 * n _ 2j - 2B| n (-1)^^ 

^ (2/c — l) 4ra+1 2 4n + 3 ^ ^ (2j)!(4n — 2j)! (4n)! [(2n)]! 2 j 

n= 1,2,... 


(The summation term on the right is to be omitted for n = 1.) (See page xxxiii for the definition of B*.) 



2 Indefinite Integrals of Elementary 
Functions 


2.0 Introduction 

2.00 General remarks 

We omit the constant of integration in all the formulas of this chapter. Therefore, the equality sign (=) 
means that the functions on the left and right of this symbol differ by a constant. For example (see 
201 15), we write 

f dx 

/ ,, = arctan x = — arctan x 

J 1 + x z 

although 

7T 

arctan x = — arctan x + — . 

When we integrate certain functions, we obtain the logarithm of the absolute value (for example, 
J ^ = In | a; + \/l + x 2 1). In such formulas, the absolute- value bars in the argument of the logarithm 
are omitted for simplicity in writing. 

In certain cases, it is important to give the complete form of the primitive function. Such primitive 
functions, written in the form of definite integrals, are given in Chapter 2 and in other chapters. 

Closely related to these formulas are formulas in which the limits of integration and the integrand 
depend on the same parameter. 

A number of formulas lose their meaning for certain values of the constants (parameters) or for certain 
relationships between these constants (for example, formula 2.02 8 for n = —1 or formula 2.02 15 for 
a = b). These values of the constants and the relationships between them are for the most part completely 
clear from the very structure of the right-hand member of the formula (the one not containing an integral 
sign). Therefore, throughout the chapter, we omit remarks to this effect. However, if the value of the 
integral is given by means of some other formula for those values of the parameters for which the formula 
in question loses meaning, we accompany this second formula with the appropriate explanation. 

The letters x, y, t, ... denote independent variables; denote functions of x, y, t, . . . ; /', 

g', tp’, . . . , /", g", tp", . . . denote their first, second, etc., derivatives; a, b, m, p, . . . denote constants, by 
which we generally mean arbitrary real numbers. If a particular formula is valid only for certain values 
of the constants (for example, only for positive numbers or only for integers), an appropriate remark is 
made, provided the restriction that we make does not follow from the form of the formula itself. Thus, 
in formulas 2.148 4 and 2.424 6, we make no remark since it is clear from the form of these formulas 
themselves that n must be a natural number (that is, a positive integer). 
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Introduction 


2.01 The basic integrals 


n+l 


1 . 

2 . 

3. 

4. 

5. 

6. 11 

7. 

8. 11 

16. 

17. 

18. 

19. 

20 . 

21 . 

22. 11 

23. 

24. 

25. 

26. 


1 dx = 


n + l 


(n ^ -1) 


dx 


= In 


x 


x 

V dx = e x 


a 


dx = 


In a 

sin x dx = — cos x 

cos x dx = sin x 
dx 

= — cot X 


sin 2 x 


dx 


= tan x 


dx 1 1 + x 

= arctanh x = - In 

2 1 — x 


1 — x 2 
dx 

y/1 — x 2 
dx 

y/x 2 + 1 
dx 

y/x 2 — 1 

sinh xdx = cosh x 

cosh xdx = sinh x 
dx 


= arcsm x = — arccos x 
= arcsinh x = \n(x + y/x 2 + 1 
= arccosh x = In ^ x + y/ x 2 — 1 


sinh 2 x 
dx 

cosh 2 x 


= — coth i 


= tanh i 


tanh x dx = In cosh x 

coth x dx = In sinh x 

dx x 

—— — = In tanh — 
sinh x 2 


9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 


sm a; 


cos a; 


sin 2 x 


dx = sec x 


dx = — cosec x 


tan xdx = — In cos x 


cot xdx = In sin x 


dx x 

= In tan — 

sm x 2 


= In tan ( — + — 


( 4 + 2) 


dx 
cos x 

dx 7 1 

„ = arctan x = — 

1 + a; 2 2 


= In (sec x + tan x) 
- arccot x 
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2.02 General formulas 

1. [afdx = a[f dx 


2 . 

3 . 

4 . 

5 . 

6 . 
7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 


16 . 

17 . 


j [af + bip ± cip ± . . .] dx = a j f dx ± b J \p dx ± cj ip dx + . . . 


Tx fdx = f 


j f dx = f 

J 'ftp dx = fip — J fp dx [integration by parts] 

Jp n+1) pdx = ¥>/<"> - <p'p n ~+ + p"p n ~+ - . . . + (- 1 ) V " } / + (-1 ) n+1 j P {n+l) f dx 


f(x) dx = J fMvWiv) dy 
( f) n+1 


J(f) n f'dx = 


n + 1 


[x = <p(y)\ [change of variable] 
[n ± -1] 


For n = — 1 
f f dx 


f 


= In/ 


(af + b) n+l 
a(n + 1) 
f dx 2 \Jaf + b 


J (af + b) n f dx = 


V a f + b 
' .f'p-pf 
P 

'f'<p-Pf 


fv 

dx 


dx=^ 

dx = In — 

+ 

dx 


= ± 


T 


dx 


f(f + +) J fP J v(f±<P) 

f dx 


vT 5 


+ CL 

f dx 


In (j + sj f 1 + a) 
a f dx 


dx 


J ( f + a)(f + b ) a-bj ( f + a ) a-bj ( f + b ) 

For a = b 

f f dx f dx f dx 


(f + a) 2 
f dx 

(f + +) n 

f dx 


f + a 


— a 


dx 


(f + a) 2 
f pdx 


(f + p) n 1 J (f + vY 


l qf 

9 n j-o = — arctan — 

p + qf pq p 
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18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 


fdx 

q 2 f 2 _^ p 2 

f dx 

P dx 1 

P -a? = 2j ~a~ 

f dx . f 

— . = arcsm — 

s/aP^p a 


i , qf-p 

- — in — 

2 pq qj +p 

f dx 

f iw 

f fdx + 1 / 


f dx 


ap 


bf b ln af 


f 


fdx 


S \/~P~ a 
' iff - fP) dx 
P + P 

' (/V - fP) dx 
P~P 


1 / 
= = - arcsec — 
2 a a 


' fdx 
f + a 


= arctan — 

<P 

2 / + ip 


2.1 Rational Functions 

2.10 General integration rules 


F( x ) 


2.101 To integrate an arbitrary rational function , where E(x) and f(x) are polynomials with 

no common factors, we first need to separate out the integral part E{x) [where E(x) is a polynomial], 
if there is an integral part, and then to integrate separately the integral part and the remainder; thus: 
fF(x)dx f f P x ) , 

J^w = J E(x)dx+ Jm dx ; 

Integration of the remainder, which is then a proper rational function (that is, one in which the degree 
of the numerator is less than the degree of the denominator) is based on the decomposition of the fraction 
into elementary fractions, the so-called partial fractions. 

2.102 If a, b, c, m are roots of the equation f{x) = 0 and if a, f3, 7 , . . . , p are their corresponding 
multiplicities, so that f(x) = (x — a) a (x~b) l3 ...(x — m) fJ ’, then ^ 7 — y can be decomposed into the following 


partial fractions: 
px) __ A a 

f(x) (x - a) c 
M,, 


A a ~i 

(x — a)“ -1 
M„_ 1 


f(x) 

A i Bp Bp_ 1 

x — a (x — b)d (x — bf -1 
Mi 


Jh_ 

x — b 


{x — m )#* (x — to)^ 1 x — m ’ 

where the numerators of the individual fractions are determined by the following formulas: 


Arv—k- 1-1 — 


ip[ k 1) (a) 


a ~ k+1 (Jfe- 1 )! ’ 
px){x — a) c 


B d~ k+1 (fc — 1 )! 

<p(x)(x — bp 


4 k - 1] 


(b) 


ipi(x) = 


M __ 1] (m) 

M-fc+i _ X )! ’ 


f(x) 


1 p 2 (x) = 


f(x) 


1pm{x) = 


px)(x — m) M 

Px) 



2.104 
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If a, b, . . . , to are simple roots, that is, if a = /?=... = n= 1, then 

A B M 


where 


A = 


f(x) 

ip(a) 


■-b 


B = 


ip(b) 


M = 


< p(m ) 


/'(a)’ /'(&)’ _ f( m )' 

If some of the roots of the equation f(x) = 0 are imaginary, we group together the fractions that represent 
conjugate roots of the equation. Then, after certain manipulations, we represent the corresponding pairs 
of fractions in the form of real fractions of the form 
M\X + N\ M%x + N2 


M p x + N p 

x 2 + 2 Bx + C ^ ( x 2 + 2 Bx + C ) 2 + ' ' ' + (x 2 + 2 Bx + C) 


p ■ 


2.103 Thus, the integration of a proper rational fraction 
Mx + N 


<p(x) 


reduces to integrals of the form 


g dx 


or 


/ (x) J {x - a) a 

p dx. Fractions of the first form yield rational functions for a > 1 and logarithms 


{A + 2 Bx + Cx 2 ) 

for a = 1. Fractions of the second form yield rational functions and logarithms or arctangents: 


1 . 

2 . 

3. 


g dx 
(x — a) c 
g dx 


= 9 


’ d(x — a) 


= 9 


(x — a) 
d(x — a) 


x — a J x — a 
Mx + N 


(a — l)(a: — a) a_1 
= gin \x — a| 

NB - MA + ( NC - MB)x 


4. 


{A + 2 Bx + Cx 2 ) 


dx 


dx = 


2 {p - 1) (AC - B 2 ) (A + 2 Bx + Cx 2 ) p ~ 1 
(2p — 3)(NC — MB) f dx 


2 (p - 1) (AC - B 2 ) J (A + 2 Bx + Cx 2 ) p_1 


1 


A + 2 Bx + Cx 2 sjAC - B 2 
1 


arctan 


Cx + B 


2\/B 2 - AC 


VAc - B 2 
Cx + B - y'B 2 - AC 


Cx + B + VB 2 - AC 


for [AC > B 2 ] 
for [AC < B 2 ] 


5. 


(Mx + N) dx 
A + 2 Bx + Cx 2 

M. 1 , _ 2I NC — MB a Cx + B 

= — - In \A + 2 Bx + Cx 2 H , arctan 

2C 1 1 CVAC - B 2 


M , . ^ 2 1 NC-MB , 

= — — In LA + 2 Bx + Cx 2 \ H . In 

2 C 1 1 2C\JB 2 - AC 


sJAC - B 2 
Cx + B- YB 2 - AC 


Cx + B + YB 2 - AC 


for [AC > B 2 ] 
for [AC < B 2 ] 


The Ostrogradskiy-Hermite method 


‘<p(x) 


2.104 By means of the Ostrogradskiy-Hermite method, we can find the rational part of / --Y dx 

J f(x) _ 

without finding the roots of the equation f(x) = 0 and without decomposing the integrand into partial 
fractions: 



68 


Rational Functions 


2.110 


>(*) M 

fix) D 


' N dx 
Q 


FI II 49 


Here, M, N, D , and Q are rational functions of x. Specifically, D is the greatest common divisor of 
the function /(x) and its derivative /'(x); Q = ; M is a polynomial of degree no higher than m — 1, 

where rn is the degree of the polynomial D; N is a polynomial of degree no higher than n — 1, where 
n is the degree of the polynomial Q. The coefficients of the polynomials M and N are determined by 
equating the coefficients of like powers of x in the following identity: 

ip(x) = M'Q - M (T - Q') + ND 

fix) 


where T 


l ) 


and M’ and Q' are the derivatives of the polynomials M and Q. 


2.11-2.13 Forms containing the binomial a + bx k 

2.110 Reduction formulas for z k = a + bx k and an explicit expression for the general case. 


1. 


2 . 

3. 

4. 

5. 

6 . 


Jx n z^dx = 


amk 


™n+l 

dj 


km + n + 1 km. + n + 1 , 


n „m — 1 


X Z 


dx 


i+i p 


rSi 


( ak) s (m. + 1 )m(m — 1) . . . (to — s + 1 )z 


m—s 

k 


m+1 [mk + n + 1] [(m — 1 )k + n + 1] . . . [(m — s)k + n + 1] 


x n + dx = 


( ak) p+1 m(m — 1) . . . (m — p + l)(m — p) 

[mk + n + 1] [(to — l)Jfe + n + 1] . . . [(m — p)k + n + 1] . 

— x n+1 z™ +1 km + k + n + 1 


n m—p—1 


X Z- 


dx 


,n m+1 


ak(m + 1) 


ak(m. + 1) 


x z , 


dx 


x n z J? dx = 


„n+l „m 


n + 1 


bkm 


x n+k z rn-l dx 


x n z dx = 


J x n z r dx = 


x n ^ dx = 


~n+l— fc^m+1 


n + 1 7 

n + 1 — A: 


bk[m T 1) fefc(m + l). 


x n "+r +1 dx 


y.n+1-k ~m+l 


i(n + 1 — k) 


n—k 


b(km + n + 1) 6(A:m + n + l)j 

X" + 1^1 b{km. + k + n + 1) f +k 


+ dx 


a(n + 1) 


a(n + 1) 


J x n (nx 6 + c) k dx = + ^ 

2—0 


n k + (-l)*/c!r (+i) (n h +^) 


+Mx 

k—i 


( fc -*) !r (++* + 1) 


-X 


a+l+i6 


[a, b, k > 0 are all integers] 


x n ^ 


b m (-l^mU! (x fc + ^) m l x fc ( 7+i+1 ) 

*=-L- 

i-0 


(to — i)!(J + « + 1)! 

n + 1 


LA 126(4) 
LA 126 (6) 


LA 125 (2) 
LA 126 (3) 
LA 126 (5) 


J = 


— 1 [a, b , A;, to, n real, A+ 0, to > 0 an integer] 
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Forms containing the binomial Z\ = a + bx 

2.111 


1. 


2 . 


3. s 


4. 


5. 


6 . 


r zT +1 

J Z ™ dX = 6(m + l) 

For m = —1 

/' dx 1 
/ — = r ln z i 
J z i 6 

f x n dx x 


For n = m — 1, we may use the formula 


„m— 1 


dx 


y,m— 1 


1 


— 1)6 6. 


r.m-2 


dx 


For m = 1 

f x n dx x n 

J Z\ nb 


dx 


z™ 1 (n+l-m)b {n+l - m)b„ 


(n — l)b 2 (n — 2)b 3 




1 • b n 


-,k—lj,n—k 


= Yj-i )*- 1 ka ~ + (-i) 

^ j (n-)fc)6 fc + 1+l j 

'xdx x a 

= 7 - yy ln ^ 

01 b b z 

’ x 2 dx x 2 ax a 2 

= 25-F + 5> lnsl 


(— l) n a” 
b n+1 
1 


111 Xl 


Jl - 1 r ^ + (-ir +1 ^-ln* 

^n+i-i ^ t fe»+ 1 


2i 


2.113 

1. 

2. 

3. 


’ dx 

' xdx 


' x 2 dx 


1 

bzi 

x 

bz\ 

x 


1 a 

+ ^ 1,,2l = py 

a 2 2a 

py-F 1 " 21 


+ 52 ln -r 


2.114 

1. 

2 . 

3. 

4. 6 


’ dx 

w = 

'xdx 


' x 2 dx 


' x 3 dx 


2bzf 

'X 

~~ .6 


2ax 

“P” 

x 3 


a 

252 


3a 2 

263 


1 1 . 
~2 + 7? In 


6 3 


31 


„ a 9 „ a 2 5 a 

T + 2 &2 2 ’ 


1 9 ° 1 

^~V n21 
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2.115 


2.115 

1. 

2 . 

3. 

4. 


’ dx 

= 

z i 

’ xdx 

= 

z i 

' x 2 dx 


' x 3 dx 


3 bzf 
' x 

~ .26 4 
r x 2 


6 

3 ax 2 


66 2 J zf 
ax 

f V + 
9 a 2 x 


2 1 


a 

363 


6 2 


26 2 


11a 3 

136^ 


6 4 


In 


2.116 

1. 

2 . 

3. 

4. 


’ dx 
75" = 

z i 

’ xdx 

= 
z i 

' x 2 dx 


' x 3 dx 


Abzf 
' x 

~ 1.36 ^ 

r x 2 
26 


r x 3 


126 2 

ax 

f 362 ' 

3ax 2 
f ^62“ 


.2 1 


126 3 


2 

ax 


3 1 


6 3 


a’ 

46 1 


2.117 

1. 


3. 


4. 


dx 

X n Zi l 

dx 


-1 


2. / - cr = — 


dx 

X0” 1 

dx 

X n 0i 


(n — l)ax' 

1 

(to - l) 60 f - 1 

1 

0™~ 1 a(?n - 1) 


i-l ~m-l 


a. 


(— l) fc 6 


fc L&— 1 


n— 1 

(n — k)a k x n ~ k 


6(2 — n — to) 

a(n — 1) 


dx 


X0 


m— 1 


(— l)"6 ri 


In — 


2.118 

1. 

2 . 

3. 


dx 

XZi 

dx 

X 2 Z\ 

dx 

X 3 Zi 


-ilnil, 

a x 

1 

ax 
1 


6 , zi 

^ ln — 

a z x 


2 ax 2 


6 2 . 0i 

it in — 


2.119 

1 . 


f dx 1 1 0 i 

/ 2 = 2 ln ~ 

J xz{ az\ a z x 


dx 


■n— 1 r ra 
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Forms containing the binomial a + bx k 
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2 . 

3. 

2.121 

1. 

2 . 

3. 

2.122 

1. 

2 . 

3. 

2.123 

l. 11 

2 . 

3. 

2.124 

1. 


2 . 


dx 

x 2 z\ 

dx 

^V 2 


dx 


XZi 


dx 

x 2 zf 

dx 


dx 

4 


1 

ax 

1 


2b 

V 


1 

Zl 

3 b 


2b Z\ 
In — 

a 6 x 

1 


3 b 2 


2 ax 2 2 a 2 x 


3 b 2 zi 

T — 

z i a 4 x 


1 1 Zl 

~2 Hit ln 


a° 


3 bx 
2a ^ a 2 __ 

1 96 36V 

ax 2 a 2 a 3 


x 


36 zi 
—r in — 
a 4 x 


1 


26 


96 2 66V 


2 ax 2 


1 66 2 , zi 

— 5~ l 11 


z 


a J 


x 


XZ- 


1 

dx 

2~4 


a;^z 


da; 


11 56a; 

6a 4 2a 2 
“ 1 226 
3a 2 4 
1 56 


a° 


1 1 Zi 

— q 7 in — 

n 4 nr. 


106V 46V 2 


aa; 


46 zi 
— ln — 


3 r 4 


X J Z 


dx 


556 2 256V 106V 2 


2ax 2 2 a 2 x 3 a 3 


106 2 zi 
— in — 


a;z- 


i 

da; 

2 ~5 




da; 


25 

12a + 
1 

ax 
1 


136a; 76V 2 6V 3 


3 r 5 




3a 2 

2a 3 + 

a 4 _ 

*4 

1256 

656V 

356V 2 

12a 2 

3 a 3 

2 a 4 

36 

1256 2 

656V 

’ + 2 

4a 3 

+ a 4 


£l 


2 ax 2 

Forms containing the binomial Z 2 = a + bx 2 . 
[ — = — ]= arctanxy- if [a6 > 0] 

J z 2 Vab V a 

1 a + xiyfab 

= -= ln -j= if [a6 < 0] 

2i\J ab a — xi\J ab 

I" xdx 1 


56V 3 


2 a 5 


1 56 zi 

~4 + -g In — 
Zi a 0 x 


156V 3 


1 


156 2 zi 

7~ ln 

a‘ x 


2 b(m — l)z% 


m— 1 


(see also 2.141 2) 

(see also 2.143 2 and 2 . 1433 ) 

(see also 2.145 2, 2.145 6, and 2 . 18 ) 
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2.125 


Forms containing the binomial 23 — a + bx 3 


Notation: a = * — 


2.125 

1. 

2 . 

2.126 

1. 


2 . 

3 . 

4. 

5 . 

2.127 

1. 

2 . 

3 . 

4. 

2.128 

1. 

2 . 


' dx 


' dx 


x n 2 ( n — 2 )a I ' 

+ 1 — 3to)6 b(n + l — 3m)J 

x n+1 n + 4 — 3m C x n dx 

3a(m - 1) J Zo 


r,n — 3 . 


3 a(?n — 1)23 


LA 133 (1) 


/ dx all, (x + a) 2 r- 

— = — < - ln 2 — -j + v 3 arctan 

2 3 3 a | 2 x z — ax + a z 


x 


V3 


= V I \ ln 2 ( ' r + a | 2 + ^ arctan 
3 a ( 2 x z — ax + a z 


2a — x 
2x — a 


yy/3 


’ xdx 
Zz 


(see also 2.141 3 and 2.143) 

1 fl, ( x + a ) 2 /- 2x — a) 

= — TTi — S z In —7, ^ — v 3 arctan — > j ■ 

3 ba \ 2 x 2 — ax + a 2 ay / 3 J 


1 


x a 

' x 3 dx x a f dx 


— = 7 T 7 ln (! + x 3 a 3 ) = ln 23 
23 3b 3b 


Z 3 


z 3 6 6 . 

’ x 4 dx x 2 a j" x dx 
= 2b~ ~ 


23 


dx 


'xdx 


z 3 


dx 


3 023 3 a J 23 

0CLZ3 Set t 

1 


^3 


’ dx 


dx 


n 

3 


x ,L z : 

dx 


3bz s 

x 1 f dx 

3623 + 36 y 2 3 


(n - l)aa’ n_1 2 ™ _1 


6(3m + n — 4) 
a(n — 1) 
n + 3m — 4 f 


(see also 2.145 3 . and 2.145 7 ) 

(see 2.126 1) 

(see 2.126 2) 

(see 2.126 1) 

(see 2.126 2) 

(see 2.126 1) 

dx 


r n — 3 


dx 


x n z% 3a(m-l)x n ~ 1 z% 


-1 _ m - 1 


3a(m - 1) J x n z ? 1 


LA 133 (2) 
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2.129 

1 . 

2 . 

3 . 

2.131 

1 . 

2 . 

3 . 


dx 1 , x 3 

= — In — 

xz 3 3 a Z3 

dx 1 b r x dx 

x 2 zs ax aj Z3 

dx 1 b r dx 

x 3 zs 2ax 2 aj Z3 


(see 2.126 2) 
(see 2.126 1) 


dx 


dx 

dx 

X 3 Zo 


3aZ3 


1 x 3 
— rr In — 
3 a 2 Z3 


1 

ax 

1 


4 bx 2 


3 a 2 
5 bx 

2 ax 2 + 6a 2 


1 

Z3 

1 

Z3 


4 b f x dx 

3 a 2 J z 3 
5 b r dx 
3 a 2 J z 3 


(see 2.126 2) 
(see 2.126 1) 


Forms containing the binomial Z4 — a + bx 4 



- 2 arctan ■ 


ty/2 


for ab > 0 
for ab < 0 


2 . 


x dx 
z 4 


3 . 


4 . 

2.133 

1 . 


1 2 

— == arctan x \ — 

2 Vab V a 

1 a + x 2 i\fab 

4iVab a — x 2 i\[ah 

" x 2 dx 1 

Z 4 \ba\[2 ^ x 2 + a.x\/2 + a 2 

1 f x + a! x 

= — — — - < In — 2 arctan — 

4oa' ( x — a a! 

" x 3 dx 1 

= Jb ln 2:4 

Z 4 4 b 


, x 2 — o.xy/2 + a 2 
ln = h 2 arctan 


for ab > 0 
for ab < 0 
ax\/2 ) 


(see also 2.141 4 ) 
(see also 2.143 5 ) 

(see also 2.145 4 ) 

(see also 2.145 8) 


for ab > 0 
for ab < 0 


1 dx 


y.n+1 


4 m — n — 5 f x n dx 


" x n dx 


_ra— 1 


4a(m-l)^- 1 4a(m — 1) 7 z™ 

x n ~ 3 (n — 3 ) a I" x n ~ 4 dx 

z™~ 1 (n+ 1 — 4m) b ~ b(n+l-4m)J z f 


LA 134 (1) 
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2.134 


2.134 

1. 

2 . 

3. 

4. 

2.135 


dx 


: dx 


4a^4 


4aZ4 


’ x 2 dx x 3 


’ x 3 dx x' 


4az4 
.4 


— f 

4a J 

1 

4a, 


dx 

Z 4 

r x dx 
Z 4 

I" x 2 dx 

I Z4 


4aZ4 


dx 

ry-n ~m 
X Z 4 


4&Z4 

1 


For n = 1 


(n — l)aa’ n_1 z‘ 


-1 _m- 1 


6(4m + n — 5) 
(n — l)a 


dx 


dx 


2.136 

1. 

2 . 


xz™ 

aj 

xz™ 

dx 

lnx 

In Z4 

XZ4 

a 

4a 

dx 

1 


X 2 Z4 

ax 

aj 


6 

a. 


dx 


r — 3 


1 X 4 

= — In — 
4a Z4 

r x 2 dx 


z 4 


(see 2.132 1) 
(see 2.132 2) 
(see 2.132 3) 


dx 

2 ! n-4 Z 


m 

4 


(see 2.132 3) 


2.14 Forms containing the binomial 1 =h x r 


2.141 

1. 


2 . 


11 


3. 


4. 


2.142 


dx 

1 + x 
dx 

1 + x 2 
dx 


= ln(l + x) 

= arctan x = — arctan 
1 + x 


= \ In 


1 X\/S 

H 7= arctan ■ 


1 + x 3 3 y/l-x + x 2 \/3 2- x 

dx 11 + X\[2 + X 2 1 Xy/2 

= — 7= In 7= r H 7= arctan ■ 


l + z 4 4\/2 1 — x\[2 + x 2 2V2 1-x 2 


dx 2 v — \ 

=— 
n f— ' 
k = 0 


1 + x 


cos 


2k + 1 


£-1 


E QfcSi 


sin 


= — ln(l + cc) — — Pfccos 

71 71 ' 


fc = 0 


fc=0 


2k + 1 


(see also 2.124 1 ) 
(see also 2.126 1 ) 

(see also 2.132 1 ) 
2 fc + 1 


E QfcSin 


k = 0 


for n a positive even number 

Tl (43)a 

2k + l r 
n 

for n a positive odd number 

Tl (45) 
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where 


2k + 1 


7T + 1 


Pfc = - In ^x 2 — 2x cos 

^.gintM+ijr) x _ cos 

Qk = arctan n — - = arctan 


1 - a; cos 


sin(^7r) 


2.143 

1. 

2 . 

3. 

4. 

5. 


dx 

1 — x 


= — ln(l — x) 


dx 1 1 + x 

» = - In = arctanh x 

1 - a; 2 2 1 - x 

dx 1 x — 1 

= — In r = — arccoth x 


x 2 — 1 2 x + 1 


dx 

T^ = 3 l " 


1 , a/1 + x + x 2 


1 — X 


1 x-\/3 

— = arctan 

2 + x 


[—1 < x < 1] (see also 2.141 1) 
[x > 1, x < —1] 

(see also 2.126 1) 


dx 1 1 + x 1 1 . . 

= - in F - arctan a: = - (arctanh x + arctan a;) 

JL X 4 JL X Z Z 


(see also 2.132 1) 


2.144 

1. 


dx 1 1 -F x 2 ^ ^ 2 k 2 ^ — 7 . 2 k 

= — m > Pfccos — 7t+-> Qk sin — n 

1 — x n n 1 — x n z — ' n n z — ' n 


fc=i 


fc=i 


1 / 2k + 1 

where P/ c = - In ( a; 2 + 2a; cos 7t + 1 1 , Qfc = arctan 


for n a positive even number 
x + cos 


sin 


Tl (47) 


2 . 


dx 1 , . 2 \ 2fc + 1 2 \ . 27c + 1 

= ln(l — x) H — > Pfc cos 7r H — } Q k sin 7 r 

— , r* n n n < ^ n n ' ^ n 


1 — X 


l . 


fc= 0 


2fc 


where Pfc = - In ( x — 2x cos — 7t + 1 


fc =0 


for n a positive odd number 
Qk = arctan 


OT» 

X — COS — 7T 


sin — 7t 


Tl (49) 


2.145 

1. 

2 . 

3. 


xdx 
1 + x 
x dx 


= x — ln(l + x) 


1 


1 + X 2 = 2 1 "( 1 + * 2 ) 

xdx 1 , (1 + x) 2 1 

= — - in t ^ H = arctan 


1 + x 3 6 1 — x + x 2 


2x-l 


(see also 2.126 2) 
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2.146 


4. 

5. 

6 . 

7. 


2 . 


3. 


4. 


x dx 1 2 

r = - arctan x 

l + a: 4 2 

' xdx 

= — m(l — x) — x 

1 — x 

x dx 


— — - In (l — x 2 ) 
l~x 2 2 v ’ 


xdx 1 (1 — x) 2 1 2x + 1 

1 - a: 3 6 1 + a; + a: 2 y^ 

'xdx 1, 1 + ar 
= - in - 


2.146 

1. 


J 1 — x 4 4 1 — x 2 

For to and n natural numbers. 


(see also 2.126 2) 
(see also 2.132 2) 


’ x m 1 dx 1 


1 + ar 


2k - 1 


rmr(2k — 1 ) . 

„ . cos in < 1 — 2a; cos ■ „ 

2n / — i 2 n \ 2 n 

k= 1 

1 


-7 r + ad 


+-E 

n ^ 


sin - 


k = 1 


TO7t(2/c — 1) 
2 n 


arctan ■ 


91c— 1 

X — COS ^r-^TT 


sin 

2 n 


' x™- 1 dx 
1 + a: 2n+1 


= (-1)’ 


2 + i ln(l + x) 1 


2n + 1 2n + 1 


E 

fc=i 


cos 


[m < 2n] 
rmt(2k — 1) 


-E« 


2tt- -|- 1 
2k- 

2n+l ' 


In < 1 — 2x cos 


2k- 1 

277- -|- 1 


7T + X 


Tl (44)a 

2 


mn(2k - 1) x- cos 

„ „ y sin — — arctan . 

2n + lf-^ 2n + l sin \n 

fe= 1 2n+l 

[to < 2 n] 

n— 1 


Tl (46)a 


x "° " ax 1 t, \ m +i , 7, NT/, Ni 1 kmrn ( kn 

= —{(—1) +i ln(l + a:) — ln(l — a;)) — ■ 7— > cos In (1 — 2a; cos ha; 

2n 1 ’ 2 n ^ n \ n 

fc = i v 

n — 1 


1 — X 2 


1 ^-4 . kmn ( x — cos 

H — ) sin arctan 

n • ^ n 


x m 1 dx 
1 - a: 2n +i 


fe=i 


1 


sin 


kir 


2n + 1 


ln(l — a;) 


+ (-l) 


m+1 


l 


277- H- 1 


E 

fc= i 


cos 


rmr(2k — 1) 
2rc + 1 


[to < 2n] 


In 1 + 2a; cos 


Tl (48) 


2k -1 

2n + 1 


7t + a;" 


+ (-i r +1 7 J 7T]t> 1 11 arct- 


2tt- -|- 1 


k = 1 


277 + 1 


* + cos i+i 7 " 

sin 7t 


[to < 2n] 


2ra+l 


Tl (50) 


2.147 

1. 

2 . 


' dx 


1 


' dx 1 


a; 


da; 


1 — a: 2n 2 J 1 — x n 
x m dx 1 


27 1 + a; n 
a:™" 1 


TO — 1 


' x m 2 dx 

(1 + x 2 ) n 2n — m — 1 (l-|- £ 2 ) n-1 + 2n — to — 1 J (1 + a; 2 )™ 


LA 139 (28) 
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3. 

4. 


2 . 


3 . 


1 + x 2 
x m dx 


dx = 


x 


m— 2 


m — 1 
1 


dx 


1 + x 2 

x m-l 


TO — 1 


x m 2 dx 


(1 — x 2 ) n 2n — to. — 1 (l _ x 2 ) n 1 2n — to — lj (1 — x 2 ) r 


2n — 2 (l — x 2 ) n ~ L 2n — 2 J (1 - x 2) 


n—1 


LA 139 (33) 


5. 

2.148 

1. 


' x m dx 
1 — x 2 


y,m— 1 


TO — 1 


x m 2 dx 
1 — x 2 


dx 


1 


1 


2n + to — 3 


dx 


J X m (1 + X 2 ) n TO 1 x m “l (1 + X 2 Y 

For to = 1 

r dx i i 

J x(l + x 2 ) n = 2n-2(i + a: 2 )"-i 

For to = 1 and n = 1 

f dx x 

= in 


. -1 7 a;™" 2 (1 + x 2 ) r 


+ 


dx 


2 . 

3. 

4. 

2.149 

1. 


x{l + x 2 ) Vl + X 
dx 


x (1 + x 2 ) 


dx 


n—1 


LA 139 (29) 


LA 139 (31) 


x m (1 + x 2 ) (to. — l)x m ~ 1 J x m ~ 2 (1 + x 2 ) 
dx 1 x 2n — 3 f dx 


(l + x 2 ) n 2n — 2 (1 + a; 2 )"" 1 2n - 2j (1 + x 2 ) 

n—1 


FI II 40 


dx 


x (2n — l)(2n — 3)(2n — 5) • • • (2n — 2fc + 1) (2n-3)!! 

— 77 T / 77 i + 77 7T7 arCtail X 

V.ll — 1 ^ — -r 


(l + x 2 ) n 2n-l^ 2 k (n — l)(n — 2) . . . (n — fc) (1 + x 2 ) n k 2" ^n-l)! 


dx 


1 


2n + m — 3 


dx 


J x m (l~ x 2 ) n ( TO - l)x™~ 1 (1 - a; 2 ) T 
For to. = 1 


to — 1 J x m ~ 2 (1 — x 2 ) r 


da; 


1 


dx 


J x(l — x 2 ) n 2(n — 1) (1 — a; 2 )" 1 

For to. = 1 and n = 1 

f dx x 

= in 


x (1 — a; 2 ) 


n—1 


Tl (91) 


LA 139 (34) 


LA 139 (36) 


a: (1 — a; 2 ) y/1 - x 2 

dx 1 


2n — 3 


dx 


(1 a7 2 ) n 2n — 2 (1 _ a; 2 ) 11-1 2n - 2./ (1 _ *2) 


n—1 


LA 139 (35) 


da; 


-E 


(2n — l)(2n — 3)(2n — 5) . . . (2n — 2k + l) (2n-3)!! , 1 + x 

1 in 


(l-a; 2 )" 2n-l^ 2 fc (n - l)(ra - 2) . . . (n - A;) (1 - x 2 ) n k 2" • (n - 1)! 1 - a; 

Tl (91) 
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2.151 


2.15 Forms containing pairs of binomials: a + bx and a. + / 3x 

Notation: z = a + bx; t = a + /3x; A = a(3 — ab 


2.151 

2.152 

1 . 

2 . 

2.153 


z n t m dx = 


(?n + n + l)6 (m + n+l)6„ 


z n t m ~ x dx 


"z bx A 

i dx = j + r' nt 

"t (3x A 

- dx = — — In z 

z b b z 


" i” 


't m dx 1 t m mA 

z n (to — n + 1)6 z n ~ x (m — n+l)bj z r 
1 t m+1 (m — n + 2)/3 f t m dx 
(n — 1 )A z n_1 (n — 1 )A J z n ~ x 


dx 


1 


t n 


m/3 


’ t n 


dx 


dx 1 t 
— = — in - 
zt A z 
dx 1 


(n — l)bz n ~ x (n — l)bj z n ~ x 

1 (m + n — 2)b 


dx 


z n t n 


(m - 1 )A ( m_ 1 2 n_1 (m — 1 )A J t m ~ x < 


1 


1 


(to + n — 2 )/3 


dx 


(n - 1 )A t m - x z n - x (n - 1 )A J t m z n ~ x 


2.154 

2.155 

2.156 

2.16 Forms containing the trinomial a + bx k + cx 2k 

2.160 Reduction formulas for Rk = a + bx k + cx 2k . 

_ x m K +1 (to + fc + nk)b /■ „ +fc _ 1 


fxdx 

1 , 

( a 

a , \ 

/ = 


i 7 In t - 

— In t ) 

/ zt 

A ' 


0 J 


1 . 

2 . 

3. 


x^Rl dx = 


ma 

? n 
l k 


dx _ (m + 2* + 2fa) c ^ dx 

ma J 


dz=^l- b A Ix^-'K-Ux - ^ fx^-'Rr'dx 

m ml ml 


x^Rl dx = 


i— 2 k 


Rl +1 (to — 2fc)c 


Y% m—2k— 1 nw 


(to + 2 kn)c (to + 2 kn)c 

2 kna 

x 


R% dx - 


(to. — A: + kn)b 


^m—k— 1 on 


z m .R£ 


2 kn 


2kn 


m ~ 1 R2~ 1 dx + 


(m + 2kn)c J 

/ ^ rn+fe_1 K _1 d® 

+ 2 kn. k 


K% dx 


2.161 Forms containing the trinomial 1?2 = a + bx 2 + cx 4 . 
Notation: / = ^ ^ \/b 2 — 4ac, g = ^ ^ \/b 2 — 4ac, 

h = \/b 2 — 4ac, q = l = 2 a(n — 1) ( 6 2 — 4ac) , 


cos a = — 


2y/ac 



2.172 


Forms containing a + bx + cx 2 and powers of x 
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cx 2 + f J cx 2 + g 



1 

f • a 

I 


< sin — in 

4cg 3 

sin a 

l 2 

x dx 

1 

c® 2 + / 

R -i ' 

“ 26 

n ex 2 + 3 


1 — 2 qx cos § + i 


x 2 — q 2 cos a 


2 2 

. a x — q z 

l cos — arctan — 

2 2 qx sin % 


= - — 75 — . arctan : 

2 cq z sin a sin a 

r x 2 dx g f dx f f dx 


[t h 2 > 0] 

[/i 2 < 0] 


J ~lh~ = hj cx^+g ~ hj cx^TJ & > ^ 

f dx bcx 3 + (b 2 — 2 ac) a; 6 2 — 6ac f dx be f x 2 dx 

J M = + 7 J lh + Tj “rT 

f dx bcx 3 + (b 2 — 2ac) x (4n — 7)6c f x 2 dx 2(n — 1)6 2 

J R2 = + 7 J KT I + 


[6 2 > 0] LA 146 (5) 
[6 2 < 0] LA 146 (8)a 

LA 146 (6) 
LA 146 (9)a 

LA 146 (7) 


2 + 2 ac — b 2 f dx 

~l J R^ 


[n > 1] LA 146 

r dx 1 (to + 2n — 3)6 f dx (to + 4?r — 5)6c f dx 

a: m i?2 (to - l)ax Tra_1 i?2 _1 (to — l)a J i™ -2 ^ (to — l)a J x m - 4 R% 

LA 147 (12)a 


2.17 Forms containing the quadratic trinomial a + bx + etc 2 and powers of x 

Notation: R = a + bx + ex 2 ; A = 4ac — 6 2 

2.171 

1. [ x m+1 R n dx = xmRn+1 _ f x m - 3 R n dx - + n + ^ [ x m R n c 

J c(m + 2 n + 2) c(m + 2?r + 2) J c(m + 2n + 2)J 


[ x m - 1 R n dx - b . (?n + - + / x m i? n dx 

J c(m +2n + 2)J 

Tl (97) 

’ R n dx R n+1 b(n — m + 1) f R n dx c(2 n — to + 2) /' i?" dx 

XT = + / + — / r LA 142(3), Tl (96)a 

x m+1 amx m am J x m am J x m ~ 1 

dx b + 2 cx (4 n — 2)c f dx 

R n+1 _ nAR n + nA J R n Tl 

dx (2cx + b) y42/c(2n + l)(2n — l)(2n — 3) . . . (2n — 2k + l)c fc on (2n — l)!!c n f dx 

Dn+l — 2-^1 n(n — If . . . (n — k^Ak +1 Rn-k nlA" / R 


i?" +1 2n + 1 


i(n - 1) • • • (n - k)A k+ 1 R n ~ k 


n\ A n J R 

Tl (96)a 


2 . 172 11 / — = 


dx 1 v 7 — A — (6 + 2 ex) —2 6 + 2ca: 

— = , in ; = , arctanh — , lor A < 0 

R V=A {b + 2cx) + V^A v/=A v/^A 1 J 

= for [A = 0, 6 and c non-zerol 

b + 2cx 1 1 

2 b + 2 cx r a nl 

= —== arctan lor A > 0 

y/A VA J 
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2.173 


2.173 

1. 


2.174 

1. 


b + 2 cx 

2c f 

AR 

a] 

b + 2 cx 

{ 1 , 

A 

\2R 2 


6c 2 /' dx 
A 2 ./ ~R 


(see 2 . 172 ) 
(see 2 . 172 ) 


2.175 

1. 


2.176 

2.177 

1 . 


I" x m dx x m ~ 1 (n — m)b r a; m_1 dx (to — 1 )a r x m ~ 2 dx 

J R n (2 n — to — 1 )cR n ~ 1 (2 n — m — 1 )c J R n (2 n — to — l)c J R n 

For ?n = 2 n — 1, this formula is inapplicable. Instead, we may use 
f x 2 "- 1 dx 1 f x 2n ~ 3 dx a f x 2n ~ 3 dx b f x 2n ~ 2 dx 

J R " “ cl R n ~ l cl Up cl RP 


'xdx 1 b f dx 

'xdx 2a + bx b f dx 

~W = A R A J ~R 

'xdx 2 a + bx 3b(b+2cx) 3 be f dx 

R 3 ~ 2A R 2 2A 2 R A 2 J Id 

' x 2 dx x b b 2 — 2 ac f dx 

-it=c-R" r+ ^^I-r 


(see 2 . 172 ) 
(see 2 . 172 ) 
(see 2 . 172 ) 
(see 2 . 172 ) 
(see 2 . 172 ) 


c 2 dx ab + ( b 2 — 2ac) x 2 a f dx 

fT = <“ e2 ' 172) 

v 2 dx ab+(b 2 — 2ac)x (2ac + b 2 ) (b + 2cx) 2 ac + b 2 f dx 
R 3 = 2c AR 2 + 2cA 2 R + A 2 / ~R 


' x 3 dx 1 , „ 

-gr = R nR + 



2cA 2 R 

A 2 J R 



(see 2 . 172 ) 

> 2 - ac b(b 2 - 3 ac) / 

" dx 

2c 3 

2c 3 J 

R 



(see 2 . 172 ) 

. (2ac 

— b 2 ) +b (3 ac — b 2 ) x 

b (6 ac - b 2 ) r dx 


c 2 AR 

2c 2 A J R 


abx 2 a 2 \ 1 3 ab f dx 
^cA + ^A 2R 2 ~ 2cA / R 2 


(see 2 . 172 ) 
(see 2.173 1) 


dx —1 

x m R n ~ (to - l)ax m ~ 1 R n ~ 1 


" dx 1 j x 2 b f dx 
xR 2 a R 2a J R 


b(m + n— 2) 
a(m — 1) . 


dx 

v m-lRn 


c(m + 2 n — 3 ) f dx 

a{m — 1) J x m ~ 2 R n 


(see 2 . 172 ) 



2.177 


Quadratic trinomials and binomials 
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dx 1 x 2 1 
xR 2 ~ 2o? U ~R + 2 aR 


1 - 


6(6 + 2 cx) 
A 


b 

2a? 


2 ac 
"A 


1+=F ^ 


da; 

~R 


dx 1 1 1 ] x 2 b f dx b 

^R 3 = AaK 2 + 2a?R + 2^ R H ~ 2^,1 R 3 ~ 2d 2 


dx 


x 2 R 

2a 2 

R 

ax 

dx 

-Ai„ 

a 6 

x 2 

a -\-bx 

x 2 R 2 ~ 

R 

a?xR 

dx 

1 


36 f dx 

x 2 R 3 ~ 

axR 2 


a J xR 3 


dx 

x 3 R 


dx 

x 3 R 2 


dx 

x 3 R 3 


ac — 6 2 x 2 

l "R 


1 ! b 2 — 2ac f dx 

~ + 2a 2 J ~R 

+ bx | (6 2 — 3ac) (6 + 2cx) 
a 2 AR 

5c I" dx 

W & 

1 b (3 ac — b 2 ) 


2 a 3 


2 ax 2 


2 a 3 


3 b \ 1 / 36 2 2c\ 


dx 


2ax 2 


2a 2 x J i? + \ a 2 a ) J xR 2 


-1 

2ax 2 


2b 


1 / 66 2 3c 

i? 2 \ a 2 a 


dx 

xR 3 


(see 2.172) 
f dx b /' dx 

J R*~ 2^J ~R 

(see 2.172, 2.173) 

(see 2.172) 

1 / 6 4 66 2 c 6 c^ 

A \a 3 a 2 a 

(see 2.172) 

(see 2.173 and 2.177 3) 

f dx 

J ~R 

(see 2.172) 

96c r dx 

+ 2 a?J R 2 

(see 2.173 1 and 2.177 2) 

106c f dx 

a 2 J R 3 

(see 2.173 2 and 2.177 3) 


dx 

”r" 


2.18 Forms containing the quadratic trinomial a-\-bx-\- cx 2 and the binomial a-\-/3x 

Notation: i? = a + 6x + cx 2 ; z = a + /3x; A = a(3 — ab/3 + ca 2 ; 

B = bj3 — 2ca; A = 4ac — 6 2 

r /3z m ~ 1 R n+1 


1. 

2 . 


z m R n dx = 
r R n dx 


(to + 2n + l)c 

1 R 


- 7 fz-'R" dx - , ‘’"r 11 -)' [ z™~ 2 R n dx 

(m + 2n+ l)cj (m + 2n+l)cj 


2nA 


' R 71 - 1 dx 


(to — 2n — l)/3 z m ~ 1 (to. — 2n — l)/3 2 ^ 
nB f H 7 ' - 1 dx 


(to. — 2 n — l)/3 2 


r ra— 1 5 


-/3 7?" +1 (to - n - 2 )B [R n dx (m-2n-S)c f R n dx 


(to — 1)A 2 m_1 
1 R n 


(to — 1 )A 
nB 


' Rn- 1 dx 


(to. — 1 )A 
2 nc 


' R 7 '- 1 dx 


{m — l)[3z rn ~ 1 (m — l)/3 2 J z m ~ 1 (m — l)/3 2 J z m ~ 2 


LA 184 (4)a 
LA 148 (5) 
LA 418 (6) 
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Algebraic Functions 


2.201 


3. 


' dx 


(3 


(to — n)B f z m 1 dx (m — 1 )A 


R n 


(to — 2n + l)c R n ~ l (m — 2n + l)cj R n (m. — 2n + l)cj R n 


b+2cx z m 2(to — 2n + 3)c f z m dx 


4. 


dx 

z m R n 


(n-l)AU"- 1 (n-l)A J R n ~ 1 (n-l)Aj i?"" 1 

/3 1 (to + n — 2)B I" dx (m + 2n — 3)c 

(m — l)Az m ~ 1 R n ~ 1 (m — l)A J z m ~ l R n (to. — 1)A 

(3 1 B f dx (m + 2n — 3)/3 2 /' dx 


LA 147 (1) 

LA 148 (3) 

dx 


z 


2(n-l)Az m ~ 1 R n - 1 2 AJ z m ~ l R n 2(n-l)A J z m R n ~ 1 


m—2j^n 

LA 148 (7) 

LA 148 (8) 


For m = 1 and n = 1 
f dx (3 ^ z 2 B f dx 
JjR-2A ln Rr 2AJ R 
For A = 0 

f dx (3 


1 (to + 2n — 2)c f dx 


z m R n 


(to + n — 1)B z m R n ~ 1 (to. + n — l)BJ z m ~ 1 R n 


LA 148 (9) 


2.2 Algebraic Functions 
2.20 Introduction 

/' ( (ax + /3\ r fax + /3\ s \ 

2.201 The integrals / R ( x, ( ) , ( ) , . . . ) dx, where r,s, . . . are rational numbers, 

' J \ Kyn + SJ \'yx + 6J ’ J ’ 

can be reduced to integrals of rational functions by means of the substitution 

ax + (3 = tm 


FI II 57 


^x + S 

where to is the common denominator of the fractions r, s, . . . . 

2.202 Integrals of the form J x m (a + bx n ) p dx* where to, n, and p are rational numbers, can be 
expressed in terms of elementary functions only in the following cases: 

(a) When p is an integer; then, this integral takes the form of a sum of the integrals shown in 2.201; 

(b) When m+ l is an integer: by means of the substitution x n = z, this integral can be transformed 

1 f m+l _ 

to the form — / (a + bz) p z n dz, which we considered in 2.201; 
nj 

(c) When ‘sxtl _|_ p i s an integer; by means of the same substitution x n = z, this integral can be 

1 f ( d T bz \ p m+l .. 

reduced to an integral of the form — / ) 2 n +P -i fa considered in 2.201; 

nj \ z J 

For reduction formulas for integrals of binomial differentials, see 2.110. 


’Translator: The authors term such integrals “integrals of binomial differentials.” 



2.214 


Forms containing the binomial a + bx k and y/x 
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2.21 Forms containing the binomial a + bx k and y/x 


Notation: Z\ = a + bx. 

f dx 2 

2.211 


2.212 

2.213 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 

11 . 


Zly/x yfab 


bx 

arctan \ — 
V a 


1 a — bx + 2 i\J xab 
in 


iy/ab 


' x m yfx 


z 1 


dx = 


k—0 


Z 1 

(-1 ) k a k x m ~ k 
(2m — 2k + l)b k+1 


+ (-l) 


ra+1 


[ab > 0] 

[ab < 0] 

a m+1 f dx 


dx 


' yfx dx 2yfx 

zi b bj ziy/x 

’ Xyfxdx ' '* ' r ’ 2 


zi 


(i-p) 2 ^ + 


a 

¥ 


’ x 2 y/x dx 


z 1 
dx 


dx 

Ziyfx 


i x 2 xa a 2 i u, 

l FT — oi.9 IT I 2\J X 


5 b 3 b 2 b 3 

1 /' dx 


dx 


b 3 J Zyy/x 


z\yfx az\ 2a J Z\yfx 
’ yfx dx yf: 


1 


dx 


bz\ 2b J Z\Jx 


’xy/xdx 2 Xyfx 3 a f y/x dx 

z\ bzi b J z\ 


’ x 2 y/xdx 


x 2 5 ax\ 2yfx 5 a 2 


dx 


( 1 


3 b 3b 2 

3 


' y/x dx 


Z 1 


zfy/x \2az 2 4a 2 Zi 
’ yfx dx 


dx 


1 


1 


b 2 
3 

8 a 2 J zxyfx 

1 f dx 


’ Xyfx dx 


' x 2 y/xdx 


2bz 2 Aabzi / 

2xyfx 3a f y/x dx 

bz 2 + T J z 3 
.2 

K. 

b + ~b 2 


8a6j zi-y/a: 


Saa;^ 2-y/ir 15a 2 f y/xdx 

z? 6 2 ./ 2 ? 


Notation: Z2 = a + frr 2 , a = \ ol = * — 


2.214 


dx 1 

22 ba 3 y/2 

1 


x + ay/2x + a 2 ay/2x 

in — 1- arctan — = 


yfzi 


2 ba' 3 


a - y/X y^X 

in = — 2 arctan 

a! + y/x a' 


b m+1 J Zyy/x 
(see 2 . 211 ) 

(see 2 . 211 ) 
(see 2 . 211 ) 
(see 2 . 211 ) 
(see 2 . 211 ) 
(see 2 . 211 ) 
(see 2.213 5) 
(see 2.213 5) 
(see 2 . 211 ) 
(see 2 . 211 ) 
(see 2.213 9) 
(see 2.213 9) 


lH 

n<° 
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2.215 


2.215 


' y/xdx 


1 


^2 


baf 2 
1 

26a 7 


— In 


x + a 


f2x + a 2 


fzi 


arctan ■ 


x \[2 a 


or — x 


In 


a ' 


ix 

71 


2 arctan 


a 1 


LS >° 


a 


L 6 


< 0 


2.216 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


9 . 

10 . 


vfxdx 2fx 

= ~b~ ~ 

2xfx 


22 


' x 2 sfx dx 
22 
dx 


"2V ^ 

‘ sfxdx 


36 

+ _ 3 _ 

2az2 4a j 

x - v/x 1 
= — 1 

2aZ2 4 a 


dx 

z-iyfx 

f sfx dx 


22 


dx 

Ziyfx 
f sfx dx 


22 


'xfxdx fx 

z\ 2b Z 2 

Xsfx 

2 bz 2 


' x 2 sfxdx 


kl 

f 


dx 

Z2\/x 
f sfxdx 


22 


dx , 

7 1 7 s 

I 

“ 1 

^ 4az | 16a 2 Z2 y 

v 7 * dx 

( 1 , 5 

z 3 

2 

\ 4az | 16a 2 Z2 

Xv 7 e dx 

(bx 2 — 3a ) yTr 


xva : + 


21 

327 ? j 

5 


16 a 62 | 


'x 2 y/xdx 2xfx 


5bz 2 


3 a 
56 . 


32a6 J 
‘ v 7 ^ dx 


32a 2 J 
dx 

Z 2 \[X 


dx 

Z2\fx 
f sfx dx 

22 


(see 2 . 214 ) 
(see 2 . 215 ) 
(see 2 . 214 ) 
(see 2 . 215 ) 
(see 2 . 214 ) 
(see 2 . 215 ) 
(see 2 . 214 ) 
(see 2 . 215 ) 
(see 2 . 214 ) 
(see 2.216 8) 


2.22-2.23 Forms containing \/ (a + bx) k 


Notation: z = a + bx. 


2.220 



ffm+J fix 


" (-1 ) k ( n k )z n - k a k \ 

— Ik + l(m + 1) + / J 


iffdjn+Vy+J 

b n +i 


The square root 

2.221 J x n fz 2m ~ 1 dx 

2.222 



” (-1 ) k (l)z n ~ k a k \ 2 v^^+i 

^2n-2k + 2m+l | 6 n+1 

k — 0 ) 


1. 



2.225 


Forms containing the binomial a + bx k and ^Jx 
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2 . 

3. 

2.223 

1. 

2 . 

3. 



2 sfz 

b 3 


2 

b 3 ^z 


2.224 

1. 

2 . 


'z m dx 

X n yfz 

' z m dx 
x n \fz 


z m ^z 


2m — 2n + 3 b f z m dx 


(n — \)ax n ~ l 2(n— 1) aj x n ~ x ^fz 
1 


= — 2 : 


(n — 1 )ax n ~ 1 


n — 2 

E 

*:= i 


(2 to — 2 n + 3) (2 m — 2n + 5) . . . (2m — 2n + 2k + 1) 


2 fc (n — l)(n — 2) . . . (n — /c — l)x T 


-fc-i 


(2m - 2n + 3) (2m. - 2n + 5) . . . (2m - 3) (2m - 1) b n 
2” _1 (n — l)!x a r 


3. 

4. 

5. 6 


For n = 1 



22 m 

(2m — 1) yfz 


f z m ~ l 

7 


dx 



dx = Y^ 

fc = i 


2a m ~ k z k 
(2k — 1) 


+ a 


m 





2.225 

1. 

2 . 

3. 




2\fz + 



dx 

X1/2 


b f dx 
X 2 J Xyfz 


/ 


yfz da 


yfip bj~z _ b 2 r dx 
2ax 2 4ax 8a J Xyfz 


[a > 0] 
[a < 0] 


(see 2.224 4) 
(see 2.224 4) 
(see 2.224 4) 



z m dx 

Xy/~Z 
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2.226 


2.226 

1. 

2 . 

3. 


2.227 

2.228 

1. 

2 . 

2.229 

1. 

2 . 

3. 


' yfz 3 dx 
x 



z + 



dx 


Xsfz 


3 b r \fz? dx 
ax 2a J x 



b ) f y^dx 

4 a 2 x J 8 a 2 J x 


(see 2.224 4) 
(see 2.226 1) 



m - 1 r, 

V - 

^ (2k + 1 )a rn ~ k z k s [z 


1 f dx 

a m J Xyfz 


dx 

x 2 yfz 

dx 


sfz _ b 
ax 2 a„ 

1 


f dx 
Xyfz 
3 b 


2 ax 2 4 a 2 x 


3 b 2 
8a 2 . 


dx 


(see 2.226 1) 
(see 2.224 4) 

(see 2.224 4) 
(see 2.224 4) 



3 b 
' 2a 2 

156 2 

~AaF 



15 b 2 
~8aF 


(see 2.224 4) 

(see 2.224 4) 

dx 

Xyfz 

(see 2.224 4) 


Cube root 
2.231 

1. 

2 . 


3. 


4 . 


( n \k(n\^ n -k k 1 o , 3 /~SCm+1 ~l + 1 

i x n d = I y- i ® l 

I ^ 3?t — 3fc + 3(m + 1) + 1 6 n+1 


.. k—0 


' dx 


^/^3m+2 


(— l) fc ( fc) z n ~ k a k 
' 3n — 3 k — 


< /c— 0 


3n — 3k — 3(m — 1) — 2 [ frn+i ^3(m-i)+2 


|^3n-3A; + 3 (TO+ !) +2 J b n+1 


x n dx 
\/z 3m+1 


(— 1 ) k ( n k )z n - k a k 
' 3n. — 31c. — 


< k—0 


3n — 3k — 3(m — 1) — if frn+i z 3(m-i)+i 



2.236 


Forms containing the binomial a + bx k and ^Jx 
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5. 


6 . 

2.232 

2.233 

1. 

2 . 

3. 


4. 

5. 

2.234 

1. 


2 . 

3. 



z n+ a 3 n — 3 to + 4 b f z n dx 

(to — \)ax m ~ 1 3(m — 1) aj x m ~ x \fz^ 

3 z n f z n_1 dx 

(3n — 2)<y~z^ J x\f^ 


3yfz 


(3 n — 1 )az n 


' ^fzdi 


xz " 



?r z~Zfd r- + y~z 

— V 3 arctan ■ 



(see 2 . 232 ) 

(see 2 . 232 ) 
dx 

3/ o’ 

XV Z z 

(see 2 . 232 ) 
(see 2 . 232 ) 

(see 2 . 232 ) 



For to. = 1: 



(to. — l)aa; m_1 


3 n — 3 in + 5 b f 
3 (to — 1) aj 


I 

/ 


z n dx 
Xyfz 

dx 

XZ n y[z 


3 z n f z n ~ l dx 

(3n-l)-^z +a J x^fz 

3^/~z? 1 f \fz* dx 

( 3 n — 2 )az n a J xz n 


z n dx 
X m ~ X s[z 


2.235 

2.236 

1. 

2 . 






+ \p3 arctan 


_V3^z_\ 

\fz + 2y/a J 


\fz? dx 


x 

' \fz? dx 

rr-2 



ax 



a 



(see 2 . 235 ) 
(see 2 . 235 ) 
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2.241 


3. 


4. 


5. 


' Yz? da 


dx 

x 2 yfz 

dx 

x 3 ^fz 


1 


. 5/3 _ 


2 ax 2 6 a 2 x 


V z 2 b I" dx 

ax 3a J Xyfz 

1 2b 


6a 2 


2 ax 2 3 a 2 x 


2 b 2 


dx 


9 a 2 J x-fz 


b 2 f dx 

9 aj x^fz 

(see 2.235) 

(see 2.235) 
(see 2.235) 


2.24 Forms containing \J a + bx and the binomial ol + (3x 

Notation: z = a + bx, t = a + /?x, A = a/3 — ba. 


2.241 

1. 

2 . 

2.242 

l. 11 

2 . 

3. 


4. 


5. 


6 . 


7 . 


n n dx 


yfz (2 n + 2m + 1 )(3 

't n z m dx 


t n+i z m -i 


(2m — 1)A 


Vz 

'tdx 2 a.yfz 

yfz b 
't 2 dx 2 a 2 yfz 


(2 n + 2 to + 1){3 J yfz 


k = 0 


p— 0 


p J 2k — 2p + 2m + 1 




2 : \ 2 yfz 

3 a )~^~ 


V~z 

't 3 dx 2c? yfz 


— + 2 o P(i5 -a 


)Y^ 2 (j-Y + f 


Zyfz 


V~z 


b + 3a 2 /?^ - a:^ + 3a(3 2 — -za+a 

3 32 2 a 


6 3 

2 ^ 

6 3 


5 


3 

+ za — a 


2.y/~Z 

6 4 


'tzdx 2 afz? 

yfz 36 ~*" 

’t 2 zdx 2a 2 Vz 3 




yfz 36 

't 3 zdx 2a 3 yfz 3 


!Z 


36 


+ 3 ol 


^ (j - 

'tz 2 dx 2 uyfzf 

yfz 56 

't 2 z 2 dx 2a 2 yfz 3 

yfz 56 


a\ 

2 yfz- 

3 


3/ 

b 2 



' z 

a\ 

2yf~z 3 

.0 (■. 

^5 ‘ 

” 3) 

b 2 +fj 


a\ 

.2 yfz 3 

+ 3ot/3‘ 

(s 

~~ 3v 

' 

t 

|_ 

32a 2 

a 3 \ 

1 2 ^ 

1 

5 

" T ) 

1 6 4 

a' 

\ 2 yfz 3 


" 5- 

I b 2 



,/z 

a' 

\ 2-V/2 3 

a2 ( 

\7 

~ 5. 

) p 

+ Y ^ 


6 3 


2 2 2 za a 2 \ 2 yfz 3 

y ~ ~5 ~ + y 

z 2 2 za a 2 \ 2 fz 3 

Y~YY + Y b 3 


z 2 2 za a 2 \ 2\fzf 

Y ~ Y r + YJ b 3 


LA 176 (1) 
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9. 

10 . 

11 . 

12 . 


/ 


t 3 z 2 dx 



t 2 z 3 dx 


I ' t 3 z 3 dx 

7 ~7T 



2.243 

1. 


2 . 

2.244 

1. 

2 . 

3. 

4. 

5. 

6 . 

7 . 


t n+l 


' t n dx _ 2 

z m yfz (2 m — 1)A z n 

2 t n 


(2 n — 2 m + 3)/3 f t n dx 


(2 to — 1)6 0 " 


(2m — 1)A J 2 " 
2n/3 f t n_1 dx 


(2m — 1)67 2 m_1 v / 2 : 


LA 176 (2) 


t n dx 

2 

Tl n 

/ n\ a 

Z m \fz 

\J Z 2m ~ 

r ^ \k) ~ 

fc=0 

tdx 

2 a 

2/3(z + a) 

Zy/Z 



6y^ 

b 2 y/z 

t 2 dx 

2a 2 

1 

4 a/3(z + a) 

z^fz 

6v^ 

b 2 ^z 

t 3 dx 

2a 3 

| 

6 a 2 (3(z + a 

Z\[z 

6^ 

b 2 sfz 


n—k ok 




lA-i) 1 

p—0 


z k~P a P 


K p ) 2k — 2p — 2m + 1 


2/3 2 — 2za — a 2 ^j 

6V^ 


b 3 yfz 


b^z 


t dx 

z 2 Vz~ 

2 a 

36v / 2 3 

2 P(z-I) 
tfyfz 3 


t 2 dx 

2 a 2 

4 aP(z - f) 2 ^ 2 ( z 

2 + 2az - 

z 2 V~z~ 

36v^3 

6 2 t/z 3 

b 3 V^ 

t 3 dx 

2ct 3 

6a 2 /3(z-f) 6a /3 2 

(^z 2 + 2 za — r j^j 

z 2 ^Jz 

t dx 

SbVz 3 

2a 

6 2 V / 2 3 

2/3(1 - I) 

6 3 \fz 3 

z 3 J~z ~ 

5bVz$ 

6 2 v / 2 3 



b^y/z 3 
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2.245 


8 . 

9. 


7 2 dx 

2a 2 

4a/3(§ - f) 

20 2 (z 2 - 

z 3 Zz 

bb\fZ 

b 2 ZZ 

b 3 \fzZ 

t 3 dx 

2a 3 

6« 2 /3(| - f) 

Qa0 2 (z 2 - 

z 3 Zz 

bbVz 3 

b 2 ZzZ 

b 3 ZZ 


20 3 (z 3 

+ 3z 2 a — 2 a 2 + 



H — 

6 4 v / z^ 



2.245 

1. 


2 . 


' z m dx 

t n sjz 


2 z m ~ 3 

(2 n — 2 m — 1 )0 t n ~ x 


(2 m — 1)A 


da; 


1 


v m— 1 


(2n — 2ra — 1)/?./ 


dz 

t n ^fz 


( n — 1)0 i" _1 
1 z m 
’(n-l)Af 1 - 1 

rz 

-z y/Z 


(2 TO — 1)& f z 


m— 1 


— (for 

2 (n - l)/?7 

(2n — 2?n — 3)fe f z m dx 


2(n — 1)A 7 


1 1 
(n - 1)A i 11 " 1 


(2n - 2m - 3) (2n - 2m - 5) . . . (2n - 2m - 2k + l)^" 1 1 


2 fc_1 (n — l)(n — 2) ... (n — /c)A fe 


n— 1 

■ E 

k—2 

(2 n - 2m - 3)(2n - 2m - 5) . . . (-2m. + 3)(-2m + 1)6”- 1 
2™ _1 • (n- 1)!A" . 


J 

A m da; 

ty/z 


For n = 1 

fz m dx _ 2 z m A ( z m_1 dx 

J tyfz (2m. - l)/3 y/z + 0 J tyfz 

fz m dx _ 2 y' 1 A fc z m - fc A m f dx 

J ty/z ^ (2m -2 k- l)/3 fc+1 + 0 m J tVz 


2.246 


2.247 


2.248 


f dx 1 /3-v^ _ V0A 

J tyfz \J 0A 0 yfz + V/JA 

2 A 0y/z 

= , arctan , 

Jhh 

bt 



l yT* 


E 

k = 1 


0 ' 


fc— 1^/c 


A fc (2m — 2k + 1) 


[/3A > 0] 
[/3A < 0] 


[A = 0] 

/3 m f dx 

A ™J Ufz 

(see 2 . 246 ) 


/ 


dx 

tzyfz 


2 0 f dx 

A-v/i + Aj i-y/z 


LA 176 (3) 


1. 


(see 2 . 246 ) 
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2 . 

3. 


4. 

5. 

6 . 


7. 


9. 


10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


/ 


dx 

tZ 2 y/z 


/ 


dx 

tz 3 yfz 


2 2(3 (3 2 r dx 

HAz^fz A 2 y/z A 2 J ty/z 

2 2(3 2(3 2 (3 3 f dx 

5 A z 2 yfz + ‘&A 2 z^/z + A 3 vA + A^y V* 


(see 2.246) 



/ 


dx 

t 2 Zy/z 


/ 


dx 

t 2 z 2 y/z 


yfz 6 f dx 
A t ~ 2AJ Ujz 

1 36 36/? f dx 

A ty/z A 2 y/z 2A 2 J tj~z 

1 56 56/3 

A tz 2 y/z 3A 2 ZtJz A 3 t/z 


(see 2.246) 
(see 2.246) 

(see 2.246) 
56/? 2 f dx 

2A 3 J tyfz 


/ 


dx 

t 2 z 3 ^fz 


(see 2.246) 

1 76 76/3 76/3 2 76/3 3 f dx 

A tz 2 /z 5A 2 z 2 ^fz iA 3 Zy/~z A^^fz 2A 4 J t/z 




-Jz Zb^fz 36 2 I" dx 
2At 2 + 4A 2 t + gA 2 ^ tyj 

1 { 56 156 2 

~2At 2 yU + 4A 2 U/z + 4A 3 y / z 


(see 2.246) 
(see 2.246) 
156 2 /? I" dx 

8A 3 y vi 


(see 2.246) 

dx 1 76y / 2 356 2 356 2 /3 356 2 /3 2 f dx 

t 3 z 2 /z 2A t 2 Zy/z 4A 2 tzy / z 12A 2 t; v / 2 : 4A 4 y / 2 8A 4 J tyfz 

(see 2.246) 


/ 


dx 

t 3 z 3 ^~z 


1 96 636 2 

2A t 2 z 2 ^fz 4A 2 6z 2 y / 2 : 20A 3 2 2 y / Z 



t 2 dx 


tyfz 
' z 3 dx 
tyfz 




2 yfz A T dx 

(3 + (3 J t^fz 

2 zyfz 2A\fz A 2 I" dx 
3/3 + /3 2 + /3 2 y ty^ 

2 z 2 yfz 2A zyfz 2A 2 y/z A 3 f dx 
+ + + U/z 

z^/z byfz 6 /' dx 

At /3A 2/3 y ty^ 

z 2 \fz bz-\J z Zbyfz 36A f dx 
1 At + /3A + (3 2 + WJ U/z 


21b 2 (3 : 636 2 /3 2 , 636 2 /3 3 

4A 4 0 v / z + 4AV5 + 8A 5 
(see 2.246) 

(see 2.246) 


(see 2.246) 


(see 2.246) 


(see 2.246) 


(see 2.246) 


dx 
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2.249 


17. 

18. 3 

19. 

20 . 


2.249 

1. 


2 . 


z 3 dx 

z 3 V~z. 

bz 2 sfz 

bbzyfz 

t 2 yfz 

At + 

PA 

+ 3 P 2 

z dx 

zjz 

bzy/z 

b 2 ^~z 

t 3 Jz ~ 

2At 2 + 

4A 2 f 

4/3A 2 

z 2 dx 

2:2 A , 

bz 2 ^z 

b 2 z^z 


)A V Hi 5A 2 b I" dx 

P 3 + 2/3 3 J tyfz 

(see 2.246) 

f dx 

- / (see 2.246) 


3 b 2 


dx 


t 3 yj z 2 At 2 4A H 4/3A 2 4/3 2 A 8 P 2 J tsfz 


' z 3 dx 


dx 


2At 2 


(see 2.246) 

36z 3 A 3 56 2 zA 156 2 A 156 2 A 

A 2 t + 4/3A 2 + 4/3 2 A + 4/3 3 + 8/3 3 


dx 

i\/i 


A (2n + 2m — 3)/3 


(see 2.246) 


dx 


z m t n y/z (2m — 1)A t n l z m (2m — 1)A J t n z m x \fz 
1 1/2 (2n + 2m — 3)6 f dx 

(n - 1)A z 171 ^- 1 2 (n - 1)A J t n ~ 1 z rn s fz 


dx 


A 


z m t n yfz z n 


-1 


(n — 1)A t 71-1 


+ Ei- 1 )' 


LA 177 (4) 


. (2 n + 2 m - 3)(2n + 2m - 5) . . . (2 n + 2m-2k+ l)6 fe " 1 1 


k—2 


2 k ~ 1 (n — l)(n — 2) ... (n — k)A k 


+(-i) 


l _ 1 (2n + 2m — 3)(2n + 2?n — 5) . . . (—2m + 3) (—2m + 1)6 
2" _1 (n — l)!A n_1 


t n ~ k 

'"- 1 /' dx 


fz 71 


For n = 1 

I" dx 2 1 P f dx 

J z m t\pz (2m — 1)A z 771-1 yfz A J tz m ~ 1 ^/~z 


2.25 Forms containing + &* + ca; 2 
Integration techniques 


2.251 It is possible to rationalize the integrand in integrals of the form J R (x, sja + bx + cx‘ 
using one or more of the following three substitutions, known as the “Euler substitutions”: 


dx by 


1. V a + bx + cx 2 = xt ± \fa for a > 0; 

2. \J a + bx + cx 2 = t ± Xy/c for c > 0; 

3. \J c (x — Xi) (x — X 2 ) = t(x — x 1 ) when xi and X 2 are real roots of the equation a + bx + cx 2 = 0. 
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2.252 Besides the Euler substitutions, there is also the following method of calculating integrals of 

the form J R (x, \/a + bx + cx 2 } dx. By removing the irrational expressions in the denominator and 

performing simple algebraic operations, we can reduce the integrand to the sum of some rational function 

p i(z) 


of x and an expression of the form 


P 2 {x)Va + bx + ex 2 


, where P \{x) and P %{x) are both polynomials. 


By separating the integral portion of the rational function 


p iW 
P 2 {x) 


from the remainder and decomposing 


the latter into partial fractions, we can reduce the integral of these partial fractions to the sum of integrals, 
each of which is in one of the following three forms: 


1. 

2 . 

3. 


P(x) dx 
Va + bx + cx 2 
dx 


, where P{ x) is a polynomial of some degree r; 


(x + p) k \/a + bx + cx 2 ’ 

( Mx + N) dx 


J (a + /3x + x 2 ) m \J c (ai + b\x + x 2 ) ’ 
In more detail: 

f P(x) dx 


a 1 b \ 
ai = 01 = - . 

c c 


1. 


\J a + bx + cx 2 


= <3(l) '/“ + fa + “ 2 + A / 


dx 


\/a + bx + cx 2 


, where Q(x) is a polynomial of 


degree (r — 1). Its coefficients, and also the number A, can be calculated by the method of 
undetermined coefficients from the identity 


P{x) = Q'{ x) ( a + bx + cx 2 ) + ^ Q(x)(b + 2 cx) + A 


LI II 77 


2 . 


Integrals of the form 

2.26. 

Integrals of the form 


P{x) dx 


Va + bx + cx 2 


(where r < 3) can also be calculated by use of formulas 


P(x) dx 

(x + p) k V a + bx + cx 2 


, where the degree n of the polynomial P{x) is 


lower than k can, by means of the substitution t = 


P(t) dt 


x +p 


3. 


J sja + (3t + yf 2 

Integrals of the form 
procedure: 


. (See also 2.281). 


{Mx + N) dx 


{a + (3x + x 2 ) m sjc{a\ + b^x + x 2 ) 


, be reduced to an integral of the form 


can be calculated by the following 


• If b\ ^ (3, by using the substitution 

a x - a t- 1 \J ( fl i - «) 2 - ( ab i ~ a iP) (P - M 


X = 


Ph 


t + 1 


P-b 1 
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2.260 


we can reduce this integral to an integral of the form 


P(t) dt 


(t 2 +p) m \/c(t 2 + q) 

is a polynomial of degree no higher than 2m — 1. The integral ^ 


reduced to the sum of integrals of the forms 


(t 2 +p) m sjt 2 + q 

tdt f dt 

and 


, where P(t) 


can be 


• If fox = (3, we can reduce it to integrals of the form 


{t 2 +p) k \Jt 2 + q J (t 2 +p) k \Jt 2 + q 
P(t) dt 


by means of the 


substitution t = x + — ■ 


The integral 
u 2 . 

The integral 


tdt 


(t 2 +p) \/c{t 2 + q) 
dt 

{t 2 +p) k y/c(t 2 + q) 
v (see also 2 . 283 ). 


(t 2 +p) m y/c(t 2 + q) 
can be evaluated by means of the substitution t 2 + q = 

■f 

can be evaluated by means of the substitution 




q 


FI II 78-82 


2.26 Forms containing \/ a + bx + cx 2 and integral powers of x 


Notation: R = 


bx 


A = 4ac — b 2 


For simplified formulas for the case 6 = 0, see 2 . 27 . 

2.260 

(?n + 2?r + 2)c 2(m + 2n + 2)c„ 


1. 


__Ayih_ 

(to + 2 n + 2 )cj 


2 . 


3. 


r \/R 2n+1 dx= 2cx + b VR 2n+1 + 2n + 1 , - [ ^R 2n ~ l dx 


4 (n + l)c 


'•/R (2 ° + y (ii" + V 
4 <" + l S 

i 1 Ml / A \ n + 1 


8(n + 1) c 

(2 n + l)(2n - 1) . . . (2n - 2k + 1) / A \ fe+1 


8 fc+1 n(n — 1) . . . (n — k) 


R 


(2n + 1)!! / A\ 

8" +1 (n + 1)! V c / 


dx 

Vr 


2 . 261 11 For n = —1 


dx 1 ( 2 yfcR + 2 cx + b 

Vk = Tc n V , 

1 / 2cx + b 

= — — arcsmh =— 

\/c V 

1 


= — ^ ln(2cx + 6) 
VC 
-1 


: arcsm 


/ 2cx + 6\ 

1 ^A J 


[c > 0] 

[c > 0, A > 0] 
[c > 0, A = 0] 
[c < 0, A < 0] 


Tl (192)a 
Tl (188) 

n—k — l | 

Tl (190) 

Tl (127) 

DW 
DW 
Tl (128) 
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2.262 

1. 

2 . 

3. 

4. 


5. 


6 . 


7. 


2.263 

1. 


[ x 2 jRdx = 


dx 

Vr 


(see 2 . 261 ) 
(see 2 . 261 ) 


* _ _ 56 _ N \ , ( 552 
4c 24c 2 ' 


o \ (2 cx + b)jR / 5 6 2 a\ A f dx 

^16c 2 4c/ 4c \16c 2 4c/ 8cJ -y/R 


r x :i JT{dx= \ JR 3_ (2cx + b)\/R 

V_ 5c 40c 2 48c 3 15c 2 

/ 76 3 3a6\ A r dx 


(see 2 . 261 ) 

6 3 3a6\ I 

V32c 3_ 8c 2 J 4c 


\32c 3 8c 2 7 8 c7 /R 


(see 2 . 261 ) 

(see 2 . 261 ) 

I x ^ m dx = ^ E - ( 2cx + b) ^VR> + ^ J 


' x 2 JUdx = ( - -^77 ) v 7 R 5 - 

6 c 60c 2 


(see 2 . 261 ) 

76 2 a \ / 6\ / x/R 3 3A ^ 

24?" fc) ( 2 * + c) ~ + 64^ 


/76 2 \ A 2 f dx 

+ a 


x 3 VU dx = ( — 


4c ; 256c 3 J Jr 


x 2 3 bx 3 b 2 2a 


(see 2 . 261 ) 


7c 28c 2 40c 3 35c 2 


JU 


( 3 6 3 ab \ / 6\ / x/R 3 3A 

(i6?“4?) ( 2x+ c) 


36 2 \ 3A 2 6 f dx 

— a 


4 C ; 5i2c 4 ; yfR 


1 dec 


(2m — 2 n — 1)6 


(see 2 . 261 ) 


dec (m — l)a 7ec m 2 dec 


(m - 2n)cVR 2n ~ 1 2(m-2n)c J y/R^n+i ( m-2n)cj ^R^+i 


2 . 


For m = 2n 

f x 


- 2n dx 


„2n-l 


Jin— 2 


X- - b_ f x 2n ~ L ^ , 1 /'jr 

V R 2n+1 ~ (2 n - 1 )cx/R 2 ”" 1 2cJ Jr^ CX + cj 


dx 


Tl (193)a 

Tl (194)a 
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2.264 


3. 

4. 

2.264 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


dx 


2(2 cx + b) 


8 (n — 1 )c 


dx 


2.265 


\/i? 2 "+ 1 (2n — 1)A\/ i? 2n_1 (2n — 1)A J Vi? 2 "" 1 

dx 2(2cx + 6) 


Vi ? 2rt+1 (2n - 1)A\/R 2n ~ 1 


dx 

Vr 

'xdx y/R b f dx 
c 2 cj ^ 


i + E 


k=l 




Vr 

' x 2 dx 

Vr 

' x 3 dx 

y/R V 3c 12c 2 ' 8c 3 3c 2 

dx 2(2 cx + 6) 


8 (rc- l)(n — 2)...(n — fc) <r k 
(2n — 3)(2n — 5) . . . (2n — 2fe — 1) A fe 

[n > 1] . 

(see 2.261) 

(see 2.261) 


36 2 a 
8c 2 _ 2c 

2 56x 56 2 2a 




dx 
y/R 
5 6 3 Sab 


FT-o - ^ / -7= (see 2.261) 


dx 

V? 


16 c 3 4c 2 

(see 2.261 


vV 3 Ay/R 

'xdx 2(2a + 6x) 

/R 3 ~~ A y/R 

'x 2 dx (A — b 2 ) x — 2ab 1 7 dx 
y/R3 ~ cA/R + cj 

' x 3 dx cAx 2 + b (lOac - 36 2 ) x + a (8ac — 36 2 ) 36 f dx 


(see 2.261) 


y/R? 

' VR 2n+1 


dx= — 


c 2 A/R 2c 2 J v^R 

(see 2.261 

/R2"+3 (2n — 2?n + 5)6 f VR 2n+1 


(to— l)ax m_1 2 (to — l)a 
(2n — m + 4)c f Vi? 2n+1 


r m — 1 


dx 


For to = 1 
/• \/i? 2re +i 


dx = 


(m — 1 )a J x™- 2 

y/R 2n+1 + 6 f^x2n=l dx + a 
2 n +12 J J 


dx 


Vi ? 2 ”" 1 


dx 


d a: 

For a = 0 

f \J (bx + cx 2 ) 2n+1 ^ _ 2^/ (6x + cx 2 ) 2 " +3 1 2(to — 2n — 3)c f \j if>x + cx 2 ) 2 ” +1 


J x"‘ (2n — 2rn + 3)6x m (2n — 2?n + 3)6 

For to = 0 see 2.260 2 and 2.260 3. 

For n = —1 and to. = 1: 


r m— 1 


Tl (189) 


Tl (191) 


Tl (195) 
Tl (198) 


LA 169 (3) 
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2 . 266 s 


2.267 

1 . 

2 . 

3. 

4. 

5. 


dx 12 a + bx + 2 yfaR 

x\/R y/a x 

1 . 2a + bx 

= . arcsm — . _ 

\J —a xy/b 2 — 4 ac 

1 2a + bx 

= , arctan ■ 


y/-a 2 y/~ay/R 

1 2a + bx 

-j= arcsmh 

V« aVA 

1 2a + bx 

= arctanh — _ 

y/d 2 y/aVR 

4= In 

Va 2 a + bx 

2 y/bx + cx 2 

bx 

—j= arccosh 
\ a 


f 2a + bx \ 
V xy/^A ) 


a > 0] 


a < 0, 

A < 0] 

a < 0] 


a > 0, 

A > 0] 

a > 0] 


a > 0, 

A = 0] 

a = 0, 

M 0] 

a > 0, A 

<0] 


Tl (137) 
Tl (138) 
LA 178 (6)a 
DW 


LA 170 (16) 




For a = 0 


71 + 
71 



dx b f dx 

71 + 2 7 71 


b f dx f dx 

+ 2j ^m +c J 7i 


(see 2.261 and 2 . 266 ) 
(see 2.261 and 2 . 266 ) 



2 \Jbx + cx 2 
dx = 


x 



dx 

y/bx + cx 2 


(see 2 . 261 ) 





dx 

xy/R. 


(see 2 . 266 ) 


For a = 0 
f \/bx + cx 2 


dx = — 


2\j (bx + cx 2 ) 3 
3 bx 3 


' 71 s , 71 s 2 bcx + b 2 + 8 ac 

dx = — 1 


8 c 


71 + a 2 


dx b(l2ac—b 2 ) I" dx 

xy/R 16c J 71 

(see 2.261 and 2 . 266 ) 


'71 s , 71 s 

— 7 — dx = 


ax 


cx + b / — 5 - 3. r— 3 , f dx 3(4 ac + b 2 ) 

+ 713 + _(2c® + 36)71+ -ab / — + -A — 

a 4 v 2 J a ; 7 ! 8 

(see 2.261 and 2.266) 


For a = 0 


■ \J (bx + cx 2 ) 3 _ \J (bx + cx 2 ) 3 3 b f ~ v — — - 3 b 2 f 

^ “ 2x + — Vbx + cx + —J 


dx 


y/bx + cx 2 


dx 

71 


(see 2 . 261 ) 
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2.268 


6 . 


Wr 3 


dx = — 


1 


2 ax 2 4a 2 x 


+ 5 (4ac + b 2 ) j 


b + 2»e + ^ + 3(fa + 2‘‘e+i,^ 

J 4 a 2 4 a 

(see 2.261 and 2 . 266 ) 


dx 3 r dx 

xVti + r c J jn 


For a = 0 


v /(fa+ ” 2)3 dx = ( e - 2t )^ 

x d \ x J 


— ~ 36c 

<x + cx z H — — 


dx 


2.268 


dx 


Vi? 2n+1 (m - l)ax m -Vi? 2n_1 

(2n + 2?n — 3)6 f dx 


2 J \Jbx + cx 2 

(see 2 . 261 ) 

(2n + to — 2)c 


dx 


2(m — l)a J xm-iy/fpn+i (m-l)a J x m ~ 2 VR 2 ^+ 1 


For ?n = 1 


For a = 0 


dx 


1 


dx 


1 


dx 


xVi? 2n+1 (2n - l)aVi? 2n " 1 2 a7 Vi? 2 " +1 aj X \/ R 2n ~ 3 

dx 2 


x™^ (6x + cx 2 ) 2n+1 (2n + 2m — l)bx m \J(bx + cx 2 ) 2 " 1 


dx 


(4 n + 2 m — 2 )c 
(2n + 2m — l)bj x m-i ^/ {bx + cx 2 ^ 

(cf. 2 . 265 ) 


2.269 

1 . 

2 . 


dx 

x\[~R 

dx 


x 2 \f~R. ax 2a J x VR 


\/~R. b f dx 


(see 2 . 266 ) 
(see 2 . 266 ) 


For a = 0 
f dx 


= H - k ? + ^ )vWc ' 2 

1 36 


3. 


x 2 Vbx + cx 2 3 V bx 2 b 2 x 
dx ( 1 36 \ /— / 6b" c 

VR+ 


V 2ax 2 4a 2 x 


362 
8a 2 2 a 


dx 

xVr. 

(see 2 . 266 ) 


4. 


For a = 0 

f dx 2/1 4c 8c 2 

J x 3 'Jbx J r cx 2 5 \ bx 3 + 36 2 x 2 36 3 x 

f dx 2 (bcx - 2ac + 6 2 ) 1 f dx 

J xVR 3 aA\ /r R. aj xV R 

For a = 0 


\/bx + cx 2 

(see 2 . 266 ) 


Tl (196) 
Tl (199) 
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2/1 4c 8c 2 x\ 1 


y/{bx + cx *) 3 3 V bx 62 &3 ' Vbx + cx* 


dx A 36 I" dx 

x 2 V&~ Vr 2a2 J xVR 


For a = 0 


( 1 6(l0ac — 36 2 ) c(8ac — 36 2 ). 

[ax a 2 A a 2 A 


2/1 2c 8c 2 16c 3 x 


(see 2 . 266 ) 


x 2 \J (bx + cx 2 ) 3 bx2 b2x b3 bi ) Vbx + cx 2 

dx 

x 3 Vn? 

( 1 56 1 56 4 — 62ac6 2 + 24a 2 c 2 6c (156 2 — 52ac) x\ 1 156 2 — 12ac C dx 

y ax 2 + 2 a 2 x 2a 3 A 2a 3 A y 2%/R + 8a 3 J xVR 

(see 2 . 266 ) 


For a = 0 


2/1 8c 16c 2 64c 3 128c 4 x\ 1 


3 J (bx + cx 2 ) 3 7 ' 6x3 562a ’ 2 563x 564 565 / \/6x + 


2.27 Forms containing y/a~- P etc 2 and integral powers of a; 


Notation: u = y/a + cx 2 . 

I\ = — ^ In (x/c + a) 
v c 

1 • 

= aresm iW 

V— c V a 

1 u-y/a 

±2 — — — In -j= 

2^/a u + ^/a 

1 y/a — u 

= in — = 

2ya ya + u 

1 

= arcsecxw — = 

V— a V a 


2.271 


1 1 / a 

arccos — * / — 
/—a xv c 


[c>0] 

[c < 0 and a > 0] 
[a > 0 and c > 0] 
[a > 0 and c > 0] 
[a < 0 and c > 0] 


Cj JLC O '-'2 W lx 

u dx = -xu + —axu + —a xu + —a 1 1\ 


f 3j 1 3 3 3 2 

a dx = -xu + -axu + -a 1 \ 
4 8 8 

r , i l 

udx = -xu + 2°^ 1 

f dx 
— = 
u 
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Algebraic Functions 


2.272 


5. 

6 . 

7. 


/ dx 1 x 
u 3 au 



dx 

2n+l 


1 yl (-l) fc (n-l\ c k x 2k+1 

a n ^ 2k + 1 l k ) u 2k+1 
k—0 v 7 


x dx 

,,2n+l 


1 

(2 n — 1 )ctt 2 " -1 


2.272 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


f 2 3 lOT 5 

xu dx = — 

6 c 


x 2 u dx = - 


1 XU 3 


1 axw 3 1 a 2 xu la 3 

24 c 16 c 16 c 1 

1 axu 1 a 2 
8 c ~~ 8c 1 


JL tO Lt/ i U/ 

— dx = — — ~ / i 

u 2 c 2 c 

r x 2 x 1 

— ? dx = F -ii 

w 3 cu c 

r x 2 lx 3 

^ W 


1 y^ 2 (-l) fc 

a n-l 2fc + 3 
k=0 


„2n+l 


’ X 3 dx 
„2n+l 


n — 2 
k 


ck g,2k+3 
, 1l 2k+3 


(2 n — 3)c 2 tt 2n_3 (2n — l)c 2 u 2 " -1 


2.273 

1. 

2 . 

3. 

4. 

5. 

6 . 

7 . 


c 4 it 3 dx — - 


1 x 3 it 5 axw 5 a 2 xu 3 3a 3 xu 


x 4 it dx = 


6 


x 4 1 x 3 w 3 axw 3 a 2 

— dx = 

u 4 c 


8c 2 

XU 

8 c 2 ” 


Q 9 

8 c 2 


dx = 


ax 


2 c 2 
x 


3 a 
2 c 2 


1 x 3 
3 CM 3 


_ dx 9 i 

C 2 W 

"x 4 lx 5 
“T dx = F —5 
u‘ 5 air 


i/i 


4 dx 


1 y? (-l) fe 

u 2n+l ~ a n- 2 Z^ 2k + 5 
fc= 0 


8 c 16c 2 64c 2 

1 x 3 w 3 axu 3 arxu 


16 c 2 16c 2 


di 


n- 3\ c fc x 2fc+5 
k ) u 2k+5 


3 a 4 


128c 2 128c 2 


DW 


DW 

DW 

DW 

DW 

DW 

DW 


DW 

DW 

DW 

DW 

DW 

DW 

DW 



2.275 


Forms containing y/a + cx 2 and x n 
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2.274 

1. 


1 

- 1 

2 a 



(2n — 5)c 3 w 2n_5 

(2n - 3)c u2n ~ 3 

(2n- : 

1 x 5 u 5 ax 3 u 5 | a 2 xu 5 

a 3 xu 3 

3a 4 xu 

10 c 16c 2 

32 c 3 

128 c 3 

256 c 3 

1 x 5 u 3 5 ax 3 u 3 

5 a 2 xu 3 

I 

5a 3 xu 

5 < 

~ 8 c 48 c 2 

64c 3 

128 c 3 

~~ 128 i 

1 x 5 u 5 ax 3 u 

5 arxtt 

5 a 3 


6 c 24 c 2 16 c 3 

16 c 3 1 





— -^h 


u 3 4 cm 8 c 2 u 8 c 3 u 8 c 3 

"x 6 _ 1 x 5 10 ax 3 5 a 2 x 5 a 

u 5 2 cu 3 3 c 2 u 3 2 c 3 u 3 2 c 3 1 




"x° , 1 a;' 

Q « 

7 au ' 


15 cm 5 3 c 2 u 5 c 3 u 5 

/y*7 


a; 6 dx 

1 

^ (-1)" /n-4> 
^ 2/c + 7 V k ) 

k = 0 v 7 




u 2 ”+ 1 

a n ~ 3 

1 y2k+7 



x 7 dx 


1 

I 

3 a 

3a 2 

I 

a 3 

u 2n+l 

e 

CM 

— 7)c 4 w 2n-7 (2n 

— 5)c 4 u 2n-5 

(2 n — 3)c 4 w 2 " -3 ' (2n — 

1 )c 4 u 2n 


2.275 

1. 


il LL i.q 9 q 

— dx = 1 — au + a u + a I 2 

x 5 3 


u u 2r 

— dx = — + au + a 1 2 


— dx = u + al 2 
x 


dx 1 
xw 2n+1 ~ a n 2 


(2k + l)a n ~ k u 2k+1 


"u b , u 3 5 o 15 15 2 r 

dx = F -cxu + —acxu + —al\ 


'u 3 , u 3 3 3 r 

dx = 1 — cxu H — all 

x 2 x 2 2 

U , M 

7) dx — b Cl l 
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2.276 


f dx 

_ 1 J 

[m y (-l) fc+1 n 


1 x 2 u 2n+1 

a" +1 j 

1 x ^ 2k — 1 V i 
l fc=i 

J C Vm/ j 


2.276 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 


x 


tr , u b 5 , 5 5 2 r 

— dX = + F cu + n ac « + c -‘2 


6 


tr m“ 3 3 

dx = r + -cw + -oc/ 2 


^dx = - 


dx 
x 3 u 
dx 
x 3 u 3 
dx 


3 

2a? 

u 

2X 2 

m 


I* 


— / 2 

2aa; 2 2a 


1 


2ax 2 u 

1 


3c 

2a 2 u 
5 c 


2a 2 2 
5 c 


5 c 


x 3 u 5 

2ax 2 u 3 

6 a 2 M 3 

2 a 3 M 2 

a 3 2 

~,dx = 

X 4 

au 3 

2acM c 2 a;t( 

1 

5 r 
+ 2 acl1 


Sx 3 

x 2 


dx = 
a; 4 

M 3 

3x 3 

Cl/. 

h cl\ 

X 



^ 1 sS 

tM *■* 

II 

M 3 

Sax 3 




dx 

1 

("3x 3+(n 

.cu 

+ 1 — + 

X 

^ (~l) fe 

x 4: U 2n+l 

a n+2 

2k -3 

k—2 



2.277 

1. 

2 . 

3. 

4. 




[4- 

J x°u 


u 

4 aa; 4 


3 cu 3 3 c 2 m 3 2 . 

8 ax 2 8 a 8 2 

1 CM 1 C 2 

8 aa; 2 8 a 2 

3 cm 3 c 2 

8 a 2 x 2 8 a 2 2 


dx 


1 5 c 15 c 2 15 c 2 

4ax A u + 8 a 2 x 2 u 8 a 3 M 8 a 3 2 


DW 

DW 

DW 

DW 

DW 

DW 

DW 

DW 

DW 


DW 

DW 

DW 

DW 


2.278 

1. 



5aa; 5 


5aa; 5 


2 CM 3 
15 a 2 x 3 


DW 


2 . 


DW 



2.284 


Forms containing \J a + bx + ex 2 and polynomials 
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3. 


4. 


dx 


dx 


u 

5x 5 

1 I 


r 6 ?/ 2n+l 


1 n-\-3 


2 cu 3 

3 x 3 

v?_ 

5x 5 


DW 


1 /n + 2 

3 { 1 


cu 
rr 3 


n + 2\ c 2 u y; (— l) fc 

~V + ^ 2fc — 5 

k—3 


n + 2\ . fx\ 2k - 5 
k ) C (u) 


2.28 Forms containing + bx + etc 2 and first- and second-degree polynomials 

Notation: R = a + bx + cx 2 


See also 2.252 


2.281 3 


dx 


t n ~ l dt 


( x + p) n \/~R 


\Jc+ (b — 2 pc)t + (a — bp + cp 2 ) t , 2 


t = 


1 


2.282 

l. 3 

2 . 

3. 

4. 

5. 


' \/Rdx 
x + p 


']vn +(l ’- cp) I^i + {a - bp+cp2) J- { 


x + p 
dx 


> 0 


( x + p)\/R. 

[x + p > 0] 

dx 1 I" dx 1 I" dx 

( x+p)(x + q)VR Q-pJ (x + p)VR P-qJ (x + q)V~R 

\/R dx 1 f \/R dx 1 /' \/R dx 


(■ X + p)(x + q ) q-pj X + p p-qj X + q 

■ (» + p),/5<fe = f^ dx ( ) p/Si 

a: + g J K J J x + q 

(rx + s) dx 


s — pr 


■X 

+ q 

dx s — qr 


dx 


(. x + p)(x + q)\fR q-pJ ( x + p)VR p~q J (x + q)V R 


2.283 


' (Ax + B) dx A r du 
. ( p + R) n VR cj (p + u 2 ) n ~ r 2c 

where u = \/~R and v = + S- . 

2 c\[R 

f Ax + B A 2 Be — Ab 

2.284 / dx = -Ji 1 


2i?c — ^46 f (l — cu 2 ) 


n— 1 


dv 


(p + r)Vr 

where 

r 1 /r 

ii = — arctan * / — 

V p 

_ 1 ^ y/=p- VR 

2 \/— p \/-p + \/R 


c 2 p [6 2 — 4(o + p)c] 


p + a cpv 

4c 


l 2, 


[p > 0] 


\p < 0] 
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2.290 


T / p b + 2 cx 

h = arctan , / — — — - — 

V b 2 - 4(a + p)c 

p b + 2 cx 

b 2 — 4(a + p)c y/R, 

1 1 \/4(a + p)c - V 2 \/R + p(b + 2cx) 

2 i (a + p)c — b 2 \f~R — p(b + 2 cx) 

1 ] \Jb 2 - 4(a + p)c\J~R - yj^p(b + 2cx) 

2 i sjb 2 — 4 (a + p)c\/~R + \/—p{b + 2cx) 


= — arctan 


[p {fe 2 - 4(a + p)c} > 0, p < 0] 

\p {b 2 — 4(a + p)c} > 0, p > 0] 

[p {fe 2 — 4(a +p)c} < 0, p > 0] 

[p {fe 2 - 4(a +p)c} < 0, p < 0] 


2.29 Integrals that can be reduced to elliptic or pseudo-elliptic integrals 

2.290 Integrals of the form J R ^x, \/ P(x)^j dx , where P(x) is a third- or fourth-degree polynomial, 

can, by means of algebraic transformations, be reduced to a sum of integrals expressed in terms of elemen- 
tary functions and elliptic integrals (see 8.11). Since the substitutions that transform the given integral 
into an elliptic integral in the normal Legendre form are different for different intervals of integration, the 
corresponding formulas are given in the chapter on definite integrals (see 3 . 13 , 3 . 17 ). 

2.291 Certain integrals of the form J R ^x, \/P{x dx, where P„(x) is a polynomial of not more than 

fourth degree, can be reduced to integrals of the form J R [x, \J P„(x) j dx with k >2. Below are examples 
of this procedure. 

f dx 


1. 

2 . 

3. 


y/1 — X 6 


f dz 

2 1 

T 

I V3 + 3 z 2 + z 4 

1 + z 2 _ 


dx 


dz 


Va + bx 2 + cx 4 + dx 6 2 J y/az + bz 2 + cz 3 + dz 4 

3 f z 2 A ± i dz 


(a + 2 bx 


cx 


■gx 3 ) 


3\ ±!/3 


dx = 


a + 2 bx + cx 2 = z 3 , A = g 


2 J B 
— b + \Jb 2 + ( z 3 — a) c N 


+ 2 3 , B = ^/W+Jz^aYc 


4 . 


dx 

\/a + bx + cx 2 + dx 3 + cx 4 + bx 5 + ax 6 

1 /' 


dx 


dz 


\/2j ^(z + 1 )p \/2 J <y(z- l)p 


dz 


V2J s/{z + 1 )p V2J \/(z — 1 )p 

where p = 2a (4 z 3 — 3 z) + 2b (2 z 2 — l) + 2.cz + d. 


X = z + \J z 2 — 1 
X = z — \J ' z 2 — 1 



2.292 


Integrals reducible to elliptic integrals 
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la + bx 2 + ca: 4 + bx e + ax 8 2 J fy\Ja + by + cy 2 + by 3 + ay 4 

1 [ dz 1 f dz 


[x = Vv\ 


where p = 2 a (2 z 2 — l) + 2 bz + c. 


2\f2j \/(z + 1 )p 2\f2j \J(z— 1 )p 

1 f dz 1 r dz 

2 V2J sJJz~+Vyp 2V2j \J (z 1 )p 


y = z + \/z 2 — 1 
y = z — V z 2 — 1 


dx 1 s la f dt 

la + bx 4 + cx 8 2 \ cj s/i\/ab\t 2 + at 4 


x= y c Vi 


1 s/o 

2\/2 V c 

1 J~a 


'{z+l)p J \J{z- l)p 


2 s /2 \l c[J ^{z+l)p 
where p = 2 a { 2 z 2 — l) + bp, 61 = b 


^ - 1 )P 


\t = z+Wz 2 - 1 


\t = z — v z 2 — 1 


7. / = 2 / — la + 6a: 2 + cx 4 = z 4 , A = b 2 — 4ac, B = 4c\ 

J a + bx 2 + cx 4 J VA+Bz 4 L ] 

8. f- , dx = [ ~ ° dz= l R, (C) z*dz+[ M j ‘~ , 

J \fa + 2bx 2 + cx 4 J (c — z 4 ) -\/6 2 — a (c — z 4 ) J J \Jb 2 — a (c — z 4 ) 

where i?i (z 4 ) and i ?2 (z 4 ) are rational functions of z 4 and a + 26a; 2 + ca; 4 = a: 4 z 4 . 

2.292 In certain cases, integrals of the form J i? ^a:, y/P[xfj dx, where P(x) is a third- or fourth-degree 
polynomial, can be expressed in terms of elementary functions. Such integrals are called pseudo-elliptic 
integrals. 

Thus, if the relations 


A(*) = /l V Wx J ’ M x ) = f 2 


1 — k 2 x 
k 2 ( 1 — x ) 


/ 3 (a) = / 3 


1 — x 
1 — fc 2 X 


hold, then 


fi(x) dx 

lx( 1 — x) (1 — k 2 x) 
f2(x) dx 

lx( 1 — x) (1 — k 2 x) 
f 3 {x) dx 

^x(l — x) (1 — k 2 x) 


= J Ri{z) dz 
= J 7?2(z) dz 

= Jr 3 (z) dz 


z = \J x(l — x) (1 — k 2 x) 


!x{l — k 2 x) 


'x{\ — x) 
/ 1 — k 2 x 


where Ri(z), Rz(z), and R 3 {z) are rational functions of z. 
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The Exponential Function 


2.311 


2.3 The Exponential Function 

2.31 Forms containing e ax 


2.311 e ax dx = — 

J a 

2.312 a x in the integrands should be replaced with e xlna 

2.313 

1 . 


2 . 


2.314 


2.315 


dx 


a + be mx am 

dx e x 

= In 


= [mx — In (a + be r ‘ 


l + e x 


1 + e a 


= x — In (1 + e x ) 


= —7= arctan ( emx \fr 

ae mx + be -mx mv / a5 ^ Y b 


1 


2 my/—ab 


b — 




dx 


1 , Va + be mx - Jd 

, — = = m — — 

va + be mx m\Ja \J a + be mx + y/a 

Va + be mx 


: arctan ■ 




= a 


[ab > 0] 

[ab < 0] 

[a > 0] 
[a < 0] 


PE (410) 
PE (409) 

PE (411) 


2.32 The exponential combined with rational functions of x 


2.321 



2.323 

J a a K 

J k—0 

where P m (x) is a polynomial in x of degree to and P( k \x) is the fc th derivative of P m (x) with respect 
to x. 



2.325 


Exponentials and rational functions of x 
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2.324 


’ e ax dx 1 ( 

x m to — 1 x 


' e ax dx 


p^ 

— dx = -e ax V 

nr n ^ ( n — 


(n — l)(n — 2) . . . (n — k)x n ~ k (n — 1)! 


Ei(ax) 


2.325 


dx = Ei(ax) 

x 


— 7 T dx = 1- aEi(ax) 

x z x 

" e ax e ax ae ax a 2 

— = dx = — — T 1- — 


2x 2 2 x 2 


+ — Ei(ax) 


o c Lie, u, e u, , v 

“ 3 ? “ 6? “ -&■ + T e ‘(“) 

giax 71 ^ r giax 71 r g±ax n 

dx = r ± na / dx 

x m to- 1 [ x™” 1 7 X m “” 

"e 021 '* , (-l) z+ 1 a z T(-z,-ax n ) 

dx = 

(— l) z+1 a z Z 100 e _t , 


[ to . 1 ] 


to — 1 


for r(a, x) see 8 . 350.2 


' e ax , Ei (ax n ) 

dx = 

x n 

' eaxn dx _ e ax " + ^ Ei (^ ra ) 
x m ?iz! nz! 


[a ^ 0, n^O] 


7TI — 1 

a 7^ 0 , 2= = 1 , 2 ,..., to. = 2 , 3 , ... 

n 


e ax , e x a Ei (ax ) 

dx = 1 - 

x m nx n n 

' e 0 *" dx _ e< “” ae 0 *”' a2 Ei ( aa;ri ) 

x m X 2 nx 2n 2 nx n 2n 

’e aa;n e ax " e axn a 2 e ax ” a 3 Ei(ax n ) 

dx = 1 - 

x m 3 nx 3n 6 nx 2n 6 nx n 6 n 


un m ~ 1 i 

a^O, 2 = = 1 


. „ 777 . — 1 

a/0, z= = 2 


/ n m ~ 1 q 

flf 0 , z = = 3 

n 


n g ax gax 

— dx = 1- v^iTrerfi (\Jax) 

x z x 


where erfi(z) = 


erf (ft;) 
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The Exponential Function 


2.326 


13.* 


2.326 

2.33 

l . 8 


2 .* 

3.* 


4.* 


/>■—)„*= i^exp( 


ac-b 2 \ ( r , b 

erh V ax H 

a ) \ y/a 


xe ax dx 


(1 + ax) 2 a 2 (l + ax) 


[a ± 0 ] 
[a ± 0 ] 




/e« dx = i^Z-^erfi (i/ax) 


[a ± 0 ] 

where erfi(z) = 


aa? 2 + 6 :r+c 


1 / 7 r ( ac — 

d^-W-exp — 


erfi ( \/a£ + 


where erfi(z) = 


erf(iz) 


erf(iz) 


^rngiaa:’ 1 ^ = ± 


x m+1 n to + 1 — n 
T 




[a ^ 0 ] 


[a ^ 0 ] 


5.* 


6 .* 


7.* 


9. * 

10 . * 


11 .* 


7-1 

(7-l)!£(-l ) fc+1 " 7 

k=0 


k\aH 


— k 


na 


ax 7 

x e ax = 

r 

x m e a * dx = 
r x m e axn dx = 
r t m e-^“ dx= - 


n \ a a 

^ax n / £2n 2x 


e ax ( x 3n 3x 2n 6x n 6 


T(j,f3x n ) 


n/3 i 


[a ^ 0 , n / 0 ] 


«# 0 , 7 = =l±i.l, 2 ,... 

n 


un m+1 ' 

a ^ 0 , 7 = = 1 

n 

a* 0, 7 =51±i = 2 


, n TO +1 ' 

a 7 I 0, 7 = = 3 

n 

, „ TO + 1 

a 7 ! 0, 7 = = 4 


for r(a, x) see 8.350.2 


1 

n/3 7 


/*oo 

/ t 1 ~ 1 e~ t dx 

777 - 1 - 1 

7=^E ^ 0, n^O 

J /3x n 

n 


[ x m exp {—(3x n ) dx = — — — exp (— (3x n ) 

J n 


1 1 ^.nfc 


E 

. fc =0 


fc!/3i 


-fc 


7 = 


TO + 1 


= 1 , 2 ,.. 



2.33 


Exponentials and rational functions of x 
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[ x m exp (—/3x n ) dx = - — O*") 
J np 

[ x m exp (— /3x n ) dx = - ° XP ( '~ / 

J ' n 

[ x m exp (—(3x n ) dx = — 6XP ^ — - 

J n 


exp (—/3x n ) ( x n 1 \ 
n \J + WJ 
exp (— / 3x n ) / x 2n 2x n 2 

n \ (3 + (3 2 /3 3 


to + 1 

7 = = 1 

n 

to + 1 

7= = 2 

n 


J x m exp (—(3x n ) dx = _ cx P(J 3xn ) ^ 


Je 0X " dx = ^ erf (^/3x) 

fexp(—/3x n ) (3 Z T (—z, (3x n ) 

/ ax = 

J x m n 

P z r e- 4 „ 


TO+ 1 

7= = 3 

n 


exp (— /3x") ( x 3n 3x 2n 6x n 6 
n \T + ~W~ + JP + ]3 i 


TO + 1 

7 = = 4 

n 


[P 7 ^ 0 ] 


TO — 1 


’exp(— (3x n ) Ei (— (3x n ) 

dx = 


' exp( -' fel,) dx = ( -y ° p| -f) + ( -i)‘^Ei(-/ta") 

x m v 4 nz! ' x"( fc + 1 ) v 4 nz\ v 4 


’exp(— (3x n ) exp (—/3x n ) /3F,i(—/3x n ) 

ax = 


TO — 1 _ _ „ „ 

z = = 1,2,..., to = 2,3, 

n 


to — 1 

z = = 1 

n 


’ exp (— fdx n ) exp (— j3x n ) j3 exp (— (3x n ) (3 2 Ei (— (3x n ) 

x m 2nx 2n 2 nx n 2 n 

TO — 1 

z = = 2 

n 

’exp(— (3x n ) ^ exp {—(3x n ) /?exp(— /3x") /3 2 exp (— /3x") /3 3 Ei ( — /3x") 

x m 3 nx 3n Qnx 2n 6 nx n 6 n 

m - 1 ' 

z = = 3 

n 


/ ° P ( ;/ T2) * = - eXp( /^> - V^erf (vffe) 
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Hyperbolic Functions 


2.411 


2.4 Hyperbolic Functions 

2.41-2.43 Powers of sinhtc, coshtc, tanhtc, and cothtc 


2.411 


2 . 


3. 


4 . 


sinli p x cosh 9 xdx = 


sinh p+1 x cosh 9 1 x q — 1 / . „ 0 _ 2 , 

1 / sinir x cosh x ax 

p + q p+q „ 

sinh p_1 x cosh 9+1 x p — 1 


P + 9.. 


sinh p 2 x cosh 9 x dx 


smli p L X cosh 9+1 X V — 1 f . . „_o , „_i_o 

/ smh p x cosh 9+ x dx 

q + 1 _ 9+W 

sinh p+1 x cosh 9 1 x q — 1 


p+ 1 


P+1. 


sinh p+2 x cosh 9 2 xdx 


sinh p+1 x cosh 9+1 x p+g + 2 f . , _, 2 , „ 

/ smh , + x cosh 9 x dx 

P+1 P+1 7 

sinh p+1 xcosh 9+1 x p+g + 2 /' +2 

1 — / si n li x cosiv x dx 

9+1 9+1 7 


2.412 

1 . 


sinh p x cosh 2 ” x dx = 


sinh p+1 x 
2 n + p 

n— 1 


cosh 2 ” 1 x 


(2n - l)(2n - 3) . . . (2n - 2/c + 1) 

^ (2n + p — 2) (2n + p — 4) . . . (2n + p — 2/c) 

(2n- 1)!! 


+ E 


cosh 2 " 2k 1 x 


sinh p x dx 


(2 n + p) (2ti + p 2) . . . (p + 2) t 

This formula is applicable for arbitrary real p, except for the following negative even integers: 
—2, —4, . . . , —2 n. If p is a natural number and n = 0, we have 


si.ih 2m x dx = (-1)” f 2 ” 1 ) +- + -+- y+l)‘ (' 2 ’") Si ‘ lh(2m ~ 2t)l 

v ; V m J 2 2m 2 2m_1 ^ v J \ k J 2m -2k 

x 7 /c— o x 7 

sinh 2m+1 **= +_ t 2ra + ^ C ° Sh(2m - 2k + 1)1 


fc =0 


2m — 2k + 1 




m\ cosh 2fe+1 x 


fc =0 


2k + 1 


Tl (543) 

Tl (544) 
GU (351) (5) 


sinh p x cosh 2 ” +1 x dx 


sinh p+1 , 


2n + p + 


— < cosh 2 ” x + ^ 


2n—2k 


k = 1 


2 k n(n — 1) . . . (n — k + 1) cosh 
(2n + p — 1) (2n + p — 3) . . . (2 n + p — 2/c + 1) 


This formula is applicable for arbitrary real p, except for the following negative odd integers: —1, 
3, • ■ . , (2n + 1). 
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2.413 

1. 


2 . 


3. 


4. 


cosh p x sinh 2 " xdx = 


cosh p+1 x 
2 n + p 

n— 1 

+ Ei- 1 ) 

k = 1 

+(-i) r 


sinh 2 " 1 x 


2n—2k— 1 


k (2 n — 1)(2 n — 3) . . . (2 n — 2k + 1) sinh 

(2 n + p — 2) (2n + p — 4) . . . (2 n + p — 2k) 

(2n — 1)!! 


cosh p x dx 


(2 n + p) (2 n + p - 2) . . . (p + 2) . 

This formula is applicable for arbitrary real p, except for the following negative even integers: 
—2, —4, . . . , —2 n. If p is a natural number and n = 0, we have 

m— 1 


cosh 2m xdx = 


cosh 


2m+l 


2m 

TO 

1 


x 

2 


1 


2 2r 


3lE 

fe= o 


/ 2m\ sinh(2TO — 2k)x 
l fc / 2?n — 2k 


■dx= 

22m / 


2m +1^ sinh(2m — 2k + l)x 
k 


EC) 

/c— 0 


/c=0 

ton sinh 2fc+1 x 


2m — 2k + l 


cosh p x sinh 2 " +1 x dx = 


2fc+ 1 

cosh p+1 a; 
2n + p + 1 

n 

+ E(-y 

fc=i 


Tl (541) 

Tl (542) 
GU (351) (8) 


sinh 2 " x 


2n—2k 


2 k n(n — 1) . . . (n — k + 1) sinh 
(2 n + p — 1) (2 n + p — 3) . . . (2 n + p — 2k + 1) 


This formula is applicable for arbitrary real p , except for the following negative odd integers: — 1, 
-3, — (2n + l). 


2.414 

1. 

2 . 

3. 

4. 

5. 


sinh ax dx = - cosh ax 
a 


1 

4a 


• 9 7 J. . X 

sinn axdx = — sinh 2 ax — — 


3 3 1 1 3 

sinh xdx = — cosh x H cosh 3x = - cosh x — cosh x 

4 12 3 

■ 3 1 1 3 3 1 

sinh 4 xdx = -x — - sinh 2x + — sinh 4x = -x — - sinh x cosh x + - sinh 3 x cosh x 

8 4 32 8 8 4 

' 5 5 1 

sinh 5 x dx = - cosh x — — cosh 3x + — cosh 5x 
8 48 80 4 

= - cosh x + - sinh 4 x cosh x — — cosh 3 x 
5 5 15 


sinh 6 


5 15 3 1 

xdx= — — x + — sinh 2x — — sinh 4x + — - sinh 6x 
16 64 64 192 

5 1 5 5 

= x H — sinh 5 x cosh x sinh 3 x cosh x H sinh x cosh x 

16 6 24 16 


6 . 
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2.415 


7. 


9. 

10 . 

11 . 

12 . 

13. 


sinh xdx = 

cosh ax dx = 
cosh 2 ax dx 
cosh 3 x dx = 
cosh 4 x dx = 
cosh 5 x dx = 


cosh x dx = 


- 1| cosh x + cosh 3a; — 3 ^ cosh 5x + j|g cosh 7x 
— cosh x + H cosh 3 x — H cosh x sinh 4 x + | cosh x sinh 6 x 

= - sinh ax 
a 

x 1 

= — + — sinh 2 ax 
2 4a 

| sinh x + I 2 sinh 3a; = sinh a; + | sinh 3 x 

| a; + | sinh 2a; + ^ sinh 4a; = |x + | sinh x cosh x + | sinh x cosh 3 x 

| sinh x + H sinh 3x + sinh 5x 
| sinh x + h cosh 4 x sinh x + A sinh 3 x 

||x + || sinh 2 a; + || sinh 4x + sinh 6 a; 

j^x + sinh a; cosh x + || sinh x cosh 3 x + | sinh a; cosh 5 x 


14. / cosh 7 x dx = 


|| sinh x + H sinh 3x + 3 ^ sinh 5x + sinh 7x 

cosh 4 x + | sinh x cosh 6 x 


64 

|| sinh x + H sinh 3 x + sinh x 


2.415 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


sinh ax cosh bx dx = 


cosh(a + b)x cosh(a — b)x 
2 (a + b) ^ 2 (a — b) 


1 


sinh ax cosh axdx = — cosh 2 ax 
4 a 


sinh 2 x cosh x dx = | sinh 3 x 


sinh 3 x cosh x dx = | sinh 4 x 


sinh 4 x cosh xdx = | sinh 5 x 


j sinh x cosh 2 x dx = | cosh 3 x 

f sinh 2 x cosh 2 x dx = — — + — sinh 4x 
J 8 32 

8 . J sinh 3 x cosh 2 x dx = | (sinh 2 x — |) cosh 3 x 

r X 1 1 1 

9. / sinh 4 x cosh 2 xdx = — — — sinh 2x — — sinh 4x + — — sinh 6 x 

/ 16 64 64 192 
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10. J siiili x cosh 3 x dx = j cosh 4 x 

11. J sinh 2 x cosh 3 xdx = \ (cosh 2 x + |) sinh 3 x 


12. J sinh 3 x cosh 3 xdx= — ^ cosh 2x + cosh 6x = ^ cosh 3 2x — ^ cosh 2x 

sinh 6 x sinh 4 x cosh 6 x cosh 4 x 


13. J sinh 4 x cosh 3 x dx = | sinh 3 x (cosh 4 x — | cosh 2 x — |) = ^ (cosh 2 x + |) sinh 5 x 


14. J sinh x cosh 4 re dx = 1 cosh 5 x 

/ a; 1 1 1 

sinh 2 x cosh 4 x dx = — — — — sinh 2x + — sinh 4a; + — — sinh 6a; 

16 64 64 192 

16. J sinh 3 x cosh 4 x dx = | cosh 3 x (sinh 4 x + | sinh 2 x — |) = ^ (sinh 2 x — |) cosh 5 


17. 

2.416 

l. 10 


2 . 


sinh 4 x cosh 4 xdx = 


— sinh 4x H sinh 8x 

128 128 1024 


smh p x sinh p+1 X 

dx = 


cosh 2 " x 


2n — 1 

n— 1 


sech 2 " 1 x 


(2n - p - 2)(2n - p - 4) . . . (2 n -p-2k) 2n-2k-i 


+ ^ (2 n - 3) (2 n - 5) . . . (2n - 2k - 1) 

(2n - p - 2)(2n — p — 4) . . . (-p + 2 )(-p) , 


sec /i 


sinh p x dx 


(2 n - 1)!! 

This formula is applicable for arbitrary real p. For J sinh p x dx, where p is a natural number, see 
2.412 2 and 2.412 3. For n = 0 and p a negative integer, we have for this integral: 


dx 


sinh 2m 


cosh x 
x 2 to — 1 

m— 1 


— cosech 2m 1 x 


+ Et - 1 )*' 1 


*:= i 


2 k (m — l)(?n — 2) ... (to — k) 
{2m — 3) (2m — 5) . . . {2m — 2k — 1) 


cosec h 


2m—2k—l r 


3 . 


dx cosh x 

sinh 2m+1 x = 2m 


— cosech 2m x 


vE (2m — l)(2m — 3) . . . (2m — 2k + 1) , 2 m- 2 k 


fe=l 


2 k {m — 1 )(m — 2) . . . (m — fc) 


(2m — 1)!! x 

+( - 1) (2m)!! ln tanl1 2 
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2.417 


2.417 

1. 


2 . 


3. 


4. 


5. 


smh p x sinh p+1 X 

■ ax = 


cosh 2n+1 x 


2 n 

n—1 


sech 2n x 


^ ( 2n ~ P ~ 1 )( 2n ~ P - 3) . . . (2n - p - 2fc + 1) h 2 n- 2 k x 


fc= l 


2 fc (rc — l)(n — 2) . . . (ra — fc) 


(2n — p — 1) (2n — p — 3) ... (3 — p) (1 — p) [ sinh p x 


2 n nl 


cosh x 


dx 


This formula is applicable for arbitrary real p. For n = 0 and p integral, we have 
f sinh 2m+1 x ™ 

■ da; = ^ — smh 2fc x + (— 1) In cosh x 


cosh ; 


’ sinh 2 ” 1 x 
cosh x 


fc= l 


2k 


= E 


(-i) 


m+fc 


/c=l 


2/c 


( T) cos ^ 2fe ^ + ( — l) m l n cosh 3:1 [rn > 1] 


m / i\m+fe 

da; = E — ^ — sinh 2fc_1 x + (— l) m arctan (sinh a;) 


fe= l 


[m > 1] 


da; 


sinh 2m+1 a; cosh x 


™ (_i tfc cosech 2m_2fe+2 r 
= E ( I t.,o + (~l) m lntanha; 


fc= l 


2m — 2/c + 2 


dx 


sinh 2 " 1 x cosh x 


vy' (— l) fc cosech 2m_2fc+2 a; , + , 

= E ^ ^7 — — F (— 1) arctan snih x 


k= 1 


2m. — 2/c + 1 


2.418 

1. 


2 . 


3 . 


cosh p x , cosh p+1 
dx = —■ 


sinh 2 " a; 


2n — 1 


n—1 


cosech 


2n—l 


\ - (— l) fc (2n - p - 2)(2n - p - 4) . . . (2n - p - 2/c) , 2n - 2fc -i 

(2?r — 3) (2 n — 5) . . . (2n — 2/c — 1) 

(— l)"(2n - p - 2) (2 n - p - 4) . . . (-p + 2 )(-p) 


cosh p a: dx 


(2n- 1)!! 

This formula is applicable for arbitrary real p. For the integral f cosh p a; dx, where p is a natural 
number, see 2.413 2 and 2.413 3. If p is a negative integer, we have for this integral: 

m— 1 


dx 


cosh 2m : 


dx 


sinh x 
2m — 1 

sinh x 


«b»— * + y , .. .. «*»•-»-> * 


k=l 
m— 1 


(2m — 3) (2m — 5) . . . (2?n — 2/c — 1) 


cosh 


2m+l 


x 2m 

(2?n — 1)!! 

(2m)!! 


sea 2 ” * + v (2m .: 1)(2 ”:r 3) -;; (2m ~ M+1) x 


l 

arctan sinh x 


2 k (m — 1 )(?n — 2) ... (m — /c) 
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2.419 

1. 


2 . 


3. 


cosh p x cosh p+1 x 

sinh 2 " +1 x 2rT 


cosech 2 ™ x 


V' (- 1 ) fe ( 2 n -p- 1)(2 n - p - 3) . . . (2 n - p - 2k + 1) 2n _ 2 k 

I / 7 / . , , _ v , , . CUocC fL J. 

• J 9.k( 7i — 1 Vn — ( n — 


k=l 


2 k (n — 1 )(n —2 ) ...(n — k) 


(— l) ra (2 n — p — 1)(2 n — p — 3) ... (3 — p)( 1 — p) f cosh p . 


2 n n\ J sinh x 

This formula is applicable for arbitrary real p. For n = 0 and p an integer 


dx 


’ cosh 2m x 
sinh x 

•C0sh 2m+1 : 
sinh x 


dx = J2 


k=l 


cosh 2fc 1 x 
2k - 1 


In tanh 


dx=J2 


cosh 2fe x 


fc = i 


2fc 


- In sinh x 


’ m \ sinh 2fe x 


4. 


5. 


2.421 


dx 


E(T) 2, 

k = 1 
m 

= E 


In sinh x 


sech 2m_2fc+1 a; , , x 

„ — / — — — h In tanh — 

sinh x cosh“ m x 2m — 2k + 1 2 


dx 


t- = E 


sech 


2m-2/c+2 , 


sinh x cosh 2m+1 x 2m — 2k + 2 


In tanh x 


In formulas 2.421 1 and 2.421 2, s = 1 for m odd and m < 2n + 1; in all other cases, s = 0. 

Gl (351)(11, 13) 


1. 


10 


t ( - 1)n+ ‘ C) 


2 . 


cosh m x 

’ cosh 2 " +1 x 
sinh m x 


n\ cosh 2fc m+1 x | m-i ( n . 

+ s(-l) n+ ^ m l hr cosh x 


k—0 
k * 

*- E 0 

k—0 
k+^% 4 


2/c — m + 1 


n\ sinh 2fc m+1 x in . 

s I, , In sinh x 


2/c — m . + 1 


m— 1 
2 


2.422 

1. 

2 . 


dx 


m+n— 1 

= E 


(-i) 


fc+i 


fc =0 


2m — 2k — 1 


sinh 2m x cosh 2n x 
dx 

sinh 2m+1 xcosh 2rl+1 x •frf 2m — 2/c 

k= 0 
ky£m 


m + n — 1 


tanh 


2fc-2m+l 


■ - (— 1) K+1 / m + n 


E rh 
9 — 


j i 2/c— 2 m 

tanh a; 


/ i \ rr? / 'kU 77- . 

+ (—1) ( ) In tanh x 

1 m 


Gl (351)(15) 


2.423 

1 . 


dx x 1 cosh x — 1 

t— : — = In tanh — = - In — 

smh x 2 2 cosh x + 1 
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dx 

sinh 2 x 

— coth x 

dx 

cosh x 

sinh 8 x 

2 sinh 2 x 

dx 

cosh x 

sinh 4 x 

3 sinh 3 x 

dx 

cosh x 


1 X 

In tanh — 

2 2 

2 1 , 

+ - coth x = — - coth x + coth x 
o o 


sinh 5 x 


4 sinh x 8 sinh x 


ix 3 x 

i F — In tanh — 


dx cosh x 4 3 4 

a — = f 1- — coth x — — coth x 

sinh x 5 sinh x 15 5 

1 «- 2 , 

= — coth x H — coth x — coth x 
5 3 

dx cosh a; /I 5 15 

• 7 , 2 I • 4 *2 I q 

sinh x 6 sinh x \ sinh x 4 sinh x 8 


In tanh — 

16 2 


s — = coth x — coth x + - coth' x — - coth x 

sinh 8 x 5 7 


cosh x 


= arctan (sinh x) 
= arcsin (tanh x) 
= 2 arctan (e x ) 

= gdx 


2 — = tanh x 

cosh x 

dx sinh x 1 

3 — = 2 F - arctan 

cosh x 2 cosh x 2 

dx sinh x 2 

1 — = 3 F - tanh x 

cosh x 3 cosh a; 3 

1 3 

= — - tanh x + tanh x 

O 


arctan (sinh x) 



j' dx 

sinh x 

3 sinh# 

13. j 

cosh 5 x 

4 cosh 4 x 

8 cosh 2 x 


j ' dx 

sinh x 

4 , q 

14. j 


- — tanh : 

J 

cosh 6 x 

5 cosh 5 x 

15 


- arctan (sinh x) 


1 2 

= - tanh 5 x — - tanh 8 x + tanh x 
5 3 

dx sinh x / 1 + 5 

cosh 7 a: 6 cosh 2 a; \ cosh 4 x 4 cosh 2 a: 8 / 16 

dx 1 Y 3 r 3 

a — = — - tanh x + - tanh x — tanh x + tanh x 

cosh 8 x 7 5 

’ sinh x 

— ; — dx = In cosh x 


arctan (sinh x ) 
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18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 


’ sinh 2 x 
cosh x 
' sinh 3 x 
cosh x 


’ sinh 4 x 
cosh x 
sinh x 
cosh 2 x 
’ sinh 2 x 
cosh 2 x 
’ sinh 3 x 
cosh 2 x 
’ sinh 4 x 
cosh 2 x 
sinh x 
cosh 3 x 


’ sinh 2 x 
cosh 3 x 
’ sinh 3 i 
cosh 3 : 


dx = sinh x — arctan (sinh x) 


dx = 


— sinh 2 x — In cosh x 

- cosh 2 x — In cosh x 


1 


- sinh 3 x — sinh x + arctan (sinh x) 
3 


dx 
dx 

dx 

dx = cosh x + 

dx 


1 

cosh x 
x — tanh x 


1 


cosh x 


3 1 . , „ 

— —x + - sinh 2x + tanh x 
2 4 


dx= — - 


1 

2 cosh 2 x 

- tanh 2 x 
2 


dx = — 


sinh x 
2 cosh 2 x 


- arctan (sinh x) 


’ sinh 4 x 
cosh 3 x 
sinh x 
cosh 4 x 
' sinh 2 x 
cosh 4 x 
' sinh 3 x 
cosh 4 x 
’ sinh 4 x 
cosh 4 x 
' cosh : 
sinh x 

' cosh 2 x 
sinh x 


1 2 

dx= — - tanh x + In cosh x 

= b In cosh x 

2 cosh x 

sinh. x 3 

dx = b sinh x — - arctan (sinh x) 

2 cosh x 2 v ’ 


dx = — 


1 


dx = 


dx = — 


dx = 


3 cosh 3 x 

1 , 3 

- tanh x 
3 

1 1 
cosh x 3 cosh 3 x 
1 3 

— - tanh x — tanh x + x 

O 


dx = In sinh x 


dx = 


cosh x + In tanh — 
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35. 

36. 

37. 

38. 

39. 

40. 

41. 


42. 

43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 


" cosh 3 : 
sinh x 

" cosh 4 x 
sinh x 
" cosh x 
sinh 2 x 
" cosh 2 x 
sinh 2 x 
" cosh 3 x 
sinh 2 x 
" cosh 4 x 
sinh 2 x 
" cosh x 
sinh 3 x 


1 2 

dx = - cosh x + In sinh x 

,l l3 , , x 

dx = - cosh x + cosh x + In tanh — 

dx - 

dx ■ 

dx = sinh x — 

dx 


1 

sinh x 
x — coth x 


sinh ; 


3 1 . , „ 

—x H — smh 2x — coth x 
2 4 


dx = — - 


1 


2 sinh 2 x 


’ cosh 2 x 
sinh 3 x 
’ cosh 3 x 
sinh 3 x 


= — - coth 2 x 


cosh x x 

dx = k F In tanh — 

2 sinh 2 x 2 


dx= — - 


1 


■F In sinh x 

2 sinh 2 x 
1 2 

= — — coth x + In sinh x 


dx = — 


dx = — 


dx = — 


’ cosh 4 x 
sinh 3 x 
' cosh x 
sinh 4 x 
' cosh 2 x 
sinh 4 x 
' cosh 3 x 
sinh 4 x 
’ cosh 4 x 
sinh 4 x 


dx 

sinh x cosh x 
dx 

sinh x cosh 2 x 


cosh x 
2 sinh 2 x 


cosh x + — In tanh 


1 


3 sinh 3 x 


dx = — 


^ coth 3 x 
o 

1 


1 


dx = — 


sinh x 3 sinh 3 x 
1 3 

- coth x — coth x + x 

O 


In tanh x 

1 X 

= 1- In tanh — 

cosh x 2 


dx 


1 


sinh x cosh 3 x 2 cosh 2 x 

1 


In tanh x 


= — — tanh x + In tanh x 


x 

2 
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dx 

sinh x cosh 4 x 
dx 

sinh 2 x cosh x 
dx 

sinh 2 x cosh 2 x 
dx 

sinh 2 x cosh 3 x 
dx 

sinh 2 x cosh 4 x 
dx 

sinh 3 x cosh x 


sinh 3 x cosh 2 x 


sinh 3 x cosh 3 x 


dx 

sinh 3 x cosh 4 x 
dx 

sinh 4 x cosh x 
dx 

sinh 4 x cosh 2 x 


sinh 4 x cosh 3 x 


1 1 x 

— 1 o b in tanh — 

cosh x 3 cosh x 2 


sinh x 


— arctan sinh x 


= — 2coth2cc 

sinh x 
2 cosh 2 x 
1 


1 3 

arctan sinh x 

sinh x 2 


— - coth 2x 


3 sinh x cosh 3 x 3 

2 In tanh a; 

2 sinh x 
1 2 

— - coth x + In coth x 

1 cosh x 3, , x 

= 2 it in tanh — 

cosh x 2 sinh x 2 2 

2 cosh 2x 

= — 2 2 In tanh x 

sinh 2x 

1 2 1 2 

= - tanh x coth x — 2 In tanh x 

2 2 

2 1 cosh x 5, x 

= 2 2 it in tanh — 

cosh x 3 cosh x 2 sinh ir 2 2 


1 1 
sinh x 3 sinh 3 x 


arctan sinh x 


: — 3 b - coth 2x 

3 cosh x sinh x 3 

2 1 sinh x 

sinh x 3 sinh 3 x 2 cosh 2 x 


- arctan sinh x 
2 


sinh 4 x cosh 4 x 


= 8 coth 2x coth 3 2x 

3 


2.424 


tanh p_1 x I" 

tanh p x dx = — — + / tanh 1 ' -2 x dx 

P~ 1 J 


tanh 2n+1 x dx = 


(-l) fc - 4 /n\ 1 


[P^ !] 


cosh 2fc x 


In cosh x 


= -E 


n +„„n2n-2fc+2 , 


2 n — 2k + 2 


In cosh x 


tanh 2 ” x dx = — 


^ tanh 2 "- 2fc+1 a: 


2 n — 2k + l 


GU (351)(12) 


v COth P 1 X f v—2 

coth F x dx = b / coth F x dx 

P~ 1 J 


[P ± 1] 
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5. 


coth 2 " +1 xdx = — \ — 

f-T 2n \kJ si 

k— 1 


sinh 2fe x 


- In sinh x 


coth 2n ~ 2k + 2 ; 


6 . 


^ 2n — 2fc + 2 
coth 2 " xdx = — ^ 


In sinh x 


k=l 

coth 2 "- 2fc+1 a 
2n — 2k + 1 


GU (351)(14) 


fc=i 


For formulas containing powers of ta.nh ;r and cothx equal to n = 1 , 2, 3, 4, see 2.423 17, 2.423 22, 
2.423 27, 2.423 32, 2.423 33, 2.423 38, 2.423 43, 2.423 48. 

Powers of hyperbolic functions and hyperbolic functions of linear functions of the argument 

2.425 

1. J sinh (ax + b) sinh(cx + d) dx = — — — y sinh[(a + c) x + b + d] 

sinh[(a — c)x + b — d] 

[«Vc 2 ] 


2 (a — c) 
1 


2. J sinh(ax + b) cosh(cx + d) dx = + ^ cosh[(a + c)x + b + d] 

1 


cosh[(a — c)x + b — d] 

K/c 2 ] 

3. J cosh(ax + 6) cosh(cx + d) dx = + ^ sinh[(o + c)x + b + d] 

+ ^ sinh[(a — c)x + b — d] 


2 (a — c) 
1 


2 (a — c) 


2 / 21 
a fc 


When a = c: 


f X 1 

4. / sinh(ax + 6) sinh(ax + d) dx = — — cosh(& — d) + — sinh(2ax + b + d) 

r x 1 

5. / sinh(ax + b) cosh(ax + d) dx = — sinh(6 — d) + — cosh(2ax + b + d) 

f x 1 

6. / cosh(ax + 6) cosh(ax + d) dx = — cosh(& — d) + — sinh(2ax + b + d) 


2.426 

1. 


sinh ax sinh bx sinh cx dx = 


cosh(a + b + c)x cosh(— a + b + c)x 

4(a + &+c) 4 (— a + b + c) 

cosh(a — b + c)x cosh(a + b — c)x 
4 (a — b+ c) 4 (a + b — c) 


GU (352)(2a) 


GU (352)(2c 


GU (352)(2b) 

GU (352)(3a) 
GU (352)(3c) 
GU (352)(3b) 


GU (352)(4a) 
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2 . 


sinh ax sinh bx cosh cx dx = 


3. 


sinh ax cosh bx cosh cx dx = 


sinh(a + b + c)x sinh(— a + b + c)x 

4 (a + b + c) 4 (— a + b + c) 

sinh(a — b + c)x sinh(a + b — c)x 
4 (a — b + c) 4 (a + b — c) 


cosh(a + b + c)x cosh (— a + b + c)x 

4 (a + b + c) 4 (—a + b + c) 

cosh(a — b + c)x cosh(a + b — c)x 


GU (352) (4b) 


4 (a — b + c) 


4 (a + b — c) 


GU (352)(4c) 


4. 


cosh ax cosh bx cosh cx dx = 


sinh(a + 6 + c)x sinh(— a + b + c)x 
4(a + b + c ) 4(— a + &+c) 

sinh(a — b + c)x sinh(a + b — c)x 
4(a — b + c) 4(a + b — c) 


GU (352)(4d) 


2.427 

1 . 

2 . 


sinh p x sinh ax dx = 1 sinh px cosh ax — p [ sinh p 1 x cosh (a — l)x dx 1 

P+a ( J J 

r(p + i) 


sinh p x sinh(2n + 1 )x dx = 


^ + n) 

oil sinh p_2fe x cosh(2n - 2k + l)a 


k—0 


2 2k +i T (p - 2k + 1) 


^ 2 ^ sinh p 1 xsinh(2n — 2k)x 


3. 


sinh p x sinh 2nx dx = 


2 2k + 2 T(p-2k) 
r ( £±5 _ n ) r 

; — r / sinh p_ n x sinh x dx 

' n T(p + l-2n)J 

[p is not a negative integer] 

r(p + i) 


2 2n 


r (f+_» + i) 

| r (| + n — 2fc) 


fc =0 


sinh p 2fc x cosh(2n — 2k)x 


2 2fc +! T(p - 2k + 1) 
sinh p 


r 2^+ 2 r(p- fc 2fc) 1 ^ SinhP 2fe 1 £sinh(2n — 2k — l)x 


[p is not a negative integer] GU (352)(5)a 


2.428 

1 . J sinh p x cosh ax dx = — — — |sinh p x sinh ax — pj sinh p_1 x sinh (a — l)x dx 
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2.429 


J sinh p x cosh(2n + 1 )xdx = 


r(p + i) 

r(^ + n) 


5Z oLii 2 T^^ n o 7 . 2fc ^ sinhP 2k x sinh ( 2n -2k + l)x 


k=0 


2 2fc + 1 r(p - 2 k + 1) 


r 2 L+2 2k) SinhP 2fe la:cosh ( 2n - 2fc )* 

r(^-n) 


sinh p x cosh 2nx dx = 


2 2n r(p + 1 — 2n ) , 

r(p + i) 


sinh p 2n x cosh x dx 

J 

[p is not a negative integer] 


r (| + n + 1) 

( n - 1 


r(f + n-2fc) 


sinh p 2k x sinh(2n — 2k) x 


2 2k + 1 T ( p _ 2k + 1) 

sinh p ~ 2fc_i xcosh(2n — 2k — l)x 


r (| + n-2fc-l) p_ 2 fc-i 


2 2k + 2 T(p-2k) 

o9 r ^~ ? ' +1 ] / sinh p_2n x dx 

2 2n r(p + 1 — 2n) J 

[p is not a negative integer] GU (352)(6)a 


2.429 

1. 

2. 


J cosh p x sinh ax dx = — — |cosh p x cosh ax + p j cosh p 1 x sinh(a — l)x dx 


cosh p x sinh(2n + 1 )xdx = 


r(p + i) 

r(^ + n) 

+ 2 n T(p- 


Tl 1 T-\ / p-(-l 7 \ 

ofc +1 2 , it cosh p_fc x cosh(2n -k+l)x 


k—0 


2 k +i T(p~k + 1) 


r ( 2+5) /• 

— — — / cosh p ”xsinh(n + l)xdx 

\p-n+l)J 

[p is not a negative integer] 


3. 


cosh p x sinh 2 nx dx = 


k - o 


r(p + i) 

r (| + n + l) 

I r (l + 1 ) 

2" T(p - n + 1) . 


7 . coshP ^ * cosh( 2 n - k)x 


2 fc +! r(p — fe + 1) 


cosh p " x sinh nx dx 


[p is not a negative integer] GU (352)(7)a 
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2.431 


2.432 


J cosh p x cosh ax dx = — j- — |cosh p x sinh ax + p j cosh p 1 x cosh(a — l)x dx^j 
r Ffn 4- 1) " ' Y ( + n — k) 

/ cosh p x cosh(2n + \)x dx = — — ^ r- ^ j- — cosh p_fe x sinh(2n — k + l)a 

J r ( 2 + n ) [fcl 0 r (p-« + l) 

r 

+ -r^/ tv / cosh p " x coshfn + l)x dx 

2 n T(p-n+l)J y J 


cosh p x cosh 2 nx dx = 


[p is not a negative integer] 

Y ofc+irrt- 1-^11 coshP_fc a=sinh(2n - k)x 


r(p+l) y. 1 r (| + n - fc) 
r(§ + n + i) ho 2k+1 r (p - k + 1) 

4 r cosh p " x cosh nx dx 

2 n T{p~n+l) 


[p is not a negative integer] GU (352)(8)a 


sinhfn + l)x sinh” 1 x dx = — sinh" x sinh nx 

n 


sinhfn + l)x cosh" 1 x dx = — cosh" x cosh nx 

n 


coshfn + l)x sinh" 1 x dx = — sinh" x cosh nx 

n 


coshfn + l)x cosh" 1 x dx = — cosh" x sinh nx 

n 


2.433 


’sinh(2n + l)x , „ sinh(2n — 2 k)x 

V-; — dx = 2 > — — + x 

Sinhj 9« — 91- 


2 n — 2k 


’sinh2na; , sinh(2n — 2k — 13a: 

— — dx = 2 V ' — 

smh X ' 2n — 21' — 1 


2 n — 2k — 1 


GU (352) (5d ) 


’cosh(2n + l)x , v-^ cosh(2n — 2k)x , . , 

— - —dx = 2> — H In smh x 

smh a: z -—' 2« — 91- 


2n — 2k 


’cosh2na; , cosh(2n — 2k — l)a; , , x 

— — dx = 2 y -4 — — b In tanh — 

smh x ' 2n — 2k — 1 2 

k = o 


’sinh(2n + l)ar 


dx = 2^(-l) 


fe cosh(2n — 2 k)x 
2 n — 2k 


+ (—1)" In cosh a: 


GU (352)(6d) 
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2.433 


6 . 


7. 


9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 

23. 


’ sinh2nx 1 NfcCosh(2n — 2k — l)x 

cosh x X 

k = o 


2 n — 2k — 1 


"cosh(2n + l)x 
cosh x 

" cosh 2 nx 


dx = 


fe sinh(2n — 2k)x 


k = o 


2 n — 2k 


+ (-l)"x 


cosh x 
’ sinh 2x 


dx = 


fe sinh(2n — 2k — l)x 


fc= o 


2?r — 2/c — 1 


+ (—1)" arcsin (tanh or) 


, _ dx = ~- 

smh a; 2 


(n — 2) sinh" a; 


For n = 2: 

/ sinh 2x 
sinh 2 x 


dx = 2 In sinh x 


” sinh 2x dx 


J cosh x (2 - n) cosh" - x 
For n = 2: 

/■ sinli 2a: 

ax = 2 in cosh x 


cosh 2 x 


cosh2x , , , x 

— — ax = 2 cosh x + in tanh — 

sinh x 2 


dx = — coth x + 2x 


" cosh 2x 
sinh 2 x 

" cosh 2x , cosh x 3, x 

n — dx = F - in tanh — 

sinh d x 2 sinh 2 x 2 2 


" cosh 2x 
cosh x 
" cosh 2x 
cosh 2 x 

"cosh2x , sinhx 3 

5 — ax = o 1 — arcsm (tanhx) 

cosh 3 x ~ ' 2 

” sinh 3x 

sinh x 

" sinh 3x 

sinh 2 x 

" sinh 3x 

sinh 3 x 

” sinh 3x 

cosh" x 


dx = 2 sinh x — arcsin (tanh x) 
dx = — tanh x + 2x 


2 cosh 2 x 2 
dx = x + sinh 2x 

X 

dx = 3 in tanh — + 4 cosh x 
dx = —3 coth x + 4x 

A 

dx = 


(3 — n) cosh" 3 x (1 — n) cosh 


n— 1 


For n = 1 and n = 3: 
[ sinh3x 


cosh x 


dx = 2 sinh 2 x — in cosh x 


GU (352)(7d) 


GU (352)(8d) 
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24. 

25. 

26. 

27. 

28. 

29. 

30. 


’ sinh 3a; 
cosh 3 x 
' cosh 3 a; 


dx = 


1 


2 cosh x 


4 In cosh x 


dx = 


1 


J sinh" a; (3 — n) sinh" -3 x (1 — n) sinh" -1 x 

For n = 1 and n = 3: 

f cosh 3a; 2 , . , 

dx = 2 sum x + in sinh x 

1 


dx = — - 


2 sinh x 
dx = sinh 2a; — x 


dx = 4x — 3 tanh : 


4 In sinh x 


sinh x 
' cosh 3 a; 
sinh 3 x 
' cosh 3 a; 
cosh x 
cosh 3x 

2 — dx = 4 sinh x — 3 arcsin (tanh x) 

cosh x 

' cosh 3 a; 

cosh 3 x 


2.44-2.45 Rational functions of hyperbolic functions 

2.441 


1 . 


2 . 


3. 


A + B sinh x aB — bA 

dx = 


cosh ; 


(a + b sinh x) 


For n = 1: 
f A + B sinh x 


(n — 1) (a 2 + 6 2 ) (a + 6sinhx)" 1 

1 f (n — l)(aA + bB) + (n — 2 )(aB — bA) sinh a; 


a + b sinh x ^ b X 


(n - 1) (a 2 + b 2 ) J 
aB — bA f dx 


dx 


1 


: In 


b J a + b sinh x 
a tanh f — b + \/ a 2 + b 2 


( a + 6sinhx) r 
(see 2.441 3) 


a + b sinh x \Ja 2 + b 2 a tanh | — b — \/a 2 + b 2 

2 a tanh | — b 

— arctanh ■ 


sja 2 + b 2 


V a 2 + b 2 


2.442 

1 . 

2 . 


C A + B cosh x 
J (a + b sinh x) n 
For n = 1: 
f A + B cosh x 


dx = — - 


B 


(n — 1)5 (a + 5 sinh x) r 


A 


dx 


(a + 5 sinh x) r 


b sinh : 


B f 

dx = — In (a + b sinh x) + A 


dx 


a + b sinh x 

(see 2.441 3) 


dx 
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2.443 


2.443 

1. 


A + B cosh x 
( a + b coshx) n 


dx = 


aB — bA sinh x 

(n — 1) (a 2 — 6 2 ) (a + frcoslix)" -1 

1 I" (n — 1 )(aA — bB ) + (n — 2 ){aB — bA) cosh a: 

(n — 1) (a 2 — 6 2 ) 7 (a + fecoshx)" -1 


2 . 

3. 


For n = 1: 

I" A + B cosh a; B aB — bA f dx 
J a + b cosh x 6 b J a + b cosh a; 


dx 


1 


i cosh : 


: arcsm 


a + b cosh x ^/b 2 — a 2 ” ~ * * a + b cosh x 

1 6 + a cosh x 

: arcsm — 

a + b cosh x 




a + b+ yja 2 — b 2 tanh — 


\J a 2 — b 2 a + & — \J a 2 — b 2 tanh 


(see 2.443 3) 


[b 2 > a 2 , 

x < 0] 

[b 2 > a 2 , 

x > 0] 

[a 2 > b 2 ] 



2.444 

1 . 


2 . 


I" dx 


x + a x — a 

) cosh a + cosh x 

= COS6CIL CL 

In cosxi ^ in cosh ^ 

2 2 


dx 


cos a + cosh x 


= 2 cosech a arctanh ( tanh — tanh — | 
V 2 2/ 

( x a\ 

= 2 cosec a arctan tanh — tan — 

V 2 2/ 


2.445 

1 . 


2 . 


S sinh x 


J (a + b cosh x) 
For n = 1: 

/' B sinh x 


dx = — 


B 


(n — l)6(a + 6coshx) r 




dx = — In (a + b cosh x) 
a + b cosh x o 


[?z y 2 1] 


(see 2.443 3) 


In evaluating definite integrals by use of formulas 2.441—2.443 and 2.445, one may not take the integral 
over points at which the integrand becomes infinite, that is, over the points 


x = arcsinh 

in formulas 2.441 or 2.442 or over the points 



x = arccosh 

in formulas 2.443 or 2.445. Formulas 2.443 are not applicable for a 2 = b 2 . Instead, we may use the 
following formulas in these cases: 
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2.446 

1. 


2 . 


3. 


2 . 


3. 


' A + B cosh x 
(e + cosh x ) " 


dx 


B sinh x 


(1 — n) (e + cosh x) r 

e h 
X - 


eA - 


n—k 


2 . 

2.447 

1. 


For n = 1: 

I" A + B cosh x 
I £+ cosh X 


(e + cosh x) 


dx = Bx + (eA — B) 


cosh x — £ 
sinh x 


sinh x dx 


a cosh x + b sinh x = 


a In cosh ( x + arctanh - ) bx 
a , 

i 2 — b 2 

bx — a In sinh ^ x + arctanh - j 


b 2 — a 2 


n \ (n — 1)! . , £-l(2n-2fc-3)!! 

B , ,, sniiia’ > — ; — 

n— 1 J (2n — 1)!! (n — fe — 1)! 


[e = ±1, n > 1] 

[e = ±l] 

[a > \b\] 

[6>|a|] 


For a = b = 1: 

/' sinh xdx x 1 

= r + -e 


-lx 


J cosh x + sinh a; 2 4 

For a = — b = 1: 
f sinh xdx x 1 


= — - + -e 


cosh x — sinh x 2 4 


2.448 

1. 


cosh x dx ax — b In cosh (x + arctanh | ) 


a cosh x + b sinh x a 2 — b 2 

— ax + & In sinh (x + arctanh |) 


b 2 — a 2 


[a > |6|] 
[b>\a\] 


For a = b = 1: 
f cosh xdx x 1 




J cosh x + sinh a; 2 4 

For a = —b = 1: 
f cosh xdx x 1 


= - + -e 


2.449 

l . 6 


cosh x — sinh a: 2 4 

dx 

(a cosh x + b sinh x ) " \/{a 2 — b 2 ) r 

1 


1 


dx 


sinh" I x + arctanh — 

V ° 

dx 

\J {b 2 — a 2 ) J cosh" (x + arctanh ^ 


[a > \b\] 
[b>\a\] 


MZ 215 


MZ 215 


MZ 214, 215 
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2.451 


For n = 1: 


2 . 


dx 


1 


a cosh x + b sinh x sj a 2 — b 2 

1 


arctan 


Vb 2 — a 2 


In 


tanh 


sinh x + arctanh — 

V a 

x + arctanh £ 


[a > \b\] 

[6>|a|] 


3. 


4. 


2.451 

1 . 


2 . 


3. 


For a = b = 1: 

/ ax 

cosh x + sinh x 
For a = — b = 1: 
f dx 


cosh x — sinh x 

' A + B cosh x + C sinh x 


= — e x = sinh x — cosh x 


= e x = sinh x + cosh x 


MZ 214 


dx 


( a + b cosh x + c sinh x) r 

Be — Cb+ ( Ac — Ca ) cosh x + ( Ab — Ba ) sinh x 

(1 — n) ( a 2 — b 2 + c 2 ) (a + b cosh x + csinh ;c) n_1 


(n — 1) (a 2 — b 2 + c 2 ) 


I" (n — 1) (Aa — Bb+ Cc) — (n — 2) (Ab — Ba) cosh x — (n — 2) (Ac — Ca) sinh x ^ 


(a + b cosh x + c sinh x) ' 


A n(Bb — Cc) 
a (n — 1 )a 2 


Be — Cb — Ca cosh x — Ba sinh x 
(n — l)a (a + 6coshx + csinhx)” 

(2n-2fc-3)!! 1 

k=0 (n — k— l)!a fe ( a + 5cosh x + csinh x) n ~ k 


’ A + B cosh x + C sinh x , Cb — Be , 

■ dx = — In (a+b cosh x + c sinh x) 


[a 2 + c 2 ^b 2 ] 

t i , • , \ ( n ~ 1 )! 

(c cosh x + b sinh x) — — - 

(2 n — 1)!! 


i 2 + c 2 = b 2 ] 


a+b cosh x + c sinh x 


’A + B cosh x + C sinh x 
a + b cosh x Jr b sinh x 


dx = 


b 2 — c 2 
Bb-Cc 

+ b 2 -c 2 ^ 
C + B 


A - 


Bb-Cc 
1 b 2 -c 2 


dx 


2a 


(cosh x + sinh x) 


a + b cosh x + c sinh x 
[i b 2 ^ c 2 \ (see 2.451 4) 

A (. B + C)b 1 

a 


C±B ± A_(C+B)b 


2b 


2 a 2 

[ab ^ 0] 


2a 2 


In (a + b cosh x + b sinh x) 
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4 . 


dx 


a + b cosh x + c sinh x 
2 


\/6 2 — a 2 — c 2 


arctan 


( 6 — a) tanh | + c 
Vb 2 — a 2 — c 2 


: In 


(a — b ) tanh | — c + -\/a 2 — b 2 + c 2 
\/a 2 — 6 2 + c 2 (a — 6) tanh | — c — \J a 2 — b 2 + c 2 
In (a + ctanh — ^ 


(a — b ) tanh | + c 


2.452 

1. 


A + B cosh x + C sinh x 


J (ai + b\ cosh x + Ci sinh x) (a 2 + 62 cosh x + c 2 sinh x) 

. , ai + cosh a: + Ci sinh a: , /' dx 

= Ay In ^ , . 1 + A 1 1 


dx 


[b 2 > a 2 + c 2 and t] 

[6 2 < a 2 + c 2 and t] 

[a = b and c yf 0] 

[6 2 = a 2 + c 2 ] 

GU (351)(18) 


a 2 + 62 cosh x + C2 sinh x 


ai + 61 cosh x + ci sinh x 


+ ^4 2 


dx 


where 


02 + b 2 cosh x + C2 sinh x 

GU (351)(19) 


2 . 


An = 


01 bi Ci 

ABC 

02 62 c 2 


^2 = 


ai ^1 
a 2 62 

ai 

C B 
C2 b- 2 
02 


bi Cl 
&2 C 2 

bi 

C A 
C2 a 2 
b 2 


Cl ai 
C2 a 2 

Cl 

B ,4 
b 2 a 2 
C2 


01 61 

02 &2 


bi Cl 
&2 C 2 


Cl Ol 

C2 a 2 


’ A cosh 2 x + 2 .B sinh x cosh x + C sinh 2 x 
a cosh 2 x + 26 sinh x cosh x + c sinh 2 x 


Ai = 


ai 

61 Ci 

B C 
a 2 


ai 61 
a 2 62 


01 61 

0 2 6 2 


dx 


61 

Cl Ol 

C A 

62 


Cl 

Ol 61 

A £ 
C2 


b 1 ci 
b 2 c 2 


b 1 ci 
b'2 c 2 


Cl Ol 
C2 a 2 


7 ^ 


Cl Ol 
C2 0 2 


[ 4 .B 6 — (A + C) (a + c)]x 


46 2 — (a + c) 2 

+ [(A + C)b — B(a + c)] In (acosh 2 x + 26 sinh x cosh x + csinli 2 x) 
+ [ 2(^1 - C)b 2 - 2 Bb(a - c) + (Co - Ac)(a + c)] f(x) 
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2.453 


where 

f(x) = 


GU (351)(24) 


1 


: In 


ctanh x + b — Vb 2 — < 


2 \Jb 2 — ac ctanh x + b + \Jb 2 — ac 

1 ctanh 2 : + 6 

arctan 


Vac — b 2 
1 


Vac — b 2 


2.453 

1 . 


2 . 


c tanh x + b 

(A + B sinh x) dx 
sinh x (a + b sinh x) 

{A + B sinh a:) dx 
sinh x (a + b cosh x) a 2 — b 2 


\b 2 > ac] 
[b 2 < ac) 
[b 2 = ac] 


Ain 


A 


x 

tanh — 


{aB - bA) J 


dx 


a + b sinh x 


a In 


tanh 


b In 


(see 2.441 3) 
a + b cosh x 


3. 

4. 

2.454 

1. 

2 . 

2.455 

1. 

2 . 

3. 

2.456 


I 11 " 


i | - ln 


1 

a 2 + b 2 


For a 2 = b 2 = 1: 

f (A + B sinh x) dx 
J sinh x (1 + cosh x) 
f (A + B sinh x) dx 
J sinh x (1 — cosh x) 

f {A + B sinh x) dx 
J cosh x (a + b sinh x) 
f ( A + B cosh a’) dx 
J sinh x (a + b sinh x) 


I" (A + B cosh x) dx 1 

J sinh x (a + b cosh x ) a 2 — b 2 

For a 2 = b 2 = 1: 
f (A + B cosh x) dx A + B 
J sinh x (1 + cosh x) 2 
f (A + B cosh x) dx A + B 


x 

tanh — 
2 


sinh x 
(see 2.443 3) 


i , O x \ „ , x 

tanh 2 — ] + B tanh — 


B 


dx 


a + b cosh x 


coth | 


1 , o X \ „ , X 

+ - coth — ) + B coth — 


(Aa + Bb ) arctan (sinh 2 ;) + ( Ab — Ba) In 
sinh x 


a + b sinh x 


cosh x 


1 ( , 

X 


- [Ain 

tanh 

+ B In 

a V 

2 


b sinh : 


-Ab 


dx 


a + b sinh x 


{Aa + Bb) In 


tanh 


(see 2.441 3) 

+ {Ab — Ba) In 


a + b cosh x 
sinh x 


In 


tanh 


A — B , 2 x 

tanh — 

4 2 


sinh x{l — cosh 2 :) 

(A + B cosh 2 ;) dx 
cosh x (a + b sinh 2 :) a 2 + b 2 


, 9 x A — B x 

coth In coth — 


A 


a arctan (sinh x) + b In 


a + b sinh x 


cosh x 
(see 2.441 3) 


B 


dx 


a + b sinh x 
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2.457 


2.458 


( A + B cosh x ) dx 1 
cosh x (a + b cosh x) a 


= — A arctan sinh x — ( Ab — Ba) J 


dx 

a + b cosh x 


a + b sinh 2 x 


1 / b 1 

, ~ arctan \ 1 tanh x 

/ a{b - a) IV a 


i(a — b) 


I a(a — b) 


arccoth \ l tanh 


(see 2.443 3) 


t>i 

a 


arctanh \ 1 tanh x\ 0<-<lor-<0 and sinh 2 x < — 


b , • , 2 a 

- < 0 and sinh x > — — 
a b 


MZ 195 


a + b cosh 2 x 


/ —a{a + b) 


i(a + b) 


sfa(a + b) 

For a 2 = b 2 = 1: 
/' dx 


1 + sinh 2 x 


= tanh x 


arctan i / — 1 H — ) coth a; - < — 1 


arctanh \/l H — coth a; 


arccoth \/l H — coth a; 


1 — sinh 2 x \J2 


= arctanh ( v 2 tanh x 


"72 

dx 1 

1 + cosh 2 x 72 
dx 


arccoth ^72 tanh a:^ 


= — = arccoth ( v 2 coth x 


1 — cosh 2 ; 


= coth x 


2.459 


— 1 < - < 0 and cosh 2 x > — v 


->0or — 1 < - < 0 and cosh 2 x < — - 


[sinh 2 x < l] 
[sinh 2 x > l] 


1 f b sinh x cosh x 


(a + & sinh 2 a;) 2 2 a(b a) [a + 6sinh 2 


(6 - 2a) J 


dx 

a + b sinh 2 x 


MZ 202 


(see 2.458 1) 


MZ 196 


Cr| o 
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2.461 


dx lib sinh x cosh x , , , /' 

~ - , ,^2. +( 2 a + b )J 


(a + b cosh 2 a;) "" 2 a(a + b) [ a + 6cosh 


x 


dx 

a + b cosh 2 x 
(see 2.458 2) 


MZ 203 


dx 


(a + b sinh 2 x) 


„ 2 3 \ ( 2 3 \ ptanhx 

3_ ? + pV + l 1 + pWx 


2 1 


+ (1+^7 77 tanh x 

p 2 p 2 


2p tanh x 


(l +p 2 tanh 2 x)^ 


p 2 = - - 1 > 0 


8ga 3 


„ 2 3 \ ( 2 3 \ ^ tanh x 

3 H — 77 4 r arctanh (gtanh x) + 3 H — 77 7 7— 

~ 2 - 4 ' \ q 2 g 4 ; l-g 2 tanh 2 x 


<T 5' 

, „ 2 1 , o 

~F ( 1 —7 + -77 tanh . 

<T q- 


2q tanh x 
(l — q 2 tanh 2 x) 2 


dx 


(a + b cosh 2 x) 3 3 P ° 3 


y = 1 >0 

a 

MZ 196 

3 - ^ arctan (Pcothx) + f3 - ^ 1 ,^ h ,t 2 


P 2 P 4 / 1 + p 2 coth x 


, 2 1 , 2 
+ ( 1 + -77 7 coth x 

p- p 2 


2 p coth x 
(l +p 2 coth 2 x) " 


p 2 = -1 - - > 0 

a 


„ 2 3\ , / 2 3 \ 9 coth x 

3 H — 7 H — r ) ip(x)* + 3 + - -7 — — n o- 

q 2 q 4 J V q y 4 /l-y 2 cothx 


„ 2 1 ,2 

1 7 H — 7 coth x 

q 2 y 2 


2q coth x 


(l — q 2 coth 2 x) 2 


q 2 = 1 + - > 0 
a 


2.46 Algebraic functions of hyperbolic functions 

2.461 

1. J v 7 tanh x dx = arctanh Vtanhx - arctan %/tanhx MZ 221 

*In 2.459.4, if ^ < 0 and cosh 2 x > — then </?(#) = arctanh (qcoth#). If ^ < 0, but cosh 2 # < — or if ^ >0, then 
</?(#) = arccoth (gcoth#). 
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2 . 

2.462 

1. 


2 . 

3 . 


4 . 

5 . 

6 . 


7 . 


9 . 


10 . 

11 . 

12 . 


V coth x dx = arccoth V coth x — arctan y/ coth x 


sinh x dx 
\J a 2 + sinh 2 x 


arcsinh C ° X = In ( cosh x + \J a 2 + sinh 2 a;') \a 2 > ll 

\ a? - 1 V / L J 


y/a 2 — 1 
cosh 


arccosh - = In ( cosh x + y/a 2 + sinh 2 a;') [a 2 < ll 

VT^ 2 \ > L J 


= In cosh x 


= 1] 


sinh x dx 
\J a 2 — sinh 2 x 
sinh x dx 
\J sinh 2 x — a 2 


= arcsm 


= arccosh 


cosh x 

Va 2 + 1 

cosh x 


2 - - a 2 ] 


cosh x dx 
\J a 2 + sinh 2 x 
cosh x dx 
\J a 2 — sinh 2 x 
cosh x dx 
\J sinh 2 x — a 2 


sinh x dx 
\J a 2 + cosh 2 x 
sinh x dx 
\J a 2 — cosh 2 x 
sinh x dx 
\J cosh 2 x — a 2 


cosh x dx 
\/ a 2 + cosh 2 x 
cosh x dx 
V a 2 — cosh 2 x 
cosh x dx 
\J cosh 2 x — a 2 


= arcsinh 


Va 2 + 1 


sinh x 
a 


= arcsm 


sinh x 
a 

sinh ; 
a 


[sinh 2 x < 

In ^cosh x + \/ sinh 2 x — a 2 ^ 
[sinh 2 x > a 2 

= In ^sinli x + \/ o? + sinh 2 x^j 

[sinh 2 x < a 2 


arccosh — = In ^sinh x + \J sinh 2 x — a 2 ^ 

[sinh 2 x > a 2 ] 
arcsinh — ^ - — — = In ^cosh x + V a 2 + cosh 2 x'j 

[cosh 2 x < a 2 ] 


cosh x 
a 

cosh x 


= arcsm 


a 

arccosh — = In ^cosh x + \J cosh 2 x — a 2 ^ 

[cosh 2 x > a 2 ] 


sinh : 


arcsinh , „ : = In ^sinh x + \/ a 2 + cosh 2 x^j 

[cosh 2 x < a 2 ] 


= arcsm 


= arccosh 


Va 2 + 1 

sinh x 

Va 2 — 1 

sinh x 


Va 2 — 1 


= In sinh x 


[a 2 > 1] 

[« 2 = 1 ] 


MZ 222 


MZ 199 


MZ 215, 216 


MZ 206 
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2.463 

1 . 


2.464 

1 . 


coth x dx 
/a + b sinh x 


tanh x dx 
/a + b cosh x 


sinh x 

[b sinh x > 0, 

a > 0] 

sinh x 

[b sinh x < 0, 

a > 0] 

1 H — sinh x ) 
a J 

a < 0 


cosh x 

[b cosh x > 0, 

a > 0] 

■ cosh x 

[b cosh x < 0, 

a > 0] 

' b . ' 

1 H — cosh x 
a ) 

) [a < 0] 



MZ 220, 221 


" sinh x\J a + b cosh x 
p + q cosh x 


I aq — bp 

q 

I aq — bp 

q 

I bp — aq 

q 


arccoth ^ 
arctanh - 

arctanh - 


lq(a 

+ 

b cosh x ) 


aq 

— bp 

q(a 

■+ 

b cosh x) 


aq 

— bp 

jq{a 

.+ 

b cosh x) 


bp — aq 


b cosh x > 0, — — — >0 

q 

b cosh x < 0, — — — >0 

q 


aq — bp 


MZ 220 


" cosh x\J a + b sinh x 
p + q sinh x 


I aq — bp 

q 

I aq — bp 

q 

I bp — aq 

q 


arccoth ^ 
arctanh - 

arctanh - 


1 q( a 

+ 

b sinh x) 


aq 

— bp 

[oia 

; + 

b sinh x) 


aq 

— bp 

[q(a 

; + 

b sinh x) 


bp — aq 


b sinh x > 0, — — — > 0 

q 

b sinh x < 0, — — — > 0 

q 


aq — bp 


MZ 221 


dx 

/ k 2 + k' 2 cosh 2 x 
dx 

^cosh 2 x — k 2 J 


^1 + k' 2 sinh 2 x 


= F (arcsin (tanh a;) , k) 


[x > 0] 


BY (295.00)(295.10) 


'sinh 2 x + k’ z 


= F arcsin 


BY (295.40)(295.30) 
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9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 


dx ( ( tanh x , 

— . = F arcsm — , k 

y/l — k' 2 cosh 2 x V V & 


0 < x < arccosh 


k' 


1 — sinh 2 ax 1 

Notation: In 2.464 4-2.464 8, we set a = arccos — , r = — = 

1 + sinh 2 ax y/2 


dx 


yj sinh 2 ax 2a 


= WZ F(a,r) 


r i i -i/sinh2aa; (l + sinh 2 2ax) 

/ V sinh 2 ax dx = — \F(a, r) — 2 E(a, r)l H 

J 2a 1 J a 1 + sinh 2aec 


cosh 2 ax dx 


= 7T E ( a i r ) 


(1 + sinh 2 ax) 2 y / sinh 2 ax 2 a 

(1 — sinh 2 ax) dx 1 . 

V =-[2 E(a,r) - F(a,r) 


(1 + sinh 2ax) 2 yj sinh 2 ax 2a 

yj sinh 2 ax dx 1 

(1 + sinh2ax) 2 4a 


2 = 77 l F ( a ’ r ) - E{a,r) 


/ cosh 2ax — 1 1 

, , r = 

cosh 2ax ^/2 


dx 


1 


F{a , r) 


sinh 2ax 


J yj cosh 2 ax ay /2 

I v 7 cosh 2 ax dx = — y=[F(a,r) — 2 E(a,r)] + 

J ay 2 avcosh 2 aa; 

[2 E(a, r ) — F(a, r)] 

tanh 2 ax 


dx 


1 


V 7 cosh 3 2 ax ay / 2 

dx 1 . 

— = jF* (ck, r) + 

V 7 cosh 5 2aec 3y/2a 3 av 7 cosh 2acc 

' sinli 2 2ai dx y/2 1 , — — — 

— . - = — — — b (a.r) + — smh 2axv cosh 2 ax 

Vcosh 2a® 3a 3a 

' tanh 2 2ax dx y/2 
— ; — = — F{a,r ) — 

V cosh 2 ax 3a 

\J cosh 2ax dx 


1 


tanh 2ax 
3 av 7 cosh 2a:r 

n(a,p 2 ,r) 


7 p 2 + (1 - p 2 ) cosh 2 ax ay / 2 

Notation: In 2.464 16-2.464 20, we set: 


ct = arccos 


-\/a 2 + b 2 — a — b sinh x 
y/a 2 + b 2 + a + b sinh x ’ 


1 + y/a 2 + b 2 
2 y/a 2 + b 2 


a>0, b > 0, x > — arcsinh - 

b 


16. 


dec 


•\/a + 6 sinh x y/a 2 + b 2 


F(a, r) 


BY (295.20) 

>0] 

BY (296.50) 

BY (296.53) 
BY (296.51) 

BY (296.55) 
BY (296.54) 

[x j- 0]: 

BY (296.00) 
BY (296.03) 
BY (296.04) 
BY (296.04) 
BY (296.07) 
BY (296.05) 
BY (296.02) 


BY (298.00) 
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17. J Va + b sinh xdx = yj a 2 + b 2 [ F(a,r ) — 2 E(a,r)] + 


18. 


19. 


20 . 


21 . 

22 . 

23. 

24. 

25. 

26. 

27. 


28. 

29. 


2b cosh xyj a + b sinh x 
y/a 2 + b 2 + a + b sinh x 


BY (298.02) 


/ v. + g-h* ^ 

J cosh x +o 


2y/ a 2 + b 2 

a + y/a 2 + b 2 y/a 2 + b 2 — a — b sinh x y/a + b sinh x 
b y/ a 2 + b 2 + a + b sinh x cosh x 

1 


cosh 2 x dx 

[V a 2 + b 2 + a + b sinh x] 2 y/a + b sinh x b 2 y/ a 2 + b 2 
\J a + b sinh x dx 1 


E(a , r) 
E(a, r) 


BY (298.03) 
BY (298.01) 


[y/a 2 + b 2 — a — b sinh x ] 2 v'a 2 + b 2 (y/ a 2 + b 2 -a) 

b cosh a 'y/a + b sinh x 


y/a 2 + b 2 — a a 2 + b 2 — (a + 6sinh x) 2 
(tanh f = 


Notation: In 2.464 21- 2.464 31, we set a = arcsin 

f dX = ~^= F(a,r) 

J y/a + b cosh x y/a + b 

Jy/a + b cosh x dx = 2 y/a + b [ F(a , r) — E(a, r)] + 2 tanh ^y/a + b cosh x 
f cosh x dx 


-b 


BY (298.04) 
[0 < b < a, x > 0]: 
BY (297.25) 
BY (297.29) 


— . ^ F(a,r) — ^ a ~ lr b E{a, r ) + \ tanh ^ y/a + b cosh x BY (297.33) 

y/a + b cosh x y/a + b b b 2 


it 


tanh | 
y/a + b cosh x 
tanh 4 S 


dx = 


dx = 


2 yj a + b 
a — b 

2y/ a + b 


[ F{a,r ) - E(a,r )] 


y/a + b cosh x 3(a — b) 2 


[(3a + b) F{a , r) — 4 a E (a, r)] + 


BY (297.28) 

2 sinh | y/a + b cosh x 

3 (a — b) cosh 3 — 

2 


cosh x — 1 2 

. dx = - . 

y/a+b cosh x b L 


(coshx — l) 2 , 4 y/a+b 

dx = 


^tanh — ^ y/a + b cosh x — y/a + bE(a, r) 


BY (297.28) 
BY (297.31) 


y/a + b cosh x 


3 b 2 

4 

W i 


[(a + 3b) E (a, r) — b F(a, r)] 
b cosh 2 ^ — (a + 3&) tanh ^y/a + b cosh x 


'y/a + b cosh x 
cosh x + 1 

dx 


dx = y/a + b E(a,r) 

y/a + b 


(cosh x + 1 ) y/a + b cosh x a — b 


E(a, r) — 


2b 


(a — b)y/a + b 


F(a, r) 


BY (297.31) 
BY (297.26) 

BY (297.30) 
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(cosh x + l) 2 \J a + b cosh x 3 (a — b) 2 \/a + b 


6(56 — a) F(a, r) 


1 sinh — 

+ (a — 36)(a + b) E(a,r) +— -r ■ ^-Va + 6 cosh x 

o(a - b) cosh | 


f (1 + cosh x) dx 2 

J [1 + p 2 + (1 — p 2 ) cosh x\ V a + b cosh x s/a + b 

Notation: In 2.464 32 2.464 40, we set: 


n (a,p 2 ,r) 


297.30) 
BY (297.27) 


I a — b cosh x 


a = arcsm - 



0 < 6 < a, 0 < x < arccosh - 
L b J 


/a — b cosh x ya + b 


F(a , r) 


J V a — b cosh x dx = 2v^T 6 [F(a, r) - £(a, r)] 

/' cosh a; dec 2-\/a + b 2 

J SE = — — £(a -’' ) - F(a ' r) 


cosh 2 x dx 2(6 — 2a) 


4a V a + 6 


‘ (1 + cosh x ) dx 2-/0-F6 
\] a — b cosh x b 


E(a, r) 


dx 2b ( a — b \ 

= = — 1= = II la, , r I 

cosh x v a — 6 cosh x a v a + b \ a / 

dx 1 . . 1 a; / — 

. = . E(a,r) tanh — v a — b cosh x 

(1 + cosh x) va — b cosh x va + b a + b 2 


BY (297.50) 


BY (297.54) 


BY (297.56) 


, = . 2 i/a,r)H — 2?(a, r) + — sinh xv a — 6coshx BY (297.56) 

'a — b cosh x 36\/a + 6 ob z 36 


BY (297.51) 


BY (297.57) 


BY (297.58) 


(1 + cosh a;) 2 V a — b cosh x 3 a / (a + 6) 3 


[(a + 36) E(a , r ) — bF(a, r)] 


1 tanh fva — 6 cosh x . 

■ 12 “ + 4t + (“ + 3t > 4 


BY (297.58) 


J (a — 6 — ap 2 + 6p 2 cosh x) \J a — b cosh x (a — 6)v / a+~6 

Notation: In 2.464 41 2.464 47, we set: 


n ( a,p 2 ,r ) 


BY (297.52) 


a = arcsm 


'6 (cosh x — 1) 
6 cosh x — a 


r = \ [0 < a < 6, x > 0] 
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4L 

/ / 2 , — 2 b sinh # 

yb cosh# — adx = (b — a)\ — F(a,r) — 2v2 b E(a,r) H — 

V o v^cosh# — a 

r dx 1 [2 

44. / , = — -2t/7[(&-3a)(6-a)f(a,r)+8a6i;(a ) r) 

J \/(6 coshx — a) 5 3(6 2 - a 2 ) V 6 

v 2b sinh# 

+ 3 ( 6 2 - o 2 )‘^ (6cosha ._ a)3 


45. 


46. 


47. 


48. 

49. 

50. 

51. 

52. 

53. 


cosha’dx 2 . . . . .. 2 sinh 2 ’ 

Ci.cosh»-„ = V 5 |F( °' r) - 2E{a ’ T)] + 2i.co,l .x-a 


(cosh x + 1) dx 


2 


(6 cosh x — a) 3 b a ^ b 

= (a,p 2 ,r) 


V b cosh x — adx 


J p 2 b — a + b (1 — p 2 ) cosh x 

/ 6 cosh x — a 

Notation: In 2.464 48-2.464 55, we set a = arcsm * / — and r = 

V 6 (cosh# — 1) 

0 < b < a, x > arccosh - 
b 


dx 


. F(a,r) 


J \/6cosh x — a y/a + b 
J y/b coshx — adx = — 2\J a + bE(a, r) + 2coth ^\/6 coshx — 1 


coth 2 § dx 2y/a + b 

/, . = 7- £(a,r) 

yo cosh x — a a — 0 


’ v b cosh x — a 


cosh x — 1 


dx = y/a + b [F(a, r) — E(a, r)] 


dx 


(cosh x — 1) y/b cosh x — a a — b 

dx 1 


^ a + b E(a, r) 7 JL= F(a, r) 


(coshx — l) 2 y/b cosh a’ — a 3 (a — b) 2 y/a + b 


y/a + b 
(a — 26) (a — 6) J 1 (a, r) 


+ (3a — 6) (a + 6) E(a, r) 


a + b cosh : 


66(a — 6) sinh 3 = 


54. 


dx 


(cosh x + 1) yjb cosh x — a y/a + b 


1 x rx/ m 2\/6coshx — a 

[F(a, r - E(a, r + j — rr . , 

(a + b) sinh x 


BY (297.00) 
BY (297.05) 
BY (297.06) 

BY (297.06) 
BY (297.03) 

BY (297.01) 

BY (297.02) 



BY (297.75) 
BY (297.79) 
BY (297.76) 
BY (297.77) 
BY (297.78) 

y/ b cosh x — a 

BY (297.78) 

BY (297.80) 
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55. 


r dx i 

J (cosh x + l ) 2 76 cosh x — a 3i/(a + 6) 3 [ 

— (a + 36) E(a , r ) 

Notation: In 2.464 56-2.464 60, we set 


(a + 6) F{a 1 r) 


\/6coshx — a ( a + 36 


3(a + 6) sinh x \ a + 6 


— tanh — 


BY (297.80) 


a = arccos 


\Jb 2 - a 2 


r = 


72 


7 a sinh x + 6 cosh x ’ 


0 < a < 6, — arcsinh 


7&2^ 


< X 


56. 

57. 

58. 

59. 

60. 


dx 


\J a sinh x + 6 cosh x V 6 2 — a 


F(a, r) 


7 a sinh x + 6 cosh x dx = \J^{b 2 — a 2 ) [F (a, r) —2 E(a,r)\ + 


2 (a cosh £ + 6 sinh x) 
\J a sinh x + 6 cosh a: 


dx 


(a sinh a: + 6 cosh a;) 
dx 


3 I/ 7 2 - ° 2 )' 


[2 E(a, r) — F(a, r)] 


BY (299.00) 

i 

BY (299.02) 
BY (299.03) 


* 7 


yj ( a sinh x + b cosh x) 5 ^ V a2 ) 

' ( Vb 2 — a 2 + a sinh x + 6 cosh a;) dx 


4 2 

5%r) + - 


a cosh x + 6 sinh x 


^ ^ a ^ ^ (a sinh x + 6 cosh x) 3 

BY (299.03) 


(a sinh x + 6 cosh a:) 3 


= 2 


6 2 — a 2 


E(a, r) 


BY (299.01) 


2.47 Combinations of hyperbolic functions and powers 

2.471 

1. [ x r sinh 1 ’ x cosh' 1 x dx 


1 


( p + q)x r sinh p 1 x cosh 9 1 x 


(p + 7 2 

— rx r_1 sinh p x cosh 9 x + r(r + 1) J x r ~ 2 sinh p x cosh 9 x dx 
+ rpj x r ~ 1 sinh p_1 x cosh 9 ^ 1 x dx + (q — 1) (p + q) J x r sinh p x cosh 9-2 x dx 
: 7 — (p + d)x r sinh p_1 x cosh 9+1 x 

(P + Qr L 

— rx r_1 sinh p x cosh 9 x + r(r — 1 ) J x r ~ 2 sinh p x cosh 9 x dx 

— rqj x r ^ 1 sinh p_1 x cosh 9 ^ 1 x dx — (p — 1) (p + q) J x r sinh p_2 x cosh 9 x dx 

GU (353)(1) 
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2. I x n sinh 2m x dx = (— l) r 


2m\ x’ 


,n+ 1 


2 2m (n + 1) 2 2 


2 m 


3. 

4. 

5. 

2.472 

1. 

2 . 

3. 

4. 

5. 11 

6 . 

7. 

8 . 

9. 


x n sinh 2m+1 x ( 


1 m 


k—0 


k ( 2 m + 1 
k 


' x " cosh 2 ™ xdx=l 2m ) 02 ^ V f 

m. ) 2 2m (n+l) 2 2m_1 ^ \ k 


- ^ (— l) fe ^ J J x n cosh(2m — 2fc)x dx 
J x n sinh(2m — 2k + l)x dx 

x n cosh(2m — 2k)x dx 


x n cosh 2m+1 x dx = ^ f ^ 'j J " a '” cosh(2m — 2k + l)x dx 


2 2m ^ V k 

k—Q x 


1 sinh xdx= x n cosh x — n / x™ 1 cosh a: dx 


J 

= x n cosh x — nx n_1 sinh a; + n(n — 1) j x n ~ 2 sinh x dx 

x n cosh xdx= x n sinh x — nj x™^ 1 sinh x dx 

= x n sinh x — nx n_1 cosh x + n(n — 1)^ x n ~ 2 cosh x dx 


„2n 


„2k 


sinh xdx = (2n)! 


y,2k — l 


f " r x 2fc+i 

x 2n+1 sinh xdx = (2 n + 1)! t txt — — ttt cosh x — ,, sinh x 

fe=o ^ 


(2fc- 1)! 

jh x — — 
(2k + 1)! (2 ft)! 


sinh x 




1 cosh xdx = (2 n)! ^E (2fc)! smha; -E 


„2fe-l 


(2As — 1)! 


cosh x 


f x 2n+1 cosh x dx = (2n + 1)! ^ | 
d k - 0 ^ 


x sinh x dx = x cosh x — sinh . 


ZL r a ; 2 ^ 1 


„2fc 


— — sinh x — — — cosh x 

(2/c + l)! (27c) ! 


J x 2 sinh x dx = (x 2 + 2) cosh x — 2x sinh . 


x cosh xdx = x sinh x — cosh 


10. J x 2 cosh xdx = (x 2 + 2) sinh x — 2x cosh x 


2.473 Notation: 2 ^ = a + bx 

1. 


2 i sinh fcx dx = — Zi cosh kx ~ — sinh kx 
k fc 2 



2.474 


Hyperbolic functions and powers 


141 


2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


9 . 

10 . 

11 . 


12 . 


2.474 

1. 


2 . 


3 . 

4 . 


Z\ cosh kx dx = 


z 2 sinh kx dx 


z 2 cosh kx dx 


—Zi sinh kx — — cosh kx 
k k z 


Z K 

- ^z 2 + cosh kx — —j^r sinh kx 


1 


zf sinh kx dx 


Z{ cosh kx dx 
r 

z\ sinh kx dx ■- 
r 

z\ cosh kx dx 
r 

z\ sinh kx dx - 
r 

zf cosh kx dx 


zf sinh kx dx - 


zf cosh kx dx - 


l {** + %-) sinh kx 
z\ ( 2 6 b 2 


k 

Zi 


Z 1 + 


f 2 2 b 2 

z l + 


9 

z i + 


1 


' 4 i26 2 

k l~ 1 + 


1 

k 


^COShfcc 

rC 

cosh kx - ^ 
p ) sinhfcc - % (*i + coshkx 

24 b 4 


^) sinhfa 


+ 


L (/ 9 

12fo 2 


V y 

24& 4 \ , , 46 z! 

-p— J cosh kx 


2 66 2 

"P” l ~ 4 + 


£i 

k 

zi 


1 


4 , 
2 1 + 


2 246 4 ) . 46 zi f 2 Ob 2 

~W Zl + ~k r ) smhkx ~-^\ Zi + 

20 b 2 2 _ „„ b 4 

~W Zl + U0 ¥ 


k 2 

0 ^) coshfcx- p 




2- 


6 2 fr 4 \ 

'1 + 12 p 2 i 2 + 24 pJ sinhfcr 

P^ + 12 ^ + 2 4) c °sllfe 

/ 72 u4 u 6 \ 

, ( 2 ? + 30 — z 4 + 360 — z 2 + 720 — ) cosh kx 
k \ k z A ; 4 k° J 

(4 + 20 ^z 2 + 120 y sinh kx 


k 2 

l + 20 p^ + 120 ^) sinhfcx-^ i 


& 2 6 4 \ 

O-ijZ? + 120 — r ) sinh kx 

k- fc 4 ) 

1 / p J,4 l6 \ 

( z? + 30 — z 4 + 360 — z? + 720 — I sinh fca; 

\ fc- fc 4 fc b ) 

( 2 1 + 20 ^2 2 1 + 12 °y cosh kx 


n+1 I L n / 2 J 


x 1 n! ^ I # 

2 (n+ 1 ) + ^ f ^ 0 1 2 2fc (n - 27 c)! 


r i—2k 


%-2k-l 


' a:" sinh 2 xdx = — vv- tv + i wcv vwr sinh 2 a; — vwv — tvt cosh 2 a; 


2 2fe+1 (n — 2k — 1 )! 


GU (353)(2b) 


9 

a; n cosh xdx = 


, L™/2J 

7t: v "s 

T 


a ;" +1 n! L P 4 J f x n ~ 2k 


2 (n + 1 ) 4 ^ \ 2 2 fe (n- 2 yfc)! 


o-2fc-l 


sinh 2 a; — 


2 2fc+1 (n — 2 fc — 1 )! 


1 

4 * 


• -1 2 7 J- . J- _ _ X 

x sinh xdx = , x sinh 2 a; — - cosh 2 a; — 


f 2 . , 2 , 1 / 2 1 \ . n „ x x s 

x smh x dx = - \x + - I sum 2 a; — — cosh 2 a; — 


cosh 2 x 


GU (353)(3e) 


MZ 257 
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2.475 


5. 

6 . 

7. 


f ,27 x ■ 1 „ x 2 

x cosh x ax = — smh 2x — - cosh 2x H — — 


o 1 \ X X 3 

x z cosh z xdx = ^ [ x 2 + - ) sinh 2x — — cosh 2x + - — 
4 V 2 4 6 


MZ 261 


3 

x n sinh x dx 


, L«/2J 


Til ^ 


x" 2fc ( cosh3x „ \ x n 2k i ( sinh3x 


4 t^o K n ~ 2/c ) ! V 32fe+1 


n-2k-l 

— 3 cosh x ) — t — — r ( , „ 3 sinh x 


(n — 2k — 1)! ^ 3 2fc + 2 


GU (353)(2f) 


' 3 

x n cosh x dx 


9. 

10 . 

11 . 

12 . 


, L«/2J 


71: \ -v 

_ 7 4^ 


x n 2k ( sinh 3x \ x n 2k 1 ( cosh 3x 


4 ^ t(n-2fc)! V 3^+i 


+ 3 sinh x — 


(n — 2k — 1)! V 3 2fc + 2 


3 cosh x 


GU (353)(3f) 


f 3 \ 3 x 

x sinh 3 x dx = - sinh x — — sinh 3x — -x cosh x — — cosh 3x 


36 


12 


f 2 . , 3 , ( 3x 2 3\ ( x 2 1 \ 3x x 

x smh xdx = — — — b - coshx + — H cosh3x + — smhx — — sinh 3x. MZ 257 

V 4 2) \ 12 54/ 2 18 

f 3 i 3 x 

x cosh 3 xdx = — - cosh x — — cosh 3x + . x sinh x + — sinh 3x 


36 


12 


2 , 3 , / 3 2 3\ . , f x 2 1 \ 3 x 

x cosh xdx = —x + - smhx + — H sinh 3x — -X cosh a: — — cosh3x 

.4 2/ V 12 54 J 2 18 


MZ 262 


2.475 

1. 


" sinh 9 x (p — 2) sinh 9 x + qx sinh 9 1 x cosh x 

■ dx— 


x p 


(p — 1 )(p — 2)x p_1 
q(q — 1) f sinh 9-2 # 


(p-l)(p-2)J xP~ 2 


dx - 


(p-l)(p-2) 


/ sinh 9 x , , 

—p=^ dx [p > 2] 


GU (353)(6a 


2 . 


" cosh 9 x (p — 2) cosh 9 x + qx cosh 9 1 x sinh x 

(IT = 

xp (p-l)(p-2)xP- 1 

9—2 - g 2 


q(q — 1) /'cosh 9 2 x 


(p-l){p-2)J xp 


-2 


dx - 


(p- l)(p-2) 


/ cosh 9 x , 

-^=2-^ b>2] 

GU (353)(7a) 


3. 


"sinh x 1 f^— ?(2/c+l)! 

dx = — 


y>2ll 


x(2n — !)! x 


v-^ “t - - L ^ 1 i (2fc) ! . 

Z. ,.2fc+l C0Sh X + 2^ ^2k- S1Ilh * 


fc =0 


(2n- 1)! 


chi(x) 

GU (353)(6b) 


4 . 


’ sinh x , if 7Z (2k ) ! 

■dx — — 


*-»2 7T. — |— 1 


x(2n)! | x 

v 1 fc=0 


Yl \ \ 

Y C0Sh * + ^y+r 1 sinh x \ + 7^77 shi (*) GU (353)(6b) 


k—0 


(2 n)! 
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5. 


'cosh a; 1 

dx = — 


r 2 n 


X (2n-l)l ^ * 


v— t (2k + 1)! . . ^4(2 k)\ t 

B ,. 2fc +i smh * + B — cosh x 


r 2k 


k=0 


(2n — 1)! 


shi(x) 

GU (353)(7b) 


6 . 


7. 


9. 


10 . 


11 . 


12 . 


13. 


cosh a: 

— S — r~r dx = — . . 

2n+1 (2n)!x I x 

v ' l fe=0 




1 fc 1 (2fc)! . x ^ 

^7 L^ sinhs + L 


^fc+i^ cosh 21 \ + TTGTTf chi(x) GU (353)(7b) 


k—0 


(2n)! 


' sinli 2m 

dx = 02 

x 2 2 


m— 1 


* = £(-l)‘ f 2 r) chi(2m - 2k), + till (2m' t ^ 


k—0 


2 2m V 771 


•sinh 2m+1 


1 7 ft 


fc / 2m + 1 


k—0 


shi(2m — 2k + l)x 


’ cosh 2m x 


1 ’v-Z ( 2 m\ , . If 2m\ 

dx = - t, t > , chi(2rn — 2k)x + — Inx 

x 2 2m_1 ^ \ k 1 y ’ 2 2m \m 

fc= 0 v 7 v 


cosh 2 +1 x 1 

dx = „„ 

x 2 2 " 


£( 2 “ + > 

k— n \ / 


chi(2m — 2k + l)x 


’ sinh 2m x 


dx = 


k=0 

( — l) m— 1 (2m 


2 2 '"‘x \ TO 

m— 1 


GU (353)(6c) 
GU (353)(6d) 

GU (353)(7c) 
GU (353)(7c) 


( 2 :){ cosh(2, r 2t)i - <*- - *) ■>■*<>»> - »>.} 

fc=0 \ / k J 


”sinh 2m+1 


’ cosh 2m x 


1 ui 

~ dx = 


dx 


k+i / 2 to. + 1 

22m ^ l k 

k—0 y 

sinh(2m — 2k + l)x 


— (2 to — 2k + 1) chi(2?7i — 2k + l)x 


14. 


1 (2 to\ 1 x - ( 2m\ ( cosh(2m — 2k)x 

^r x ( m )-^ tE(,J - < 2 '" - 2(: > sl '‘< 2 ’" - 2 ‘>* 


’cosh 2m+1 x 


dx 


1 (2m . + 1\ f cosh(2m — 2fc + l)x . . . . 

= - 22^ B ( k M ( 2m - 2fc + !) shl ( 2m - 2fc + !)* 

fc=0 ' 7 ^ 


2.476 

1 . 


’ sinh kx 1 

— dx = - 

a + bx b 

1 

" 2b 


cosh — shi(u) — sinh — chi(w) 
b b 

exp t) Ei ( u ) _ exp (y ) Ei (~ u ) 


u = — (a + for) 
b 
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2 . 

3. 

4. 

5. 

6 . 

7. 


9. 


10 . 


11 . 


12 . 


" cosh kx 
a + bx 


dx = 


cosh —— chi(tt) — sinh — shi(u) 


b 

ex P ( ~'~T ) Ei ( u ) + ex P ( ~r 


sinh kx 
( a + bx ) 2 
cosh kx 
( a + bx) 2 
sinh kx 
( a + bx) 3 


cosh kx 
( a + bx) 3 


sinh kx 
( a + bx) 4 


cosh kx 
( a + for) 4 


sinh kx 
( a + bx) 5 


cosh kx 
( a + bx) 5 


sinh kx 
( a + bx) 6 


cosh kx 
( a + bx) 6 


dx 
dx 

dx 

dx = — 

dx = — 

dx = — 

dx= — 


ka 
~b 

sinh kx 
a + bx 
cosh kx 
a + bx 
sinh kx 


k 

u = 


[' cosh kx 
I a + bx 

/ sinh kx 
a + bx 
k cosh kx 


dx 


Ei(— u) 

(see 2.476 2) 


bx) 


dx 


2 b(a + bx) 2 2b 2 (a + bx) 


cosh kx 
2 b(a + bx) 2 


k sinh kx 
2 b 2 (a + bx) 


k 2 

252 


k 2 

2b 2 


(see 2.476 1) 
’ sinh kx 

dx 


a + bx 


(see 2.476 1) 
’ cosh kx 


a + bx 


dx 


(see 2.476 2) 

k 2 sinh kx k 3 /' cosh kx 

6b 3 (a + bx) + 66 3 J a + bx 
(see 2.476 2) 

k 2 cosh kx k 3 f sinh kx 
3b(a + bx) 3 6b 2 (a + bx) 2 65 3 (a + bx) 65 3 J a + bx 


sinh kx 
3b(a + bx) 3 

cosh kx 


k cosh kx 
65 2 (a + bx) 2 

k sinh kx 


dx 


dx 


sinh kx 
45(a + 5x) 4 
k 3 cosh kx 


k cosh kx 


(see 2.476 1) 
k 2 sinh kx 


12b 2 (a + bx) 3 24b 3 (a - 
fc 4 / sinh kx 

dx 


bx y 


24b 4 (a + bx) 24b 4 J a + bx 


dx= — 


cosh kx 
4b(a + bx) 4 
k 3 sinh kx 


k sinh kx 
12b 2 (a + bx) 3 


(see 2.476 1) 
k 2 cosh kx 
246 3 (a + bx) 2 


k 4 


" cosh kx 


24b 4 (a + bx) 24b 4 J a + bx 


dx 


dx= — 


k cosh kx 


sinh kx 
56(a + bx) 5 
k 4 sinh kx 


12Qb 5 (a + bx) 1205 5 


(see 2.476 2) 
k 2 sinh kx 


k 3 cosh kx 


20b 2 (a - 
k 5 


bx) 4 6 05 3 (a- 

fcoshkx 

dx 


bx) 3 1 205 4 (a + 5a;) 2 


bx 


dx= — 


cosh kx 
5b(a + bx) 5 
k 4 cosh kx 


k sinh kx 


(see 2.476 2) 

k 2 cosh kx k 3 sinh kx 


20b 2 (a - 
k 5 


120b 5 (a + bx) 120b 5 J a+bx 


bx) 4 6 05 3 (a + bx) 3 1 205 4 (o + bx) 2 

I ’ sinli kx 

dx 


(see 2.476 1) 
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2.477 


x p dx —px p 1 sinhx — (q — 2)x p coshx p(j>—l) f x p 2 

sinh 9 x (q — l)(q — 2) sinh 9-1 x {q — l)(g — 2) J sinh 9-2 x 

q — 2 f x p dx 


q — 1 J sinh 9 2 . 


[q> 2 ] 


v p dx px p 1 cosh x + (q — 2)x p sinh x p(p — 1) f x p 2 dx 
3sh <? x (g — l)(g — 2) cosh 9-1 x (g ~ l)(g -2)7 cosh 9-2 x 


q — 2 C x p dx 
q — 1 7 cosh 9-2 x 


■dx = Y J 


“ (2 - 2 2fc ) B- 


(n + 2k)(2k)\ 


2k ^ji+2k 


[q> 2 ] 


< 7t, n > 0] 


GU (353)(8a) 


GU (353)(10a) 


GU(353)(8b) 


dx = J2 


(n + 2k + l)(2fc)! 


M < 2> n >° 


GU (353)(10b) 


dr 2 n ~ 1 — 1 

= - [1 + (-1)1 —B n lnx 

sinh x n\ 

00 9 _ 92 k 

+ ]i(2k-n)(2k)\ B2kx2k " 

k 7^ ^ 


|x| < 7T, n > 1] 


GU (353)(9b) 


dx 

x n cosh x 


= E 


(2k — n + 1) (27c) ! 


+ |d+(-D-]+ 5 ^ f 1 — 


1 1 77 

M < j 


sinh 2 x 


dx = — x n coth x + n 


o2fc o 

Z ^ 2k x n+2k-l 

(n + 2k — l)(2fc)! 


GU (353)(llb) 


[n > 1, |x| < 7 r] 


cosh 2 x 


00 o2/c /o2/c l\ D 

dx = x" tanh x - n V - 1 

^ (n + 2k — l)(2k)\ 

k— 1 


«>!» kl < 2 


dx coth x 2"n 

9—= 1 - (- 1 ) 7 — B n+ ilnx 

x n sinh 2 x x n (n + 1)! 


GU (353)(8c 


GU (353)(10c) 


x”+! ^ (2fc-n-l)(2jfe)! 


[|x| < 7t] 


GU (353)(9c) 
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dx tanh x 2n (2” +1 - l) n 

+ 1' - (- 1 ) ) - \„ +1)! ; >” 

I n V" (2 2fc - 1) g 2 fc , s 2 fc 

®"+i ^ (2fc-n- l)(2/c)! 1 ' 

r, , 7T] 

N < 2J 


GU (353)(llc) 


dx = 5Z( _1 ) 


k (2 n - 2)(2n - 4) . . . (2n - 27c + 2) 
(2n - l)(2n - 3) . . . (2n - 27c + 1) 


x cosh x 
sinh 2 ” -2fc+1 


_ , 1 1 , / -j\n — 1 ( 2?t — 2 ) !! f xdx 

x (2n — 2k) sinh 2 " -2fe x } (2n — 1)!!J sinh 2 2 ; 

(see 2.477 17) GU (353)(8e) 


sinh 2 ” 1 x 


= E(-d 


, fc (2n — 3)(2n — 5) . . . (2n — 2/c + 1) 

~ ' (2n-2)(2n-4)...(2rc-2/c) 

x cosh x 1 1 (2n — 3)!! f xdx 

smh 2n ~ 2k x + (2n — 2k— 1) sinh 2 ” -2fc-1 x) (2n - 2)!! J sinh x 

(see 2.477 15) GU (353)(8e) 


cosh 2 ” ; 


(2 n - 2) (2 n - 4) ... (2 n - 2/c + 2) 

(2n — l)(2n — 3) . . . (2 n — 2k + 1) 

J x sinh 2 : 1 

X I cosh 2 "- 2fc+1 a; (2n — 2k) cosh 2 ” -2fc : 


(2n — 2)!! f xdx 

(2 n — 1)!! J cosh 2 a 


(see 2.477 18) 


GU (353)(10e 


x ^-4 (2n — 3)(2n — 5) . . . (2n — 2k + 1) 

cosh 2 ” -1 x X “ (2n — 2)(2n — 4) . . . (2n — 2/c) 


(2n — 3) ! ! f xdx 


x dx ^-~v 2 — 2 2k 2 

sinhx (2k + 1) (27c) ! 2fe 

x dx E 2 kX 2k+2 

cosh x (2/c + 2) (2/c) ! 


sinh 2 x 
x dx 


= — x coth x + In sinh x 


= x tanh x — In cosh x 


xdx xcoshx 1 If xdx 

si nh 3 x 2 sinh 2 x 2 sinh x 2 J sinhx 


i 2 ” -2fc-1 xj ( 2 n- 2 )!!. 

/ coshx 

(see 2.477 16) 

GU (353)(10e) 

x < 7 r 

GU (353)(8b)a 

1 1 7r 

1*1 <2 

GU (353)(10b)a 


MZ 257 


MZ 262 

(see 2.477 15) 

MZ 257 
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20 . 

21 . 

22 . 

23. 

24. 


x dx 
cosh 3 x 
x dx 
sinh 4 x 
x dx 
cosh 4 x 
x dx 
sinh 5 x 


2 cosh x 
1 


x sinh x 1 

2 1 

2 cosh x 

x cosh x 
3 sinh 3 x 
x sinh x 1 

3 cosh 3 x 6 cosh 2 x 

x cosh x 1 


xdx 
cosh x 


(see 2.477 16) 


2 2 

o b -x coth x — - In sinh x 

6 sinh 2 a; 3 3 


2 2 

x tanli x In cosh x 

3 3 

3x cosh x 3 


4 sinh a; 12 sinh' 5 x 8 sinh a; 


; dx 


; sinh : 


1 


3a; sinh x 


3 3 I" xdx 

8 sinh x 8 J sinh x 
(see 2.477 15) 
3 3 f xdx 


cosh 5 x 


4 cosh a: 12 cosh a; 8 cosh a; 


8 cosh x 8 J cosh x 
(see 2.477 16) 


MZ 262 

MZ 258 

MZ 262 

MZ 258 

MZ 262 


2.478 

1. 


2 . 


3. 

4. 

5. 

6 . 

7. 

8 . 


x n cosh x dx 


x n 1 dx 


m— 1 


(a + b sinh x) (to, — 1) 5 (a + 5 sinh x) 

x n sinh x dx x n 

(a + b coshx)” 1 (to, — 1)5 ( a + 5coshx) m_1 

xdx a; x 

= x tanh 2 In cosh — 

1 + cosh x 2 2 

xdx x x 

- — = x coth — — 2 In sinh — 

1 — cosh a; 2 2 


(m — 1)57 (a + 5 sinh a ;) m 1 

[to yf 1] 

n f a:" -1 dx 


(m— 1)57 (a + 5 cosh x) m 1 

[to. yf 1] 


x sinh xdx x x 

o = — t ; b tanh - 

(1 + cosh a;) 1 + cosh a; 2 

x sinh xdx x x 

o = 7 ; coth - 

(1 — cosh a;) 1- cosh a; 2 


; dx 


1 


cosh 2a; — cos 2 1 2 sin 2 1 


x cosh x dx 1 

cosh 2a; — cos 2 1 2 sin t 


[L(u + t) — L(u — t) — 2 L(t)] 


MZ 263 


MZ 263 


MZ 262-264 


[m = arctan (tanh x cot t) , t ^ ±n7t] 

LO III 402 


u + t 
2 


- L 


u — t 
2 


+ L 


v — t 
2 


- 2L - - 2L 
2 


+ L ^ 7T — 

7T — t 
2 


v + t 


„ f , X t\ n ( , X t\ 

= 2 arctan tanh — • cot - I , v = 2 arctan I coth — • cot - I ; t ±nir 


LO III 403 
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2.479 

1. 

7 

2 J* 

3 J* 
*■ j x 

5. /, 

6. ]* 

7. f x 1 


sinh 2m x 
dX = 


cosh" x 

sinh 2m+1 x 
cosh" x 


m 

E(- 1 ) m+fe ( 


m\ f x p dx 


k—0 


k > 7 cosh"- 2fe X 


(see 4.477 2) 


dx 


m 

= E(- x ) m+fc ( 


fc= 0 


0 sinh x 
cosh " -2fc x 


dx 


sinh x 
cosh " x 


dx = — 


[n > 1] (see 2.479 3) 
x p ~ 2 dx 


p cosh^E dx = ^r( 

fc= 0 


(n — 1) cosh" 1 x n — 1 J cosh" 1 x 

\n 

to \ f x p cosh x 


sinh" x 


k ) J sinh" 2k x 


> 1] (see 2.477 2) 
(see 2.477 1) 


■*> C ° S h am+lx dx = ^( t 


in \ f x p cosh x 


sinh" x 
cosh x 


fc= o 


sinh" -2fc x 


dx 


(see 2.479 6) 


dx = - i / 

sinh" x (n — 1) sinh" -1 x n — 1 J sinh" -1 x 

L, 


p f x p 1 dx 

L n-1 


~ 2 2k (2 2k - 1) B 2k 

tanh xdx= > — 7— -7——: — : 

{2k + p)(2k)\ 


,p+2fc 


8. [x p coth xdx = Y — 2 B™„ x p+2k 

J ^(p + 2k)(2k)\ 

f x cosh x x x 

9. / k — dx = In tanh — — — 

7 sinh x 2 sinh a; 

f x sinh x x . . 

10. / — — dx = F arctan (sinh x) 


[n > 1] 

(see 2.477 1) 


1 1 7r 


P > -1, 

kl < 2J 


\P > +1, 

\x\ < 7t] 



cosh 2 ; 


cosh : 


2.48 Combinations of hyperbolic functions, exponentials, and powers 

2.481 

r e ax 

1. j e ax sinh(6x + c) dx = — -5- [asinh(6a; + c) ~ 6cosh(6a; + c)] 


[a 2 / b 2 ] 


e ax cosh(6x + c) dx = -r. — [acosh( 6x + c) — 6 sinh (for + c)l 
— b“ 


[a 2 ± b 2 ] 


GU (353)(12) 


GU (353)(13c) 
GU (353)(12d) 

GU (353)(13d) 

MZ 263 


2 . 
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For a 2 = b 2 : 


3. 

4. 

5. 

6 . 

2.482 

1. 

2 . 


3. 


2 ax-\-c 


f i _ i , 

/ e ax sinh(ax + c) dx = — xe c H e 

7 2 4a 

[ e~ ax sinh(ax + c) dx = l xe c + — e - {2ax+c) 
7 2 4 a 

[ 1^1 

/ e ax cosh (ax + c) dx = -xe c + — 

7 2 4a 


2aa:+c 


V ax cosh (ax + c) dx = lxe c - _L e -( 2 ^+=) 
2 4a 


x p e ax sinh bxdx=-\ / x p e (a+b)x dx - / x p e (a ~ b)x dx 


' cosh bx dx = i jy x p e (o+b)x dx + J x p e {a ~ b)x dx 


^b 2 } 


^b 2 ] 


3. 

4. 

5. 

2.483 

1. 

2 . 


For a 2 = b 2 : 

/ I f T P+! 

x p e ax sinh ax dx = - x p e 2ax dx - — 

27 2(p+l) 


x p e ax sinh ax dx = 


v p+i i 


2(p+l) 2 

x p+1 1 


- = / x p e~ 2ax dx 


x p e ax cosh ax dx = — — + - / x p e 2ax dx 

2(p + 1) 27 


(see 2 . 321 ) 
(see 2 . 321 ) 
(see 2 . 321 ) 


xe ox sinh 6x dx = 


xe ax cosh bx dx = 


a 2 — 6 2 


a 2 — 6 2 


ax — 


a 2 + b 2 \ . 


-b 2 J 


sinh bx — I bx — 


2 ab 

a 2 — b 2 


¥= b 2 ] 


a 2 + b 2 \ 

aX ~^b 2 ) 


cosh bx — bx — 


2 ab 


a 


a 2 — b 2 

2 ^b 2 } 


cosh bx 


sinh bx 


x 2 e ax sinh bx dx — 


a 2 — b 2 | 
bx 2 - 


ax 2 — 


2 (a 2 + b 2 ) 2 a ( a 2 + 36 2 ) 

'3? — I - 


a 2 — 6 2 


2 4a6 26 (3a 2 + 6 2 ) 


rX + 


2 - (a 2 - 6 2 ) 5 


(a 2 - b 2 ) 
coshxl 


sinh bx 


MZ 275-277 


MZ 276, 278 


■ 2 ± b 2 \ 
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2.484 


4. 


5. 

6 . 

7. 


5. 

6 . 

7 . 


x 2 e ax cosh bx dx = 


a 2 — b 2 | 
bx 2 — 


ax 2 — 


2 (a 2 + & 2 ) i 2a (a 2 + 36 2 ) 


a 2 — b 2 


2 4afr 2 b (3a 2 + 6 2 ) 


J 2 (a 2 — & 2 ) 2 


(a 2 - b 2 Y 
sinh x 1 


cosh bx 


a 2 Y b 2 \ 


For a 2 = b 2 : 


xe ax sinh ax dx = 


0 2 ax 


4 a 


x — 


2 a 


x 

T 


xe ax sinh ax dx = 


0 —2 ax 


4 a 


2a 


T 


MZ 276, 278 


xe ax cosh axdx = — + 


4a 


x — 


9. 

10 . 

11 . 

2.484 

1. 

2 . 

3. 

4. 


xe ax cosh ax dx = — 


x 2 e ax sinh ax dx = 


4 a 


2 a 


£ + 


2a 


4a 


ore ax ’ sinh ax dx = 


4 a 


0 x 1 
£ I - ^ 

a 2a 2 


r, x 1 

^ 4 1 - ^ 

a 2a 2 


a; 

y 


ar 

T 


are aa; cosh ax dx = — + 


6 4a 


* r 

a 2a 2 


/* dx 1 

/ e ox sinh bx — = - {Ei[(a + 6)a;] — Ei[(a — &)a;]} 
J X z 

r dx \ 

/ e oa: cosh bx — = - {Ei[(a + b)x] + Ei[(a — 6)a’]} 
J x 2 


[a 2 Y b 2 ] 
[a 2 Yb 2 ] 


e ax sinh bx —pr = - 


dx e ax sinh bx 1 


2 ^ + - {(a + b) Ei[(a + b)x\ — (a — b) Ei[(a — b)x]} 


Yb 2 ] 


e ax cosh bx^r = — 


For a 2 = b 2 : 


dx e ax cosh bx 1 


2 ^ + 2 i( a + b) Ei[(a + b)x] + (a - 6) Ei[(a — fo)ar] } 


^b 2 ] 


C (jnr 1 

/ e ax sinh ax — - = - [Ei(2aa?) — In a;] 

J x z 

r dx 1 

/ e~ ax sinh ax — = - [In a; — Ei(— 2aa;)] 
J x z 

r dx 1 

/ e ax cosh ax— = - [In x + Ei(2aa;)l 
J x 2 
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/ fjrp 1 

e a * sinh ax— = (e 2ax - l) + aEi(2ax) 

x A 2x v 7 

/ rj'-r 1 

e~ ax sinh ax = — — (l — e~ ax ) + aEi(— 2ax) 
x z 2x v 7 

/ dx 1 

e 0 * cosh ax ( e 2ax + l) + aEi(2ax) MZ 276, 278 

2. 5-2. 6 Trigonometric Functions 

2.50 Introduction 

2.501 Integrals of the form J R (sin x, cos x) dx can always be reduced to integrals of rational functions 

X 

by means of the substitution t = tan — . 

2 

2.502 If R (sin x, cos a; ) satisfies the relation 

R (sin x, cos x ) = — R (— sin x, cos x ) , 

it is convenient to make the substitution t = cos x. 

2.503 If this function satisfies the relation 

R (sin x, cos x) = —R (sin x, — cos x ) , 

it is convenient to make the substitution t = since. 

2.504 If this function satisfies the relation 

R (sin x, cos x) = R (— sin x, — cos x) , 
it is convenient to make the substitution t = tan x. 


2.51-2.52 Powers of trigonometric functions 


sin p 2 x cos 9 x dx 


sin p+2 x cos 9 x dx 


„ /' . „ . , sin p 1 accos 9+1 a: p- 1 f . „_ 2 „, 2 

2.510 / sm p x cos 9 x dx = 1 / sm p x cos q+ x dx 

J _q+ 1 q+lJ 

sin p 1 x cos 9+1 x p— 1 

= + 

P + q p + q „ 

sin p+1 a;cos 9+1 x p + q + 2 
p+ 1 p+ 1 . 

sin p+1 xcos 9-1 x g-1 f +2 2 

= 1 / sm PT a; cos 9 xdx 

P+ 1 P+lJ 

sin p+1 a; cos 9-1 x q — 1 f . „ „_ 2 , 

= 1 / sm p a; cos 9 xdx 

p + q P + qJ 

sin p+1 x cos 9+1 x p + q + 2 


g + 1 q+ 1 

f 

sin 2 x — 


sin p x cos 9+2 x dx 


sm p 1 x cos 9 1 x [ . 2 q — 1 


P + <7 


p+q-2 


+ . ^ — E- [ sin p - 2 * cos 9 " 2 x dx 

{p + q){p + q-2)J 


FI II 89, Tl 214 
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2.511 


2.511 


sin p x cos 2n x dx 


sin p+1 x 
2 n + p 


cos 2n 1 x + ^2 
(2n — 1)!! t_1 


(2 n - l)(2n - 3) . . . (2 n - 2fc + 1) cos 2 ™- 2 *" 1 
(2n + p — 2) (2n + p — 4) . . . (2n + p — 2k) 


(2 n + p) (2n + p - 2) . . . (p + 2) . 


sin p a; dx 


This formula is applicable for arbitrary real p, except for the following negative even integers: 
—2, —4, . . . , —2 n. If p is a natural number and n = 0, we have: 


sin 2 * x dx 


-l , (2/ - 1) (2Z - 3) ... (2 1 - 2k + 1) 2 ;-2fc-i 

h 2fc(i - !)(/ - 2) . . . (i - fc) 


(21 — 1 )!! 


(see also 2.513 1) 

Tl (232) 


sin 2 * +i xdx = — 


2Z + 1 


sin 2 * £ + 




2 fc+1 Z(Z — 1) . . . (Z — fc) 


(2Z — 1) (2Z — 3) . . . (2Z — 2fc — 1) 
(see also 2.513 2) 


Tl (233) 


sin p £ cos 2n+1 xdx = 


sin p+1 £ 
2n + p + 1 


cos 2n £ + ^ 


2 k n(n — 1) . . . (n — k + 1) cos 2 


(2 n + p — 1) (2n + p — 3) . . . (2 n + p — 2fc + 1) 


2.512 


This formula is applicable for arbitrary real p, except for the negative odd integers: —1, —3, . . . , 
— (2n+l). 


cos p £ sin 2n £ dx 


cos p+1 £ 
2 n + p 


-1 £ + 5Z 


(2n - l)(2n - 3) . . . (2n - 2fc + 1) sin 2 "- 2 *" 1 
(2n + p — 2) (2n + p — 4) . . . (2n + p — 2k) 


(2n — 1)!! 


(2n + p) (2n + p - 2) . . . (p + 2) . 


cos p £ dx 


This formula is applicable for arbitrary real p, except for the following negative even integers: 
—2, —4, . . . , —2 n. If p is a natural number and n = 0, we have 


cos 2 * £ 


_ sma; j cog 2 *- 1 £ i V" (2/ 1)(2Z 3)... (2/ 2fc + 1) 2 j-2k-i 

tf£- ^ | cos £ + ^ 2 fc (/-l)(/-2)...(;-fc) 

(2Z — 1)!! 


(see also 2.513 3) 


Tl (230) 
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3. 


4. 


cos 2i+1 xdx = 


sm a; 

21 + 1 


COS 21 X + ^2 


fc= 0 


2 fc+1 ;(; - 1) it) 

(2/- 1)(2Z — 3) . . . (2Z — 2fc — 1) 


cos 2/ - 2fc - 2 x 


(see also 2.513 4) 


Tl (231) 


cos p a;sin 2 " +1 xdx 


cos p+1 x 
2n + p + 1 


sin 2 " x + 


2 k n(n — 1) . . . (n — k + 1) sin 


2n—2k , 


^ (2n + p — 1) (2n + p — 3) . . . (2 n + p — 2fc + 1) 


This formula is applicable for arbitrary real p , except for the following negative odd integers: — 1, 
3, . . . , — {2n + 1). 


2.513 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9 . 


2 2n V n 


. 2n > 1/2 n 

sin x dx = -z- 


sin 2 " +1 x 


(- 1 ) 


2 2r 


frEl- 1 )' 


fc= 0 


k f 2n\ sin(2n — 2 k)x 
2 n — 2k 


_ 1 ^ 1)”+! ^(-l) fc ^ 2n + cos ( 2n + 1 ~ ^x 


fe= o 


V fc 


2n + 1 — 2fc 


(see also 2.511 2) 

Tl (226) 

(see also 2.511 3) 

Tl (227) 


cos xdx = -tt— 

2 2n 


1 2 n 


1 


2 2r 


n— 1 

-E 


fc =0 


2n^ sin(2n — 2k)x 
k 


cos 2 " +1 X 


dx = - 5 — 

22n / v 


k—0 


2n — 2k 

(see also 2.512 2) 

2n + 1\ sin(2n — 2k + l)x 


1 


1 


1 


2 n — 2k + 1 


1 


(see also 2.512 3) 


sin xdx = — — sin 2x + -x = — - sin x cos x + —x 


' . , , 1 „ 3 1 , 

sin xdx = — cos 3x cos x = - cos x — cos x 

12 4 3 


sin 4 x dx = — 


3a: sin 2a; sin 4x 


32 

1 


= — sm x cos x sm x cos x H — x 

8 4 8 

5 5 1 

sin 5 xdx= — - cos x + — cos 3a: — — cos 5a; 

8 48 80 

1.4 4 3 4 

= — - sm x cos x + — cos x cos x 

5 15 5 


15 


1 


sin 5 xdx= —x— — sin 2a: + — sin 4a; — — — sin 6a; 

16 64 64 192 

1.5 5., 5 . 5 

= — - sm x cos x — — sm x cos x — — sm x cos x + — x 


Tl (224) 


Tl (225) 
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2.513 


10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 


/' . 7 , 35 7 7 1 

/ sm xdx = — — cos x + — cos 3x — — — cos 5x + —— cos 7x 
J 64 64 320 448 

1.6 6 -4 8 3 24 

= — - sm x cos x — — sm x cos x + — cos x — — cos x 
7 35 35 35 


1 


x 1 


1 


cos x dx = - sin 2x + — = — sin x cos x + —x 


3 i o . j. . 3 

cos x dx = — sm 3x + - sm x = sm x — - sm x 


[ 4 , 3 1 . „ 1 . , 3 3. 1. 3 

/ cos x dx = -x + - sm 2x + — sm 4x = —x + - sm x cos x + - sm x cos 
J 8 4 32 8 8 4 

/' 5 , 5 . 5 . 1 . r 4 . 4.3 1 4 

/ cos x dx = — sm x + — sm 3x + — sm bx = - sm x — — sm x H — cos 

./ 8 48 80 5 15 5 


15 


1 


cos b xdx= —x+ — sin 2x + — sin Ax + —— sin 6x 


64 


192 


16 64 

5 5. 5 . 3 1 . . 

= — x H sm x cos x H sm x cos x H — sm x cos x 

16 16 24 6 

' 7 , 35 . 7 . 7 . 1 . „ 

cos x dx = — sm x + — sm 3x + sm bx + sm lx 

24 . 8.3 6 . 4 1 . 6 

= — sm x — — sm x + — sm x cos x + - sm x cos x 


35 


35 


35 


7 


1 (A 


4 V 3 


sin x cos x dx = — - - cos 3x + cos x = — 


cos 3 x 


sin x cos 3 x dx = — 


cos 4 x 


sin x cos 4 x dx = — 


cos 5 x 


sin 2 x cos x dx = — - ( ... sin 3x — sin x ) = 


sin 3 x 


4 \3 

■ . 2 2 7 1 n . . 

sm x cos x dx = — - - sm 4x — x 

8 \4 

' 23 , 1/1 1 
sin x cos x dx = — — - sin bx + - sin 3x — 2 sin x 


16 V 5 
sin 3 x 


cos x + - | = 

O , 


sin 3 x ( 5 


— sm x 


1 


1 


sin 2 x cos 4 xdx = — + — sin 2x — — sin Ax — 


16 64 

1 /I 


64 


192 


sin 6x 


8 V 4 


sin 3 x cos xdx = - I - cos Ax — cos 2x ) = 


• 4 

sm x 


sin 3 x cos 2 xdx= ( - cos bx cos 3x — 2 cos x 
16 \5 3 

1 5 1 3 

= - cos x — - COS X 


X 

' x sin x 
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26. / sin 3 x cos 3 x dx = — ( - cos 6x — - cos 2x 

J 32 V6 2 ) 

f . , 4 , 1 o ( 2 3 . o .4 

27. / sm a; cos xdx = - cos x I — - — - sin x + sin x 


.a sin x 

28. / sm xcosxdx = 

J 5 

29. f sin 4 x cos 2 xdx = — x sin 2x sin Ax H sin 6x 

/ 16 64 64 192 


30. / sin 4 x cos 3 xdx = - sin 3 x I - + - cos 2 x — cos 4 x 


31. / sin 4 x cos 4 x dx = x sin 4x H sin 8x 

/ 128 128 1024 


2.514 


sin p+1 x 
2n — 1 


- 1 x+^ 


(2 n — p — 2) (2 n — p — 4) . . . (2n — p — 2k) 
(2n - 3)(2n - 5) . . . (2n - 2fc - 1) 


{2n — p — 2) (2 n — p — 4) . . . (— p + 2) (— p) 


sin p x dx 


(2n — 1)!! 7 

This formula is applicable for arbitrary real p. For J sin p x dx, where p is a natural number, see 2.511 2, 
3 and 2.513 1,2. Ifn = 0 and p is a negative integer, we have for this integral: 


2.515 


2.516 


dx cos x 

in^x = 21 — 1 


ij, 2 fc (Z - 1)(Z ^ 2) . . . (Z - fc) 2l _ 2k _ x 

x+ ^ w^m^r. \2i-2k- i) ro ” * 


Tl (242) 


dx cos x 

sin 2i+1 x ~ 21 


cosec 21 x + ^ 


(2Z — 1)(2Z — 3) . . . (2Z — 2fc + 1) _o t _ 2k 


^ 28 fc (Z — 1)(Z — 2) . . . (Z — fc) 


cosec x 


(21 — 1)!! a: 

— 2m — 111 tan 2 


Tl (243) 


’ sin p x dx 
cos 2 «+ 1 x 


sin p+1 x 


sec 2n x + ^ 


(2 n — p — l)(2n — p — 3) • • • (2 n — p — 2k + 1) 
2 k (n — l)(n — 2 ) ■ ■ ■ (n — k) 


sec x 


(2 n — p — 1) (2n — p — 3) • • • (3 — p) (1 — p) f sin p x 


This formula is applicable for arbitrary real p. For n = 0 and p a natural number, we have 
f sin 2,+1 x dx ' sin 2fe x 


= -£ 


— In cos x 
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2.517 


3. 

2.517 

1. 

2 . 

2.518 

1. 

2 . 


" sin 2/ x dx 
cosx 

dx 


sin 2fc_1 x 
^ 2k -1 

fc= l 


- In tan 


/ 7T X\ 

\ 4 + 27 


sm 


= -E 


2m+1 x cos x j'fyj (2m — 2k + 2) sin 2m 2k+ 2 ■ 


In tan x 


dx 


sin 2m xcosx (2m — 2k + 1) sin 


= E 


2m-2k+l 


+ In tan ( — — 


/ 7T X\ 

V 4 ~~ 2 ) 


' sin p x sin p 1 x 

dx = 

cos 2 x cos x 

'cos p xdx cos p+1 x 

sin 2 " x 2n — 1 

n—1 


— (p — 1) J sin p 2 x dx 


2r> — 1 

cosec x 


+ E 


(2 n - p - 2) (2n - p - 4) . . . (2n - p - 2k) 2n -2k-i 


fc= 1 


(2n - 3)(2n - 5) . . . (2n - 2fc - 1) 


cosec 


(2n — p — 2) (2n — p — 4) . . . (2 — p) (—p) 
(2n- 1)!! . 


cos p x dx 


This formula is applicable for arbitrary real p. For f cos p x dx where p is a natural number, see 
2.512 2, 3 and 2.513 3, 4. If n = 0 and p is a negative integer, we have for this integral: 


2.519 

1. 

2 . 


dx 


dx 


sm x 


Sint 


sec 2i 1 x + 


1-1 

E 


*;= 1 
1-1 


2 k (l-l)(l-2)...(l-k) 

(27 — 3)(2Z — 5) . . . (2Z — 2fc — 1) 


COS 2i + 1 X 


2.521 

1 . 


21 

(27-1)!! 

2 Hi 


' COS p X dx COS p+1 : 


sec 21 x + 


(27 — 1) (27 — 3) . . . (27 — 2fc + 1) 


sec 2i_2fc_1 x 


21 — 2k , 


Tl (240) 


fe= 1 

1 x \ 

tnun (- + -) 


2 k (l-l)(l-2)...{l-k) 


sec x 


Tl (241) 


sin 2 " +1 x 


2 n 


cosec x 


n—1 

+ E 

k = 1 


(2n - p - l)(2n - p - 3) . . . (2n - p - 2k + 1) 2n _ 2k 


2 k (n — l)(n — 2) . . . (n — k) 


(2 n — p — 1) (2 n — p — 3) ... (3 — p) (1 — p) f c.os p x 


2 n ■ n\ 


cosec 


dx 


sm x 


This formula is applicable for arbitrary real p. For n = 0 and p a natural number, we have 
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2 . 


3. 


'cos 21+1 xdx 


sm a; 


= £ 


l o u 
COS K X 


k = 1 


* cos 2Z x dx 


smx 


= £ 


cos 


2k 


2k— 1 , 


- In sin : 


k=l 


X X 

2t^r + lllt “2 


2.522 

1. 

2 . 

2.523 

2.524 


dx 


= £ 


sin x cos 2m+1 x ' (2m — 2k + 2) cos 2rn ~ 2k + 2 x 

/c— 1 


In tan x 


dx 


= £ 

k=l 


1 X 

(2m - 2fc + 1) cos 2 ™- 2 ^ 1 a: + “ tM 2 


’ cos m a; , cos m 1 x 
dx = 


sin 2 x 


smx 


— (m — l) J cos 71 


: dx 


GW (331)(15) 


In formulas 2.524 1 and 2.524 2, s = 1 for m odd and m < 2 n + 1; in other cases, s = 0. 


1. 


2 . 


’sin 2n+1 x 


cos" 1 a: 




k—0 


COS 2fc m+1 X 

2k — m . + 1 


+ «(-!) 2 


+i / n 

m— 1 
2 


In cos x 




sm x 




k—0 

k^rr^l 


sin 2fc-m+l ^ 

2fc — to + 1 


+ s(-l) m2 


m— 1 
2 


In sin x 


GU (331)(lld) 


2.525 

1. 

2 . 


dx 


sin 2m x cos 2n x 


ra+n— 1 

= £ 

fe= o 


m + n — 1\ tan 2fc ~ 2m+1 x 
k ) 2 k — 2 to + 1 


dx 


sin 2m+1 xcos 2rl+1 x 


ra+n 

= £ 

fc= 0 


to + n \ tan 2fc 2rra ; 


2fc — 2m 


m + n 

TO 


In tan x 


Tl (267) 


Tl (268), GU (331)(15f) 


2.526 

1. 

2 . 

3. 

4. 

5. 


dx x 

— = in tan — 

sm x 2 


dx 

sin 2 x 


= — cot x 


dx 

1 cosx 

sin 3 x 

2 sin 2 x 

dx 

cosx 

• 4 

sm x 

3 sin 3 x 

dx 

cosx 

sin 5 x 

4 sin 4 x 


H — In tan — 
2 2 


cot x = — - cot x — cot x 


— + - In tan- 
ixo z 
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2.526 


6 . 


dx 

sin 6 x 


cos x 4 o 4 

f cot x cot x 

5 sin a; 15 5 

1 . 2 , 

= — - cot x — - cot x — cot X 


7. 


9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 


dx 

—7 
sm x 

dx 

sin 8 x 


cosx 


a • 2 1-4 

bsm x \ sm x 


15 


4 sin 2 x 


5 x 

— In tan — 
16 2 


1 


= — | - cot 7 x + - cot° X + cot° X + cot X 


dx / 7T X\ / 7T X\ 

— = lntan (j + -)=!„ cot 


COSX 

dx 


1 + sin x 
1 — sin x 


= tan x 

os z x 

dx 1 sin x 


dx 


dx 


In tan 


/ 7T X\ 

V4 + 27 


2 cos 2 x 

sin x 2 1 , 

5 F - tan x = — tan x + tan x 

3 cos 01 x 3 3 


sin x 3 sin x 3 , / x 7t \ 

+ 7 > tan (- + -) 


cos 5 x 4 cos 4 x 8 cos 2 x 8 

,3 


dx sm x 4 , 4 1.2, 

— = 1 tan x H — tan x = - tan x H — tan x + tan x 

>s b x 5cos b x 15 5 5 3 


dx 


sm x 


5 sin x 


5 sin x 


cos 7 x 6cos 6 x 24 cos 4 x 16 cos 2 x 


5 (X TT\ 


dx 1 7 3 c o 

— = - tan x H — tan x + tan x + tan x 

cos 8 x 7 5 


smx 


dx = — In cos : 


cosx 


" sin 2 x 


cos x 


dx = — sin x + In tan ( — = — 


/ 7T X\ 

V 4 “ 2/ 


Sill 3 X , sin 2 X 1 2 

ax = In cos x = - cos x — in cos x 

cos x 2 2 

dx = — sin 3 x — sin x + In tan ( — I — ] 
cos x 3 V 2 4 / 


Sill x 


2 ""dx 


1 


' sin 2 x dx 


cosx 


= tan x — x 


23. 

24. 


Sill x 


3 "~dx 


= cos x H 

COS^ X COS X 

" sin 4 x dx 1 . 3 

^ = tan x + - sm x cos x — -x 

cos 2 x 2 2 
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sm xdx 1 1 o 

5 — = ^ 5 — = x tan x 

cos d x 2 cos^ x 2 


/' sin 2 x dx 

sinx 

1 , 

(i r 

x\ 

/ 


- in tan 

— — h 

-) 

) COS' 3 X 

2 cos 2 x 

2 1 

u 

2) 


’ sin 3 xdx 1 sin x 

cos 3 x 2 cos 2 x 

’ sin 4 xdx 1 sin x 

cos 3 x 2 cos 2 x 

’ sin x dx 1 

cos 4 x 3 cos 3 x 

' sin 2 xdx 1 o 

- = - tan x 

cos 4 x 3 

’ sin 3 xdx 1 

cos 4 x cos x 

’ sin 4 xdx 1 o 

= - tan x 

cos 4 x 3 

’ cos xdx , . 


In cos x 


3 (X 7T\ 

+ sm x — - In tan — + — 

2 \2 4/ 


cos x 3 cos 3 x 


- tan x — tan x + x 

O 


sm x 

' cos 2 x dx 
sin x 

' cos 3 x dx 
sin x 

' cos 4 x dx 
sin x 

' COS X , 


= In sin x 


= cos x + In tan 


2 

In sin x 


cos 3 x + cos x + In tan 


' cos 2 X 


= — cot x — X 


= — sm x — 


' cos 4 x 


— cot x sin x cos x x 

2 2 


’ COS 2 X 


' COS 3 X 


' COS 4 X 


2 sin 2 x 

cosx 1 x 

o « In tan — 

2 sin 2 a; 2 2 


— In sin x 


2 sin 2 x 

1 cos x 3 x 

- — — o cos x — - In tan — 
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2.527 


45. 

46. 

47. 

48. 

49. 

50. 

51. 

52. 

53. 

54. 

55. 

56. 

57. 

58. 

59. 

60. 
61. 

62. 

63. 

64. 


cosx 


■ 4 

sm x 


■ 4 

sm x 


■ 4 

sm x 


' COS 4 X 


■ 4 

sm x 


dx = — 


1 


dx = 


dx = 


3 sin 3 x 

1 4 
— cot X 
3 

1 


1 


dx 


■ : i x 3 sin 3 x 
1 


dx 


sm x cos x 
dx 

sin x cos 2 x 


1 o 

— - cot X + cot X + X 
o 


: In tan x 

1 X 

= b In tan — 

cos a: 2 


dx 


sm x cos° x 


dx 


1 

2 cos 2 x 
1 


- In tan x 
1 


sm x cos^ x 


X 

W.r, 5 F In tan — 

cos x 3 cos d x 2 


dx 


= In tan 


sm x cos x 
dx 

sin 2 x cos 2 x 
dx 

sin 2 x cos 3 x 
dx 

sin 2 x cos 4 x 


U + 2) 


- — cosec x 


= —2 cot 2x 

1 


/ 7T X\ 

1 (4 4 2 ) 


1 3, , „ „ 

02 r, / • F o l n Fan ( — + — 

2 cos 2 x 2 / sm x 2 

1 8 

— 3 cot 2x 

3 sm x cos J x 3 


dx 


sin x cos x 
dx 

sin 3 x cos 2 x 


1 

2 sin 2 x 
1 


- In tan x 
1 


dx 

xco 

dx 


sin 3 x cos 3 x 


3\ 3 , x 

1 4 — + - In tan — 

cos 2 : V 2 sin 2 2 : 2/2 2 


2 cos 2x 
sin 2 2x 
2 1 


2 In tan x 

cosx 


sin 3 x cos 4 x 


cos 


5 , x 

^ 71 7 9 F - m tan - 

x 3 cos 3 x 2 sin x 2 2 


dx 


1 


1 


sm x cos x 
dx 

sin 4 x cos 2 x 


sin x 3 sin 3 x 
1 


, / x 7 r\ 

+ in tan (— + — J 


dx 


3 cos x sin 3 x 
2 1 


— - cot 2x 


sm x 


sin 4 x cos 3 x 


sm 


x 3 sin 3 x 2 cos 2 x 2 


5 (x 
In tan — 
V 2 


dx 


• 4 4 

sm x cos 4 x 


= —8 cot 22 ; cot 3 2x 

3 


7 r 
4, 



2.532 


Sines and cosines of multiple angles and functions of the argument 


161 


2.527 

1. 

2 . 


' tan p 1 x f 2 , 

tarn x ax = / tan F x ax 


P~ 1 

, n 

t<m 2n+1 xdx=^2(-l) n+k 


1 


k= 1 


2A:cos 2fc x 


[P^ !] 

— (— 1)" In cos a; 


" r_l tfc— 1 2fc+2 

= £ ( ^ " - (-D-lncosx 


fc = 1 


3. 


4. 


5. 


tan 2n x dx = y~^(— 1) 


fc-i 


2n — 2k + 2 
tan 2n-2fc+1 ; 


fc=i 


2n — 2k + 1 


+ (— l) n x 


GU (331)(12) 


, cot p 1 x /' 2 

cot p xdx = / cot p x ax 

P- 1 7 


[?/ 1] 


/ n 

cot 2n+1 X(ix = y^(-l)"+ fc + 1 — + (— lrinsinx 

\kJ 2ksin 2k x 

. cot 2n ~ 2k+2 


= E(-D' 


fc=l 


2n — 2fc + 2 


+ (—1) " In sin x 


6 . 


cot 2 " xdx = Yx-iy 


, cot 


2n— 2/c+l , 


fe=l 


2n — 2fc + 1 


+ (-l) n x 


GU (331)(14) 


For special formulas for p = 1, 2, 3, 4, see 2.526 17, 2.526 33, 2.526 22, 2.526 38, 2.526 27, 2.526 43, 
2.526 32, and 2.526 48. 

2.53-2.54 Sines and cosines of multiple angles and of linear and more complicated 
functions of the argument 

2.531 


1. [ sinfax + b) dx = — - cos (ax + b ) 

J a 

2. J cos (ax + b) dx = sin(ax + b) 


2.532 


1 . J sin(ax + b) sin(cx + d) dx = 


2. 8 J sin(ax + b) cos (cx + d) dx = — 


sin[(a — c)x + b — d] sin[(a + c)x + b + d\ 
2(a — c) 2(a + c) 

[a 2 7^ c 2 ] 

cos[(a — c)x + b — d] cos[(a + c)x + b+ d] 


2 (a — c) 


2 (a + c) 
[a 2 7^ c 2 ] 
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2.533 


3. J cos(ax + b) cos (cx + d) dx = 


4. 


6 . 


sin[(a — c)x + b — d\ sin[(a + c)x + b + d\ 


2 (a — c) 


2(a + c) 

[« 2 7 ^ C 2 ] 


For c = a: 


• / , x „ . x ,, n sm(2ax + b + d) 

sm(ax + b) smlax + a) dx = — coslo — a) 

2 4 a 

cos (2 ax + b + d) 

4 a 

sin(2ax + 6 + d) 
4a 


5. J sin(aa; + 6) cos(aa; + d) dx = — sin(6 — d) — 


cos (ax + b) cos (ax + d) dx = — cos (b — d) + 


2.533 

l . 8 


sin ax cos bxdx = — 


cos(a + 6)x cos(a — b)x 
2 (a + 6) 2(a — &) 


[a 2 ^ 6 2 ] 


2. fc 


. , 1 I cos(a — 6 + c)a: cos(6 + c — a)x 

sin aa: sin ox sm cxdx= — - < 1 

4 | a — o + c o + c — a 


cos(a + b — c)x cos(a + b + c)x 


a + b — c 


a + b + c 


„ , . , , 1 I cos(a + 6+c)x cos (b + c — a)x 

3. / sm ax cos bx cos cx dx = — < 

4 a + b + c b + c - a 


cos(a + b — c)x cos (a + c — b)x 


a + b — c 


a + c — b 


. 1 I sm(a + b — c)x sm(a + c — &)x 

cos ax sm bx sm cx dx = - < 1 : 

4 | a + o — c a + c — o 


sin(a + 6 + c)x sin(6+ c — a)x 
a + &+ c 6 + c— a 


, , 1 I sm(a+6 + c)x sm(6 + c — a)x 

cos ax cos bx cos cx dx = - < 1 

4| a + b+ c b + c- a 


sin(a + c — b)x sin(a + b — c)x 
a + c — b a + b — c 


GU (332)(3) 


PE (376) 


PE (378) 


PE (379) 


PE (377) 
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2.534 

1. 

2 . 

2.535 

1. 

2 . 


’ cos px + i sin px 
sin nx 

’ cos px + i sin px 
cos nx 


dx = 

dx = 


/ ~p+n— 1 

J ^dz 

1 - z 2n 

r yp+n-l 

-2* / =- dz 

1- z 2n 


[z = cos x + i sin x] 


z = cos x + i sin .t 


Pe (374) 


Pe (373) 


1 


sin p x sin ax dx = 

p + a 

sin p x sin(2n + l)x dx 


-sitfxcosa. + p/^-xcosla-Dx.fx} 


GU (332)(5a) 


= (2 n + 1) < l sin p+1 x dx + y^(— 1) 
d k = l 


[(2n + l) 2 — l 2 ] \(2n + l) 2 — 3 2 ] . . . 
fc . . . \{2n + l) 2 — (2k — l) 2 ] 

(2k + 1)! 


x / sin 2fc+p+1 x dx 


Tl (299) 


r(p + i) 

r (*±*+n 


n— 1 

E 


+ n l 




+ (-i) 


k T(^+n-2k) 

2 2k + 2 r ( p _ 2k) 


sin p 2fe 1 x sin(2?z — 2 k)x 


(_l)n r (P+3 _ n ) 

2 2n T(p — 2n + 1) 


sin' 


p— 2n+l 


x dx 


GU (332)(5c) 
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2.536 


3. / sin p x sin 2 nx dx = 2 n 


sm p+2 x 
p+ 2 


+ Hi- 1 )' 


(4n 2 - 2 2 ) (4ti 2 — 4 2 ) . . . [4n 2 - (2fr) 2 ] 2l+ „ +2 


k=l 


(2k + 1) ! (2 k + p + 2) 


sin ^ x 


r(p+1) ( e 'X, 1 ! (i t." :. 2t) - a*,* 


Tl (303) 


r (f + n + i) l^° 2 2fc+1 r(p - 2k + 1) 




2 2fc +2 r (p- 2fc) 


[p is not equal to — 2, —4, . . . , — 2?z] 

GU (332)(5c) 


2.536 

/' 1 

1. / sin p a; cos ax dx = 

J P + 1 

2. J sin p xcos(2n + l)a; dx 

sin p+1 x 
p+ 1 


(si^xs.nax-p/^-xsinla-l)^} GU (332)16=) 


+ £<-!>' 




[(2n + l) 2 - l 2 ] [(2 n + l) 2 - 3 2 ] . . . [(2 n + l) 2 - (2k - if 

(2fc)!(2/c + p+ 1) 


x sin 2fc+p+1 x 


r(p + i) 

r(H±5+n) 


n— 1 


E 


(-if r (£±i + n - 2 k) 
2 2k + 1 r(p - 2fc + 1) 


sin p 2fc a;sin(2n 


Tl (301) 


2k + If 


(-l) fc T(2f +n-2fc) 
2 2fc + 2 T(p- 2fc) 


sin p 2k 1 cccos(2n 


2 k)x 


(-irr(f-n) 

2 2n r(p ~ 2?t + 1) 


sin p 2n xcos xdx 


\ 


[p is not equal to — 3, — 5, . 


, — (2n + 1)] 

GU (332)(6c) 



2.537 


Sines and cosines of multiple angles and functions of the argument 


165 


3. / sin p x cos 2nx dx 


= / sin p x dx + Yl-iy 


k=l 


r(p + i) 

r (| + n + l) 


{ n—1 

z 

k—0 


. 4 n 2 • (4 n 2 — 2 2 ) . . . 4?z 2 — (2k — 2) 2 

(— l) fe T (| + n — 2fc) 

2 2fc+! r (p _ 2k + 1) 


sin 2k+p xdx 

Tl (300) 


sin p 2k x sin(2n — 2 k)x 


(— l) fc T (| + n — 2fc — l) 
2 2fe + 2 r(p- 2/c) 


sin p 2k 1 x cos(2 n 


2k — l)x 


(-l)"r(g-n+l) 

2 2ra T(p — 2n+ 1) 


sin 


p—2n 



GU (332)(6c) 


2.537 

1 . 

2 . 


f cos p x sin ax dx = — - — i — cos p x cos ax + p [ cos p 1 x sin(a 
J P + a\ J 

J cos p x sin(2n + 1 )xdx 
= (-l ) n+1 


p + 1 



GU (332)(7a) 


y- / i \k + l) 2 ~ -*- 2 ] \& n + l) 2 — 3 2 ] ... [(2 n + l) 2 
E ’ (2k)\(2k + p+l) 


(2k - i) 2 ; 


cos 2fc+p+1 x 


r(p + i) 



n—1 


E 


T (P+l+n-k) 
2 2k + 1 T(p-2k + l) 


cos p fe a;cos(2n 


k + l)x 


Tl (295) 


r ( 2#) /■ ] 

^ 2 — / cos p_n xsin(n + l)xdx > 

2 n T(p-n+l)J y 1 


[p is not equal to — 3, —5, . . . , — (2n + 1)] 

GU (332)(7b)a 
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2.538 


3. J cos p x sin 2nx dx = (— l) r 


cos p+2 x 


\k ( 4n2 “ 22 ) ( 4n2 - 4 2 ) . . . [4n 2 - (2fc) 2 ] 2fc+ , 2 

+ g'- 11 i (2fc+l)!(2t + P +2) ic “ ’ 1 


r fr + J _ V' r (% +n fc ) C0S P-fc cos (2n - fc)x 

r(f+n +1 )\ h 2 k+l np-k+i) cos xcos{2n k)x 


Tl (297) 


r(§ + i) 

2”T(p - n + 1). 


cos p n x sin nx dx 


[p is not equal to — 2, —4, . . . , — 2n] 

GU (332)(7b)a 


2.538 

1. / cos p xcos axdx = 


2. J cos p x cos(2n + l)x dx 


cos p x sin ax + pj cos p 1 x cos(a — l)x dx 


GU (332)(8a) 


= ( - ir(2n+1) /«*«.* 


+£(- 1 )' 


[(2n + l) 2 - l 2 ] [(2n + l) 2 - 3 2 ] . . . [(2n + l) 2 - (2 fc - l) 2 ; 

(2fc + 1)! 


x / cos 2fe+p+1 x dx 


Tl (293) 


T(p + 1) 

r (^ + «) 


” _1 W P+ 1 _u 7? _ lA 

y , 2 — cos p - fc x sin(2n — fc + l)x 

ofc+l rtr>— h x- 11 V ' 


2 fc +! r(p - fc + 1 ) 


r (2±3) r 

+ . — / cos p_ ™ xcos(n + l)xdx 

2 ii r(p-?t + i)7 v ' 


GU (332)(8b)a 
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3. / cos p x cos 2nx dx 


, 1 \ n i f pi fc 4n 2 [4n 2 — 2 2 ] ... [4n 2 — (2k — 2) 2 ] f 2k+ ) 

= (— 1) < / cos p xda;+ > (— lr J , - / cos 2k+p xdx 


t{p+ i ) | ^ cosP k x sin ( 2n - 


r (|+n + !) |^2 '=+ 1 r(p-fc+l) 


Tl (294) 


r(i + i) 

2 n r (p — n + 1) , 


cos p " x cos nx dx 


GU (332)(8b)a 


2.539 

1. 

2 . 

3. 

4. 


5. 


6 . 


7. 


sin(2n + l)x , „ sin 2for 

— ^ — dx = 2 2_^ — b x 


sm x 
' sin 2nx 


sm x 


dx = 2 


fc= l 


2k 

fc= l 

sin(2fc — l)a; 
2k- 1 


cos(2 n + l)a; , „ ^ cos 2fc:r 

dx = 2 > — — b m sm x 


sm x 
' cos 2 nx 


k = 1 


2fc 


sm x 


, v-^ cos(2 k — l)x , x 

dx = 2 2_ ^ ^ ; 1- in tan — 


k= 1 


2k -1 


sin(2n + l)x , _ vn _i, , i cos 2kx . 

v ’ dx = 2 2_^(-l) n k+1 — — b (-1) + lncosa; 


cosx 
’ sin 2nx 


fc= l 


2k 


f sin2nx = ^ _ fc+1 cos(2fc - l)x 

J cos x ^ 2k — 1 

J fe= l 

f cos(2j? + l)x = 2 £ ( _ ir _ t sm2fa + 


COSX 

’ cos 2nx 


/c=l 


- <-*)■ — (M) • 

17 *=1 


GU (332)(5e) 


Gl (332)(6e 


GU (332)(7d) 


GU (332)(8d) 


2.541 

1. 


sin(n + l)x sin" 1 xdx = — sin™ x sin nx 

n 


Bl (71)(l)a 


8111(71 + 1 ) 0 : 008 ” x xdx= cos" 0 : cos nx 

n 


2 . 


Bl (71)(2)a 
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2.542 


3. 

4. 

5. 

6 . 

2.542 

1 . 

2 . 

2.543 

1 . 

2 . 


/ cos(n + l)x sin" 1 xdx = — sin" x cos nx 
J n 

[ cos (n + l)x cos" -1 xdx = — cos" x sin nx 

J n 

j sin (n+ 1) ^ — a:^ sin" -1 xdx = — sin" x cos n — x'j 

J cos (n + 1) ^ — xj sin" -1 xdx = — — sin" x sin n 


’ sin 2x 


dx = — - 


J sm x 
For n = 2: 
f sin 2x 


(■ n — 2) sin" 2 x 


sin 2 x 


dx = 2 In sin . 


" sin 2x dx 2 

cos" x (n — 2) cos” -2 x 


For n = 2: 
f sin 2x 


dx = —2 In cos: 


2.544 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 


cos 2x dx x 

: = 2 cos x + in tan — 

sm x 2 


’ cos 2x dx 
sin 2 x 
' cos 2x dx 
sin 3 x 


= — cot x — 2x 


cos x 3 x 
— — In tan — 


2 sin 2 x 2 


= 2x — tan x 


sm a; 


cos 2x dx (ir 

= 2 sm x — in tan — 

cos x V 4 

" cos 2a; dx 

cos 2 x 

" cos 2a; dx 

cos 3 x 

" sin 3 a; dx 

sin x 

" sin 3a: a; 

— k — dx = 6 In tan — + 4 cos x 
sin x 2 


2 cos 2 x 


= x + sin 2a; 


3 / 7T 

— in tan — 
2 V 4 


X s 

2 , 


' sin 3 a: 
sin 3 x 


dx = —3 cot x — 4a; 


Bl (71)(3)a 
Bl (71)(4)a 
Bl (71)(5)a 
Bl (71)(6)a 



2.548 
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2.545 

1. 

2 . 

3. 

2.546 

1. 

2 . 

3. 

2.547 

1 . 

2 . 

3. 

4. 

2.548 

1. 


2 . 


3 . 


f sin 3a; 4 1 

I = 

J cos" a’ ' (n — 3) cos" -3 a (n — 1) cos" -1 a 

For n = 1 and n = 3: 

f sin 3a; 2 

■ da = 2 sin a + In cos x 


cos a; 

’ sin 3a; 


’ cos 3a; 


dx = — 


dx = 


1 


2 cos 2 x 

4 


— 4 In cos x 


1 


sin” x (n — 3) sin" 3 a (n — 1) sin" 1 a 

For n = 1 and n = 3: 

f cos 3a , o i • 

/ — da = —2 sm a + In sin a 


sin a 
’ cos 3a 
sin 3 a 


da = — - 


1 


2 sin a 


— 4 In sin a 


’ sin nx f sin(n — l)ada f sin(n — 2 )xdx 

■ dx = 2 i 


cos p a 
’ cos 3a 
cos a 
’ cos 3a 
cos 2 a 
’ cos 3a 


cos p_1 a 
da = sin 2a — a 

dx = 4 sin a — 3 In tan ( — + — 


cos p x 


( 4 + 2/ 


da = 4a — 3 tan . 


1 


sin 1 " a da 


sin(2n + l)a 2n + 1 


£(-D 


k—0 


sin 2m xdx (— 1) 


n+fc cog m 


n— 1 


2/c + l 
2(2n + 1) ' 


In ■ 


sin 

( k — n)n x 
2(2n + 1) + 2 

sin 

k + n + 1 a 

,(2n+l)" 2 


[to a natural number < 2n] Tl (378) 


kn . 


sin 2 nx 


fc= l 


cos 2 a — sin 2 


k-n 


lncosad- y^(— l) fc cos 2m — In _ „ 

2 n 1 ; 2 n V 

[to. a natural number < n] 


’ sin 2m+1 a 


— da = 

sm 2nx 2n 



fc=i 


cos 2m+1 — In 
2 n 


n + k x\ ( n— k a 

4 n 2 J \ 4n 2 

[to a natural number < n] 


Tl (379) 
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2.549 


f sin 2m xdx (-1)" +1 I n r x\ 

J cos(2n+l)x 2n+l | v4 2/ ^ 


X cos 


,2m k 71 j n 

277- -|- 1 


tan 


k = 1 

2n + 2A: + 1 x\ / 277- — 2k + 1 x 

4(2n + 1) ^ ~~ 2 J tan V 2(2n + 1) ^ ~~ 2 


’ sin 2m+1 x dx (-1)" +1 J 2 m+i bn I 2 . 2 

I In cos a: + ^ i (— l) fc cos 2 + - — —7 In ( cos 2 x — sm 2 


cos(2 n + l)x 2n + l 


p • m 1 1 2 71 1 

f sin xdx 1 m 

= E^- 1 ) cos 


m a natural number < n] Tl (381) 

kn 


k = 1 


_ , in 1 oc/o tJU uni _ 

2 n + 1 \ 2/1+1, 

[to a natural number < n] Tl (382)a 


cos 2 nx 2 n 


fe =0 


2/c + l 
4n 


In 


sin 

2k — 2n + 1 x 

-77- 

n \ 

8 n 2 

sin 

2k + 2n + 1 x 

8n ^ 2_ 


[to a natural number < 2n] Tl (377) 


r cos 2m+1 x dx 1 
sin(2n + l)x 2 n + 1 


In sin a: + £(-D 


k cos 2m+l ln f sin 2 ^ _ gin 2 k7T 


fe= 1 


2u +1 \ 2n + 1 

[to a natural number < n] Tl (376) 


9. 


10 . 


11 . 


cos 2 xdx 1 I x 

— — 7- = < in tan — 

sm(2n + l)x 2n + 1 1 2 


+ Ei- 1 ) 


k 2m ^' 7r j n 


' COS - 


fc= 1 


2n + 1 


, X /C7T 

tan — + 


, x kn 
tan — — 


2 4 77- “h 2 y y 2 4 77 H- 2 

[to a natural number < n] 


r cos 2m+1 x 
sin 2nx 


dx = — { ln tan - + V (-l) fc cos 2m+1 — ln 
2n I 2 ’ 2n 


Tl (375) 


k=l 


, x kir\ ( x k'K 
t«u,[- + T tan --- 


r cos 2 x , if,. 

dx = — < in sm x + 

sm 2 nx 2 n 


£(- 1 )W "+ 1, 1 (sin 2 * -sin^)} 


f COS X 

cos nx 


a—i 




k — 0 


k m 1 i 

fc cos m — 7tln 

2 n 


sin 

2k + 1 x 

-77- I 

4n 2 

sin 

2k + 1 x 

1 

I CM 

S 

1 


[to a natural number < n] Tl (374) 


[to a natural number < n] Tl (373) 


[to is a natural number < n] Tl (372) 


2.549 

1. 


sinx 2 dx = \ — S(x) 
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cos a: 2 dx = * — G{x) 


f . , o \ , ( ac—b 2 rl fax + b\ . ac— b 2 ( ax + b 

/ sin (ax + 2 bx + c) dx = \ — < cos b — -=— + sin C — ■=— 

J \ 2a { a V V a J a \ V a 


[a > 0] 


f , 2 x , f ac — b 2 / ax + b\ . — „ _ , — , . 

/ cos (ax + 2 bx + c) dx = W — < cos C — - — — sin b - F - 

J V 2a [ a \ sja J a \ \Ja 


sin In x dx = — (sin In x — cos In x) 
2 v ; 


PE (444) 


cos In x dx = — (sin In x + cos In x) 


PE (445) 


2.55-2.56 Rational functions of the sine and cosine 


2.551 


A + B sin x 


(a + 6 sin x) (n - 1) (a 2 - b 2 ) (a + 6 since) 


(Ab — aB) cos x 


I" ( Aa — Bb) (n — 1) + ( aB — bA) (n — 2) sin x 
J (a + &sinx)" _1 


For n = 1: 

I" A + B sin x ^ B Ab — aB f dx 

J a + b sin x b b J a + b sin x 

f dx 2 a tan | + b 

J a + b sin x sj a 2 - b 2 Va 2 - b 2 

1 a tan f + b — \Jb 2 — a 2 

= . , In 1 

Vb — a a tan — +b + \Jb 2 — a 2 


(see 2.551 3) 


[a 2 > b 2 ] 
[a 2 < b 2 } 


Tl (358)a 


Tl (342) 


2.552 


A + B cos x 


dx = — 


(a + fesinx)" (n — 1)6 (a + 6 sin x) r 


dx 

(a + &sinx)" 
(see 2.552 3) 


For n = 1: 

f A + B cos x B f 

/ — dx = — in (a + b sin x) + A / 

J a + b sin x b J 


dx 

a + b sin x 


Tl (361) 


(see 2.551 3) 


Tl (344) 
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2.553 


(a + &sinx)" (n - 1) (a 2 - b 2 ) (a + &sinx) 


bcosx 


2.553 

1 . 


f (n — l)a — (n — 2)&sinx , . „ 

+ / , dx (see 2.551 1) 

J (a + 6 sin a;) 1 


A + B sin x B f dx 

r~r dX = A I rtf 

(a + &cos x) (n — 1)6 (a + bcosx) n J (a + bcosx) 


Tl (359) 


(see 2.554 3) 


For n = 1: 

f A + B sin £ B f 

/ ; ax = — — In (a + 6 cos x) + A 

J a + b cos x b J 


dx 

a + b cos x 


(see 2.553 3*) 


Tl (355) 


Tl (343) 


dx 

a + b cos x 

- , 2 ((«■-!») tan (j) 

\/ a 2 — b 2 l \Ja 2 — b 2 


( b — a) tan (| 

+ \A 2 — b a 

(6 — a) tan 

X 

2 

— -\A 2 — b a 


[a 2 > 6 2 ] 
[l b 2 > a 2 ] 


2 arctanh ( (°- & ) tan (l) 

/6 2 — a 2 l v/fe 2 — a 2 


2.554 

1 . 


/ft 2 — a 2 


A + B cos x 


: arccoth 


[*>.*, |<> -«>-(!) 


> a , | (5- a) tan | > 

(compare with 2.551 3) 


^fr 2 — a 2 
^& 2 — a 2 


(a + &cos x) n (n-l)(a 2 -6 2 ) ( a + 6cosx) 


(aB — A6) sin x 


f (Aa — bB) (n — 1) + (n — 2) (aB — 6A) cos x 

+ / ax 

J (a + bcosx) 


Tl (353) 
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2 . 


3. 


For n = 1: 

f A + B cos x B Ab — aB 

/ ; dx = — x H ; 

J a + b cos x b b 


dx 


dx 


1 


a + b cos x 

b sin x 


(see 2.553 3) 


Tl (341) 


(a + b cos x) n (n - 1) (a 2 - 6 2 ) 1(0 + 6008 0 ;)" 1 

1 (n — l)a — (n — 2)6cosx 

dx 


(see 2.554 1 ) 


J (a + 6cosx) n 1 

/ 

Tl (354) 

In integrating the functions in formulas 2.551 3 and 2.553 3, we may not take the integration over points 
at which the integrand becomes infinite, that is, over the points x = arcsin (— — in formula 2.551 3 or 

over the points x = arccos (— ^ in formula 2.553 3. 

2.555 Formulas 2.551 3 and 2.553 3 are not applicable for a 2 = 6 2 . Instead, we may use the following 
formulas in these cases: 


n — 2 


l. 


'T l ++£ dl= _J_J 2B +' 

(1 ± sin x) 2 n 1 ( 

71—1 


±(^ts)E 


/c— 0 


n—2 


n — 2\ tan 2fc+1 (f + f) 

k ) 2k + 1 

n — 1 ^ tan 2fc+1 (f + f) 
k 


2k + 1 


Tl (361)a 


2 . 


(1 ± cos a;) 2 n 1 ) ^ 

v l fc=0 

71—1 

k = 0 


n-2\ tan 2fc+1 [f + (f - f)] 
k ) 2k + 1 

n-l\ tan 2fc+1 [f + (f - f)] 
k ) 2k + 1 


3. 11 

4. 

2.556 

1. 

2 . 

2.557 

1 . 


For n = 1 : 

I" A + B sin x 
J 1 ± sin x 
I" A + B cos x 
J 1 ± cos x 


dx = ±Bx + (B + A) tan (— + — ^ 
dx = ±Bx ± (A + B) tan 


L4 


/ 7r a;\ 

n4- 2 ) 


(l — a 2 ) dx 
1 — 2 a cos x + a 2 


= 2 arctan 


1 + a x 

tan — 

1 - a 2 


(1 — a cos a;) dx x 

« = - + arctan 

1 — 2a cos x + a z 2 


dx 


1 + a x 

tan — 

1 — a 2 


[0 < a < 1, \x\ < 7r] 
[0 < a < 1, \x\ < 7 r] 


Tl (356) 

Tl (250) 
Tl (248) 

FI II 93 

FI II 93 


dx 


(a cos x + 6 sin x) \/ (a 2 + 6 2 ) J s i n ra + arctan — ^ 


(see 2 . 515 ) 


MZ 173a 
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2.558 


sin x dx 

ax — b in sin {x + arctan 

a sin x + b cos x 

a 2 + b 2 

cos x dx 

ax + b In sin {x + arctan |) 

a cos x + b sin x 

a 2 + b 2 

dx 

in tan [| (x + arctan |)] 


MZ 174a 


a cos x + b sin x \/a 2 + b' 2 

dx cot (x + arctan %) 1 a sin x — b cos x 

= 1 — s± = -| — . MZ 17 

(a cos cc + &sin cc)“ a 2 + b 2 a 2 + b 2 a cos x + b sin x 

’ A + B cos x + C sin x , 

7 ; : cn dx 

(a + b cos x + c sin x) 

{Be — Cb) + {Ac — Ca) cos x — {Ab — Ba) sin x 1 

(n — 1 ) (a 2 — b 2 — c 2 ) (a + bcosx + csincc )" -1 (n — 1 ) (a 2 — b 2 — c 2 ) 
r{n— l){Aa — Bb— Cc) — {n — 2) [{Ab — Ba) cosx — {Ac — Ca) since] ^ 

J {a + bcosx + c since )™ -1 

[n ^ 1 , a 2 ^ b 2 + c 2 ] 

Cb — Be + Cacosx — Basin x ( A n{Bb + Cc)\, , . , 

= 7 tt — 7 : rw + F 9 (-ccosa; + bsmx) 

{n — l)a {a + bcosx + csrni) \a {n—l)a z ) 

{n — 1)! ^ (2n — 2k — 3)!! 1 


1 a sin x — b cos x 
a 2 + b 2 a cos x + b sin x 


MZ 174a 


2.558 

1. 


) (— c cos x + b sin x) 


(2n — l)H (n— k — l)!a fe (a + bcosx + csinx) r 


/ -i 2 1 2 i 2 

717 = 1 , a = b + c 


For n = 1 : 

f A + B cos x + C sin x , Be — Cb 


1 + B cos x + C sm cc Be — Cb , . Bb + Cc 

, ; dx = — m (a + 0 cos x + esm x) + — =-x 

a + b cos x + c sm x b z + c z b z + c z 

( . Bb + Cc \ f dx 


Bb + Cc 

A -mr c r“ 


/ dx f d{x — a) 

(a + 6 cos x + c since)” J [a + r cos(cc — a)] n 
where b = rcoscr, c = 7* sin a (see 2.554 3) 
r dx 

J a + b cos x + c sin x 

2 (a — b) tan f + c 


a + b cos x + c sin x 


(see 2.558 4) 

GU (331)(18) 


1 a 2 — b 2 — c 2 


; arctan 


/ a 2 — b 2 — c 2 


a 2 > b 2 + c 2 ] Tl (253), FI II 94 


1 ^ (a — b) tan | + c — a /& 2 + c 2 — a 2 

?b 2 + c 2 — a 2 { a — ft) tan ^ + c + \/b 2 + c 2 — a 2 


1 1 / CE \ 

= - in (^a + c • tan — J 


c + (a — 6 ) tan 


[a 2 < b 2 + c 2 ] 
[a=b] 

[a 2 =b 2 + c 2 } 


Tl (253)a 


Tl (253)a 
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2.559 

1 . 


/ dx 1 [ c (a sin x — ccos x) f x\ 

o = — 7 c 7 : a in a + c tan - 

[a (1 + cos x) + c sin x\ c J [a (1 + cosx) + csmx V 2/ 

f A + B cos x + C sin x 

I dx 

J (asi + b\ cos x + Ci sin x) (a 2 + b 2 cos x + c 2 sin x) 

. , ai + 61 cos x + Ci sin x . f dx . f dx 

= A 0 In — — — : \-Ai \-A 2 r 

a 2 + b 2 cos x + c + 2 sin x J at + 01 cos x + c\ sin x J a 2 + b 2 cos x + c 2 sin x 

(see 2.558 4) GU (331)(19) 

where 


ABC 
a\ b\ ci 
a 2 b 2 c 2 


h 2 

1 b 1 

bi 

2 

Cl 

1 C 1 

Ol 

2 

2 b- 2 

^2 

C2 

+ 

C2 

02 


C B 

c 

A 

A 

B 


C 2 b 2 

C2 

02 

02 

^2 




B C 

A C 

B A 



bi ci 

Ol Cl 

bi ai 



Ol 

bi 

Cl 



o 2 

b 2 

C2 


1 

, 1 2 1 

1 2 


2 

Ol Ol 

Ol Cl 

Cl Ol 


02 b 2 

b 2 c 2 

+ 

C2 02 



a\ bi bi Ci Ci ai 

a 2 b 2 b 2 c 2 c 2 a 2 

' A cos 2 x + 2 B sin x cos x + C sin 2 x 

o 2 “ X 

a cos 2 x + 2 b sin x cos x + c sin“ x 


C2 


Ol 


Cl 

2 

Ol , 


2 " 

Cl 

Cl Ol 

2 ’ 

02 

&2 + 

C2 

02 

^2 

C2 


[ABb +{A-C){a- c)]x + [(A - C)b - B(a - c)] 


46 2 + (a — c ) 2 /J ' LV y 

x In (a cos 2 x + 2 b sin x cos x + c sin 2 x) 

+ [2 (A + C)b 2 - 2 Bb(a + c) + (aC - Ac){a - c)] f(x) 


2.561 

1 . 


where 

. . 1 c tan x + b — Vb 2 — ac 

fix) = — , In , 

2 \Zb 2 - ac c tan x + b + Vb 2 — ac 

1 c tan x + b 

= , _ arctan — . 

Vac — b 2 Vac — b 2 

1 

c tan x + b 


(A + Bsmx)dx A 1 x Ba—Ab f dx 

7 7—. T = — In tan - H / — 

sm x (a + b sm x) a 2 a J a + b sm x 


GU (331)(24) 


(see 2.551 3) 


Tl (348) 
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2.561 


(A + B sin x) dx A ( x 

— 7 , t- = T 7 T < a In tan — 

sin x (a + b cos x) a z — b- ( 2 

+b[ — p— 

J a + b cos x 


b In 


b cos ; 


sm x 


(see 2.553 3) 


3. 

4. 

5. 


For a 2 = b 2 (= 1) : 

[ (A + B sin x) d/x A f x 1 

/ ^ 7 t — - — t = — <1 In tan - + 

J sm x; ( a + b cos x) 2 [ 2 1 + cos x 

[(A + Bs\nx)dx A f 1 x 1 

/ — = - (In tan 

J sin x (1 — cos x) 2 ( 2 1 — cosir 


X 

B tan - 


— B cot — 
2 


1 


’ (A + B sin x) dx 
cos x (a + b sin x) a 2 — b 2 


(Aa — Bb) In tan + — ) — (Ab — aB) In 


a + b sin x 


cosx 


For a 2 = b 2 (= 1): 

I" (A + B sin x) dx A± B 

J cos x (1 ± sin x) 2 


, / 7T X\ 

1,,ta "(i + 2) T 


AtB 
2 (1 ± sin a;) 


' (A + Bsinx) dx A , /n x\ B, a + b cosx 

7 H — T = - In tan - + - + — In 

cos x (a + b cos x) a V4 2/ a cosx 

Ab f dx 


a J a + b cos 


(see 2.553 3) 


9. 

10 . 

11 . 


12 . 

13 . 


(A + B cos x) dx A x B a + b sm a; 

— — ; r = — in tan — in ; 

sm x (a + b sm x) a 2 a sm x 


Ab I" dx 
a J a + b sin x 


r (A + B cos x) dx 
J sin a; (a + b cosx) 
For a 2 = b 2 (= 1) : 
[{A + B cos x) dx 
J sin# (1 ± cos a;) 
f {A + B cos x) dx 


(see 2.551 3) 

1 ( , . x . ,, „ . , a + 6cosa; 

, 777 < (Aa — Bb) in tan — + ( Ab — Ba) in 

1 — b z ( 2 


sm x 


A + B A± B x 

= ± — 7- r H — in tan — 

2(l±cosa:) 2 2 

A 


cos x(a + b sin x) a 2 — b 2 


f / 7T 

x\ 

, , a + b sin x 1 

< a In tan — + 

— ) 

b In } 

l ' 4 

2 / 

COSX J 


B 


For a 2 = b 2 (= 1): 

[ (A + B sin x ) dx A + B 
J cos a: (1 ± sin a;) 2 


, / 7t a:\ 

lntan (- + - ) + 


(see 2.551 3) 
A + B 


(A + B cosx) dx A , / 7 t x\ 

7 i v = — In tan ( - + - 

cos x(a + b cos x) a V 4 2 / 


2 (1 ± sin a:) 
Ba — Ab f dx 


a + b cos x 
(see 2.553 3) 


dx 


a + b sin x 


Tl (349) 


Tl (346) 


Tl (351)a 

Tl (352) 
Tl (345) 


Tl (350) 


Tl (347) 
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177 


2.562 

1. 


2 . 


3. 

4. 

5. 

6 . 

2.563 

1 . 

2 . 


dx 


a + b sin 2 x \/a(a + b) 
sign a 


sign a I I a + b 

arctan \ / tan x 


sj — a(a + b) 
sign a 

\J—a(a + b) 


arctanh 
arccoth I 


■ tan x 


■ tan x 


dx — sign a 

+ b cos 2 a; ^/ a (a + b) 

— sign a 


arctan 


■ cot x 


\J—a(a + b) 
— sign a 
\/—a(a + b) 


. - cl b 

arctanh \ cot x 


arccoth 


a + b 


cot x 


dx 1 

= arctan 


1 + sin 2 x y/2 
dx 

2 — = tan x 

1 — sin x 

dx 1 

» — = 7= arctan 

1 + cos- x \J 2 


^ \/2tanx ^ 


^\/2cot x ^ 


dx 


1 — cos 2 x 


= — cot X 


- > -1 
a 


- < —1, sin 2 x < — - 


- < —1, sin 2 x > — - 


- > -1 
a 


- < —1, cos 2 x < — - 


- < —1, COS 2 X > — y 


dx 


(a + &sin 2 a:) 2 2 a(a + b) 


(2a + b) 


dx 


b sin x cos x 


a + b sin 2 x a + b sin 2 x 


dx 


(a + bcos 2 x) 2 2 a(a + b) [ 


(2a + b) 


dx 


(see 2.562 1) 

b sin x cos x 
a + b cos 2 x a + b cos 2 x 

(see 2.562 2) 


MZ 155 


MZ 162 


MZ 155 


MZ 163 
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2.564 


3 . 


4 . 


2.564 

1 . 

2 . 

3 . 

4 . 


dx 


(a + b sin 2 x) ®P a 


3 H — 9 H — , I arctan (p tan x) 


p2 p4 


, „ 2 3 

+ 3 H — t 


p tan x 


p 2 p 4 ) 1 + p 2 tan x 


. 2 1 2 
■ + (1 2 5 tan x 

pZ pZ 


2 p tan x 


1 

8 qa 3 


3 - 


2 3 

q 2 + q 4 J 


3 - 1-1 

13 2 


| arctanh (q tan x) 
q tan x 


q * q 4 ) 1 — q 2 tan 4 x 


, „ 2 1 2 

9 2 + ( 1 4 9 4 — 5" tan a: 

rttn^ t V q* q ^ 


(l + p 2 tan 2 x)‘ 


p 2 = 1 + - > 0 

a 


2<7 tan x 
(l — q 2 tan 2 a’)" 


q 2 = — 1 >0, sin 2 x < for sin 2 x > — — , change arctanh (q tan x) to arccoth (gtanx) 

abb 


MZ 156 


da; 


(a + &cos 2 xj 8pa 


3 H — 9 H — r ) arctan (p cot x ) 


p 2 p 4 


, „ 2 3 

+ 3 H — 9 j 


pcot x 


p 2 p 4 J 1 + p 2 cot 2 x 


+ ( 1 9 9 cot x 

pZ pZ 


2 p cot x 


8 qa 3 


2 3 

3 9 H — j ) arctanh (gcotx) 


r r 


, 0 2 3 

+ 3 9 r 


gcot x 


q 2 q 4 J 1 — q 2 cot 2 ; 


+ ( 1 + H- cot X 

qz gz 


(l + p 2 cot 2 x)' 


p 2 = 1 + - > 0 

a 


2 p cot a: 

(l — q 2 cot 2 x)‘ 


q 2 = — 1 — - > 0, cos 2 a: < — y; for cos 2 a: > — y, change arctanh (q cot a;) to arccoth (q cot x) 

abb 


tan x dx 
1 + m 2 tan 2 x 
"tana — tana; 
tan a + tan x 
tan x dx 1 


In (cos 2 x + m 2 sin 2 x 


) 


a + b tan x a 2 + b 2 
dx 1 


2 ( to 2 - 1) 

dx = sin 2a In sin(x + a) — x cos 2a 

{bx — aln (acosx + 6 sin x)} 


a + b tan“ x a — b 


x — \ — arctan \ \ — tan x 


MZ 163a 

LA 210 (10) 
LA 210 (ll)a 
PE (335) 

PE (334) 



2.571 
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2.57 Integrals containing y/a ± b since or \/ a =h b cos x 

Notation: 


2.571 

1. 


2 . 


3 . 


4 . 


5 . 


a = aresm 


7 = aresm 


1 — sin x 


6(1 — cos x ) 
a+b 


(3 = arcsin 
6 = arcsin 


6 (1 — sin a;) 
a + b 


' (a + b) (1 — cos a:) 
2 (a — 6 cos x) 


r = 


26 

a + b 


dx 


-2 


y/a + b sin x y/a + b 


F(a,r) 



= ~\ T F ( 0>~ 


, „ 7T 7T 

a > 6 > 0, — — < x < — 


n i i , .a 7T 

0 < |a| < 6, — aresm - < x < — 


BY (288.00, 288.50) 


sin x dx 
y/a + b sin x 


2 a 2y/a + 6 

f (a,r) 7 


6^0 + 6 


E(a, r) 



1 


= \T<F/3,~ -2 El/3, - 


1 


, 7T 7T 

a > 6 > 0, -- < x < -j 


„ ii , .a 7T 

0 < |a| < 6, — aresm - < x < — 


BY (288.03) 
BY (288.54) 


sin 


' x dx 4 ay/ a + 6 


Vo + 6 sin x 


36 2 


2 ( 4 a 


E(a, r ) — 


2 (2a 2 + 6 2 ) 2 , 

, F(a,r) — — cos iVa + 6smx 

36 2 v / a-F5 V ' 36 


, „ 7T 7T 

a > b > 0, — — < x < — 

2 ~ 2 


= ^ 6 36 ^ I" 


2ci -|- 6 
36 


-F(/3, - — 777 cos xv 7 a + 6 sin x 

V 36 


dx 


^ Y, 


•\/a + 6 cos x y/a+b 


dx 


(!■-) 



F \~ 
1 


y/a — b cos x y/a + b 


F(S, r ) 


n i i , . a 7t 

0 < |a| < 6, — aresm - < x < — 

BY (288.03, 288.54) 

[a > 6 > 0, 0 < x < 7r] 

6 > |a| > 0, 0 < x < arccos 

BY (289.00) 

[a > 6 > 0, 0 < x < 7r] BY (291.00) 
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2.572 


cos x dx 
/a + b cos x 


r r )- aF y-2 


(!■-)} 


[a > b > 0, 0 < x < 7r] 

BY (289.03) 


= V 2 b{ 2 E {' y 'l)- F ( 1 ' 1 r 


b > |a| > 0, 0 < x < arccos ^ 

BY (290.04) 


cos x dx 2 

/ a — b cos x b\fii 


{(b- a)II (5,r 2 ,r) + aF(S,r)} 


cos 2 x dx 
/a + b cos x 


[a > b > 0, 0 < x < tt] BY (291.03) 

= { (2 “ 2 +l,1)F (l- r )- 2 °(° + b > E (|- r ) } + 1 siiiaVa + 

[a > b > 0, 0 < x < 7r] 

BY (289.03) 

= h, vf { (2a + b) F ( % ;) _ 4a E ( 7) J ) } + h sin xVa+bcosx 

b > |a| > 0, 0 < x < arccos 

BY (290.04) 


2.572 


2.573 


cos 2 x dx 


{ (2a 2 + b 2 ) F(S, r ) - 2a(a + b) E(S , r)} 


/a — b cos x 3 b 2 \/a + b 1 

2 . a + b cos x . , „ . 

+ — snra:— [a > b > 0,] 


3 b 'Ja—bcosx 


tan 2 x dx 
Ja + b sin x 

= TiT1 F( °- r) + («-i.)°vCT £( °- r) 

b — a sin x , ; — T 

- tt — m v a + b sin x 

( or — b~) cos a; 

[2(2 a + b ( 1 \ a& / 1 

■ VH2(a + t) f V’ r) + a 2 - & 2 ^ (A r 

b — a sin x , ; — T 

- tt — m v a + b sin 2 ; 

( or — b~) cos x 


BY (291.04)a 


0 < b < 


7 r 7t 

a '~2 <X< 2 


IT 1 1 , .a 7T1 

0 < |a| < b, — arcsm - < x < — 


BY(288.08, 288.58) 


' 1 — sin x dx 2 

1 + sin x Ja + b sin x a — b 


+ bE(a, r)| — tan — Va + b sin a; 


0 < & < a, 


< a; < ^ BY (288.07) 



2.575 
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2 . 


' 1 — cos x dx 
1 + cos x \J a + b cos x a — b 2 


2 X , ; 

tan — v a + ocosx — 


2 yja + b ^ (X 
a — b 


( 1'0 


■El- 


la > b > 0, 0 < x < tt] BY (289.07) 


2.574 

1. 


2 . 


3. 


4. 


dx 


(2 — p 2 + p 2 sin x) \J a + b sin x a + b 


n ( a,p 2 ,r ) 


7T 7 T 

0 < 6 < a, --<£<- 


BY (288.02) 


dx 


1 l T\ { ft n 2 1 

(a + 6 — p 2 6 + p 2 6sin x) \J a + &sinx a + b\ b \ ' r 


' i i , .a 7r 

0 < |a| < b, — arcsm - < x < — 


BY (288.52) 


dx 


(2 — p 2 + p 2 cos x) \/a + b cos x V a + b 


1 nff 


(I- 2 -') 


dx 


V2 


- n I '■y , p , — 

(a + b — p 2 b + p 2 b cos x) \/a + bcosx ( a + b)Vb V 'r 


[a > b > 0, 0 < x < tt] BY (289.02) 


1 


b > |a| > 0, 0 < x < arccos ^ 

BY (290.02) 


2.575 

1. 


dx 


2b cos x 


+ 6 sin a;) 3 (a 2 - b 2 ) yj a + b sin x (a - 6)-\/a + & 


E(a , r) 


„ 7T 7T 

0 < 6 < a, — -<£<- 
2 2 


BY (288.05) 


26 cos x 


7 { 52 ^ ^ (ft" / f ' b 2 2 / -r ■ 

0 I O - « V r ) a + b \ r ) J b z - a z a + b sin x 

n 1 1 , . a 7t 

0 < |a| < 0 , — arcsm - < x < — 


BY (288.56) 
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2.575 


dx 


: + bsmxf 3 (a 2 — b 2 ) ^+b 

2b (5a 2 — b 2 + 4afesinx) 


{ (a 2 — b 2 ) F(a, r) — 4 a(a + b) E(a, r)} 


: cosx 


3 (a 2 — b 2 ) \/(a + b sin a:) 


„ 7T 7 r 

0 < b < a, — — < £ < — 

BY (288.05) 


2 \/ T i — ^)( a — b) F ( /3, + 8 abE ( (3, - 


3 (a 2 — b 2 ) V b 
2b [a 2 — b 2 + 4a (a + b sin x)] 


cosx 


3(a 2 —b 2 ) \f(a + b sinx) 


n i i , .a tt 

0 < |a| < b, — arcsm - < x < — 


BY (288.56) 


dx 


, _|_ 5 cosx) 3 (a — 5)v / a-F& '2’ / a 2 - b 2 ^a + b cosx 


*(!■')- 


2b 


sm x 


[a > b > 0, 0 < x < 7t] 

BY (289.05) 

- *> F 0 () + 2bE 0 1 ) } + wh ■ cSkr x _ 

b > |a| > 0, 0 < x < arccos 

BY (290"06) 


dx 


a — 6 cosx) 3 (a-b)V^+b 


E(5, r) 


[a > b > 0, 0 < x < 7r] 


(291.01) 



2.578 
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5. 


dx 


2 '\Zc2 _ — |— b 




+ 6coscc) 5 3 (a 2 — b 2 Y 

2b 5 a 2 — b 2 + 4a6cosx . 


9 sm x 

3 (« 2 - 62 ) yJ(a + bcosxf 

[a > b > 0, 0 < x < 7t] 

_ BY (289.05) 

2 \ / Y |(a-6)(3a-6)F fl, +8a&S fi, \ 


1 


3 (a 2 — b 2 ) 2 V b 
2b (5a 2 — 6 2 + 4a6 cos ,t) sin x 


3(a b — b 2 ) V (a + b cos x) 


b > |a| > 0, 0 < x < arccos °Vj 

BY (290.06) 


2.576 

1. 


J V a + b cos xdx= 2y/ a + b E ^ — ,r^ 


= J 2 -{(a~b) F U l -')+2 bE L±- 


2. Va — b cos xdx = 2-J a + b E (6, r) — 


2.577 

l. 3 


2b sin x 
V a — b cos x 


2 ap 


[a > b > 0, 0 < x < 7t] 

BY (289.01) 


b > \a\ > 0, 0 < x < arccos V'j 

BY (290.03) 


[a > b > 0, 0 < x < 7t] BY (291.05) 


‘ V a — b cos x , 2 (a — b) „( ? 

dx = . 11 o, . 

1+p cos x (1 +p)Va + b \ (a + b)(l+p) 


[a > 6 > 0, 0 < £ < 7r, p ^ —1] 

BY (291.02) 


2 . 


2.578 


I a — bcosx 2 (a — b) 


dx = , ~ v “ = n I <5, — r 2 , 


1+p cos x ‘ ^/(l +p)(a + b) 


tan xdx 1 (y/b—a , . . 

— arccos | ^ — cos x 1 [b > a, b > 0J 


V a + b tan 2 x Vb — 


a 


v~b 


2 (ap +6) \ 

(1 +p)(a + b) J 

[a > 6 > 0, 0 < £ < 7r, p ^ —1] 

PE (333) 
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2.580 


2.58-2.62 Integrals reducible to elliptic and pseudo-elliptic integrals 


2.580 

1 . 

2 . 


dip 


= 2 


di/j 


ip — 2 ib + a, tan a = j,p= \/b 2 + c 2 
b 


= 2 


dx 


Va + bcosip + c sin ip J yj a - p + 2pcos 2 4> 

dip 

\/a + b cos i p + c sin ip + d cos 2 ip + e sin ip cos ip + / sin 2 ^ J \/ A + Bx + Cx 2 — Dx 3 + Ex A 
tan ^ = x, A — a + b + d, B = 2c + 2e, C = 2a — 2c? + 4/, D = 2c — 2e, E = a — b + d 


Forms containing \/l — k? sin 2 x 

Notation: A = \/ 1 — fc 2 sin 2 x, k! = \Jl — k 2 


2.581 

1. [ sin m x cos" xA r dx 


1 


(m + n + r)k 2 


sin™ 3 x cos" +1 aA r+2 + (m + n — 2) + (to + r — l)/c 2 


x J sin" 1 2 a; cos" aA r dx — (to ~%) J sin" 1 4 x cos" aA r da; 


sin m+1 x cos" -3 aA r+2 + 


(n + r — l)k 2 — (to + n — 2 )k' z 


(to- + n + r)k 2 

x J sin" 1 a; cos" -2 aA r da; + (n — 3)k' 2 J sin m x cos" -4 aA r dx 

[to + n + r ^ 0] 


For r = —3 and r = —5: 


A 3 


dx = 


sin" 1 1 a cos" 1 a 

fc 2 A 

to — 1 /' sin" 1-2 a cos" a n — 1 [ sin" 1 a cos" -2 a 
— dx 


k 2 


A 


fc 2 


A 


da 


’ sin" 1 a cos" a , sin" 1 1 a cos" 1 a 
■ da = — 


A 5 


For to = 1 or n = 1: 


3fc 2 A 3 

to — 1 /' sin” 1-2 a cos" a , n—lf sin" 1 a cos" -2 a , 

-w/ — as — dx+ ^e — ss — * 


sin a cos" a A" da = — 
sin” 1 a cos a A" da = — 


cos" 1 aA r+2 (n — 1 )k' 


( n + r+l)k 2 (n + r + l)fc 2 . 

sin" 1-1 aA r+2 to - 1 


(to. + r + l)fc 2 (to. + r+l)fc 2 


cos" 2 a sin a; A" da 
f sin" 1-2 a cos aA r dx 


For ?n = 3 or n = 3: 
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'•3 n A r j (ti + 7- + l)/c 2 cos 2 x - [(t- + 2)fc 2 + ti + l] x +2 

sm x cos xA ax = 7 ^ — — , cos xA ^ 

(n + r + l)(n + r + 3)fc 4 

[(r + 2)k 2 +n + l (n-l)fc /2 f n _ 2 . 

t —7 — — / cos x sm xA dx 

(n + r + l)(n + r + 3)fc 4 J 


sin m x cos 3 xA r dx 


(m + r + 1 )k 2 sin 2 x — (r + 2 )k 2 — (m + 1 )k' 2 
(m + r + 1) (to + r + 3 )k 4 

(r + 2)k 2 — (m. — l)k' 2 (m — 1) r 
x sin 1 " -1 xn m ~ l xA r+2 + J 


(m + r + 1 )(m + r + 3)fc 4 


sin 1 " 2 a; cos xA r dx 


2.582 


J A" dx = ^ (2 - fc 2 ) J A”" 2 dx - (1 - fc 2 ) J A"" 4 dx 


H sin x cos x- A" 2 

n 


dx k 2 sin x cos x n — 22 — k 2 f dx n — 3 1 f dx 

A n + 4 ““ ~ (n — l)fc ,2 A" -1 + n - 1 fc' 2 J A” -1 ~~ n-lk^J A" -3 

’sin"x sin" -3 x n — 2 1 + fc 2 /"sin" -2 x 

71 — 3 f sin" -4 x , 


(n — l)fc 2 


3s" x , cos" 3 x . n — 2 2k 2 — If cos" 2 x , 


n — 3 A:' 2 f cos" 4 x 
n — 1 k 2 ] A 


’ tan" x , tan" -3 x A (n - 2) (2 - fc 2 ) f tan" -2 x , 

A (n — l)fc ' 2 cos 2 x (Ti-l)fc ' 2 J A 

ti — 3 f tan" -4 x 

7 1 dx 

(n-l)k' 2 J A 


’ cot" x cot" 1 x A ti — 2 

— — dx = 2 T 

A 71 — 1 COS^ X 71—1 

r cM"-‘x 

71—1 / A 


(2 - *») / 


cot" 2 X 


LA (316)(l)a 
LA 317(8)a 


LA 316(l)a 


LA 316(2)a 


LA 317(3) 


LA 317(6) 


2.583 


A dx = E(x, k) 
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2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 

11 . 

12 . 

13. 


14. 

15. 


16. 


17. 


f A cos a; k! 2 . 

A sin xdx = — m (/c cos x + A) 

A ZjK, 

f ^ sin x 1 

A cos xdx = — F t — arcsin (fc sin x) 

2 2/c 


f 9 A /c ' 2 27c 2 — 1 

/ A sin 2 x dx = — — sin x cos x + F (x, k) H — ~ — E (x, k) 

J 3 3 k z 6k z 


f. . , A 3 

A sm x cos xdx = — -—7 
6k z 


r A fc' fc 2 + 1 

/ A cos 2 xdx = — sin x cos x — — 7 F(x,k) H — E(x,k) 

J 3 6k z 3k z 

f , , 2/c 2 sin 2 x + 3fc 2 — 1 3fc 4 — 2k 2 — 1 

A sm xdx = 77 ^ A cos x H 777 In (fc cos x + A) 


A sin 2 x cos x dx = 


87c 2 

27c 2 sin 2 x — 1 


87c 3 


1 


„ „ - A sin x + - 795 - arcsin ( fc sin x) 

1.2 1 L /2 


f 2 2 fc“cos 2 x + fc k 

A sm x cos x dx = —7 A cos x + — 5 - In (/c cos x + A) 

8 k z 8 k 6 

f. o 2fc 2 cos 2 x + 2fc 2 + 1 . 47c 2 — 1 

A cos xdx = A sin x H 777 — arcsin (fc sm x) 


8k 2 


8k 3 


f . 4 , 3fc 2 sin 2 x + 4fc 2 — 1 . 

A sin x ax = , _ , A sin x cos x 


15/c 2 

2 (27c 4 — 7c 2 — l) 87c 4 — 3fc 2 — 2 

- F(x, k) + — E(x, k) 


' Q 

A sin x cos xdx = 


15 fc 4 v ’ ' ' 15fc 4 

3fc 4 sin 4 x — fc 2 sin 2 x — 2 


A sin 2 x cos 2 x dx = — 


15fc 4 

3fc 2 cos 2 x — 27e 2 + 1 


-A 


A sin x cos x 


A Q 

A sin x cos xdx — — 


157c 2 
k' 2 (l + fc' 2 ) 

15F " v ~’ 1 15fc 4 

3fc 4 sin 4 x — k 2 (57c 2 + l) sin 2 x + 5fc 2 — 2 
15 ¥ 


, N 2 ( k 4 -k 2 + 1 ) , 

F(x, k) + —— E(x, k) 


A 


f . 4 37c 2 cos 2 x + 3fc 2 + 1 . . 

A cos xdx= — T 7 Asmxcosx 


15fc 2 

2 k’ 2 ( V 2 - 2 k 2 
15F 


F(x, k) + 


37c 4 + 7fc 2 - 2 
15k* 


E{x , fc) 


f r — 8 fc 4 sin 4 x — 2fc 2 (57c 2 — l) sin 2 x — 15fc 4 + 4fc 2 + 3 

/ A sin x dx = — A cos x 

7 487c 4 


5fc 6 - 3fc 4 - k 2 - 1 


In (fc cos x + A) 


A sin 4 x cos x dx = 


16 k 5 

8 k* sin 4 x — 2 k 2 sin 2 x — 3 
48 ¥ 


1 


A sin x + — -—7 arcsin ( fc sin x) 
16fc 5 v ' 
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18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 


r o „ 8 k 4 sin 4 x — 2 k 2 (k 2 + l) sin 2 x — 3 k 4 + 2 k 2 — 3 

A sin a; cos xdx= — — A cos a; 


k' A ( k 2 + 1 ) 


16fc 5 


48fc 4 

In ( k cos x + A) 


2 3 ^ — 8 k 4 sin 4 x + 2 k 2 ( 6 k 2 + l) sin 2 x — 6 k 2 + 3 


A sin x cos 4 xdx = 


2 k 2 - 1 
16fc 5 


48A; 4 

arcsin (fcsin x) 


A sin : 


f , — 8k 4 sin 4 x + 2 k 2 (7k 2 + l) sin 2 x — 3 k 4 — 8 k 2 + 3 

/ A sin a; cos xdx= ~48k^ A cos a: 


k j0 
16 k 5 


In (k cos a: + A) 


f , 8k 4 sin 4 x — 2 k 2 (12k 2 + l) sin 2 x + 24 k 4 + 12 k 2 — 3 

/ A cos x dx = 4%k 4 A sin i 


8k 4 -Ak 2 + 1 
16 k 5 


arcsin ( k sin x) 


r 2 / o\ k* 

A 4 dx = - ^1 + k' J E(x,k) — F(x,F) + — Asinxcosx 

'' o . 2k 2 sin 2 x + 3fc 2 — 5 3fc' 4 

A 1 sin x dx = A cos x In (k cos x + A) 

r 3 , — 2fc 2 sin 2 x + 5 . 3 

A 1 cos x dx = A sin x H arcsin ( k sin x ) 

8 8k y ’ 


3 . 2 3/c 2 sin 2 x + 4fc 2 — 6 k' 2 (3 — 4fc 2 ) 

-A sm x cos x v ' 


A 4 sin 2 xdx = 


15 

8 fc 4 - 137c 2 + 3 
15fc 2 
A 5 


E(x, k) 


15k 2 


F(x, k) 


A 3 sin x cos xdx = — - 

5 k z 

r 3 2 . -3fc 2 sin 2 x + fc 2 + 5 . fc ' 2 (fc 2 + 3) 

A' cos xdx= — Asmxcosx k(x,k) 


15 

2fc 4 - 7 k 2 - 3 
15fc 2 


15fc 2 


E(x, k) 


r 3 o 8 k 4 sin 4 x + 2 k 2 (5k 2 — 7) sin 2 x + 15fc 4 — 22 k 2 + 3 

A sin 3 xdx= , ' , „ A cos x 


5/c 6 - 9 k 4 + 3fc 2 + 1 
16fc 3 


48fc 2 

In (k cosx + A) 


3 . 2 , — 8 fc 4 sin 4 x + 14fc 2 sin 2 x — 3 A . 


A 3 sin x cos xdx — 


167c 3 


48fc 2 

arcsin ( k sin x) 


A sin x 
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30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

44. 

45. 

46. 

47. 


A 3 sin x cos 2 xdx = 


—8 fc 4 sin 4 x + 2 fc 2 ( fc 2 + 7) sin 2 x + 3 fc 4 — 8 fc 2 — 3 


r ./6 


48 fc 2 


A 3 cos 3 x dx = 


x A cos x H — In (fc cos x + A) 

16 fc 3 

8 fc 4 sin 4 x — 2 k 2 (6 k 2 + 7) sin 2 x + 30 k 2 + 3 


6 k 2 — 1 
16fc 3 

'A dx 1, A + cos x 


= In 

sm x 2 A — cos x 

"A dx k’ A + k! sin x 
= — In ■ 


cos a; 


2 A — k’ sin 


48fc 2 

arcsin (fc sin x) 

+ k In k ( k cos x + A) 
+ k arcsin (fc sin x) 


x 


f A cIt q 

/ — — 2 — = k' F(x, fc) — E(x, fc) — A cot x 
J sin x 


A dx 


1, 1-A fc' , A + fc' 

/ = — in 1 in 

J sin x cos x 2 1 + A 2 A — fc' 

r ^ 

/ ^ — = F(x,k) — E (x, fc) + A tan x 

J cos 2 x 

f sin x . , f . , . k! , A + k' 

/ A dx = A tan x dx = —A H in — — 

/ 2 A - fc' 


cos a; 
' cos x 
sin a: 

' A dx 


f 1 1 - A 

A dx = A cot x dx = A H — In — 

J 2 1 + A 


A cos x k' , A + cos x 

— o — — 9 h — — in — 

sin x 2 sin x 4 A — cos x 

A dx —A 1 + fc 2 A — k 1 sin x 

= — in 

sin 2 x cos x sin x 2 fc' A + fc' sin x 


A dx 


sm x cos^ x cos x 


A 1 , A + cos x 

b - In 

2 A — cos x 


A dx A sin x 1 , A + k' sin x 
— — In ■ 


cos 3 x 2 cos 2 x 4fc' A — fc' sin x 
’ A sin x dx A 

— fcin (fccosx + A) 

fc arcsin (fc sin x) 

smx 

’ A sin 2 x dx A sin x 2 fc 2 — 1 


cos 2 x cos x 
’ A cos x dx A 


sin 2 x 


A sin x 


cosx 


2k 


. , , . . fc' A + fc' sin x 

arcsin ( fc sm x) + — in — 

v ’ 2 A - fc' sin x 


f A cos 2 x dx A cos x fc 2 |l, „ 1 , A + cos x 

/ : = r 1 — in (fc cos x + A) + - ill 

J sm x 2 2 fc 2 A — cos x 

f ^ f r = i {—A cot 3 x + (fc 2 — 3) A cot x + 2fc' 2 F(x, fc) + (fc 2 — 2) E(x, k 
j sin i 3 1 
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sm x cos x 


sin 2 x cos 2 x 


sm x cos J x 

A dx 1 

cos 4 x 3k' 2 

since A , 

^A dx = 


A k' A + k! fc 2 — 2 1 + A 

o 1 In 1 In 

2 sin 2 x 2 A - fc' 4 1-A 


= tana; — cot x J A + 2F(x, k) — 

A 1 1 + A 2 - k 2 A + k' 

2 cos 2 x 2 1 — A + 4 k' A — k' 


E(x, k) 


| fc' 2 tan 2 x — (2k 2 — 3) tan a; A + 2fc' 2 F(x, k) + (fc 2 — 2) E(x, fc)j 


A fc 2 A + fc' 

2 cos 2 x 4fc' A — fc' 


-A dx = — 


A k 2 , 1 + A 

9 1- t In i . 

2 sin 2 x 4 1 — A 


- Adx = 


’ cos 2 cr 


Adx = 


J tan 2 ccA dx = A tan ce + F(x , k) — 2 E(x, k ) 

J cot 2 xA dx = —A cot x + k' 2 F(x, k) —2 E(x, k) 


-A dx = — 


’ cos 3 x 


Adx = — 


Adx (fc 2 - 


sm x cos x 


sin 3 x cos 2 x 


sin 2 x cos 3 x 


sm x cos * x 


A dx (2 k‘ 


k 2 sin 2 x + 3 k 2 — 1 k\ A + k' 

3F 4+ 2 h 4C¥ 

k 2 sin 2 x — 3 k 2 — 1 1 1 — A 

3 P A + 2 n lTA 

- 3) sin 2 x + 2 k' 2 (k 2 + 3) A + cos x 

8 sin x 16 A -cos a; 

(3 — fc 2 ) sin 2 x + 1 A k' A — k! sin x 

, A In- 

3 sin x 2 A + k' sin x 

3 sin 2 x — 1 . k 2 — 3 , A — cos x 
-- 5 A + — In 

2 sin x cos x 4 A + cos x 

3 sin 2 x — 2 2 k 2 - 3. A + k! sin x 

- A — In 

2 sin x cos 2 x 4 k' A — k' sin x 

(2k 2 - 3) sin 2 x - 3 k 2 +4 1 A + cos x 

3k' cos 3 x 2 A-cosi 

— 3) sin 2 x — 4 k 2 + 5 4fc 2 — 3 A + k' sin x 

o sm xA =— m — 


8k' cos 4 x 


A — k' sin x 


- A dx = 


— (2k 2 + l) k 2 sin 2 x + 3 k 4 — k 2 + 1 


3k' 2 cos 3 x 


-Adx = — - 


- Adx = 


3 sin x 

sin x 2 k 2 — 1 A + k' sin x , 

— A H In — k aresm (fc sm x) 

2 cos 2 x 4k' A — k' sm x 
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67. 

68 . 

69. 

70. 

71. 


sin 3 x 


' sin 3 x 


sin 2 x 


, . 4 

sin x 


A dx = — 

A dx 

A dx 

A dx= — 


cos x . P + 1, A + cosi , , , , . , 

-A ; — In k In (A; cos x + A) 


2 sin x 


A — cos x 


sin 2 x — 3 . 3 k 2 -1, ,, . . 

-A — — In (k cos x + A) 


2 cos x 


2k 


sin x 


+ 2 a 2k 2 + 1 


2 sin x 2k 

2 k 2 sin 2 x + 4 k 2 — 1 


arcsin ( k sin x) 


cos x 


' COS 4 X 


sin x 


8 k 2 Asina: 

8/c 4 — 4fc 2 — 1 P A + Psina: 

arcsin ( k sin x) + — in ■ 


A dx = 


8 k 3 

—2k 2 sin 2 x + 5 k 2 + 1 
8 k 2 


2 A — k' sin . 


A cos a; 


1, A + cos x 3fc 4 + 6fc 2 — 1 .. 

-- 111 1 — ; In (kcosx + A 

2 A — cos x 8 k 3 v 


2.584 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 

11 . 

12 . 


" sin x dx 1 , A — k cos x 1, ,, . 

t = — - In — = — — In ( k cos x + A ) 

A 2k A + k cos x k 

" cos xdx 1 . . . 1 k sin x 

= — arcsin (k smx) = — arctan — - — 

A k y k A 

" sin 2 x dx 1 , M 1 n 

£ = £2 f (*> fc ) ^ p fc ) 

" sin x cos x dx A 
A = “jfe2 

"cos 2 xdx 1 /c' 2 

£ = fc2 fc ) - £2- f (*. 

" sin 3 x dx cos xA 1 + k 2 


A 


2fc 2 2fc 3 


In ( kcosx + A) 


" sin 2 x cos x dx sin xA arcsin ( k sin x) 

A = 2p~ + 2p 

" sin x cos 2 x dx cos x A k' 2 , . , . , 

+ — In (fc cos x + A) 
’At 

arcsin (fc sin x) 


A 2 k 2 2k 3 

" cos 3 x dx sin xA 2 k 2 — 1 
A = 2k 2 + 2k 3 

" sin 4 x dx sin x cos xA 2 + k 2 


A 


3/c 2 


_ , „ , x 2(1 + k 2 ) , x 

+ -g^r *0 e(x, k) 


’ sin 3 x cos x dx 1 , , 9 . 9 . A 

- = _ 3F ( 2 + fc sm 2 x)A 


A 
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13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 


23. 

24. 


25. 

26. 


27. 

28. 


’ sin 2 x cos 2 x dx sin x cos xA 2 — k 2 


A 

’ sin x cos 3 x dx 


3 k 2 


3 k 4 


E{x, k) 


2 k 2 - 2 
3/c 4 


F( x, k) 


1 


A 


= [k 2 cos 2 x — 2 k' 2 ^j A 


cos 4 a; da; sinxcosxA 4/c 2 — 2 ,, 3/c 4 — 5/c 2 + 2 

E ( x ,k) + — A F{x,k) 


A 3 k 2 3 k 4 

’ sin 5 x dx 2 k 2 sin 2 x + 3 k 2 + 3 


A 8 k 4 

’ sin 4 x cos x dx 2 k 2 sin 2 x + 3 . 


a 3 + 2 k 2 + 3/c 4 

cos a’ A : ^ r5 in (Ac cos x + A ) 


8 k 5 


A 8 /c 4 

’ sin 3 x cos x dx 2 k 2 cos 2 x — k 2 — 3 

A = 8 /c 4 


sin a; A H — arcsin ( k sin x) 
8k 5 


. k 4 + 2k 2 — 3 

cos a’ A — in ( ft cos x + A ) 

8 /c 5 


sin 2 a; cos 3 a; da; 2k 2 cos 2 x + 2/c 2 — 3 . 4/c 2 — 3 

sm xA H — arcsin (A; sm x) 


A 8 /c 4 

’ sin x cos 4 xdx 3 — 5 k 2 + 2 k 2 sin 2 x 


A 


8 /c 4 


cos xA — 


8 /c 5 

3/c 4 - 6 /c 2 + 3 
8 /c 5 


in (/ccosx + A) 


cos 5 xdx 2/c 2 cos 2 x + 6 /c 2 — 3 . 8 /c 4 — 8 /c 2 + 3 

sm xA H arcsin (/c sin x) 


A 8 /c 4 

’ sin 6 x dx 3/c 2 sin 2 x + 4/c 2 + 4 


8 /c 5 


sin x cos xA 


A 15k 4 

4/c 4 + 3/c 2 + 8 8 /c 4 + 7/c 2 + 8 . . 

+ 15t« F(l ' t) - 

’ sin 5 x cos x dx 3/c 4 sin 4 x + 4/c 2 sin 2 x + 8 


A 15 k 6 

’ sin 4 x cos x dx 3/c 2 cos 2 x — 2/c 2 — 4 


A 


-A 


sin x cos xA 


15fc 4 

k 4 + 7/c 2 — 8 ,, 2/c 4 + 3/c 2 — 8 ,, 

^ (a:, fc) 7777 ^0’ *) 


15/c 6 v ’ ' 15/c 6 

’ sin 3 x cos 3 x dx 3/c 4 sin 4 x — (5fc 4 — 4/c 2 ) sin 2 x — 10/c 2 + 8 


A 


15/c 6 


A 


’ sin 2 x cos 4 x dx 3/c 2 cos 2 x + 3/c 2 — 4 . 

— sm x cos xA 


A 


15 k 4 

9k 4 — Ilk 2 + 8 3/c 4 — 13k 2 + 8 

- F(x, k) — — E(x, k) 


15/c 6 v y 15/c 6 

’ sin x cos 5 x dx —3/c 4 cos 4 x + 4/c 2 A;' 2 cos 2 x — 8 /c 4 + 16fc 2 — 8 


A 


15/c 6 


A 


’cos 6 xdx 3/c 2 cos 2 x + 8 /c 2 — 4 

7 = — — . sm x cos x A 

A 15 k 4 

15/c 6 — 34/c 4 + 27/c 2 — 8 ,, 23/c 4 - 23/c 2 + 8 ri/ ,, 

F ( x ’^ + 15k® E[ - X ' k) 


15/c 6 
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29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 

39. 
40. 11 

41. 

42. 


"sin 7 x dx 8/e 4 sin 4 x + 10/c 2 (k 2 + l) sin 2 x + 15 k 4 + 14/c 2 + 15 

1 = 77—5 cos xA 

A 48 k 6 

(5k 4 — 2k 2 + 5) (k 2 + l) n 
- , _ ; In (k cos x + A) 

"sin 6 a; cos xdx 8k 4 sin 4 x + 10/e 2 sin 2 x + 15 . 5 

A = ^6 sm arcsm sm x ) 

" sin' 5 x cos 2 x dx — 8k 4 sin 4 x + 2 k 2 (k 2 — 5) sin 2 x + 3 k 4 + 4 k 2 — 15 


A 


k 6 + k 4 + 3k 2 - 5 
16 k 7 


48 k 6 

In ( kcosx + A) 


cosaiA 


’ sin 4 x cos 3 x dx 8 k 4 sin 4 x — 2 k 2 ( 6k 2 — 5) sin 2 x — 18fc 2 + 15 


A 


6 k 2 — 5 
16fc 7 


48k 6 

arcsin(fcsin x) 


sin a;A 


’ sin 3 x cos 4 x dx 8 k 4 sin 4 x — 2 k 2 ( 6k 2 — 5) sin 2 x + 3 k 4 — 22 k 2 + 15 


A 


k 6 + 3fc 4 - 9 k 2 + 5 
16fc 7 


48 k 6 

In (kcosx + A) 


cos xA 


' sin 2 x cos 5 x dx — 8 fc 4 sin 4 x + 2k 2 (l2k 2 — 5) sin 2 x — 24k 4 + 36k 2 — 15 

— sin xA 


A 


8k 4 - 12 k 2 + 5 
16fc 7 


48 k 6 

arcsin (k sin x) 


" sin x cos 6 x dx — 8 fc 4 sin 4 x + 2 k 2 (13 k 2 — 5) sin 2 x — 33 k 4 + 40fc 2 - 15 


A 


5k ,e 

+ — 7 In (k cos x + A) 
16/e' 


48 k 6 


cos xA 


'cos 7 xdx 8k 4 sin 4 # — 2fc 2 (l8fc 2 — 5) sin 2 x + 72k 4 — 54k 2 + 15 

1 = 777-5 sin xA 

A 48 k 6 

16fc 6 - 24/e 4 + 18/e 2 - 5 . . , 

H _ arcsin (k sin x) 

16/e' 

k 2 sin a; cos a: 


" sin x dx cos x 


A 3 k’ 2 A 
’ cos x dx sin x 


A 3 A 

’ sin 2 xdx 1 


A 3 k ,2 k 2 
’ sin x cos x dx 1 


1 1 sin x cos x 

2 ,. 2 k > ^ p F ( x » k > - TJ2 


k’ 2 A 


A 3 


k 2 A 


" cos 2 xdx 1 „ . , . 1 „ . , . sin x cos x 

— = F - F E{x ’ k) + —E~ ~ 
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43. 

44. 

45. 

46. 

47. 

48. 

49. 

50. 

51. 
52. 9 

53. 

54. 

55. 

56. 

57. 

58. 


59. 

60. 


’ sin 3 x dx 

A 9 


cos a; 1 . , 

— 9 — + In (Acosx + A) 

k 2 k' 2 A A 3 y 


’ sin 2 x cos x dx sin x 1 


A 3 


k 2 A k 3 


— yw arcsin (A sin x) 


sin x cos 2 x dx cos x 1 

— —y in (A cos x + A) 


A 3 

’ cos 3 x dx 

A 3 


k 2 A k 3 

A ' 2 sin x 1 


k 2 A 


k 3 


arcsin (A sin x) 


'sin 4 a: da: kf + 1 . . 2 sin a; cos a: 

“ ,2 m E ( x ' “ 71 ^0’ *0 


A 3 A'V “ v ~” v ' A 4 

’ sin 3 x cos x dx 2 — k 2 sin 2 x 


A 2 A' A 


A 3 


A 4 d 


’ sin 2 x cos 2 x dx 2 — k 2 _. 2 _. sinxcosx 

— * 5 — = n ^n*,k)- ¥ E( X ,k) + — j ^- 

’ sin x cos 3 x dx A 2 sin 2 x + A 2 — 2 


A 3 

"cos 4 xdx A ' 2 + 1 


A 4 A 


A 3 


. 2k' . . k' sinxcosx 

fc 4 fc ) - -fcT f (*. Pa — 


"sin 5 xdx k 2 k' 2 sin 2 x + k 2 — 3 A 2 + 3 , .. 

— 9 cos x -I In ( k cos x + A ) 

2A 4 A ,2 A otR 


A 3 


2A 5 


"sin 4 xcosxdx — A: 2 sin 2 x + 3 . 3 

—5 = — T 7 sin x 77 - arcsin ( k sin x) 

A 3 2A 4 A 2k 5 K 1 

’ sin 3 x cos 2 x dx —A: 2 sin 2 x + 3 A 2 — 3 , . , . , 

4 = 2^4 C “ 1 + W 1» (* «** + 4) 

’ sin 2 x cos 3 x dx A’ 2 sin 2 x + 2A 2 — 3 . 2A 2 — 3 


A 3 2A 4 A 

’ sin x cos 4 x dx A 2 sin 2 x + 2A 2 — 3 


■ sm x — 


2 A 5 


arcsin (A sin x) 


3A ' 2 


A 3 2A 4 A 

’ cos 5 x dx —A 2 sin 2 x + 2 A 4 — 4A 2 + 3 

A 3 = 2A 4 A 

2k 2 


cos x + — 7 - In (A cos x + A) 
2A 5 v 


4A 2 — 3 . „ . , 

sm x -I z-z — arcsin ( A sm x) 

2A 5 


"da: —A 2 sinxcosx 

A 5 = 


(V 2 + 1 ) si 


3 A' A 3 

p + i) 

3A ' 4 


3A' A 


sm x cos x j 

2 F(x, A) 

3 A ' 2 


i?(x, A) 


’ sin x dx 2A 2 sin 2 x + A 2 — 3 

A 5 “ 3A , 4 A 3 

"cosxdx — 2A 2 sin 2 x + 3 . 


■ cosx 


A 5 


3A 3 


■ sm x 
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2.584 


61. 

62. 

63. 

64. 

65. 

66 . 

67. 

68 . 

69. 

70. 

71. 

72. 

73. 

74. 

75. 

76. 

77. 

78. 

79. 


sm x 


2 ~ dx 


k 2 + 1 


A 5 


E( x, k) — 


1 


' 3k' 4 k 2 3 k' 2 k 2 

k 2 ( k 2 + l) sin 2 x — 2 

+ 3k' 4 A 3 

’ sin x cos x dx 1 


F(x, k) 


sm x cos x 


A 5 


3k 2 A 3 


"cos 2 xdx 1 ^ . , \ 2/c 2 — 1 , , A' 2 (2k 2 - l) sin 2 x - 3 k 2 + 2 

t-t — = ttttt F(x, k) H y E(x, k) H ^ 

A 5 3/c 2 v ; 3k 2 k' 2 y ’ 2k' 2 A 

"sin 3 x , (3k 2 - l) sin 2 x — 2 

dx = 1 cos x 


A 5 

,2 , 


3k' A 3 


sin" x cos x sin 3 x 
dx = 


A 5 


3A 3 


" sin x cos 2 x cos 3 x 

dx = — - 


A 5 


3k' 2 A 3 


" cos 3 xdx - (2k 2 + l) sin 2 x + 3 

sm x 


A 5 

dx 


3A 3 
A + cos x 


a • = — - In . 

A sin x 2 A — cos x 

dx 1 A — k' sin x 

A cos x 2k' A + k' sin x 


dx 


A sin 2 x 
dx 


‘ 1 + cot 2 x 

A 


dx = F(x,k) — E (x, k) — A cot x 


A sin 

xcosx 

dx 

/ 

A cos 

2 Z J 

sinx 

dx 1 

cosx 

A J 

cosx 

dx i 

sinx 

A J 

dx 



A + k' 
A - k' 


f dx f . dx 1 1 — A 1 

J A sin X cos X = ./ <“'" + C °‘ X = 2 1,1 TTA + 2V 

/ A cos 2 x = / (> + ts " ! *1 J = % l ) - ^ Sfe 1 ) + Ji 4 1 “- 


dx 1 A + fc' 

tan x — - = — - In — — 

A 2k' A -k' 

dx 1 1 — A 

cot x—— = - In — 

A 2 1 + A 


A cos x 


A sin 3 x 
dx 


2 sin 2 x 


1 + k 2 , A + cos x 
: — In 


A sin 2 


' x cos x 
dx A 

A sin x cos 2 x k' 2 cos x 
dx A sin x 


— 5- In 

sinx 2k' A 


A — cos x 
A — k' sin x 


-in — 
2 A 


k' sin x 
A — cos x 
cos x 


A cos 3 x 
sinx dx 
cos 2 x A 


2fc' cos 2 x 
A 

A/ 2 cos x 


2k 2 — 1 A — k' sin x 
In ■ 


4 k ,J 


A + k' sin x 


sin x cos x 
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80. 

81. 

82. 

83. 

84. 


85. 


86 . 


87. 


89. 

90. 

91. 

92. 

93. 

94. 


’ cos x dx 
sin 2 x A 
’ sin 2 x 


A 


sm a; 


2 ~ dx 


1 A + k sin x 1 

= — — In — — arcsm (k sin x) 

cos x A 2k' A — k' sin x k 

’ cos 2 x dx 1, A + cos x 1, ,, . , 

— — = - In — 1- — In (k cos x + A) 

sin x A 2 A — cos x k 

— = - {—A cot 3 x — A ( 2k 2 + 3) cot x + ( k 2 + 2) F (x, k) — 2 (k 2 + l) E(x, fc)} 


dx 


A sin 3 x cos x 


dx 


an x + 2 cot x + cot 3 x) — 

A 


J-ln 


A 

A + k! k 2 + 2, 1 + A 


2 sin 2 a: 2k' A — k' 


■ In 


1 - A 


dx 


A sin 2 x cos 2 x 


( tan a; 


V k' 2 


an 2 x + 2 + cot 2 x) 
— cot x^j A + 


dx 


k 2 - 2 


fc ' 2 


E{x, k) + 2 F(x, k) 


dx 


A sin x cos 3 x 


dx 


3 \ U/O, 

' + 2 tan x + tan x) — 


A 


1, 1 + A 2-3 fc 2 , A + fc' 

n in — H ^ — In — — 

2k' 2 cos 2 x 2 1 — A 4 k' 3 A — k' 


dx 


= <! A tan 3 x — 


5k 2 - 3 


sin x dx 


COS 3 X 

A 

cosx 

dx 

sin 3 x 

A 

sin 2 x 

dx 

cos 2 X 

A 

cos 2 X 

dx 

sin 2 x 

A 

sin 3 x 

dx 

cosx 

A 

COS 3 X 

dx 

sinx 

A 

dx 


Asm 5 

X 


■ 3k' 2 

k' 2 

2(2k 2 -l) 

k' 2 

- E(x, k) | 

= J tan x (l + tan 2 a;) 

A 

fc 2 , 1 + A 

Ill 


A tan a; — (3 k 2 — 2) F( x, k) 


A }f_ A + k' 

2k' 2 cos 2 x 4fc' 3 A — k' 


2 sin z x 4 
f tan 2 x . A 


A 

’ cot 2 X 


dx = — o tan x ^ E(x, k) 

k' 2 k' 2 K ’ 


A 


dx = — A cot x — E(x,k) 


A 1 , A + k' 

— 1 In 

k 2 2k' A-k' 

_ A 1 1+ A 

~ k 2 2 in 1 - A 

[3 (l + k 2 ) sin 2 x + 2] 3 fc 4 + 2 k 2 + 3. A + cos x 

- 1 v ’ — A cos x 4 rr In 


8 sin 2 x 


16 


A — cos x 
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2.585 


95. 

96. 

97. 

98. 

99. 

100 . 

101 . 

102 . 

103. 

104. 

105. 

106. 

107. 

2.585 

1 . 


dx 


(3 + 2k 2 ) sin 2 x + 1 1 A — k sin x 

- A In 

2k' A + k' sin x 


A sin 4 x cos x 3 sin 3 x 

dx (3 — k 2 ) sin 2 x — k'~ k 2 + 3 , A — cos x 

1 L A -I n 


A sin 3 a: cos 2 a; 2fc' 2 sin 2 a;cosa: 


A + cos x 


dx 


A sin 2 x cos 3 x 
dx 


(3 - 2k 2 ) sin 2 x - 2k' 2 4 k 2 - 3. A + k 

= A m 


2k' 2 sin a: cos 2 x 


4 k' c 


- In 


sin x 


A — k' sin x 


(5k 2 — 3) sin 2 x — 6 k 2 +4 1 A + 

= — A — — In 


cosx 


A sin x cos 4 x 3 k’ 4 cos 3 x 

" dx 3 (2k 2 — l) sin 2 x — 8 k 2 + 5 
A cos 5 x 8k' 4 cos 4 x 

sin x dx 2 k 2 cos 2 x — k' 2 


A sin x 


2 A — cos x 

8 fc 4 — 8 k 2 + 3. A + k 1 sin x 


16 k'- 


- In 


A — k' sin x 


A 


A 


cos 4 a: A 2k’ 4 cos 3 x 

" cos x dx 2 k 2 sin 2 x + 1 

3 sin 3 x 

A sin x 1 A + k' sin x 
cos 3 x A 2k' 2 cos 2 x 4k' 3 A — k' sin x 

r cos 3 x dx A cos x k' 2 , A + cos x 


sin x A 
r sin 2 x dx 


sin x A 
’ sin 3 x dx 


2 sin 2 x 


— In 


A — cos x 


— 9 t- — F y In (k cos x + A) 

cos 2 a; A k' cos x k 

r cos 3 x dx —A 1 

— ^ — = — arcsm (k sin x) 

sin a: A sin a: k 

r sin 4 x dx A sin a; 1 A + k! sin x 2 k 2 + 1 

r - = n F "ttt In — —— -—7 . — arcsm ( k sin x ) 

cos x A 2 k 2 2k' A — k' sin x 2k 3 

r cos 4 x dx A cos x 1 A + cos x 3 k 2 — 1 


sin x A 


2k 2 


In 

2 A — cos x 


2 k 3 


In (kcosx + A) 


‘ ( a + sin x) p+3 dx 


A 


1 


0 V + 2 )k 2 
+2(2p ~F 3 )cik 2 


( a + sin x) p cos xA 

( a + sin x ) p+ 2 dx 


A 


+ (p+l)(l + k 2 -6a 2 k 2 ) 


'(a + sina;) p dx 

A 


—a(2p + 1) (1 + fc 2 — 2a z fc 2 ) + 
— p (l — a 2 ) (l — a 2 k 2 ) 


A 

’ ( a + sin x) p 1 dx 


A 


P 7^-2. a^±l, a ^±- 


For p = n a natural number, this integral can be reduced to the following three integrals: 



2.586 


Elliptic and pseudo-elliptic integrals 


197 


„ /" a + sin x , „ . , . 1 , A — k cos x 

2. / dx = aF(x, k) + — In 

J A 2k A + k cos x 

_ f (a + since) 2 , 1 + k 2 a 2 1 . «, A-kosi 

3. /- -dx = -r F (x,k - -=E (x,k + -In- 7 

J A A: 2 v ’ k 2 y ’ k A + k cos x 


(a + sin x) A 


= -n (x, -4,/A - 


a \ a 


sin x dx 


( a 2 — sin 2 x) A 


where 


sin x dx 


— a 2 A — 'Jl^Wa 2 cos x 


(a 2 — sin 2 x) A 2i/(l - a 2 ) (1 — a 2 k 2 ) 


2.586 


dx 1 cos xA 

(a + sins)" A (n - 1) (1 - a 2 ) (1 - a 2 k 2 ) (a + sin cr) n_1 

-(2n - 3) (1 + k 2 - 2 a 2 k 2 ) a j . ^ 

J (a + sm x) A 


— (n — 2) (6a 2 fc 2 — k 2 — 


— (10 — 4 n)ak 2 J 


(a + sinx)" 2 A 


(a + sinx)" 3 A 


— (n — 3)/c 2 J 


(a + sinx)" 4 A 


n/ 1, a / ±1, a ^ ± — 

k 


This integral can be reduced to the integrals: 

C dx 1 cos xA 

J (a + sinx) 2 A (1 - a 2 ) (1 - a 2 k 2 ) [ a + sinx 


— a (l + k 2 — 2 a 2 k 2 


dx 

(a + sin x) A 


— 2 ak 


2 f (a + sin x) dx 2 f (a + sin x) dx 


(see 2.585 2, 3, 4) 


dx 1 cosxA 

(a + sinx) 3 A 2 (1 — a 2 ) (1 — a 2 k 2 ) (a + sinx) 


— 3a (l + k 2 — 2 a 2 k 2 ) J 


(a + sinx) 2 A 


- (6 a 2 k 2 - k 2 - 


(a + sin x) A 


+ 2ak 2 F(x, k) 


(see 2.585 4 and 2.586 2) 


For a = ±1, we have: 


(1+ sinx)" A {2n-l)k’ 2 (1+sinx) 


cos xA 


+ 2(2n — 3)k 2 J 


(l±sinx)" 2 A 


+ (n — 1) (l — 5 A: 2 ) J 
2 )‘ 2 /+ 


(l±sinx)" 4 A 


(l±sinx)" 3 A 


GU (241)(6a) 


This integral can be reduced to the following integrals: 
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2.587 


5. 


6 . 


da 


(1 ± sin x ) A k' 2 (1 ± sin x) 


=F cos xA ,, 1 . 

+ F(x, k ) — -pjj E(x, k) 


k' z 


GU (241)(6c) 


dx 


1 J fc' 2 c osaA (l — 5fc 2 ) cos aA 


-F 


(l±sina) z A 3/c' 4 (l±sina) z lisina 

+ (1 - 3k 2 ) k' 2 F{x, k ) - (1 - 5fc 2 ) E(x, fc)} 


GU (241)(6b) 


7. 


For a = ± — , we have 
k 

f dx 


(life sin x) n A (2 n - 1 )k' 2 

- 2 ( 2 n - 3 )J 


± 


k cos xA 
(1 ± k sina) r 
dx 


(l±fc sin x) n 2 A 


+ (n — 1) (5 -k 2 ) J 
+ (n — 2) J 


dx 


(1 ± fcsina)" 1 A 


dx 


(1± fcsina)" 3 A 


9. 


This integral can be reduced to the following integrals: 
f dx k cosaA 1 

J (1 ± k sin a) A k' 2 (1 ± fcsina) + k' 2 

f dx 1 


GU (241)(7a) 
GU (241)(7b) 


(l±fc sin a:) 2 A 3 fc' 4 


kk' 2 cos xA ± k (5 — fc 2 ) cos xA 


(1 ± fcsina) z 


l±fc sin x 


— 2k' 2 F(x, k ) + (5 — k 2 ) E(x, k) 


2.587 

1. 


'(6 + cosa) p+3 dx 


A 


C p + 2)k 2 


GU(241)(7c) 

(6 + cos *)- sin .4 + 2(2p + m 2 j (t + C0 ^ )l ' t2 ‘ il 
(6 + cosa) p+1 dx 


k' 2 -k 2 + 6 b 2 k 2 


k' 2 - k 2 + b 2 k 2 


A 

(b + cos x) p dx 

~ A 

p - 1 


2 . 

3. 

4. 


+ p (1 - 4 2 ) (it ' 2 + kV)j (t + c08 ^) ~ 

_l 

7 A*' 

P 7^ —2, M±i, 

For p = n a natural number, this integral can be reduced to the following three integrals: 

f b H - cos x 1 

/ — dx = b F(x, k ) + — arcsin ( k sin a;) 


'(6 + cosa) z 
A 
da 


da = 


b 2 k 2 - k' 2 


1 


26 


„ Fix, k ) + —7 E(x, fc) + — arcsin (A: sin a) 
k~ fc 2 k 


n ( a 


1 


J (6 + cos a) A 6 2 — 1 \ 6 2 — 1 

where 


,k 


cos a da 


(l — b 2 — sin 2 a) A 
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5. 

2.588 

1. 


cos x dx 


VT^¥A + k\fk' 2 + k 2 b 2 sin x 
(1 ~b 2 - sin 2 x) A 2 h x - b 2 ) (k' 2 + k 2 b 2 ) v / l 3 & 2 A - k\J k' 2 + k 2 b 2 sin* 


In 


dx 


( b + cos x) n A (n - 1) (1 - b 2 ) ( k ' 2 + b 2 k 2 ) 

— (2n — 3) (l — 2fc 2 + 2b 2 k 2 


—k' 2 sin xA 

( b + cos a;) -1 
dx 


— (n — 2) (2k 2 — 1 — 6b 2 k 2 ) j 

— (An — 10 )bk 2 J 


(b + cosx) n X A 


dx 


(b + cosx) n 2 A 


dx 


(b + cos x) ‘ A 


— — 5 \- (n — 3 )k 2 / — n . 

J (6 + cosx) A 

ik'~ 

n^l, b ^ ±1, 6^± — 


This integral can be reduced to the following integrals: 


2 . 


dx 


1 


(b + cosx) 2 A (1 - b 2 ) (k’ 2 + b 2 k 2 ) 

’ b + cos x 


—k' 2 sin a; A 
b + cos x 


- (1 - 2 k 2 + 2 b 2 k 2 ) b J 


dx 


(b+ cos x) A 


+ 2bk 


A 


dx — k 


2 f(b + cos xY 


A 


dx 


(see 2.587 2, 3, 4) 


3. 


dx 


(b + cos a:) 3 A 2 (1 - b 2 ) (k’ 2 + b 2 k 2 ) 


—k' 2 sin xA 
(b + cosx ) 2 
dx 

(b + cos x) 2 A 


—3b (l — 2fc 2 + 2k 2 b 2 ) J 

- ^ - 1 “ / (t + ctL)A ‘ F{X ’ k) 


2.589 

1. 


' (c + tana;) p dx 

A 


(c + tana;) p A 


(see 2.588 2 and 2.587 4) 

, ,2 f (c + tan x) p+2 dx 


(p + 2 )fc' 2 [ cos*x + 2(2« + 3)cfc' 2 / ' 

-(p+i) (i + c 2 +6A' ! ) 

+(2p+l)c (l + C 2 + 2cV 2 ) 

-p(l + c 2 ) (l+l'V' Kc + t^xf - 1 ix 


A 


A 

[p 7 ^ -2] 

For p=na natural number, this integral can be reduced to the following three integrals: 
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2 . 

3. 

4. 


’ c + tan x , 1 , A + k' 

ax = c b (x, k) + —— in ■ 


A 


2k' A -k' 


"(c + tanx) 2 , 1 A 2 , . 1 c , A + k' 

dx = — w tanxA + c 2 F(x, k) 2 E(x, k) + — In — — 

A k' 2 k' 2 k' A -k' 


dx 


F(x, k ) + 


1 


(c + tan x) A 1 + c 2 ’ c (1 + c 2 ) 
f sin x cos x dx 


n \x, - 


1 + c 2 
~a ’ 1 


c 2 — (1 + c 2 ) sin 2 x A 


where 


5. 

2.591 

1 . 


sin x cos x dx 


y/l + c 2 k' 2 + v / T i T?A 
[c 2 - (1 + c 2 ) sin 2 x] A 2 / (1 + c 2 ) ( x + c 2 k +) “ ^1 + c 2 fc' 2 - yTT^A 


In 


dx 


(c + tan x) n A (n - 1) (1 + c 2 ) (l + fc ,2 c 2 ) 


A 


(c + tan x ) n 1 cos 2 x 


+(2n - 3)c (l + k' 2 + 2 c 2 fc' 2 ) J 

— (n — 2) ^1 + k' 2 + 6 c 2 k ,2 ^j J 
+ (4 n — 10 )ck' 2 J 


dx 


(c + tan x) n 1 A 


dx 


(c + tanx)" 2 A 


(c + tanx)" 3 A 


— (n — 3)fc' 2 J 


dx 


(c + tanx)" 4 A 


This integral can be reduced to the integrals: 


2 . 


dx 1 

(c + tanx) 2 A (1 + c 2 ) (l + fc' 2 c 2 ) 


+c (l + k' 2 + 2c 2 fc' 2 ) J 


-A 

(c + tan x) cos 2 x 
dx 


(c + tan x) A 


— 2 ck‘ 


,2 f c + tanx 

A 


dx + k 


,2 /"(c + tanx) 2 


A 


dx 


(see 2.589 2, 3, 4) 


3 . 


dx 


-A 


(c + tanx) 3 A 2 (1 + c 2 ) (l + fc' 2 c 2 ) 

+3c (l + k’ 2 + 2c 2 fc' 2 ) J 


(c + tan x) cos 2 x 
dx 


(c + tan x) A 


(l + C 2 + licV 3 ) j (c+ * i)a + 2ct' 2 F(x, k) 


(see 2.591 2 and 2.589 4) 
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2.592 

f (a + sin 2 x) n 

I- Pn = J £ — dx 

The recursion formula 
P - 1 


(2 + 3)fc 9 | ( a s ' r2 x ) n sin a: cos a’ A + (2 n + 2) (l + k 2 + 3 ak 2 ) P n +i 
— (2 n + 1) [l + 2 a (l + k 2 ) + 3a 2 fc 2 ] P„ + 2na(l + a) (l + /c 2 a) P„_i | 


reduces this integral (for n an integer) to the integrals: 

Pi 
Po 


(see 2.584 1 and 2.584 4) 
(see 2.584 1) 


P-i = 

For a = 0 
f dx 
J sin 2 xA 
r 

T n = 


7 i ^—= 1 -nU 1 -,k 

(a + sin a;) A a \ a 


(see 2.584 70) 


H (124)a 


dx 


(h + g sin 2 x) n A 
can be calculated by means of the recursion formula: 


T n - 3 — 


1 J —g 2 sin x cos x A 


3 y + 2(n — 2) [ g (l + /t 2 ) + 3 hk 2 P n — 2 


(2 n 5)fc 2 | (/i + gsin 2 x) 1 
— (2 n — 3) [g 2 + 2 hg (l + k 2 ) + 3 h 2 k 2 ] T n _i + 2 (n — 1 )h(g + h) (g + hk 2 ) 


2.593 

f (b + cos 2 x) n 

1 . Qn — J ^ dx 

The recursion formula 

Qn + 2 = 


(2 n + 3 )k 2 


( b + cos 2 x) " sin x sin x A — (2 n + 2) (l — 2fc 2 — 36fc 2 ) Q n +i 


+ (2n + 1) [ fc ' 2 + 2b ( k 12 - fc 2 ) - 36 2 fc 2 ] n_2n&(l - 6) (P 2 - k 2 b) Q„_i 


reduces this integral (for n an integer) to the integrals: 

2. Qi (see 2.584 1 and 2.584 6) 

3. Q 0 (see 2.584 1) 
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f dx 1 ( 1 

4. Q-t = / 7t— — 2 \ a = rrr 11 ( x »~in~r’ fc 

J (o + cos 2 x)A o + l \ o+l 


5. 


2.594 


For & = 0 
r dx 
J cos 2 xA 


1. Rn = 


(c + tan 2 x) n dx 


A 


The recursion formula 

1 f (c + tan 2 x) ” tan a’ A 


(see 2.58 4 72) 


H (123) 


R’n+2 — 


(2 n + 3)fc' 2 


(2n + 2) (l + k 2 - 3cfc' 2 ) ft 


n+1 


+ (2n - 1) 


l — 2c(l + k 2 ^J + 3c 2 A: 2 


ft, 


+ 2nc(l — c) ^1 — /c 2 cj ft_i 


reduces this integral (for n an integer) to the integrals: 


2. ft! 

3. ft, 


dx 


(see 2.584 1 and 2.584 90) 
(see 2.584 1) 

1 — c 


4. ft-i = / 7 — — 2 v . = f(+ fc) + , 1 . nli,- — -,k 

J (c + tan 2 x) A c — 1 c(l — c) \ c 

For c = 0, see 2.582 5. 

2.595 Integrals of the type J R ^sinx,cosx, \Jl — p 2 sin 2 x'j dx for p 2 > 1. 
Notation: a = arcsin (p sin x) . 

Basic formulas 


[p 2 > 1] 

[P 2 > 1] 
[/ > 1] 


1. [ 7 dX a 

J y/l — p 2 sin" x P \ P 

2. J \Jl — p 2 sin 2 x dx = pE — — — - F 


3. 


dx 


(1- 


r 2 sin 2 x) y/l — v 2 sin 2 x P 


_ I r! I 

n I 2 ? 

p z sm* x P \ P~ P 


BY (283.00) 

BY (283.03) 
BY (283.02) 


To evaluate integrals of the form J R ^sinx,cosx, \J 1 — p 2 sin 2 x^j dx for p 2 > 1, we may use formulas 
2.583 and 2.584, making the following modifications in them. We replace 


(1) k with p; 

(2) k 2 with 1 — p 2 ; 
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(3) F(x, k) with - F (a, ^) ; 


(4) E(x,k) with pE \ a 


1\ p 2 - 1 


Fla, 


1 


For example (see 2.584 15): 

2.596 

r cos 4 x dx sin x cos x sjl— p 2 sin 2 x 4 p 2 — 2 


1. 


10 


\Jl— p 2 sin 2 x 


^pE1 f 

V 

sin x cos x ^ 


ip 2 


( 1\ 

2 

( a, - 

+ - 

V Pj 



3 p A 


p E a, - 
P 


5 p 2 + 3 p 4 1 / 1 

~~o 4 • — I Of, — 

3 P 4 P \ P 


3 p 2 


3p 3 


F [ a, - ) + 
P 


3p 3 


E ( a 


[p 2 > i] 


For example (see 2.583 36): 
■VT — <n2 cin^ ' 


^ f V 1 — P 2 Sin x . P . o 1 

2. / dx = tanxy 1 — p 2 sin 2 x -f — F 

J cos^ x v p 


a, 


pE ( ck, 1 F ( a, 


= P 


1 


P 


F [a, - — E ( a, - 


1 


P 


+ tan xsj 1 — p 2 sin 2 : 

[P 2 > 1] 


3. 


For example (see 2.584 37): 
/' dx —1 


— p 2 sin 2 x) 


3 p 2 — 1 
p 2 


pFIa, - F (a, - 


sm x cos x 


P 

1 


P 


sm x cos x 


1 — P 2 sjl — p 2 sin 2 x 


1 


~F la,- — 


P 2 1 sjl — p 2 sin 2 x P 
2.597 Integrals of the form J R ^sinx, cosx, sjl + P 2 sin 2 x^ dx 


p J p 2 — 1 

[P 2 > 1] 


£ I a, - 
P 


■ sm x 


tv T , ,. . ( V 1 +P 2 sir 

Notation: a = arcsm — — 

\ V 1 + p 2 sin 2 x, 


1. 


2 . 


dx 


\/l +P 2 sin 2 x a/ 1 + r 


Fla, 


Basic formulas 
P \ 


1 + p 2 sin 2 x dx = sjl + p 2 E 


a, 


sjl+p 2 

P 


-P 


sm x cos x 


\/l + p 2 ) yjl+p 2 sin 2 x 


BY (282.00) 
BY (282.03) 
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2.598 


3. 

4. 

5. 

6 . 

7. 


9. 


V 1 + P 2 sin 2 x dx 
1 + (p 2 — r 2 p 2 — r 2 ) sin 2 x 




= 11 a, r 2 , 


V^ 


sin x dx 
1 + p 2 sit 
cos x dx 


— = — arcsin 
V 1 + p 2 sin 2 x P 


p COS X 




- p z 


f cos a :dx 1, / . P . 2 \ 

/ — — — = In I p sm x + \ / 1 + jr sin a; 

7 y/l + p 2 sin 2 x P V V / 

dx 

/ — 

sinx 


yr 


9 • 2 

- sm a; 


1 , \/l + p 2 sin 2 x — cos x 

= - In o 

2 i/l + P 2 sin 2 x + cos x 


dx 


1 v/l + p 2 sin 2 x + yjl + p 2 sin x 

In 


cos x \/l + p 2 sin 2 x 2^1 +p 2 ^1 + p 2 sin 2 x - ^/TTp 2 sin x 

tan xdx 1 \J\ + p 2 sin 2 x + \/l +P 2 


a/1 


I 9-2 

+ sm x 
cot £ dx 


: In 


2\/l +p 2 \/l +p 2 sin 2 x — V 1 +p 2 


1, 1 — \/l + p 2 sin 2 x 

= - in - 


— / = — in - 

\/l + P 2 sin 2 x 2 1 + i/l + p 2 s i n 2 . 


BY (282.02) 


2.598 To calculate integrals of the form / i? ^sin x, cos x, -\/l + p 2 sin 2 xj dx, we may use formulas 
2.583 and 2.584, making the following modifications in them. We replace 

(1) k 2 with — p 2 ; 

(2) fc ,2 withl+p 2 ; 

(3) F(x,k) vith -yl—F (a, -rf-)-, 

(4) £ (,, t )wi th yTT]? £ (a, 7fc5 )-P- S | ifc; 

(5) f In (A: cos x + A) with - arcsin PggfdL ; 

p V 1 +p 2 

(6) j: arcsin ( k sin x) with ^ In ^p sin x + y/l + p 2 sin 2 x^j . 

For example (see 2.584 90): 


1 . 


tan 2 x dx 


1 


\J\ + p 2 sin 2 x (1 + P 2 ) 


t an x \J 1+ p 2 sin 2 ; 


- v 7 ! +P 2 # 

E ( a, 


P 


\fl+P 2 

P 


■P 


2 Sill X COS X 

\/l + p 2 sin 2 x 
tan x 


\/l +P 2 

For example (see 2.584 37): 


sj 1 + p 2 / \/l + p 2 sin 2 x 
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2 . 


dx 


\J (\ + p 2 sin 2 a:) 3 


E a, 


\J l+P 2 / 


2.599 Integrals of the form J R (sin x, cos x, \J a 2 sin 2 x - l) dx [a 2 > l] 


Notation: a = arcsin 


a cos a; 


\J a 2 - 1 / 


Basic formulas: 


1. 

2 . 

3 . 

4. 

5 . 

6 . 

7 . 


9 . 


dec 


\J a 2 sin 2 a: — 1 


1 P | Va 2 - 1 

= r I a. 


1 


a 2 sin 2 x— ldx=-F|o; 


dx 


's/a 2 — 1 


— a E a, 


K > i] 


(l — r 2 sin 2 i| Vs z sin" x 


) \J a 2 sin 2 x — 1 a (f 2 1) 


n a, 


sin x dx 


\/ a 2 sin 2 x — 1 


a 

a 


[a 2 > 1] 

r 2 (a 2 - l) y/a 2 - l\ 

a 2 (r 2 — 1) ’ a J 

[a 2 >1, r 2 > l] 

[a 2 > 1] 


cosxdx 1 

. _ n = - In 

V a 2 sin 2 x — 1 a 


(a sin x + \/i 


dx 


= — arctan 


•? ■ 2 

o z sm x — 


cosx 


I) [« 2 > i] 

[« 2 > i] 


\J a 2 sin 2 x — 1 
1 v 7 ct 2 — 1 sin x + \J a 2 sin 2 x — 1 


sin x \/ a 2 sin 2 x — 1 
dx 

cosx\/ a 2 sin 2 x — 1 2-\/a 2 — 2 Va 2 — 1 sin x — \/ a 2 sin 2 x — 1 

K > i] 

tan x dx 1 \J a 2 — 1 + \/ a 2 sin 2 x — 1 

V a 2 sin 2 x — 1 2y a 2 — 1 yj a 2 — 1 — \J a 2 sin 2 x — 1 

[a 2 > 1] 

cot x dx 


\J a 2 sin 2 x — 1 


= — aresm 


1 

asinx 


[a 2 > 1] 


2.611 To calculate integrals of the type Jr (sing, cosx, V« 2 si» 2 g-l) dr for a 2 > 
formulas 2.583 and 2.584. In doing so, we should follow the procedure outlined below: 


BY (285.00)a 


BY (285.06)a 


BY (285.02)a 


1, we may use 


(1) In the right members of these formulas, the following functions should be replaced with integrals 
equal to them: 
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F(x, k) should be replaced with 


E(x, k) should be replaced with 


— — In (k cos x + A) should be replaced with 
k 


— arcsin (k since) should be replaced with 

K 

1 ^ — COS X 

- In — should be replaced with 

2 A + cost 

In A + , , ' — - should be replaced with 

2 k' A-k'smx 

1 A + k' 

— — In — — should be replaced with 

2k' A -k! 

1 1 - A 

- In — should be replaced with 

2 1 + A 


' sin x dx 

A 

' cos x dx 

A 

dx 

A sin x 

dx 

A cos a; 


(2) Then, on both sides of the equations, we should replace A with i\J a 2 sin 2 x — 1, k with a and k' 2 
with 1 — a 2 . 

(3) Both sides of the resulting equations should be multiplied by i, as a result of which only real 
functions (a 2 > l) should appear on both sides of the equations. 

(4) The integrals on the right sides of the equations should be replaced with their values found from 
formulas 2 . 599 . 


Examples: 

1. We rewrite equation 2.584 4 in the form 

f sin 2 x , 1 f dx 

/ — / . 9 = ~2 / — , = 

J iya 2 sin" a; — 1 a J a 2 sin 2 x — 1 


[ i\/ a 2 sin 2 x — 1 dx, 

a~ J 


from which we get 

/ sin 2 xdx 1 

\/ a 2 sin 2 x — 1 0,2 


dx f / 2 7 , 1 1 „ ( Va 2 — 1 

, + / v a 2 sin x — ldx > = — E a, 

1 a 2 sin 2 x — 1 J Jala 


[a 2 > 1] 


2. We rewrite equation 2.584 58 as follows: 

f dx 2 a 4 (a 2 — 2) sin 2 x — (3a 2 — 5) i 

i b J (a 2 sin 2 x — l) 5 3 (1 — a 2 ) 2 (a 2 sin 2 x — l)" 


■ sm x cos x 


2a 2 -4 


3(1 a 2 ) J a 2 g j n 2 x _ i 3(1 — a 2 ) z 


iy a 2 sin 2 x — 1 dx 
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from which we obtain 
/' dx 




9 • 2 

or sm x 


2 a 4 (a 2 — 2) sin 2 x — (3a 2 — 5) i 
— l) 5 3 (1 — a 2 ) 2 \J (a 2 sin 2 x — l) 3 


sm x cos x - 


3(1 — a 2 ) 


x < (a 2 - 3) F 


3. 


- 2a 2 (a 2 - 2) £ 

l \ “ / ' 

[a 2 > 1] 

We rewrite equation 2.584 71 in the form 

/ dx f cotxdx f tan xdx 

sin x cos xi \J a 2 sin 2 x — 1 J i\/ a 2 sin 2 x — 1 J i\J a 2 sin 2 x — 1 
from which we obtain 

f dx 1 \J a 2 — 1 + \/ a 2 sin 2 x — 1 


/a 2 — 1 




sm x cos xvfl sm x 


2 cm 2 i 2 /a 2 — 1 -/a 2 — 1 — \/a 2 sin 2 x — 1 


— arcsm 


a sm x 


x = 1 /, 

2 y 


[a 2 > 1] 

2.612 Integrals of the form f R (sin x, cos x,y/l — k 2 cos 2 a;) dx. 

To find integrals of the form J R (sin x, cos x, \J\-k 2 cos 2 x) dx, we make the substitution 
which yields 

J R (sin x, cos x, Vl - A: 2 cos 2 x) dx = - J R (^cos y, sin y, sj l - k 2 sin 2 y^j dy. 

The integrals J R (^cos y, sin y. \Jl — k 2 sin 2 y^j dy are found from formulas 2.583 and 2.584. As a 

result of the use of these formulas (where it is assumed that the original integral can be reduced only to 
integrals of the first and second Legendre forms), when we replace the functions F(x, k) and E(x, k) with 
the corresponding integrals, we obtain an expression of the form 

dy 


s/l — k 2 sin 2 y 


— B J \J 1 — k 2 sin 2 y dy 


-g (cos y, sin y) - aJ 

Returning now to the original variable x, we obtain 

/ R (sin x, cos x, y/l -k 2 cos 2 x) dx = -g (sin x, cos x) - A f 

./ 1 7 J Vl — k 2 cos 2 x 

The integrals appearing in this expression are found from the formulas 


dx 


— B 


1 — k 2 cos 2 x dx 


1 . 


2 . 


dx 


Vl — fc 2 cos 2 ; 




arcsm 


sm x 


a/ 1 — fc 2 COS 2 : 


,k 


1 — k 2 cos 2 x dx 


= E ( 


arcsm 


smx 

a/ 1 — k 2 cos 2 x 


.fc - 


k 2 sin x cos x 
a/ 1 — fc 2 cos 2 x 


2.613 


Integrals of the form J R (sin x, cos x, y/l - p 2 cos 2 x) dx [p > 1], 

To find integrals of the type J R (sin x, cos x, ^1 - p 2 cos 2 x) dx, where \p> 1], we proceed as ii 


section 2.612. Here, we use the formulas 
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1. 


2 . 


dx 




p z COS z X 


1 , 

= — FI arcsin (p cos x) 


1 — p 2 cos 2 x dx = 


P 

p 2 — 1 

P 


[p > 1] 


F ( arcsin (p cos x) , - ) — pE ( arcsin (p cos x) , - ) 

V P) \ PJ 


2.614 Integrals of the form J R (sinx, cos x, y/l+p 2 cos 2 x ^ dx. 

To find integrals of the type J R (sin x, cos x, y/l + p 2 cos 2 x) dx, we need to make the substitution 


x = — — y. This yields 


/i! (sin i, cos i, C 1 + P 2 c„s J a-) dx = — /fl (cos j/,sin ^/l + p 2 sin 2 ;/) d„. 

To calculate the integrals — J R ^cos y, sin y, \Jl+p 2 sin 2 y^j dy, we need to use first what was said 


in 2.598 and 2.612 and then, after returning to the variable x, the formulas 


1. 


2 . 


dx 


Fix, 


y/l +p 2 COS 2 X \Jl+p 2 1 ’ y/l + 


1 + p 2 COS 2 X dx = \J\ + p 2 E ( X, 




2.615 Integrals of the form J R (sin x, cos x, V a 2 cos 2 x - l) dx [a > 1] . 

To find integrals of the type j R (sinx, cosy, V«Wx-f) dx, we need to make the snbstitntion 


x = — — y. This yields 


f R (sinx, cosy, t/n 2 cos 2 x — l) ■*» =-/«( co s sin„, /. 2 sin 2 „ - l) dp 

To calculate the integrals — fR (cosy,siny, \/ a 2 sin 2 y — 1^ dy, we use what was said in 2.611 and 
then, after returning to the variable x, we use the formulas 


1. 


2 . 


dx 


F ^arcsin 


asinx \ \J a 2 — 1 


V a 2 cos 2 x — 1 a l \ Va 2 — 1 


JVa 2 cos 2 x — 1 dx = aE f arcsin (^ ^ S ^ nX =^ , 


[a > 1] 


F ^arcsin ^ 


a sm x 


Va 2 ^ J ’ a 


v^t\ 

a / 

y/a 2 — 1 


[a > 1] 
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2.616 11 Integrals of the form J R ^sin x, cos x,\Jl—p 2 sin 2 x,\Jl — q 2 sin 2 x^j dx. 
f \J\ — p 2 sin x A 


Notation: a = arcsin 


\/l — p 2 si 


sin 2 x , 


1. 


2 . 


dx 


~ P 


2 sin 2 x) (l — q 2 sin 2 x) P* \ V ^ P 



F a, 


q 2 — p 2 


0 < p 2 < q 2 < 1, 0 < X < — 


BY (284.00) 


tan 2 x dx 


tan x\/l — q 2 sin 2 x 


p 2 sin 2 x) (l — q 2 sin 2 x) (1 ~ d 2 ) \/l — P 2 sin 2 

1 


q 2 — p 2 


(l-q 2 )^r^ E \ ai \ 1 -P 


0 < p 2 < q- < 1, 0 < £ < — 


BY (284.07) 


3. 


tan 4 x dx 


— p 2 sin 2 x) (l — q 2 sin 2 x) 



0 < p 2 < q 2 < 1, 0 <x < ^- 


BY (284.07) 


4. 


sin 2 x dx 


— p 2 sin 2 x ) (l — q 2 sin 2 x )" 



5 . 


cos 2 x dx 


— p 2 sin 2 x) (l — q 2 sin 2 x) 

_ \/l -P 2 
q 2 — p 2 



E a, 


q 2 — p 2 


l~q 2 


I-P 2 {q 2 -p 2 )sJY^7 


F a 



q 2 — p 2 


0 < p 2 < q- < 1, 0 < a; < — 


1 -P 2 ) 

BY (284.05) 
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7. 

8 . 

9. 

2.617 

1 . 


cos 4 x dx 


— p 2 sin 2 x) 5 (l — q 2 sin 2 x) 



dx / 1 — q 2 sin 2 x 1 l q 2 — p 2 

E a,. 


1 — p 2 sin 2 x y 1 — p 2 sin 2 x y/l — p 2 l y 1 — p 



0 < p 2 < q 2 < 1, 0 <x < ^ 


2 J 

BY (284.01) 


1 — p 2 sin 2 x , \J\ — 

dx = 


\ (l — q 2 sin 2 x)" 


dx 


1 — q 2 


E \ a 



q 2 — p 2 \ q 2 — p 2 


sm x cos x 


1 — p 2 I 1 — q 2 


— p 2 sin 2 x ) (l — q 2 sin 2 x) 


0 < p 2 < q 2 < 1, 0 < X < 


2 J ' 

BY (284.04) 


' 1 — p 2 sin 2 x 1 „ / 2 q 2 — p 2 

: 11 a, r 1 


1 + (p 2 r 2 — p 2 — r 2 ) sin 2 x y 1 — q 2 sin 2 x sj 1 — p 2 l y 1— p 2 


0 < p 2 < q 2 < 1, 0 < x < 


2 J ' 

BY (284.02) 


__ . . \ \/b 2 + c 2 — b sin x — ccosx / 2 Vb 2 + c 2 

Notation: a = arcsm \j „ , r = 


2 Vb 2 + c 2 


; + Vb 2 + c 2 


dx 


y/a + b sin x + c cos x 
2 


sf a + Vb 2 + c 2 


F(a, r) 


0 < \/b 2 + c 2 < a, arcsin ^ — n < x < arcsin 


\JV 2 + c 2 


\/b 2 + c 2 

BY (294.00) 


72 




F(a,r) 


0 < \a\ < s/b 2 + c 2 , arcsin , ^ — arccos ( ° „ ^ < x < arcsin 


\/b 2 + c 2 


\Jb 2 + c 2 


\Jb 2 + c 2 

BY (293.00) 
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s\nxdx V2b 2c , — T 

= = - {2 E(a, r) — t (a, r)\ + -va + b since + c cos a: 

/a + b sin x + c cos x i b 2 + c 2 


0 < \a\ < \Jb 2 + c 2 , arcsin . — arccos ( . Q | < x < arcsin . 

VWTd 2 V ~ V^Tc 2 


BY (293.05) 


(6 cos x — c sin x) dx 
\/a + b sin x + c cos x 


= 2Va + b sin x + c cos x 


f b 2 + c 2 + b sin x + c cos x 
— / . = — dx 

Va + b sin x + c cos x 

/ / 2 (a — \/& 2 + c 2 ) 

= — 2y a + \/6 2 + c 2 E(a, r) H ' F(a, r) 

\/a + \/6 2 + c 2 

0 < v 6 2 + c 2 < a, arcsin . i — tt < x < arcsin . i 

[ Vb 2 + c 2 “ V& 2 + c 2 J 

BY (294.04) 

= -2V2^/b 2 + c 2 E{a,r) 

0 < \a\ < \Jb 2 + c 2 , arcsin , — arccos ( , = | < x < arcsin , 

[ ' ' VWTc 2 V %/6 2 Tc 2 / “ 

BY (293.01) 


/a + b sin x + c cos x dx 


= —2 y a + \/b 2 + c 2 E(a, r) 


0 < \/b 2 + c 2 < a, arcsin , _ — n < x < arcsin , _ 

V& 2 + c 2 “ Vb 2 + c 2 


= -2V^ </b 2 + c 2 E(a, r) + ^ ~ f ( a ’ r ) 

Vo 2 + c 2 


BY (294.01) 


0 < la < \Jb 2 + c 2 , arcsin . — arccos | . a ) < x < arcsin . 

11 ~ #+? 


BY (293.03) 


2.618 Integrals of the form J R (sin ax, cos ax, Vcos 2ax) dx = J Jr (sin t, cos t, Vl - 2 sin 2 t) dt 

where the substitution t = ax has been used. 

Notation: a = arcsin (\/2 sin ax) 

The integrals J R (sin ax, cos ax, Vcos 2ax) dx are special cases of the integrals 2.595. for (p = 2). 
We give some formulas: 


dx = 1 p f 1 

/cos 2 ax a\/2 \ ’ y/2 


cos 2 ax 1 / 1 

i dx = — -=. t I a, — p 
Vcos2ax ay2 V y2 


0 < ax < 


|^0 < ax < — 
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3. 


4. 


5. 


6 . 


7. 


9. 

10 . 


dx 




cos 2 axy/cos2ax a 

dx 2\f2 

cos 4 axv 7 cos 2 ax a V ’ 


1 


tana; 


V2 


V cos 2 ax 


1 


0 < ax < — 
4 


E a, — = — — — F a, — == — 


3a 


’V2 


( 6 cos 2 ax + l) sin ax 


3 a cos 3 ax 


v 7 cos 2ax 


7T 

0 < x < — 

~ 4 


’ tan 2 ax dx \/2 


\/cos2ax a 


' tan 4 ax dx 


1 


= - — E a, — = — 


727 a V2 V V2 


F ( a, — = ) tan axv 7 cos 2ax 


0 < x < 


F I a, 4=1- 


sin aa; 


V 7 cos 2 ax 3a\/2 \ ' ^2 J 3 a cos 3 ax 


dx 


-Vcos 2ax 


(l — 2 r 2 sin 2 ax) \J cos 2ax av 7 ^ 


1 


n (a,r ,^= 


0 < ax < — 
4 


0 < ax < — 
_ 4 


dx 


1 


1 


V cos 3 2ax ay/2 

' sin 2 ax dx sin 2ax 


V2 


V2 


F “> - — E \ a ’~^ 


1 


sin 2ax 


V 7 cos 3 2ax 2av / cos~2aa; a-s/2 




dx 


1 




V cos 5 2ax SaV^ \ ’ \/2/ 3aVcos^2ax 


V2 

sin 2 ax 


11. f V 7 cos 2ax dx = E ( a, — 

J a V V2/ 


a^2 ^ V“’ V2 


v^2 y a-\/cos 2ax 


0 < ax < — 
4 


0 < ax < — 
_ 4 


0 < ax < — 
4 


0 < ax < — 
“ 4 


. /' v 7 cos 2ax \/2 f _ / 1 \ / 1 \ 1 1 / — 

12. / = dx = — < x a, — = — E a, — > H — tan axv cos 2 ax 

J cos 2 ax a [ V V2 / V V2/J « 


7T 

0 < x < — 
_ 4 


2.619 Integrals of the form J R (sin ax, cos ax, V-cos2ax) dx = ^ j R (sin x, cos x, V2sin 2 x-l) dx 
Notation: a = arcsin ( \[2 cos ax) 

The integrals J R (sin x, cos x, \/2sin 2 x-l) dx are special cases of the integrals 2.599 and 2 . 


611 


for (a = 2). We give some formulas: 
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dx 

1 

v 7 — cos 2ax 

a7 2 

cos 2 ax dx 

1 

v 7 — cos 2ax 

a 71 

cos 4 ax dx 

1 

V 7 — cos 2 ax 

3a-/2 

dx 

. 9 / 

_ 


F [a, —= 


E ct, —j= I — F [a, — p 


3 F [a, — p — - E a, — p — — — sin 2 ax\J — cos 2ax 

V V2 ) 2 V V2/J 12a 


2 ^ \ F - 6 ^ (a, \ 


sin 4 ax\J - cos 2 ax 3 a\j2 [ \ ’ 72 J \ ’ a/2 

1 cosax , . ,, . , , 

+ - o 1 6 sm ax + 1) V — cof 

3a sin ax 


-L cuo u-a, / . o \ / — 

+ - o asm ax + 1) V — cos 2ax 

3a sin ax 

= — ^ 7 = F ( a, — \= | — 2 E ( a, — \= | + - cot ax7— cos 2 ax 
aV2 [ V y/2 ) \ 72/ \ a 


cot 2 axdx If/ 1 \ / 1 \ 

7-cos2ax = ^[ V a ’ 71/ v*’ TlJJ H 

dx 1 / 2 1 

= 11 [ cx r — 

(1 — 2 r 2 cos 2 ax) \/ — cos 2ax a 72 \ ’ ’ y/2 


dx IT/ 1 \ „ „ / 1 \1 sin2ax 

, = = — -= F ( a, — p ) —2 Fla, — p ) H — 

7 -cos 3 2ax aV2 |_ \ 72/ V 72 /J ay — cos2ax 


cos 2 ax dx 


sin 2ax 


1 / 1 
= F I a, — = 


J 7 — cos 3 2ax 2a-/— cos2ax a\/2 \ ’ 72 / 

. I" dx 1 p ^ 1 ^ sin2ax 

J 7— cos 5 2ax 3a-/2 \ ’ 72 / 3 a\/— cos 3 2ax 

11. / V-- «*»»* = 7 K“ 77 2 E (“ 7 ). 

2.621 Integrals of the form J R (sin ax, cos ax, 7sin2ax) dx. 


Notation: a = arcsin 


I 2 sin ax 
1 + sin ax + cos ax 


dx 72 / 1 

. = r a, — p 

/sin2ax a \ /2 


’ sin ax dx 72 1 + * / l + « 1 
7 sin 2 ax a 2 \ ’ 2 72 


V n ( a 'V'7) +f '( a ’7)“ 2E ("’7 


sin axdx 72 / 1 \ / 1 

/ . — — x a, —j= I — I ct, —j= 

(1 + sin ax + cosax) 7sin2ax a [ \ ^2/ \ 72 


BY (287.50) 


BY (287.57) 
BY (287.54) 
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4. 

5. 

6 . 

7. 


sin ax dx 


f 

. = — < \/tan ax — E l a, —j= 

(1 — sin ax + cos ax) vsin 2 ax a [ V V 2 


, 77 

aX ^2\ 


(1 + cos ax) dx \f2 ( 1 

/ . = — & ct, ~i= 

(1 + sin ax + cos ax) v sin 2 ax a V V 2 


(l + cosai) dx _ = ^i F („±_\_ K („±_ 


(1 — sin ax + cos ax) \] sin 2 ax a \ \ ’ y/2 


a, 


V2 


, 7t 

* 2 J 


■ Vt 


an ax 


(1 — sin ax + cos ax) dx \f2 f / 1 \ / 1 

/ . = — <2fi a, — p I — t [a, —j= 

(1 + sin ax + cosax) Vsin2ax a [ \ s/2) \ \J2 


(1 + sin ax + cos ax) dx 


[1 + cos ax + (1 — 2 r 2 ) sin ax] V sin 2ax a 


V2 n , 

= — 11 I a, r 


V2 


2.63-2.65 Products of trigonometric functions and powers 


2.631 


1. x r sin p x cos q xdx = 


(p + q)x r sin p+1 x cos 9 1 - 


(p + q) 2 

+rx r ~ 1 sin p x cos 9 x — r(r — 1) J x r ~ 2 sin p x cos 9 x dx 
— irp J x r ~ 1 sin p_1 x cos 9-1 x dx + (q — 1 )(p + g) J x r sin p x cos^ 


— (p + q)x r sin p 1 xcos 9+1 x 


(p + q) 2 

+rx r ~ 1 sin p x cos 9 x — r(r — 1) J x r ~ 2 sin p x cos 9 x dx 
+ rqj x^ 1 sin p_1 x cos 9-1 x dx + (p — l)(p + q) J x r sin ; 


XO 


2 . 


3. 


x m_1 sin” -1 x 


{m sin x — nx cos x} 

+ — - / x m sin"" 2 x dx - m(m ,r ^ / x m " 2 sin" x dx 
n J n 2 J 


x m cos" x dx = 


x m 1 cos" 1 x 


{to cos x + nx sinx} 


■- — - f x m cos"- 2 x dx — m ( m n ^ f x m ~ 2 cos" x dx 


BY (287.55) 
BY (287.51) 

BY (287.56) 
BY (287.53) 

BY (287.52) 


2 x dx 


)s 9 x dx 

GU (331)(1) 
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4. 


5. 


3. 


x n sirr m x dx = 


2m\ x n+1 


to ) 2 2m (n + 1) 

HT’vm.^to 

22m- 1 Z-A 


fc =0 


sin 2m+1 x 


( i \m m 


2 2 ^ 




J x n cos(2 to — 2k)x dx 
(see 2.633 2) 

k f 2 to + 1^\ ^ g j n ^ 2 TO _ 2k + l)x dx 
(see 2.633 1) 


6. x n cos 2m xdx = 


2 to A x 


n+1 


m J 2 2m (n + 1) 
/ 2?7 

1 k 


2 2 


1 "El 1 /o ra ' 

— j- ^ ( ; ) j x"cos(2to — 2k)xdx 


fc= o 


7. 

2.632 

1. 

2 . 

3. 

4. 

2.633 

1. 


(see 2.633 2) 

f i /9?77 _i_ 1 \ r 

x n cos 2m+1 xdx= ¥Wi J2{ f, ; J y cos ( 2 w — 2 fc + l)xdx 

(see 2.633 2) 


x M 1 sin f3x dx = ^ (i/3) 11 7(/z, f/?x) — ^ (— f/3) ^7 (/z, — f/3x) 


[Re /j > — 1, x > 0] 


x M 1 sin axdx= < exp 

2a^ 1 




r(/x, — iax ) + exp 


?(!-,) 


r(/z, fax) 


[R.e /i <1, a > 0, x > 0] 

x^ _1 cos (3xdx = ^ |(f/3) _ ' i 7(/u, f/3x) + (— f/3) _A1 7 (/z, — f/3x) j 

[R.e /j >0, x > 0] 

x^ -1 cos ax dx = — |exp (i/x — ) r(/z, — fax) + exp f/z— ^ r(/z, fax)| 


1 sin ax dx = — 


£<) 


k=0 


j,n—k / ^ 

k )S^ ax (’ a+ 2 hr 


2. 8 x n cos axdx = 




1,— k 


k—0 


' 2n • 

x smx 


dx = (2n)! 5Z(-1) 


x‘" . I 1 , 

^ jT sin^ax+-fc7r 

r ,2n—2k 


fc+1 




n— 1 


,/c=0 


{2n-2k)\ 


cosx 


B-T 


,.2n-2fc-l 


k—0 


(2n-2k - 1)! 


sin x 


Tl 333 

Tl 333 

Tl 333 

Tl 333 

ET I 317(2) 

ET I 317(3) 

ET I 319(22) 
ET I 319(23) 

Tl (487) 
Tl (486) 
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4. 

5. 

6 . 

2.634 

1. 


[ x 2n+1 sin x dx = (2 n + 1)! < y^(— 1) 

^ i. k=0 


fe+i 


,,271— 2fc+l 


(2n — 2k + 1)! 


cos a: + y^(— 1)* 


2 n 

X COSX 


dx = (2 n)\ < ^(-1) A 


< k—0 


r ,2n—2k 


(2n — 2k)\ 


sinx + y^(— 1) A 


x 


k = 0 

2n-2k-l 


k—0 


f x 2n+1 cos x dx = (2 n + 1) ! I y^(— 1) 
** \ k=0 


x 2n—2k+l 

(2n-2k + l)l 


sm x 


(2n-2fc- 1)! 

n 

E 


J2n—2k 


(2n — 2k)\ 


cosx 


sm x 


11 x 2n-2k 


k - 0 


(2n - 2/c)! 


P„(x) sin mx dx = — 


cos mx 


In/ 2] 




Pn k * (ar) sin i 


L(n+1)/2J 


n 2k 


E (-D 


cosx 


^P^-^x) 


-,2/c-l 


2. P n (x) cos mx dx = 


sm mx 


k = o 
L n /2J 


m 


E (-D' 


. Pn^ (x) cos mx 


k = 1 
L(n+l)/2j 


fc— 0 


m 


2fc 


m 


E (-D 


p(2k— 1) 

fc-1 r n 


(x) 


k = 1 


m 


2k-l 


In formulas 2.634, P„(x) is any n th -degree polynomial, and Ph k \x ) is its fc th derivative with respect to x. 

2.635 Notation: 21 = a + bx. 


1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


r 1 6 

Z\ sin kxdx = — — z x cos kx + sin fcx 
fc fc 2 

r , , 1 • , b 

z\ cos kx dx = —Zi sm fcx + -77 cos kx 
k k z 


J z 2 sin kx dx = 


1 (2 b 2 


k V k 2 


— zf ) cos kx + 


1 


k 


z 1 


2P 


z{ cos kx dx = — z\ ) sin kx + 


k 2 


6 b 2 


k V k 2 


Zl 


2 bzi 
2bz\ 

~W 

36 


sin kx 


cos kx 


Zi sin kx dx = — — ^ — z 2 I cos kx + —k I zf —5- ) sin kx 


66 2 


k 2 


k 2 

36 


26 2 


z\ cos kx dx = — I zf ~y sin fcx + — I z x — cos kx 


k 2 


k 2 

26 2 


1 


z\ sin kx dx = — — [ z x rz~ z i + 

7 . 1 j,2 


12b 2 2 246 4 \ 


fc 4 ) 


9. 


J zl sin kx dx = —7 ^z 4 — 


126 2 „ 246 4 


k 2 1 

126 2 0 


fc 4 

246 4 

W zl + ~W 

246 4 


cos fcx 

sin fcx + 


fc 2 
46zi 

46zi 

“P" 


zi 


66 2 


^1 ) sinfcr 


2 66 2 

^ “ fc 2 " 


sin kx - z 4 - 


206 2 

"fc 2 ” 


cos kx 


1206 4 


fc 4 


/' 5 , , 56 / 4 126 2 2 

10. / Zi cos kx dx = — 7 I z x J 2 ~ z 1 + 


fc 4 


-21 


cos kx + ( z 4 — 


206 2 o 1206 4 


fc 2 


fc 4 


cos fcx 

sin fcx 
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\\ sin kx dx=^(zl- 2 ^z 2 1 + sin kx 

1 ( « 30& 2 , 360& 3 4 o 7206 e 


-T Zi ~ 


cos kx 


Zho skxix= 5^ ( 2 ; - + 1^) cos fa 

1 / R 306 2 4 3606 4 2 7206 6 \ . , 

i + ” fa 


2.636 


x n sin 2 x dx = 


2(n + 1) 

n! [^(-lJfc+V*- 2 * . L(n^i)/ 2 J ( _ 1)fc+la ,„_ 2fe _ 1 

f Il ^ 92fcf«-9fcV sm2x+ 2^ 2 2fc + 1 (?z - 2fc - 1)! cos2x 


4 I ^ 2 2k (n — 2fc)! 


GU (333)(2e) 


' n 2 i x 

x cos xdx = — - 


2(n + l) 


n l [ ri'|fe+l n-2fc L(« i), 

-I E ( iL« --+ £ 


L(n l)/2j 


4 | ^ 2 2k {n-2k)\ 


f . 2 £ 2 X . 1 

£ sin xdx = — sm 2x — - cos 2a; 

4 4 8 


2 2fc+1 (n — 2k — 1)! 


cos 2a: 


GU (333)(3e) 


f 2 . 9 a ’ 3 3:1 „ 1 / 2 1\ . „ 

a; sin xax = cos 2a; x sin 2a: 

6 4 4 V 2/ 


MZ 241 


r 3/^ x i 

x cos 2 xdx = — + — sin 2a: + - cos 2a; 
4 4 8 


f 2 2 > 3:3 X „ 1 / 2 1\ . _ 

x cos xdx = 1 — cos 2a; H — x sm 2a; 

6 4 4 V 2 J 


MZ 245 


2.637 


3 n! I ^ (-l) fc x n 2fc / cos 3a; 

x sin x dx= — < ^ - 3cosx 


4 I ^ (n — 2fc) ! V3 2fc+1 


L("-i)/2J 

- £ I- 1 )* 


x n 2te 1 / sin 3a; 

(n- 2fc- 1)! \3 2fc+2 


— 3 sin x 


GU(333)(2f) 
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2 . 


/*" COS» X dx = £ ( V ( 7 1) ^"~r fSS + 3 * 

7 4 I _ (n — 2&)! V 3 + 


„n— 2/c— 1 


/c=0 

I(n-l)/2] 

+ E 

k—0 


( cos 3a: 


{n-2k- 1)! \ 3 2fc + 2 


+ 3 cos x 


3. 

4. 

5. 

6 . 

2.638 

1. 


2 . 


3. 


4 . 


. 3 , 3 . 1.3 x 

x sm xax = - sin x — — sin 3a: — -x cos x + — cos 3a; 


36 


12 


r 2 . o , / 3 2 3\ / x 2 1 \ „ 3 . x . „ 

x sm x ax = — -x H — cos x + 1 cos 3x H — x sm x sm 3x 

\4 2) \12 54/ 2 18 

fo 3 1 3 . x . 

x cos xax = - cos x H cos 3x H — x sm x H sm 3x 

4 36 4 12 


, 1 i 3 2 3 \ . ( x 2 1 \ . o 3 x 

x cos x dx = -x — - sm x + — sm 3x + -x cos x + — cos 3x 

4 2 ) V 12 54 / 2 18 


"sin 9 x , sin 9 1 x [(p — 2) sinx + qxcosxl 
ax = 


x p 


(p — 1 )(p — 2)x p_1 


"sin 9 x dx q{q — 1) f sin 9 2 x dx 

(p-l)(p-2)7 x p ~ 2 + (p-l)(p-2)7 xp- 2 

[p ^ 1> P + 2 ] 

"cos 9 x , cos 9-1 x [(p — 2) cosx — gxsinxl 
■ ax = 


xp 


(P- 1)(P- 2)xP- 


'cos q xdx q(q — 1) f cos 9 2 xdx 

(p ~ 1)(P — 2) 7 XP” 2 + (p-l)(p-2)7 XP” 2 

[P + 1. P + 2 ] 

"sinxdx sinx 1 /' cosxdx 


x p 


sm x 

(p — l)x p_1 + p — lj x p ~ l 
sin x cos x 


1 


/ sin x dx 
x p -2 

(p > 2) 

’ cos x dx cos x 1 f sin x dx 


cosx 

x p (p— l)x p_1 p — lj x p_1 

cos x sin x 


1 


/ cos x dx 

X p ~ 2 

(p > 2) 


GU(333)(3f) 


MZ 241 


MZ 245, 246 


Tl (496) 


Tl (495) 


Tl (492) 


Tl (491) 
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2.639 

1. 


'sin xdx (— 1) 


n+l f ™ p f i \k 


( — l) fe (2fc + 1)! 




r 2k-\-l 


x, - n - 111 \ £ - 
+ g (-ir; Wl jnT 


cosx 


(-1) 


n+l 


r 2k 


k—0 


(2n — 1)! 


ci(x) 


J y i-»y «,,, 


p2 n+ 1 


x(2n)! 

n— 1 


r £ 

[ /c— 0 


r 2/c 


+ E - ^ „. 2 fc+i" + 1) ' sina: \ + WSr s +) 


k—0 


(2n)\ 


'cos xdx (— l) n+1 I ^-4 (— l) fc+1 (2 k)\ 

dx = — ^ — < > ttt: COS X 


y*2tl 


x(2 n — 1)! 


r 2k 


k=0 


(—l) k (2k + 1)! . 

— > sin x 


r>2k~\~ 1 


k—0 


(-1)" 
(2n — 1)! 


si(x) 


’cos xdx (— l) n+l I (— l) fe+1 (2fc + 1)! 

> ttttt, cosx 


r 2n+l 


x(2n)\ 

n— 1 


r 2/c+l 


k—0 


sr (~o k+1 m\ . 

— > 7777 sin X 


r 2k 


k = 0 


(-l) n 


2.641 


3. 

4. 

5. 


sin kx 1 sin kx 

( a + bx ) 2 X b a + bx 


cos fcx 
(a + 6x) 2 

sin kx 
( a + bx) 3 


, 1 cos fcx 

dx = —- — 

b a + bx 

sin kx 

dx = — 


' cos kx 
a + bx 
' sin kx 
a + bx 
k cos kx 


dx 

dx 


1 J 

1 ' sin kx 1 

a + bx b 

ka .. . . ka . 

cos — si(u) — sin — ci(w) 


k 

u = — (a + for) 

2 J 

j ' cos kx 1 

a + bx b 

ka .. . . ka .. . 

cos — ci(u) + sin — si(u) 
b b 


A: 

w = — (a + for) 
b 


(see 2.641 2) 

(see 2.641 1) 
sin kx 


— 77777 / — dx 


2 b{a + bx) 2 2 b 2 {a + bx) 2 b 2 J a + bx 


GU (333)(6b)a 


GU (333)(6b)a 


GU (333)(7b) 


GU (333)(7b) 


(see 2.641 1) 
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6 . 


7. 


9. 


10 . 


11 . 


12 . 


2.642 

1. 

2 . 

3. 

4. 


cos kx 
( a + bx ) 3 


sin kx 
(a + bx) 4 


cos kx 
( a + bx) 4 

sin kx 
( a + bx) 5 


cos kx 
(a + bx) 5 


sin kx 
( a + bx) e 


cos kx 
(a + bx) 6 


dx = — 


dx= — 


cos kx 


k sin kx 


2 b(a + bx) 2 2 b 2 (a + bx) 

sin kx k cos kx 


k 2 
2 b 2 


’ cos kx 


dx 


a + bx 
(see 2.641 2) 


dx= — 


dx = 


dx = 


dx = 


dx = 


36(a + bx) 3 

6 6 2 (a + bx) 2 

k 2 sin kx 

k 3 f coskx j 

6 b 2 {a + bx) 

6 b 3 J a + bx 

cos kx 

1 

k sin kx 

1 

3 b(a + bx) 3 

6 b 2 (a + bx) 2 6( 

sin kx 

k cos kx 

4 b(a + bx) A 

12b 2 (a + bx) 3 

k 2 sin kx 

k 3 cos kx k 

24b 3 (a + bx) 2 

246 4 (a + bx) 24 

cos kx 

k sin kx 

4 b(a + bx) 4 

12b 2 (a + bx) 3 

k 2 cos kx 

k 3 sin kx 

24b 3 (a + bx) 2 

24b 4 (a + bx) 

sin kx 

k cos kx 

1 

5b(a + bx) 5 

20 b 2 (a+bx) 4 ( 

k 4 sin kx 

k 5 f cos kx 

1206 5 (a + bx) 

1206 5 J a + bx 

cos kx 

1 

k sin kx 

1 

5 b(a + bx) 5 

206 2 (a + 6x) 4 ( 

k 3 sin kx 

k 4 cos kx 


(see 2.641 2) 

k 2 cos kx k 3 
^ 6b 3 


a + bx) 

(see 2.641 1) 


, sin kx 

T7TTT / — dX 


bx 


' sin kx 


dx 


a + bx 
(see 2.641 1) 


k 4 fcoskx 

24 Vj a Tbx dX 
(see 2.641 2) 

k 2 sin kx 


k 3 cos kx 


60 b 3 (a + bx) 3 1206 4 (a + bx)' 

dx 

(see 2.641 2) 
k 2 cos kx 


k 5 


- bx) 3 


120 b 4 (a + bx) 2 I20b 5 (a + bx) 


/ sin kx 
a + bx 
(see 2.641 1) 


dx 


’sin 2m 2 i /2 m\ lna; (—l)” 1 m 1 

x X l to / 2 2m 2 2ri 

v 7 fc=o 


yiio - 


2 TO 


ci[(2m — 2fc)x] 


’sin 2m+1 T c_ it " 1 ™ 

x dx = LJd_j2 i _ 1) 


x 


' COS 2m X 


2 2r> 


k—0 


k f 2m + 1 

k 


si[(2m — 2k + l)x] 


. 2m\ lna; 1 (2 m , ... . . 

dx = ) — F T- > ( , ) ci (2m — 2k)x] 

to / 2 2m 2 2m_1 ^ \ k ' 1 J 

fc=o v 


x 

’cos 2m+1 a: , 1 ( 2m + 1 


a: 


dx = 22Sr EE ( V " ) ci [( 2m - 2fc + !)*] 
v 
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5 . 


6 . 


7 . 


’ sin 2m x , ( 2 to \ 1 

~ — dx = — 


to / 2 2m a; 


(- 1 ) 


2 2r 




fc+1 / 2 to\ J cos(2 to. — 2/c)a; 


k=0 


+ (2 to — 2fc) si[(2m — 2fc)a:] 


'^<^tTE(-T«( 2 ™ +1 ) 

t— n \ / 


fc— 0 

f sin(2m — 2 k + l)x 


— (2 to — 2fc + 1) ci[(2m — 2 k + l)x] 


’ cos 2m a; , ( 2 to. \ 1 

- — dx= — 


m I 2 2m x 

m— 1 


E (?) ( COS(2 "E 2t)l + (2m - 2fc)si[(2m - »»] 

fe=0 ' 


’cos 2m+1 a; 1 J^/2?n+l^ J cos(2to — 2 k + l)x 

x 1 ~ 2 2m ^ 1 k 

fc= o v 

+ (2 to — 2 k + 1 ) si[( 2 TO — 2 fc + l)a:] 


2.643 

1. 

2 . 


3 . 


4 . 


5 . 


6 . 


' dx 


x p 1 [p sin x + (q — 2 )x cos x] q — 2 


v p dx 


p(p — 1) f x p 2 dx 


sin 9 a: (<7 — l)(q — 2) sin 9 1 a: q— lj sin 9 2 2: (q — l)(q — 2 ) J sin 9 2 . 

' x p dx x ^ 1 [pcosa; — (q — 2)a;sina;] 
cos'? x (q — l)(g — 2) cos 9-1 x 

q — 2 I" x p dx p{j> — 1) r x p ~ 2 dx 

q — 1 J cos 9-2 x (q — 1) {q — 2) J cos 9-2 x 


sin a: 


T n °° 2 (2 2k ~ 1 — I s ) 

<ix= - + E(-T« ,} . 


fe=i 


(n + 2 k)( 2 k)l 


\x\ <7 r, n > 0] 


TU (333)(8b) 


da; 


a: n sin x nx 


1 on— 1 1 00 9 ( c ) 2 n 1 \ 

-[! + (-!)"] ~r ^ a; - (~l) fc /r,,. ,L, B 2 k x 2k ~ n 

fc= 1 


(2fc — n) • (2A;) !' 


[n > 1 , |ar| > 7 t] 


'x n dx \E 2 k \x n+2k+1 

cosx (n + 2 k + l)(2/c)! 

’ — dx — = i [1 — (— 1 )”] t— — pr7 ln ar + V 
x n cosx 2 (n — 1)! ^ 


|^2fe|: 


M < n>0 


J2k— n+1 


GU (333)(9b) 
GU (333)(10b) 


^ ( 2 fc - n+ 1 ) ■ ( 2 A;)! 


1 1 ^ 

W < 2J 


GU (333)(llb) 
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7. 

8 . 


9. 

10 . 


2.644 

1. 

2 . 

3. 

4. 


’ x™ dx 
sin 2 x 


= — x n cot x + 


n — 1 


- 1 +n ^(_l)A 


(^2k j,n-\-2k — 1 


7-B2A; 


fc= 1 


(n + 2fc — l)(2/c)! 

[|x| < 7t, n > 1] 


dx 


cot x 


n 


x™sin 2 x x™ (n + l)x™ +1 

n A (— l) fe (2x) 2fe 




(n + 1) ! " 


2"+i E (2fc — n — 1) (2 fc) ! ^ 2k 




n + 1 


[M < 7t] 


'x™dx _ 2 2fc (2 2fc - 1) ® n+2fc - 1 

-=x tanx + n£(-l) ^ ttttt B 2k 


fc= 1 


(n + 2A: — 1) • (2/c) ! 


dx 


n > 1, |x| < - 

- [1 - (- 1 )”] (- 1 )^ 7 ^ ( 2 ” +1 - !) 


(n + 1)! 


n 


E 


(_l)fc (2 2fc - 1) (2x) 


2k 


c™+ 1 ^ (2fc-n-l)(2fc)! 


-Bik 


x < 


2 J 


GU (333)(8c) 


GU (333)(9c) 


GU (333)(10c) 


GU (333)(llc) 


x dx '^2, ^ U ~ ^ ^ n — 4) . . . (2 n — 2k + 2) sin x + (2n — 2fc)x cos x 


sin"' x TTi — l)(2n — 3) . . . (2 n — 2k + 3) (2n — 2fc + l)(2n — 2fc) sin 2 ™ 2fe+1 x 

(In sin x — x cot x) 


2”° 1 (n- 1)! 


(2n- 1)!! 


x dx (2 n — 1) (2 n — 3) . . . (2n — 2k + 1) sin x + (2 n — 2k — l)x cos x 

,2n+l = “ 


2n-2k 


sin"' 1 " x “ 2n(2n — 2) . . . (2n — 2k + 2) (2n — 2k)(2n — 2k — 1) sin 2 " x 


(2n — 1) ! ! r x dx 
2 n n\ / sinx 


(see 2.644 5) 


x dx 


n— 1 

E 


(2n — 2) (2n — 4) . . . (2n — 2k + 2) (2n — 2k)x sin x — cos x 

cos 2 ™ x (2n — l)(2n — 3) . . . (2n — 2k + 3) (2n — 2 k+ 1)(2 n — 2k) cos 2 ™ _2fe+1 x 

2™ _1 (n — 1)! . 

H — t — — (x tan x + In cos x) 

(2 n — 1)!! 

xdx (2n — l)(2n — 3) . . . (2n — 2k + 1) (2n — 2/c + l)x sinx — cos x 

cos 2 ™ +1 x 2n(2n — 2) . . . (2n — 2k + 2) (2n — 2k){2n — 2k — 1) cos 2 ™ -2fe x 

(2n — 1)!! f xdx 
2 n n\ J cos x 


cosx 


(see 2.644 6) 
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5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

2.645 

1. 

2 . 

3. 

4. 

5. 


’ x dx 
sin a; 

’ x dx 
cosx 


= x 


°° 9 (n2k-l _ 1 'l 

E(-d w '1 ■ , 


k = 1 


(2fc + l)! 


= £ 


2/c+2 


\E 2k \ 

(2k + 2)(2k)\ 


x 


dx 


sin 2 x 


• dx 


x dx 
sin 3 x 
x dx 


x dx 

■ 4 

sin x 
x dx 


x dx 
sin 5 x 


: dx 


k - 0 

= —x cot x + In sin x 

= x tan x + In cos x 

sin x + x cos x 1 f x 
2 sin 2 a: 2 J sin a; 

x sin x — cos x 1 f x dx 
2 cos 2 x 2 J cos x 
x cos x 


dx 


(see 2.644 5) 
(see 2.644 6) 


12 2 

~ t, -a; cot x + - In (sin x) 

3 sin 3 x 6 sin 2 x 3 3 v ' 

x sin x 1 2 2 

o 3 7 . 5“ + -x tan x - - In (cos a; 

3 cos J x 6 cos 2 a: 3 3 


x cos x 


1 


3x cos x 


4 sin 4 x 12 sin 3 x 8 sin 2 x 8 sin . 


• dx 


sm x 


x sm x 


1 


3a; sin x 


(see 2.644 5) 
3 f x dx 


4 cos 4 a; 12 cos 3 a; 8 cos 2 a: 8 cos a; 8. 


cosx 


• 2m m 

B P?E_^ da; = 53(_ i)*( 

k—0 


m 


cos n x 


. ‘2 r mA-'\ m 

D sin ^ x / -x\k ( 

c p dx = 2^(-l) fc ( 

fe= o 


m 


cos" x 
, sin x dx 


x p dx 


x p sin x 


(see 2.644 6) 


(see 2.643 2) 


dx (see 2.645 3) 


rP 


r P ~ 1 


cos" a; (n — 1) cos" -1 x n — lj cos" -1 a; 


dx 


Jim , 


cP ^zx dx = ^2 { _ 1)k ^ 

k—0 


sm x 


m\ f x p dx 

k) J sin"- 2fc x 


sm x 

cosx 


dx = 


m 

E(-T( 


k—0 


X y COS X 


k ) J sin"- 2fc x 


dx 


[n > 1] (see 2.643 2) 
(see 2.643 1) 

(see 2.645 6) 


sin" x 


vP- 1 dx 


(n — 1) sin" 1 ar n~lj sin" x 


GU (333)(12) 


6 . 


[n > 1] (see 2.643 1) GU (333)(13) 
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X COS X X X 

k — ax = — ; F In tan — 

sin x sm x 2 

’ x sin x x ( x 7t \ 

— ax = In tan - + - 

cos- x cos x V 2 4 / 


2.646 


/ °° o2 k ( o2fc— 1 1 1 


'cot a; da’ = y~](— 1) 


o2 k o 

k * &2k 

(p + 2k)(2k)\‘ 


P>-1, |ar| < - 


\p > 1, |x| < 7 r] 


GU (333)(12d) 


GU (333)(13d) 


a: p tan 2 xdx = x tan x + In cos x — — 


a: cot 2 xdx = —x cot x + In sin x — 


2.647 


x n cos x dx x n n f x n 1 dx 

(o + &sina:) m (?n — 1)6 (a + 6sina:) m_1 (?n — 1)6 J ( a _|_ bsin x) m_1 

[?n 7^ 1] 

a;" sin x dx x n n f x n ~ l dx 

(o + 6cosa;) m (m — 1)6 (a + 6cosa;) m_1 (m — l)6j ( a -|- 6cosa;) m_1 

[to 1] 


/ 7t a:\ /7r a;\ 

= “ ^ tan — — - + 2 in cos — — - 
1 + sin x \42/ \42/ 

xdx [it x\ . ( 7t a:\ 

; = x cot — — - + 2 in sm — — - 

1 — sin x \42/ \42/ 

xdx x x 

= x tan — + 2 in cos — 

1 + cos x 2 2 

xdx x x 

= — x cot — + 2 In cos — 

1 — cos a: 2 2 

xcosx x [X TT\ 

k dx = - ; 1- tan - — - 

fl + sin a;] 1 + sma: V2 M 


(1 + sin a;) 


a; cos a; x (x it 

^ dx = ; 1- tan — + — 

(1-sina:) 1-sma; V2 4 


n (— — 

V 2 4/ 

/ X 7T\ 

V2 + 4/ 


xsmx x x 

7T dx = tan — 

(1 + cos a;) 1 + cos x 2 

xsinx x x 

dx = cot — 

(1 — cos a;) 1 — cos x 2 


MZ 247 


MZ 247 


PE (329) 


PE (330) 


PE (331) 


PE (332) 


MZ 247a 
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2.648 

1. 

2 . 


x + sin x x 

ax = x tan — 

1 + cos x 2 

’ x — sin x x 

ax = — x cot — 

1 — cos x 2 


GU (333)(16) 


2.649 

2.651 

2.652 


x sin x + cos x 


[(ax — b) sin x + (a + bx) cos x] 2 b [(ax — b) sin x + (a + bx) cos x] 
dx tan x 

[a + (ax + b ) tan a;] 2 a[a+ (ax + b) tan x] 

xdx „ f , costa: — t) , . . , . . 

= cosec 2 1 < x In 7 — — - — L(x + t) + L(x — t) 


GU (333)(17) 
GU (333)(18) 


cos(x + t) cos(x — t) 


cos(x + 1) 


t ± mr; \x\ < - - |i 0 | 


where to is the value of the argument t, which is reduced by multiples of the argument 7t to lie in the 

LO III 288 


interval (—§,§)■ 

2.653 

f sin a; 


1. 

2 . 


dx = vP t S (y/x) 


J C -^dx=V2^C(Vx) 


(cf. 8.251 21) 
(cf. 8.251 3) 


2.654 Notation: A = \j \ — k 2 sin 2 x, k! = \]\ — k 2 : 

a’A 1 


1. 

2 . 

3. 

4. 

5. 

6 . 


x sin x cos x 

A~ ' 


dx = ~ + ^ E ( x ,k) 


x sin x cos x 

A 

xc 

~K 

’ x sin x dx 




2 k 2 


di = -w F{x ’ k) + gki 


E(x , k) — [3 (3 — A 2 ) x + k 2 sin x cos x\ A 


u'2 


d * = - Wl nx,k)+ gkl 


E(x ' k) -w* l- 


(A 2 - 3fc' 2 ) 


3 ( A 2 — 3k 2 I x — P sin x cos : 


A 


A 3 


xcosx 1 . . . 

dx = — rm. — f , , , Q arcsm (k sin x) 
k A kk 2 


’ x cos x dx x sin x 1 . . 

— ^ = ^^ + ^ln(/ccosa: + A) 

’ x sin x cos xdx x 1 . . 

- tw F(x,k) 


A 3 


/c 2 A k 2 


' x sin 3 x cos xdx 2 — k 2 sin 2 x 1 . ^ , , . _ . 

a 3 = * — Pa p k) + F(x ’ fc)] 

’ x sin x cos 3 x dx k 2 sin 2 x + k 2 — 2 fc 2 1 

= x nr~. + -j£ F(x, k)+- j E(x, k ) 


A 3 


k 4 A 


7 . 
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2.655 Integrals containing sinx 2 and cos a; 2 

In integrals containing since 2 and cos a; 2 , it is expedient to make the substitution ar = u. 


1. x p smx 2 dx = —' cos a: 2 

./ 2 


x p 2 cos x 2 dx 


2. I x p cos a: 2 dx = — — sin a: 2 — — - — x p 2 sin a : 2 dx 


3. x n sinx 2 dx= (n— 1)!! < ^(— 1) 


x n 4fe+3 cos x 2 x n 4fc+1 sin x 2 

2 2k ~ 1 (n — 4fc + 3)!! “ 2 2k (n - 4k + 1)!! 


2 2r (n — 4r — 1)!! , 


x n ~ Ar sin a; 2 dx 


n ' 

r ~ uJ. 


GU (336)(4a 


4 - ] C0S dx = (n - 1)!! E(- 1 ) fc " [ 2 2fc ~i(n — 4fc + 3)!! + 2 2fc (?r — 4fc + 1)!! 


x n-4k+3 gin x 2 


X n 4fe+1 COS X 2 


2 2r (n — 4r — 1)!!. 


x n " 4r cos x 2 dx 


n 

T = l_4_ 


5. / a; sin ar dx = — 


cos 2 a: 


GU (336)(5a) 


6. / a: cos a; 2 dx = —- 


7. J x 2 sin x 2 dx = — — cos a: 2 + - C (x) 

8. /x 2 cos x 2 dx=f sinx 2 - i^(x) 

f O , Q 1 X o 1 . 2 

9. / x sinx ax = — — cosx +-smi 

. .. [3 o , X . 2 1 2 

10. x cos x dx = — smx H — cosx 
./ 2 2 
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2.66 Combinations of trigonometric functions and exponentials 

2.661 [ e ax sin p x cos 9 xdx = ^ — r j e ax sin p x cos 9-1 x \a cos x + (p + q) sin x] 

J a 2 + {p + q ) 2 [ 


pa J e ax sin p 1 x cos 9 1 x dx + (q — 1) (p + q) J e ax sin p x cos 9 2 x da’| 


Tl (523) 


-75 7 777 \ e ax sin p 1 x cos 9 x [a sin x — (p + q) cos x] 

l2j -{p + q ) 2 1 


qa J e ax sin p 1 x cos 9 1 x dx + (p — 1) (p + q) J e ax sin p 2 x cos 9 x da’| 


Tl (524) 


a 2 + (p + q ) 2 


e ax sin p 1 x cos 9 1 x a sin x cos x + q sin 2 x — p cos 2 x] 


+ q(q — 1) J e ax sin p x cos 9 2 x dx + p(p — l) J e ax sin p 2 x cos 9 x cte | 


Tl (525) 


(. P + q) : 


|e aa: sin p 1 xcos q 1 x (a sin x cos x + q sin 2 x — p cos 2 x) 


+q{q — 1 ) J e ax sin p 2 a; cos 9 2 a :dx 
-(„-rtCP + 9 -l )/e“ sin- «««,*} 


Tl (526) 


a 2 + (p + q)‘ 


e ax sin p 1 x cos 9 1 x ( a sin x cos x + q sin 2 x — p cos 2 x) 


+p(p e<1X s i nP 2 x cos? 2 x dx 
+ (9 — p)(p + q — 1) J & ax sin p a;cos 9 ^ 2 a;da; 


GU (334)(la) 


For p = m and q = n even integers, the integral J e aa: sin m a; cos n a; da: can be reduced by means of 
these formulas to the integral [ e ax dx. However, when only m or only n is even, they can be reduced to 
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2.662 


integrals of the form J e ax cos" xdx or J e ax sin m x dx, respectively. 

2.662 


1. 


2 . 


3. 


4. 


5. 


6. 


e ax sin" bx dx = 


1 


a 2 + n 2 b 2 


( a sin bx — nb cos bx) e ax sin" bx 


e ax cos n bxdx = 


+ n(n — l)b 2 J e ax sin" 2 bxdx 

{a cos bx + nb sin bx) e ax cos" - 1 bx 


1 


j 2 + n 2 b 2 


+ n(n - l)b 2 J e ax cos" 2 bx dx 


e ax sin 21 " bxdx 

m— 1 


= E 

k—0 


(2 m)\b 2k e ax sin 


ax 0 * 2m— 2k— 1 


bx 


(2m — 2k)\ [ a 2 + (2?n) 2 6 2 ] [ a 2 + (2m — 2) 2 6 2 ] • • • [o 2 + (2m — 2fc) 2 6 2 ] 


x [a sin bx — (2m — 2k)b cos bx] + 


(2 m)lb 2m e ax 


[a 2 + (2 m) 2 b 2 ] [ a 2 + (2m — 2) 2 6 2 ] • • • [a 2 + 4b 2 ] a 


2 m\ e ax e' 

m J 2 2m a 2 2rl 




fc=i 


2m 


1 


— k J a 2 + 4 b 2 k 2 


(a cos 2 bkx + 2bk sin 2bkx) 


e ax sin 2m+1 bxdx 


= E 

fc= 0 
_ e aa; 
~ 2 2 " 1 


(2m + l)!6 2fc e a:c sin 2m-2fc 6a; [a sin 6a; — (2m. — 2/c + 1)6 cos 6a;] 

(2m — 2fc + 1)! [a 2 + (2m + 1) 2 6 2 ] [a 2 + (2m — 1) 2 6 2 ] • • • [a 2 + (2m. — 2k + 1) 2 6 2 ] 
m c 1 4 /2m + 1 \ 

S + (2( . + !)»!,» ( _ * ) 1 “^ + - (“ + 1)6003(2* + l)fa] 


k—0 


e ax cos 2m 


(2m)!6 2fc e ox cos 2m 2k 1 6a; [a cos bx + (2m — 2k ) 6 sin 6x] 


bx dx E ( 2to _ 2jfe)! [a 2 + (2m) 2 6 2 ] [a 2 + (2m. - 2) 2 6 2 ] • • • [a 2 + (2m - 2fc) 2 6 2 ] 


{2m)\b 2m e ax 


[a 2 + (2m) 2 6 2 ] [a 2 + (2m — 2) 2 6 2 ] • • • [a 2 + 46 2 ] a 


2 m\ e 1 


it/, 

thE 


m J 2 2m a 2 2m_1 \ m — k J a 2 + 4 b 2 k 2 

k = 1 


2m. 


[a cos 2kbx + 2kb sin 2/c6a;] 


eaz cos 2m+i &a;da . 

m 

= E 


(2m + l)!6 2fc e oa: cos 2m-2fe 


6a: 


(2m — 2k + 1)! [a 2 + (2m — 1) 2 6 2 ] • • • [a 2 + (2m. — 2k + 1) 2 6 2 ] 
1 


fc=0 

e a * / 2m + 1 \ 


2^ E ( TO _ k ) Q 2 + (2fc+1)2b2 [« cos ( 2fc + V* + ( 2 * + + 1)6*] 

/c— 0 x / \ / 


2.663 

1. 


e ox sin bx dx = 


e ax (a sin bx — 6 cos 6x) 
a 2 + 6 2 
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2 . 

3. 

4. 


2.664 

1 . 


2 . 


3. 


2.665 

1. 

2 . 


e ax sin 2 bxdx = 

r 

e ax cos bx dx = 
e ax cos 2 bx dx = 


e ax sin bx (a sin bx — 2b cos bx) 2 b 2 e a 


4 b 2 + a 2 

Q ax , ~ 


(4 b 2 + a 2 ) a 


— cos 2 bx + b sin 2bx 


2 a a 2 + 4b 2 \2 

e ax ( a cos bx + b sin bx) 
a 2 + b 2 

e ax cos bx (a cos bx + 2b sin bx) 2 b 2 e a 


4 b 2 + a 2 

o aX , „ 


{4b 2 + a 2 ) a 


2 a a 2 + 4b 2 \2 


- cos 2 bx + b sin 2 bx 


e ax sin bx cos cx dx = 


e ax sin 2 bx cos cx dx = 


a sin(6 + c)x — (b + c) cos (b + c)x 
a 2 + (b+ c) 2 

isin(6 — c)x — (b — c) cos {b — c) a 
a 2 + {b — c) 2 

GU (334)(6b) 

a cos or + csmcx acos(2 b + c)x + {2b + c) sin(26 + c)x 


acos(26 — c)x + {2b — c) sin(26 — c)x 


x 2 + {2b + c) 2 


2 + {2b — c) 2 


e ax sin bx cos“ cx dx = —— 


a 

GU (334)(6c) 

a sin bx — bcosbx asin(6 + 2c)a; — (b + 2c) cos {b + 2 c)x 


a 2 + b 2 


tsin(6 — 2 c)x — {b — 2c) cos {b — 2 c)x 


a 2 + {b + 2c) 2 


a 2 + (b — 2c) 2 


' e ax dx e ax [a sin bx + {p — 2)&cos bx] a 2 + {p— 2 ) 2 b 2 f e ax dx 


sin p bx {p — \){p — 2)b 2 sin p 1 bx {p — 4){p — 2)b 2 J sin p 2 bx 

' e ax dx e ax [acosbx — {p — 2)bsiwbx\ a 2 + {p — 2) 2 b 2 C e ax dx 
cos p bx {p — 1 ){p — 2 )b 2 cos p -1 bx {p — 1 ){p — 2 )b 2 J cos p_2 bx 


GU (334)(6d) 


Tl (530)a 


Tl (529)a 


By successive applications of formulas 2.665 for p a natural number, we obtain integrals of the form 


’ e ax dx 


' e ax dx 
sin 2 bx ' 


’ e ax dx 


e ax dx 


J sin bx 
of elementary functions. 

2.666 


cos bx ’ ./ cos 2 bx 


, which are not expressible in terms of a finite combination 


1. 

2 . 

3. 


e ax tan p x dx = — — - tan p 1 x — 


P~ 1 


P~ 1 . 


e ax cot p x dx = — 


e ax cot p 1 x 


e ax tan x dx = 


p — 1 p — 1 . 

e ax tan x If e ax dx 


a. I cos^a; 


j e ax tan p 1 xdx — J e ax tan p 2 xdx Tl (527) 

e ax cot 1 ’^ 1 xdx — J e ax cot p_2 x dx Tl (528) 

(see remark following 2.665) 
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/ e ax f 

e ax tan 2 xdx = —— (a tan x — 1) — a / e ax tan x dx (see 2.666 3) 


Tl 355 


e ax cot x dx = 


e ax cot x If e ax dx 


a aj sm x 


J e ax cot 2 x dx = — (a cot x + 1) + aj e ax cot . 


(see remark following 2.665) 


(see 2.666 5) 


Integrals of type / R (x, e ax , sin bx, cos cx) dx 


Notation: sinf = , ; cos t = , =. 

sja 2 + b 2 Va 2 + b 2 

2.667 

/ r p p ax ... r 

x p e ax sin bx dx = — — (a sin bx — b cos bx) - — / x p ~ 1 e ax (a sin bx — b cos bx) dx 

a 2 + b z a z + b z J 

* p e ax . ~ P /• ,. ■ ... ... 

Vp + pJ 


^a 2 + b 2 


sin(6x + t) . ^ [ x p 1 e ax sin(6a: + t) dx 

Va 2 + b 2 J 


/ x p e ax p f 

x p e ax cos bx dx = ^ (acos bx + bsinbx) ~ / x p_1 e aa: (acosbx + bsinbx) dx 

a z + b z a z + b z J 

p ax p 

= f cosibx + t) P / x p ~ 1 e ax cos (bx + t) dx 

VP + P Va 2 + b 2 J K ’ 


2 2 + b 2 . 


f "+* (_1 \k+l r .\ T n-k+l 

3. / x n e ax sin bx dx = e aa ' V ^ ^ sin(6x + kt) 

J t~[(n-k + l)!(a 2 + b 2 ) k/2 

f "+1 /_ lAfc+l Til r n-k+l 

4. / x n e ax cos bx dx = e ax . cos (bx + kt) 

J (n~k+l)!(a 2 + b 2 ) k/2 


■ sin(6x + kt) 


5. / xe ax sin bx dx = 


j 2 + b 2 


a 2 -b 2 
a 2 + b 2 


sin bx — ( bx — 


z 2 + b 2 


cos bx 


_ I ax , , £ ( a 2 — P\ ( 2 ab \ , 

6. xe cos bx dx = , ,, ax „ — cos bx + I bx ,, — sm bx 

J a z + b z V a 2 + b z ) \ a z + b z ) 


7. x 2 e ax smbxdx = 


a 2 + b 2 


„ 2 (a 2 — b 2 ) 2 a (a 2 — 36 2 ) 

ax ~ v^r-x H k — sin bx 

a 2 + b 2 ( a 2 + 52) 2 


, 2 4a5 2 b (3a 2 - b 2 ) 

- bx t, t^x-\ p- cos bx 

a 2 + b 2 ( a 2 + b 2 ) 2 
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x 2 e ax cos bx dx = 


a 2 + b 2 
bx 2 - 


ax 2 — 


2 (a 2 — b 2 ) | 2a (a 2 — 36 2 ) 


z 2 + b 2 


2 4afo 2 b (3a 2 - 6 2 ) 


a 2 + b 2 (a 2 + 6 2 ) 2 


(a 2 + 6 2 )^ 
sin bx 


cos 6a; 


GU (335), MZ 274-275 


2.67 Combinations of trigonometric and hyperbolic functions 

2.671 

1. / sinh(aa; + b ) sin(ca: + d) dx = — - coshiaa; + b ) sin(ca; + d) 

J a 2 + c 2 


2 . 


3. 


4. 


a 2 + c 2 
a 


sinh(aa; + b ) cos(cx + d) 


/ sinhYaa; 4- b) cos(cx + d) dx= ^ cosh(aa; + b) cos (cx + d) 

a 2 + c 2 
c 


a 2 + c 2 
a 


sinh(aa; + b) sin(ca; + d) 


/ cosh(aa; + b) sin(ca; + d) dx = — sinh(ax + b ) sin(ca; + d ) 

a 2 + c 2 


■ cosh(aa; + b) cos (cx + d) 


/ cosh(aa; + b) cos(cx + d) dx = '■ — » sinh(aa; + b) cos (cx + d) 

J a 2 + c 2 


a 2 + c 2 
c 

a 2 + c‘ 


cosh(aa; + b) sin(ca; + d) 


2.672 

1 . 

2 . 

3. 


J sinh x sin x dx = — (cosh x sin x — sinh x cos x) 
J sinh x cos x dx = - (cosh x cos x + sinh x sin x) 
J cosh x sin x dx = - (sinh x sin x — cosh x cos x) 
J cosh x cos x dx = - (sinh x cos x + cosh x sin x) 


GU (354)(1) 


4 . 
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2.673 

1. 


2 . 


3. 


J sinh 2m (ax + b) sin 2 " (ex + d) dx 
(-l) m f2m\ ( 2n 


2 2m +2n \ m j y n 
m— 1 n— 1 


(_ 1 )m+n l' 2 m \ 7 ^2 (- 1 ) fc 


2 n 

2 2m+2n-l V TO J ^ (2 n - 2fc)c V k 


sin[(2n — 2 A;) (ex + d)] 


(-1) ; 


-EE 


(-i) J +‘( 2 ”)( 2 ;) 

2 2m+2n-2 ( 2m - 2 j) 2 a 2 + (2 n - 2 k) 2 C 2 

x {(2 to — 2j)asinh[(2m — 2j)(ax + 6)] cos[(2n — 2k)(cx + d)]} 
+ (2 — 2fc)ccosh[(2m — 2 j)(ax + 6)] sin[(2n — 2k)(cx + d)] 


GU (354)(3a) 


J sinh 2m (ax + b) sin 2 " 1 (ex + d) dx 


(_l)m+n / 2m 


n — 1 

E 


(-1)* 


2 2m+2n-2 m / Z^ ( 2n _ 2 fc _ l) c \ fc 
A:— 0 


2n — 1 


cos[(2n — 2fc — l)(cx + d)] 


/ i\n-l m 1 » 1 

<_1) nEE 


C— 1 ) J+ * (“7") ( 2 T‘) 

2 2m+2n-3 Z^ Z^ ( 2m _ 2j) 2 a 2 + ( 2n _ 2 fc _ 1 )2 C 2 

j=0 fc=0 v JJ \ J 

x {(2m. — 2j)asinh[(2ra — 2 j)(ax + 6)] sin[(2n — 2k — 1 )(cx + d)]} 

— (2 n — 2k — l)ccosh[(2m — 2 j)(ax + 6)] cos[(2?t — 2k — l)(cx + d)] 

GU (354)(3b) 

J sinh 2m_1 (ax + b) sin 2 "(cx + d) dx 


/ 2n \ m-1 (_l)i / 2m— 1 \ 

u E E to — EE f cosh [( 2m - + rf )] 

(2m — 2 j — l)a 


' 2n \ m— 1 ( _ 
v. n 

22m+2n 

m— In— 1 ^ ^ 2m — 1 ^ ^ ^ 

(2m - 2j - l) 2 a 2 + (2n - 2fc) 2 c 2 


+ ( ~ 1)T y y 

22m+2n— 3 / ^ ^ 

j=0 /c— 0 

x {(2m. — 2 j — l)ocosh[(2m — 2 j — l)(ax + 6)] cos[(2n — 2 k)(cx + d)]} 

+(2 n — 2fc)csinh[(2m — 2j — l)(ax + b)] sin[(2n — 2 k)(cx + d)] 

GU (354)(3c) 
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J sinh 2m 1 (ax + b) sin 2n 1 ( cx + d) dx 


(—!)"-> (-l)»+‘ O'"*-') ( V) 


= V V 

o2m— 2n— 4 / -j / -j 


(2m - 2 j - 1 ) 2 a 2 + (2 n - 2k - 1 ) 2 c 2 


2 2 

j — 0 k — 0 

x {(2m — 2j — l)acosh[(2m — 2 j — l)(ax + b )] sin[(2?t — 2k — 1 )(cx + d)]} 

— (2 n — 2k — l)csinh[(2m — 2j — l)(aa: + b )] cos[(2n — 2 k — l)(cx + d)} 

GU (354)(3d) 


J sinh 2m (aa’ + b ) cos 2n (cx + d) dx 


(-1 ) m (2 m\ (2 n\ _ , ( 2 ;) ^ (T ) ^ 


22m+2n V m 


n 


.I E 


2 2m +2»-i ^ (2m-2j)a 


sinh[(2?n — 2j)(ax + &)] 


f_l ) m ( 2m ) 11-1 ( 2n ) 

- m y — — fc sin[(2n — 2k)(cx + d)1 

2 2 m+ 2 n-l /Z (2n - 2k)c LV A ' J 

i (-D 1 (?) (?) 

22m+2n— 2 / ^ ^ 


j_o fc-o — 2j) 2 a 2 + (2n — 2k) 2 c 2 
x {(2m — 2j)osinh[(2m — 2j)(ax + 6)] cos[(2n — 2k)(cx + d)]} 
+ (2 — 2fc)ccosh[(2m — 2 j)(ax + b)] sin[(2n — 2 k)(cx + d)] 


GU (354)(4a) 


J sinh 2m (aa; + b) cos 2 " 1 (cx + d) dx 

. m ) \ ' 
22m+2n— 2 / -j 


(-i ro? (V) 


sin[(2n — 27c — 2)(ca; + d)] 


1 


fc— o 

m— 1 n— 1 

tiEE 


(2n — 2fc — l)c 

(-!)'(?) (V) 


2 2m+2n-3 Z^ Z^ ( 2m _ 2j) 2 a 2 + (2 n - 2k - 1) 2 C 2 
j=0 fc=0 v JJ \ I 

x {(2m — 2j)asinh[(2m — 2 j)(ax + 6)] cos[(2?t — 2 fc — l)(cx + d)]} 

+(2?t — 2k— l)ccosh[(2?n — 2 j)(ax + b)] sin[(2n — 2k — l)(c:r + d)] 

GU (354)(4a) 
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sinh 2m 1 (ax + b) cos 2n (cx + d) dx 


/ 2n \ m— 1 (_l)i (" 2m r lN ) 

” zr E 7TZ T7 ^ cosh[(2m - 2 j - l)(ax + d)] 


2 2m+2n-2 Z_, ( 2m - 2j - l)a 


1 


m—1 n—1 


2 2r 




(-1)’ (T) < 2 ;) 


(2m - 2j - l) 2 a 2 + (2 n - 2fc) 2 c 2 


jf— 0 /c— 0 

x {(2m. — 2j — l)ocosh[(2m — 2 j — l)(ax + b)} cos[(2n — 2 k)(cx + d)]} 

+(2 n — 2fc)csinh[(2m — 2j — 1 )(ax + b )] sin[(2n — 2k)(cx + d)] 

GU (354)(4b) 


sinh 2 " 1 1 (ax + b) cos 2 " 1 (cx + d) dx 
1 


— i"-i (-1)' ( 2 ™- 1 ) ( 2 "“ 1 ) 


7=4 EE 


2 2m+2n-4 Z^ Z^ ( 2m - 2? - l) 2 d 2 + (2n - 2fc - 1) 2 C 2 
i=o fc— o v J y ' 

x {(2m — 2 j — l)acosh[(2m — 2j — 1 )(ax + b )] cos[(2n — 2k — l)(cx + d)]} 

+ (2n — 2k — l)csinh[(2m — 2j — l)(ax + b )] sin[(2n — 2k — l)(cx + d)] 

GU (354)(4b) 

cosh 2m (ax + 6) sin 2 "(cx + d) dx 

( 2m \ t 2n\ / i\n /2m\ m_1 ( 2n \ 

= lo n x + E m J Y \ n \Y sin[(2n - 2 k)(cx + d)l 
2 2 m+ 2 n 2 2m+2n-l Z^ 2n - 2k)c 1 ‘ 

k— 0 ' ' 


2 n\ m—1 


(l") 


=tE 


(T) 


2 2m+2n-l Z-r (2m - 2j)a 


sinh[(2m — 2 j)(ax + 6)] 


(-!>»_ ■gg <-i)*(T)( 2 D 


2 2m+2n-2 Z-, Z-, ( 2m _ 2 j)2 fl 2 + ( 2n _ 2/c) 2 c 2 
x {(2m — 2j)asinh[(2m — 2 j)(ax + 6)] cos[(2?t — 2k)(cx + d)]} 

+(2 n — 2fc)ccosh[(2m — 2 j)(ax + 6)] sin[(2n — 2 k)(cx + d)] 

GU (354)(5a) 
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10 . 


cosh 2m 1 (ax + b) sm 2n (cx + d) dx 

<2 n\ m— 1 


/ 2n \ m— 1 f 2m . E 

U E E L ^ sinh[(2m - 2 j l)(ax + b )] 


3 2m+2n-2 Z_, ( 2m _ 2 j - l)a 


(-1 ) n _ E 1 )* (E ') (*" ) 

1—3 


2 2m+2n-3 ^ Z-, ( 2m _ 2 j - 1 ) 2 a 2 + (2n - 2fc) 2 C 2 
x {(2m — 2j — l)asinh[(2m. — 2j — l)(ax + 6)] cos[(2n — 2k)(cx + d)]} 

+(2n — 2fc)ccosh[(2m — 2j — \)(ax + 6)] sin[(2n — 2k)(cx + d)] 

GU (354)(5a) 


11 . 


cosh (ax + b) sin 2 ™ 1 (ca; + d) da; 


/ i|n-l ( 2m T 11-1 ( 2n_1 '| 

m EW or. E cos[(2n-2k-l)(cx + d)} 


2 2m+2n-2 Z^ (2n - 2k - 1) C 


/c=0 

n _ i m— 1 n— 1 


-Ell y y 

22m+2n— 3 / ^ ^ 


(-i) fc ( 2 r)( 


2n— 1 'i 

A: J 


(2m - 2j) 2 a 2 + (2 n -2 k- 1 ) 2 c 2 


j=0 /c— 0 

x {(2?n — 2j)asinh[(2m — 2j)(ax + 6)] sin[(2?z — 2k — l)(ca; + d)]} 

— (2n — 2k— l)ccosh[(2m — 2j)(ax + 6)] cos[(2n — 2k — l)(cx + d)] 

GU (354)(5b) 


12 . 


cosh 2 ™ 1 1 (ax + b) sin 2 ™ 1 (cx + d) dx 

( i\n-l rn-ln-l 

= -Eli y- V 

22m+2n— 4 / -> / -> 


(-i)*(V)(V) 


(2m - 2j - l) 2 a 2 + (2 n -2k- 1 ) 2 c 2 


j=0 fc— 0 

x {(2m. — 2j — l)asinh[(2m — 2 j — l)(ax + 6)] sin[(2?t — 2k — l)(ca; + d)]} 

— (2n — 2fc — l)ccosh[(2m. — 2j — l)(ax + b)] cos[(2n — 2k — 1 )(cx + d)] 

GU (354)(5b) 
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2.673 


13. 


J cosh 2m {ax + b) cos 2n (cx + d) dx 


/ 2 m \ / 2 n\ / 2m \ 

l m / l n / „ i \ m ) 


-X - 


22m+2n 

' 2n\ m— 1 


n— 1 

3TE 


(fc) 


2 2m+2n-l Z^ (2 n - 2fc)c 
fc =0 V ' 


sin[(2?t — 2 k)(cx + d)] 


(n) 


=lE 


Or) 


2 2 m+ 2 n-l Z_, (2m - 2j)a 


1 


sinh[(2m — 2j){ax + 6)] 


(?) (?) 


14. 


1 2 2m+2n— 2 E E ( 2m _ 2j) 2 a 2 + ( 2n _ 2 fc)2 c 2 

x {(2m — 2j)asinh[(2m — 2j)(ax + 6)] cos[(2n — 2 k)(cx + d)]} 

+ (2 n — 2fc)ccosh[(2m — 2j){ax + 6)] sin[(2n — 2k){cx + d)] 

GU (354)(6) 

J cosh 2m_1 (ax + b) cos 2n (cx + d) dx 


( 2 ;) 


m— 1 


^E 


(?-) 


2 2 m+ 2 n -2 Z_, (2m - 2j - l)a 

m— 1 n— 1 


sinh[(2m — 2j — l)(ax + 6)] 




( 2 T‘) (?) 


15. 


2 2m+2n-3 Z_, Z-, ( 2m _ 2j - l)2 fl 2 + ( 2n _ 2fc) 2 C 2 
x {(2m — 2j — l)asinh[(2m — 2 j — l)(ax + b )] cos[(2n — 2 k)(cx + d)]} 

+ (2n — 2fc)ccosh[(2m — 2j — l)(ax + b )] sin[(2n — 2k)(cx + d)] 

GU (354)(6) 

J cosh 2m (ax + 6) cos 2 " -1 (ex + d) dx 

/ 2 m\ n — 1 / 2n— 1 \ 

- m E E roO o,. - !)(^ + <*)] 


2 2m+2n-2 Z^ ( 2n _ 2k - 1) C 
fe =0 v ' 


1 


m— 1 n— 1 

— EE 


(?) (V) 


2 2m+2n-3 Z^ Z^ ( 2m _ 2jVa 2 + (2 71 - 2k - 1) 2 C 2 

j=0 fc=0 v JJ \ I 

x {(2m — 2j)asinh[(2m — 2j)(ax + 6)] cos [(2n — 2k — l)(cx + d)]} 

+(2n — 2k — l)ccosh[(2m — 2j)(ax + b )] sin[(2n — 2fc — l)(cx + d)] 

GU (354)(6) 
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16. 


2.674 

1. 


2 . 


3. 


4. 


cosh 2m 1 (ax + b) cos 2 " 1 (cx + d) dx 

m— 1 n — 1 


l 


2m— 1 \ / 2n— 1 


sEE 


L ) 


2 2m+2n-4 Z^ Z^ ( 2m _ 2j - 1 ) 2 0 2 + (2n - 2k - 1) 2 C 2 
j =0 fc = 0 v J v ' 

x {(2m — 2j — l)asinh[(2m — 2j — 1 )(ax + b )] cos[(2?i — 2k — 1 )(cx + d)]} 

+(2 n — 2k — l)ccosh[(2?n — 2 j — l)(ax + 6)] sin[(2n — 2 k — l)(cx + d)} 

GU (354)(6) 


e ax sinh bx sin cx dx = 


,(a+b)x 


2 [(a + b ) 2 + c 2 ] 

P {a—b) x 


e ax sinh bx cos cx dx = 


2 [(a — b) 2 + c 2 ] 

e (a+b)x 


[(a + b) sin cx — c cos cx] 
[(a — 6) sin cx — c cos cx] 


2 [(a + b) 2 + c 2 ] 

e (a-b)x 


2 [(a — b) 2 + c 2 ] 


[(a + b) cos cx + c sin cx] 
[(a — b) cos cx + c sin cx] 


e ax cosh bx sin cx dx = 


0 (a-\-b)x 


2 [(a + b) 2 + c 2 ] 

P (a—b)x 


2 [(a — b) 2 + c 2 ] 


[(a + b) sin cx — c cos cx] 
[(a — b) sin cx — ccos cx] 


e ax cosh bx cos cx dx = 


0 (a-\-b)x 


2 [(a + b) 2 + c 2 ] 

p (a-b)x 


2 [(a — b) 2 + c 2 ] 


[(a + b) cos cx + csin cx] 
[(a — b) cos cx + csin cx] 


MZ 379 


2.7 Logarithms and Inverse-Hyperbolic Functions 

2.71 The logarithm 

2.711 J In’" x dx = x ln m x — mj ln m_1 xdx 

m 
X 


in + 1 


l) fe (?n + 1 )m(m — 1) • • • (m — k + 1) In" 

(m > 0) 


-k 


k = o 


Tl (603) 
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2.721 


2.72-2.73 Combinations of logarithms and algebraic functions 

2.721 

1. 


x" ln m xdx = 


x 


n+l l n m x m 


""In m ~ 1 xdx (see 2.722) 


2 . 

3. 

2.722 

2.723 

1. 

2 . 

3. 

2.724 

1. 

2 . 

2.725 

1. 

2 . 


n+l 

For n = — 1 
f In 1 " x dx ln m+1 x 


n + l. 


J x m + 1 

For n = — 1 and in = —1 
f dx 


xlnx 


= In (In x) 


r r n+ 1 m ] m—k 

J x n ln m X dx = m+1 + 1 ) m ( m - 1) ■ ■ ■ (m - fe + 1) ^ + x ^ fc+1 


x n In x dx = x n+1 
^ x n In 2 xdx = x n+1 
r x n In 3 xdx = x n+1 

f x n dx 


In a; 


n + l 

(n + l) 2 

In 2 x 

21nx 

_n + 1 

(n + 1) 

In 3 x 

3 In 2 x 

_?r + 1 

(n + 1) 

x" +1 

Tl 


6 In a; 


x n dx 


J (lnx) m (m — 1) (lnx) m 1 m—lj (In a;)’" 1 

For m = 1 

1 


' (a + bx) m+1 dx 


r 1 ( m \ n m-kuk k + 1 

/ (a + bx) m In * dx = 7 — f (a + 6x) m+1 - a m+1 l In a: - V 

J y ’ {in +1)6 LV ’ J ^ (fc+ 1) 2 


For m = —1, see 2.727 2. 

2.726 

1. /(« + &*) 1».T* = 

2. /(a + 6x) 2 In xdx = ^ [(a + 6a;) 3 — a 3 ] In x — ^a 2 x + — h 


(a + 6x) 2 a 2 " 1 

26 26 


In x — ( ax + - 6x 2 


Tl (604) 

Tl 375 

Tl 375 


Tl 374 
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3. /(. + bx ) 3 In xdx = — [(a + 6a) 4 — a 4 ] In a: — ^a 3 a + ^ a 2 bx 2 + - ab 2 x 3 + — 6 3 a 4 ^ 


2.727 

1 * 

2. 8 

3. 

4. 

5. 


f In a da 

1 

In a 

| 

f dx 

/ (a + bx) m 

6(m — 1) 

(a + bx ) m_1 J 

x (a + 6a) m-1 _ 


For to = 1 
f In x dx 1 


1 If 

= - In x ln(a + bx) — - 

1 


1 /'ln(a + 6a) da 


(see 2.728 2) 


In 


a + bx 
In x dx 
(a + bx) 2 
In x dx 

( a + bx ) 3 26(a + 6a) 2 ' 2 ab(a + bx) ' 2 a 2 b a + bx 

In xdx 2 f , — [(a + 6a) 1 / 2 — a 1 / 2 

: — - — s (In x 2) \j a + bx 2 Vain 1 1 ’ 


In a 

6(a + bx) ab a + bx 
In x 1 


1 m- " 


Va + bx b 


t l/2 


2 f / — . — la + bx 1 

= - < (in x — 2) V a + bx + 2 \/—a arctan W — > 


[a > 0] 
[a < 0] 


Tl 376 


2.728 

1. 

2. 9 

2.729 

1. 

2 . 

3. 


x m ln(o + bx) dx = 


1 

TO + 1 


*»+>, * + *)-*/ 


a m+1 da 
a + 6a 


ln(a + bx) bx ( bx . , 

= In a In a H 4> ,2,1 a > 0 

a a \ a ' 


x m ln(a + bx) dx = 


1 

m + 1 


aln(a + bx) dx = - 


.21 


a — 


6 2 


l'_ (7 'i rn + 1 
m+ 1 _ ( u ) 

frm+1 

ln(a + bx) — - 


m+1 


ln(a + 6a) + 


1 {—l) k x"‘ - ' -a- 


E 


\k rr m-k-\-2 n k—l 


to + 1 (to — fc + 2)6 fc_1 


r a 2 aa 


a 2 ln(a + bx) dx = 


1 


4. 


2.731 


a 3 ln(a + bx) dx = - 


J x 2n In (a 2 + a 2 ) dx = 


3 a 31 
* + 6^. 

4 a 41 

* F 


2 n + 1 

n 

-2E 

fc=0 


ln(a + 6a) — 


1 


r a 3 aa 2 a 2 a" 1 


ln(a + 6a) — - 


26 

aa 3 

~36“ 


6 2 


r a 4 aa 3 a 2 a 2 a 3 a 3 


a 


26 2 6 3 

2n+1 In (a 2 + a 2 ) + (-l) n 2a 2rl+1 arctan - 


(_l)n-fc 

2/c + l 


a 2n-2fc a .2fe+l 
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2.732 


2.732 


7 J x 2n+1 In (x 2 + a 2 ) dx = J (x 2n+2 + (-1 ) V”+ 2 ) In (x 2 + a 2 ) 


( -I \n—k 


( ■*■)" k „2n-2fc+2„,2fc 


a X 


2.733 


+ a 2 ) dx = x In (x 2 + a 2 ) — 2x + 2a arctan — 


2. J x In (x 2 + a 2 ) dx = ^ [(x 2 + a 2 ) In (x 2 + a 2 ) — x 2 ] 

3. / x 2 In (x 2 + a 2 ) dx = x 3 In (x 2 + a 2 ) — -x 3 + 2 a 2 x — 2o 3 arctan — 

J 3 [ 3 a_ 

4. J x 3 In (x 2 + a 2 ) dx = - (x 4 — a 4 ) In (x 2 + a 2 ) — — + a 2 x 2 

5. /x 4 In (x 2 + a 2 ) dx = - x 5 In (x 2 + a 2 ) — -x 5 + -a 2 x 3 — 2a 4 x + 2a 5 arctan — 

J 5 |_ 5 3 a_ 


2.734 


x 2n In lx 2 - o 2 | dx 


= \x 2n+1 In lx 2 - a 2 1 + a 2n+1 In — - 2 V 

2n + 1 ] 1 1 x — a 2 -— ' 

\ k - 0 


2k + 1 


-o 2n_2fc x 2fe+1 


2.735 


2.736 


2?! “h 2 


x 2n+1 In |x 2 - a 2 | dx = l (x 2n+2 - a 2n+2 ) In |x 2 - a 2 \ - £ xa 2n ~ 2k+2 x 2k 


In I x 2 — a 2 1 dx = x In I x 2 — a 2 1 — 2x + a In 


J xln |x 2 — a 2 1 dx = ^ {(x 2 — a 2 ) In |x 2 — a 2 | — x 2 } 

f x 2 In lx 2 — a 2 1 dx = \ -fx 3 In lx 2 — a 2 1 — ^x 3 — 2 a 2 x + a 3 In — — 

J 1 3 [ 1 1 3 x — a 

j x 3 In |x 2 — a 2 1 dx = ^ | (x 4 — a 4 ) In |x 2 — a 2 1 — ^ — a 2 x 2 | 


^x 4 ln lx 2 — a 2 | dx = - -fx 5 ln lx 2 — o 2 | — -x 5 — -a 2 x 3 — 2a 4 x + a 5 ln 1 + a 
1 1 5 I 1 1 5 3 x — a 


2.74 Inverse hyperbolic functions 


2.741 


arcsinh — dx = x arcsinh \/x 2 + a 2 

a a 
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2. / arccosh — dx= x arccosh \J x 2 — a 2 


= x arccosh — h \J x 2 — a 2 


arccosh — > 0 
a 

X 

arccosh — < 0 
a 


3. 

4. 

2.742 

1. 

2 . 


~ X - .. X & / o o\ 

arctanh — ax = x arctanh — 1- — m (a — x ) 
^ ^ 2 v 


a 

x 

a 


a 

arccoth — dx = x arccoth — I — In (x 2 — a 2 ) 
” a 2 v ' 


x arcsinh — dx = 
a 


x arccosh — dx = 
a 


arcsinh — \/ x 2 + a 2 

2 4 / a 4 


) arccosh — — ^ yj x 2 — < 
/ a 4 


^ ^ ) arccosh - + ^ 
2 4/ a 4 


arccosh — > 0 
a 

X 

arccosh — < 0 
a 


DW 

DW 

DW 

DW 

DW 


DW 


2.8 Inverse Trigonometric Functions 

2.81 Arcsines and arccosines 

L«/2J 

^arcsin — 'j dx — x ^ (— l) fc ^arcsin — ^ 

k—0 

L(«+1)/2J , v 

+ \/a 2 — x 2 ^ (— l) fe_1 ( J • (2/c — 1)! ^arcsin — J 

fe=i ' ' 


2.811 


i— 2k 


n— 2fc+l 


2.812 


|n/2j 

/ ^arccos — ^ ote = a; ^ (— l) fe ) • (2/c)! ^arccos — ^ 
^ k = 0 ' 0 


2—2 k 


2/c 

L(n+1)/2J 


, / \ , ra-2fc+l 

\J a 1 — x 1 ^ (— l) fc ( J • (2/c — 1)! (arccos — J 

fc=i ^ ' a 


2.813 

l . 11 

2. 9 


x arcsin — + \/ a 2 — x 2 
a 


/ arcsin — dx = sign(a) 
a 

) dx = x ( arcsin r ) + 2 \/i 

' V M / 


. X' 

arcsin — 
ay 


a 2 — x 2 arcsin ■; — ; — 2x 


3. / (arcsin — ) dx = sign (a) x ( arcsin — - ) + 3 \/ a 2 — x 2 ( arcsin — r ) 

J \ aJ V M J V \ a \J 


— 6x arcsin —r — 6 \J a 2 — x 2 
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2.814 


2.814 

1. 

2 . 

3. 

2.82 

2.821 

1. 


/ X X / 

arccos — dx = x arccos a 2 — x 2 

a a 

[ (arccos-) dx = x (arccos — ) — 2 \J a 2 — x 2 arccos — — 2x 
J \ a) V a) a 

[ (arccos — ) dx = x (arccos — ) — 3 \J a 2 — x 2 (arccos — ) — 6x arccos — + 6 \J a 2 — x 2 

J V a) V a) V a) a 

The arcsecant, the arccosecant, the arctangent, and the arccotangent 


2 . 


arccosec — dx = / arcsin — dx = x arcsin — + a In ^x + \J x 2 — a 2 ^ 


a 


x 


• arcsin — — a In (x + \/ x 2 — a 2 ^ 


arcsec — dx = / arccos — dx = x 


arccos a In (x + \/ x 2 — a 2 ^ 

arccos - — a In + \J x 2 — a 2 ^ 


2.822 

1. 8 

2 . 

3. 9 

4. 9 

5. 9 

6. 9 


X CL / q o\ 

arctan — dx = x arctan — In la + x ) 

a a 2 

arccot — dx = x arccot In (a 2 + a; 2 ) 

a a 2 

f x 1 , o 2 \ x ax 

x arctan — dx = - [x + a arctan 

2 v ’ a 2 


a 

x 

a 


ju ax irx 2 1/9 2 \ x 

: arccot — dx = — H -lx + a ) arctan — 

" 2 4 2 v ’ a 


f 9 X lo X 1 o . 2 9\ ax 2 

x arctan — dx = -x arctan — I — a In ( x + a 

a 3 a 6 ' ^6 

f o x , lo x 1 o / o 9 X 7tx 3 ax 2 

x arccot — dx = — -x' arctan -o m (x +a“)H — - — I — — 

a 3 a 6 6 6 


n .an 

0 < arcsin — < — 
x 2 J 
n . a 

— < arcsin — < 0 
2 x 


a 7t 
0 < arccos — < — 
x 2 

7t a 

< arccos — < 0 

2 x 


DW 


DW 

DW 

DW 


2.83 Combinations of arcsine or arccosine and algebraic functions 

1 f x n+1 dx 


2.831 

2.832 


X 

x n+1 

. ^ 

— dx = 


arcsm — 

a 

n + 1 

a 

X 

x" +1 

X 

— dx = 


arccos — 

a 

n + 1 

a 


+ i J 


1 


x n+1 dx 


+ 1J Va 2 ^. 


see 2.263 1, 2.264, 2.27) 
see 2.263 1, 2.264, 2.27) 


. to , . , / , . / arcsin x , / arccos x . 

1. lor n = — 1, these integrals (that is, / dx and / dx) cannot be expressed as a 

J x J x 

finite combination of elementary functions. 
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2 . 


arccos x tt 1 

ax = — — m 

x 2 x 


arcsm x 


dx 


2.833 9 

1. 

2 . 

3. 

4. 

5. 

6 . 


x arcsin — dx = sign(a) 


a 

X , 7 TX~ 


x 2 a 2 \ x x nr. 

T“Tj arcsm M + 4 x/a ^ 


x arccos — dx = — sign (a) 


1 / O 2\ • ^ X / 7 ) q 

- (2x — a arcsm — r + — y a 2 — x 2 
4 v ' a 4 


a: 2 arcsin — dx = sign (a) 
a 


X . X -L / 2 ... o\ / o n 

— arcsm — + - (x + 2a ) y a z — x z 
3 a 9 


f 2 x 7TX U . . . 

x arccos — dx = — sign (a) 

a 6 


x . x r / o o\ / o o 
— arcsm - (x + 2a ) y a z — x z 
3 a 9 


x 3 arcsin — dx = sign (a) 
a 


7 “ w) W\ + h 1 <2a -' 2 + 3 “ 2) 


x 3 arccos — dx = — sign (a) 

cl 8 


(8a; 4 - 3a 4 ) .a; 1 , 2 2 . r- 

arcsin — r + — x [2x + 3 a ) a 2 — x 2 
a 32 


32 


2.834 

1. 

2 . 

2.835 


2.836 s 


x “ 

' 1 

— ^ arccos 
ar 

arcsin x 
( a + bx) 2 


-dx 

a 

1 

= arcsm 

X 

X 

- - In 
a 

CL + 

a 


-dx 

a 

1 

= arccos 

X 

X 

- - In 
a 

a -+■ 

a 


dx = 

arcsin x 


2 


b(a + bx) 


b\/a 2 — 

b 2 


arcsin x 


1 



arctan 


'(a — b)(l — x) 


( a + 6)(1 + x) 

\J(a + b)( 1 + x) + \J(b — a){ 1 — x) 
b(a + bx) bsjb 2 - a 2 v / (a + 6)( l + x) - y/(b- a)(l - x) 


x arcsm x arcsm x 

■ dx = — 


1 


(1 + CX 2 Y 


2c (1 + CX 2 ) 2 Cyjc + 1 

arcsin a; 1 


arctan 


\/c + la; 

7r^ 


[a 2 > 6 2 ] 
[a 2 < b 2 ) 


1ti \/l- X 2 + X\]-{c + 1) 
2c (1 + ca: 2 ) 4cy / -(c+ 1) H Vl - a: 2 - xi/-(c+ 1) 


[ 0 - 1 ] 

[c<-l] 


2.837 

1. 

2 . 

3. 


dx = x — \/l — 


ar arcsm a; 


a; arcsm x 
Vl — a; 2 

'x arcsin x x 2 x r „ . 1 . 2 

— dx = — — v 1 — x z arcsin x + - (arcsm x) 

242 4 


Yi — x 


x arcsm x 
y/1 — x 2 


T X 2X 1/0 \ o' . 

dx = — - + — [x + 2 ) v 1 — x z arcsin x 

9 3 3 


2.838 

1 . 


arcsin x , x arcsin x 1, . 

dx = . + - In (1 - x 2 ) 


(1 - a; 2 ) 3 ' 
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2.841 


x arcsin x arcsin x 1 1 — x 

— , = ax = , + - In 

J{ 1 - x 2 f VI -x 2 2 1 + x 


2.84 Combinations of the arcsecant and arccosecant with powers of x 


2.841 


1. lx arcsec — dx = / arccos — dx = - lx 2 arccos — — ay/ x 2 — a 2 \ 0 < arccos — < — 

./ a J i 2 l x JL x 2 


= ~{x 2 arccos — + ay/ x 2 — a 2 } 

2 1 £ J 


"7t a 

— < arccos — <i r 
.2 x . 


„ /' o a; /' a,lfo a a rn x a 3 / 

2. / cc arcsec — dx = / arccos — dx = - < x arccos -xy/ x z — a z — — in [x + 

J a J x 3 \ x 2 v 2 V 


1 f 3 a a rn> „ a 3 / 

- < a; arccos — I- —xy/x z — a z + — In I x + 

3 [ a: 2 2 V 


r„ a 7r 

0 < arccos - < — 
x 2 


"7T a 

— < arccos — < 7t 
.2 x . 


/ a: / . a lf2 - a ol IT .an 

3. / x arccosec — dx= / arcsin — dx = - x" arcsin — hayt 0< arcsin — < — 

/ a x 2 l x J L x 2 


'} [» 


= - < a: 2 arcsin ay x 2 — a 2 t 

2 l x J 


' 7T a 

— — < arcsin — < 0 
L 2 x 


2.85 Combinations of the arctangent and arccotangent with algebraic functions 

f x x n+1 x a fx n+1 dx 

2.851 / x arctan — dx = arctan / —= 

J a n + 1 a n + 1 J a z + x z 

2.852 

f „ x , x n+1 x a f x n+1 dx 

1. x arccot — dx = arccot — I / — ^ - 

I a n + 1 a n + 1 J a z + x z 


For n = — 1 
f arctan a: 


dx cannot be expressed as a finite combination of elementary functions. 


f arccot x n f arctan x 

3. / dx = — in x — / dx 

J x 2 J x 

2.853 

f x 1 , o 2 N x ax 

1 . x arctan — dx = - (x + a ) arctan — 

J a 2 v ; a 2 

„ f x , 1 / 2 2 s x ax 

2. lx arccot — dx = - [x + a ) arccot — h — 

J a 2 a 2 
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3. 9 

4. 9 

2.854 

2.855 

2.856 

1. 

2 . 

3. 


/ o x x 3 x a 3 , 2 2X ax 2 

a; arctan — ax = — arctan — I In i + a ) 

a 3 a 6 ' '6 

/ o x , x 3 x a 3 , o o\ 7rx 3 ax 2 

x arccot — dx = — — arctan — In I x + a ) H — - — I — — 

a 3 a 6 6 6 

f 1 x 1 x 1 a 2 + x 2 

/ — ^ arctan — ax = arctan —In = — 


x * a 

arctan x 


dx = 


x 

1 


a + fix /3 — ax 
In . : — arctan x 


( a + /3x) 2 ‘ a 2 + P 2 { a/1 + x 2 a + /3x 

’x arctan x ,1 , 2X 1 fln(l + x 2 ) dx 

- T -- I -dz= i *<tonzln(l + z ) --J l + ji 

’x 2 arctanx 1 , 2 \ 1 / a 2 

— — - — 2 — dx = x arctan x — - In (1 + x J — - ( arc t an x ) 


/ x 3 arctan x 1 1 - 

^ — dx = — xH — (1 + x ) arctan x~ 

1 + x 2 2 2 J 


x arctan x 
1 + x 2 


dx 


Tl (689) 
Tl (405) 


4. 

2.857 


2.858 

2.859 


r x 4 arctan x 
1 + x 2 

r arctan x dx 


(see 2.8511) 

dx = — -x 2 + - In (l + x 2 ) + | — — x j arctan x + - (arctan x) 

1 (2n — 1)!! 


(l + x 2 )" +1 


1 

6~ ' 3 “ ^ ' ~ ' ' V 3 
(2n — 2fc)!!(2n — 1)!! x 


^ (2n)!!(2n -2 k+ 1)!! (i + x 2) n ~ k+1 ^ 2 (2)!! 

lA (2n — l)!!(2n — 2fc)!! 1 

2 ^ (2n)!!(2n - 2k + l)!!(n - k + 1) (i + a; 2 )” _fe+1 


arctan x 


arctan x 


" x arctan x 
a/1 — x 2 


dx = — \/l — x 2 arctan x + a/ 2 arctan 




v^ 


— arcsin x 


arctan x x arctan x 

: dx = 


1 


\]{a + bx 2 )" 


a\J a + 6x 2 a a /& — a 

x arctan x 1 


arctan 


i + &x 2 


6 - 


•\/a + &x 2 — \/a — b 
aV a + 6x 2 2oc\/a — b Va + bx 2 + a/ a — b 


In 


[a < b\ 
[a > b\ 
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3—4 Definite Integrals of Elementary 
Functions 


3.0 Introduction 

3.01 Theorems of a general nature 

3.011 Suppose that /( x) is integrable* over the largest of the intervals (p,q),(p,r),(r,q). Then (de- 
pending on the relative positions of the points p , q , and r) it is also integrable over the other two intervals, 
and we have 


3 rr rq 

f(x ) dx = f(x) dx+ /( x) dx. 

J v Jr 


FI II 126 


3.012 The first mean-value theorem. Suppose (1) that f(x) is continuous and that g(x) is integrable 
over the interval (p,q), (2) that m < f{x) < M, and (3) that g(x) does not change sign anywhere in the 
interval (p, q) . Then, there exists at least one point £ (with p < £ < q) such that 

f f{x)g{x) dx = /(0 f g(x) dx. FI II 132 

J p J p 

3.013 The second mean-value theorem. If /( x) is monotonic and non-negative throughout the interval 
(p. q), where p <q, and if g (x) is integrable over that interval, then there exists at least one point £ (with 
p < £ < q) such that 


1 . 


f{x)g(x) dx = f(p) / g(x) dx 


Under the conditions of Theorem 3.013 1 , if /( x) is nondecreasing, then 


2 . f f{x)g{x) dx = f(q) [ g(x) dx 
J P 


[p<f<q\- 


If f(x) is monotonic in the interval (p,q), where p <q, and if g(x) is integrable over that interval, then 

*We omit the definition of definite and multiple integrals since they are widely known and can easily be found in any 
textbook on the subject. Here we give only certain theorems of a general nature which provide estimates, or which reduce 
the given integral to a simpler one. 

f q 

+ A function f(x) is said to be integrable over the interval (p, q ), if the integral / f(x) dx exists. Here, we usually mean 

p 

the existence of the integral in the sense of Riemann. When it is a matter of the existence of the integral in the sense of 
Stieltjes or Lebesgue, etc., we shall speak of integrability in the sense of Stieltjes or Lebesgue. 


247 
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Introduction 


3.020 


3. f f{x)g(x) dx = f{p) f g(x) dx + f{q) f g{x) dx \p < £ < q] 
J V Jr) J £ 


or 

4. 


rQ rZ rq 

/ f(x)g{x) dx = A g{x) dx + B g{x) dx [p < £ < q] 

J V J p J £ 


/ p J p J £ 

where A and B are any two numbers satisfying the conditions 


A > f(p + 0) and B < f(q — 0) 
A < f(p + 0) and B > f(q — 0) 


[if / decreases], 
[if / increases]. 


In particular, 


5. 


f(x)g(x) dx = f(p + ®)J 9(x) dx + f(q - 0) J g(x) dx 


FI II 138 


3.02 Change of variable in a definite integral 

3.020 f f(x)dx= j f[g(t)\g'(t)dt; x = g{t). 

J az J ip 

This formula is valid under the following conditions: 

1. f(x) is continuous on some interval A < x < B containing the original limits of integration a 
and /3 . 

2. The equalities a = g(<p) and /3 = g(ip) hold. 

3. g(t ) and its derivative g'(t) are continuous on the interval ip < t < ip. 

4. As t varies from ip to ip, the function g(t) always varies in the same direction from g{<p) = a to 

5«0=/3-* 

rP 


r 

3.021 The integral / fix) dx can be transformed into another integral with given limits tp and ip by 
J CK 

(3 — a aip — php 


means of the linear substitution 


x=- 1 + 

ip — ip ip — ip 


Ja V-VJ v \1p~P V>-<P ) 


dt 


In particular, for ip = 0 and ip = 1, 

*If this last condition is not satisfied, the interval ip < t < ip should be partitioned into subintervals throughout each of 
which the condition is satisfied: 


rP rvi rv 2 r ^ 

/ / (x) dx= f[g(t)]g'(t)dt+ f[g(t)]g'(t)dt-\ h/ f[g(t.)]g' (t) dt. 

J Oi J tp J ifit J ip n _\ 
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2. f f(x) dx = (/? — a) f /((/3 — a)t + a) dt 
J a J 0 


For ip = 0 and ip = oo, 
3. / f(x)dx = (i 


f(x) dx=(P- a) /(^y)^ 


3.022 The following formulas also hold: 

rd rd 

1. / f(x)dx= / f(a + /3 — x)dx 

J a J a. 

rd rd 

2. / f(x) dx= f(P — x) dx 

Jo Jo 

/ ot net 

f(x) dx= /(— x) dx 
-a J — a. 


General formulas 


3.031 


Suppose that a function f{x) is integrable over the interval (— p,p) and satisfies the relation 
f(—x) = f(x) on that interval. (A function satisfying the latter condition is called an even 
function.) Then, 


f(x) dx = 2 f f{x) dx. 
o Jo 


FI II 159 


Suppose that f(x) is a function that is integrable on the interval (—p,p) and satisfies the relation 
f(—x) = —f(x) on that interval. (A function satisfying the latter condition is called an odd 
function). Then, 


f(x) dx = 0. 


FI II 159 


3.032 


/ / (sin x) dx = / f(cosx)dx, 

1 0 Jo 


where f{x) is a function that is integrable on the interval (0, 1). 
2. J f (p cos x + q sin x) dx = 2J f + q 2 cosx^ dx, 

where f(x) is integrable on the interval \J p 1 + q 2 , sjp 2 + q 2 ^ ■ 


3. / / (sin 2x) cos x dx = / / (cos 2 x) cos x dx, 

Jo Jo 

where f(x) is integrable on the interval (0, 1). 


FI II 159 


FI II 160 


3.033 


If f(x + 7r) = f{x) and f(—x) = f(x), then 


FI II 161 
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3.034 


f(x) S -^dx= I 2 f{x)dx 


LO V 277(3) 


lo 


2. If f(x + 7t) = —f(x) and f(—x) = f(x), then 


/( x ) Sm — dx = / f(x)cosxdx 


LO V 279(4) 


In formulas 3.033, it is assumed that the integrals in the left members of the formulas exist. 

3.034 0)-/ ( +oo)]ki, 

Jo x P 

if f(x) is continuous for x >0 and if there exists a finite limit / (+oo) = lim f(x). 

x — >-+oo 

3.035 


FI II 633 


1. 

2 . 

3. 


r f (a + e xi ) + / (a + e~ xi ) 
I o l + 2pcosx+p 2 
f n 1 — p cos x 


Ojr 

dx=- 2 f( a + P ) OpI < !] 

1 ~ P Z 


I o 1 — 2 p cos x + p 2 


{/ (a + e xl ) + f (a + e Xl )} dx = n{f(a + p) + /(a)} 

M < 1] 


r f^-p-f( : ^\ inxdx= i {na+p) . fia)} 

/ 0 1 — 2pcosx+p 2 7T 

[|P| < 1] 


LA 230(16) 


BE 169 


BE 169 


In formulas 3.035, it is assumed that the function / is analytic in the closed unit circle with its center 
at the point a. 

3.036 


1. 


li 


sin 2 x 


' f 

0 V, 1 + 2p cos x + p'-‘ 


/* 7T 

dx= f (sin 2 x) dx 

Jo 


= f 

Jo 


/ sin 2 x 

V P 2 


dx 


[P 2 < 1] 

[P 2 > 1] 


f-TT P 7T 

2. / (cos a;) sin 2 ™ xdx = (2n — 1)!! / F (cos x) cos nx dx 

Jo Jo 


LA 228(6) 
B 174 


3.037 If / is analytic in the circle of radius r and if 

/ [r (cos a: + i sin x)\ = fi(r, x) + 1 / 2 ( 1 ", x), 

then 


1. 

2 . 

3 . 


r fl{r,x) dx=-f(re-r) 

/q p 2 + x 2 2p 

l h{r ’ x = 5 [/("^) -/ml 

r [/w -/(on 

In X 2 


LA 230(19) 
LA 230(20) 
LA 230(21) 
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4. 


3.038 


f„ Jtf + l) dX = 2^ [ /(r) - 1 O'”)] 


LA 230(22) 


/ 


x dx 

_oo Vl + a; 2 


. /*oo 

qx +pV r + x 2 ) = / F (p cosh a; + g sinh a;) sinh x dx 

' J — OO 

= 2 qj F' ^signp • \J p 2 — q 1 cosh sinh 2 x 


dx 


[If F is a function with a continuous derivative in the interval (—00,00), all these integrals converge.] 

3.04 Improper integrals 

3.041 Suppose that a function fix) is defined on an interval (p, +00) and that it is integrable over an 
arbitrary finite subinterval of the form (p, P) . Then, by definition 

/*+oo pP 

/ /( x) dx = lim / /( x) dx, 

Jp p -’+°°J p 

r+00 

if this limit exists. If it does exist, we say that the integral / f(x) dx exists or that it converges. 

Jp 

Otherwise, we say that the integral diverges. 

3.042 Suppose that a function f(x) is bounded and integrable in an arbitrary interval (p, q — p) (for 
0 < T) < q — p) but is unbounded in every interval {q — 77, q) to the left of the point q. The point q is then 
called a singular point. Then, by definition, 

rq rq-r] 

/ f{x) dx = lim / f(x) dx, 

J P ^ °J P 

r q 

if this limit exists. In this case, we say that the integral / f(x ) dx exists or that it converges. 

Jp 

3.043 If not only the integral of f(x) but also the integral of \f(x)\ exists, we say that the integral of 
f(x) converges absolutely. 

r + 00 


3.044 


r- l-oo 

The integral / f{x) dx converges absolutely if there exists a number a > 1 such that the limit 

Jp 

exists. On the other hand, if 


lim {x Q |/(a;)|} 

x — »+oo 


lim {x\f(x)\} = L > 0, 

X — * + 00 


r+00 


the integral 


|/(;r) | dx diverges. 


[ q 

3.045 Suppose that the upper limit q of the integral / f(x) dx is a singular point. Then, this integral 

J p 


converges absolutely if there exists a number a <1 such that the limit 
exists. On the other hand, if 


lim [( q-x) a \.f(x ) 

x — >q 


lim [(g-a:)|/(ar)|] = L > 0, 


r 

the integral / f(x) dx diverges. 
J v 


x — >q 
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3.046 


3.046 Suppose that the functions f(x) and g(x) are defined on the interval (p, +oo), that f(x) is 
integrable over every finite interval of the form (p, P), that the integral 

rP 


f(x) dx 

is a bounded function of P, that g(x) is monotonic, and that g{x) — >0 as x 


+oo. Then, the integral 


converges. 


r+oo 


f( x )g(x) dx 


FI II 577 


3.05 The principal values of improper integrals 


3.051 Suppose that a function f{x) has a singular point r somewhere inside the interval ( p,q ), that 
f(x) is defined at r, and that f(x) is integrable over every portion of this interval that does not contain 
the point r. Then, by definition 

J f(x)dx= lim <^J f(x)dx+ j f{x)dx j 


7 ] — > 0 


/ r-\-rj' 


Here, the limit must exist for independent modes of approach of rj and rf to zero. If this limit does not 
exist but the limit 


lim 

rj — »0 


nr-r] 


f(x) dx 


f(x) dx 


' r-\-rj 


FI II 603 


does exist, we say that this latter limit is the principal value of the improper integral f q f(x) dx, and we 

r 

say that the integral / f(x) dx exists in the sense of principal values. 

J P 

3.052 Suppose that the function f{x) is continuous over the interval (p, q) and vanishes at only one 
point r inside this interval. Suppose that the first derivative f(x) exists in a neighborhood of the point 
r. Suppose that /'(r) ^ 0 and that the second derivative f"(r) exists at the point r itself. Then, 

f q dx 


f(x) 


FI II 605 


diverges, but exists in the sense of principal values. 

3.053 A divergent integral of a positive function cannot exist in the sense of principal values. 

3.054 Suppose that the function f{x) has no singular points in the interval (— oo,+oo). Then, by 
definition 


/ +oo i-Q 

f(x) dx = lim / /( x) dx. 

-oo I’ZJp 


Q — >+o 

Here, the limit must exist for independent approach of P and Q to ±oo. If this limit does not exist but 
the limit 

f +P 

lim / f (x) dx 

P^+ooJ _p 

does exist, this last limit is called the principal value of the improper integral 

/ +oo 

f(x) dx. FI II 607 

-OO 

3.055 The principal value of an improper integral of an even function exists only when this integral 
converges (in the ordinary sense). FI II 607 
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3. 1-3.2 Power and Algebraic Functions 


3.11 Rational functions 

/ p + qx 


1 . 


, r 2 + 2rx cos A + x 2 


dx = 


r sin A 


(p — qr cos A) 


(principal value) 


(see also 3.194 8 and 3.252 1 and 2) Bl (22)(14) 


3.112 


n 


Integrals of the form 


g n (x) dx 


where 


— oo %) 

9n(x) = b 0 x 2n ~ 2 + bix 2n ~ 4 


+ • • • b n ~ i 


b n { x ) — CLqX 

[All roots of h n (x) lie in the upper half-plane.] 
r g n (x)dx 


a\X 


n — 1 


+ ■ ■ ■ a r , 


1 . 


2 . 

3. s 

4. 

5. 

6 . 


n 


7T i M n 

J — oo h / n(,x')h n ( X ) cto A n 

where 



Ol 

a3 

a 5 

0 


bo 

bi 

6 2 ‘ • 

* b n —i 


Oo 

02 

04 

0 


o 0 

a 2 

a4 

0 

A„ = 

0 

Ol 

a 3 

0 

, M n = 

0 

Ol 


0 


0 

0 

0 

O n 


0 

0 

0 

On 


gi(x) dx iribo 


a 0 a i 

— O 2&0 + a 0^1 — 


' -oohi{x)hi{-x) a 0 ai 

Z 100 g 2 {x)dx _ -bp + ^ 
L 00 h 2 (x)h 2 {-x) 

f°° g 3 (x) dx 

/-oo h 3 (x)h 3 (—x) 

f°° g A {x) dx 
Loo h,4,(x)h4,(-x) 
gn(x) dx 


= 7 XI- 


aoaib 2 

03 


ao ( a 0 a 3 - aia 2 ) 


O 0&3 


6 0 (— di(J4 + (J 2 CJ 3 ) — aoa 3 bi + aoa,\b 2 -\ ( 00 O 3 — 04 O 2 ) 


04 


o 0 (o 0 o 2 + a 2 04 — 040203 ) 




= 7TJ- 


JE 


JE 


JE 


JE 


J_ 00 h 5 (x)h 5 (-x) o 0 A 5 ’ 

where 

A/5 = 6q ( — 000405 + oia^ + 0^05 — 020304) + a 0 6i ( — o 2 a 5 + 0304) 

+ a 0 b 2 (o 0 a 5 — 0404) + 0063 (— a 0 a 3 + a 3 a 2 ) H — — (— 000405 + aoa 2 + 0^04 — 040203) , 

05 


A 5 = OqO 2 — 2 0004040.5 — 00020305 + 000304 + afa^ + 040^05 — 04020304 


22 


JE 



254 


Power and Algebraic Functions 


3.121 


3.12 Products of rational functions and expressions that can be reduced to square 
roots of first- and second-degree polynomials 



Bl (10)(17) 
Bl (10)(9) 
LI (14)(5, 16) 


3.13-3.17 Expressions that can be reduced to square roots of third- and fourth- 
degree polynomials and their products with rational functions 


Notation: In 3.131 3.137 we set: a = arcsin 



P 


= arcsin 




3.131 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 



= ^ — F(a,p) 

\Ja — c 

^ — F(P,p) 
\Ja — c 

r— F(j,q) 

V« — c 

/— — F(S, q) 
V« — c 

^ — F (. K,p ) 
V«-c 

F(X,P) 

\Ja~ c 

r— F(ii,q) 

V« — c 


[a > b > c> u\ 
[a > b > c > u] 
[a > b > u > c] 
[a > b > u> c] 
[a > u > b > c] 
[a > u > b > c] 


BY (231.00) 
BY (232.00) 
BY (233.00) 
BY (234.00) 
BY (235.00) 
BY (236.00) 


7 . 


[it > a > b > c] 


BY (237.00) 
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/(# — a) (x — b) (x — c) y/a — c 


F(u, q) [u> a > b > c] 


BY (238.00) 


3.132 


/(a — x)(b — x)(c — x ) \J a — c 


[cF(f 3 ,p) + (a- c) £(/?,p)] - 

[a > b > c> u] 


I (a — u)(c — u) 
b — u 


BY (232.19) 


7 (a — x){b — x){x — c) \Ja — c 


F(j,q) - 2 Va - Cj 


[a > b > u > c] 


BY (233.17) 


7 (a — x)(b — x)(x — c) \/a — c 


lb \J {a — x) (x — 6) (x — c) \Ja — c 


[( b - a) II (( 5 , g 2 , g) + a F(< 5 , g)] 

[a > b > u > c] 

[(b~ c)Ii( K ,p 2 ,p) +cF(n,p )] 
[a > u > b > c] 


BY (234.16) 


BY (235.16) 


f {a — x)(x — b)(x — c) 


la sf(x — a) (x — &)(® — c) 6 a/ a — c 


[a > u > b > c] 
[a(a - 6) II(/i, 1 , g) + 6 2 F(/i, g)] 
[u > a > b > c] 


BY (236.16) 


BY (237.16) 


3.133 


/(a — x) 3 (b — x)(c — x ) (a — b)\Ja — c 


[ F{a,p ) - E(a,p)\ 

[a > b > c> u] 


BY (231.08) 


dx 2 2 / c — u 

7 f w . w ' = 7 n , [^(/3,P) - £(/3,p)] + \ h 777 7 

/(a - x) 3 (b - x)(c - x) (a - b)y/a -c a-c \ (a - w)(t> - u) 


[a > b > c > it] 


BY (232.13) 


^ ^ 2 / ( b-u)(u- c ) 

x (a-a:) 3 (&-a;)(a:-c) (a - 6)Va - c ’ (a-6)(a-c)V a-u 

[a > b > u > c] 


BY (233.09) 


x (a — a;) 3 (& — a:) (a: — c) (a — 6)V a — c 


1 ? ( 5 , g) [0 > b > u > c] 


BY (234.05) 


f u dx 2 2 u-b 

/ // w 1 \ 7 \ = 7 n / + 77/ 7 77 7 

lb y/{a- x) 3 {x-b){x- c) (a — ojya — c a - b V [a - u)(u - c) 


[a > u > b > c] 


BY (235.04) 
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3.133 


!(x — a) 3 (x — b)(x — c) 


/ (a — x)(b — x) 3 (c — x) 


2 _J2_ / u-b 

(b — a)y/a — c ,Cl + a — b y (u — a)(u — c) 

[tt > a > b > c] 

( 2V nn C T _ 7 h \ / f ( a ^) 

(a — b)(b — c) (a—b) v 'a — c 


BY (238.05) 


u v(a - x)(b - x) 3 (c — x) 


^(a — x)(6 — x) 3 (x — c) 


/(a — x)(x — &) 3 (x — c) 


^(x — a)(x — 6) 3 (x — c) 


/(a: — a)(x — b) 3 (x — c ) 


b — c Y (a — u) (6 — it) 

[a > 6 > c > u] BY (231.09) 

( 2 V nn C T “ 7 777 ^(/ 3 ,p) 

(a — o)(o — c) (a — bjy'a — c 

[a > b > c> u] BY (232.14) 

77 — 77 — ^(7, 9) - 7 7 c t ^( 7 , 9 ) 

(o-c)va-c (a — o)(o — c) 

2 (a — it) (it — c) 

(a — 6 ) (6 — c) V b — u 

[a > b > u > c\ BY (233.10) 

7 777 ^(A,p) - 7 2 ^ (b C T ^(A,p) 

(a — 0)70 — c (a — o)(o— c) 

2 /(a — it) (it — c) 

(a — 6) (6 — c) V u — b 

[a > u > b > c] BY (236.09) 

7-^7777^-7 q ) - 2 / F (/x, 5) 

(a — b)(b — c) (6 — c) 7 a-c 

[it > a > b > c] BY (237.12) 

2 yfa-^c f ^ 2 

= 1 mTZ 7 9 ) - 77 7 , <7 

(a — b)(b — c) (b — c)\Ja~c 


a — b\J (u — b)(u — c) 


[u > a > b > c] 


BY (238.04) 


/(a — x)(6 — x)(c — x) 3 


2 2 / ft -it 

(c — &)Va — c a,P + b - c\J (a - u)(c - u) 

[a > b > c> n\ 


BY (231.10) 


/(a — x)(6 — x)(x — c) 3 


[F(J,g) - £(M] + * ? b U 

{b — c)\/a — c b — cv ( a — u){u — c ) 

[a > ft > it > c] BY (234.04) 


lb i/(a — x) (x — 6) (x — c) 3 (b — c)y/a — c 


E(n,p) 


[a > it > 6 > c] 


BY (235.01) 
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16. 


17. 


18. 


3.134 

1 . 


dx 


lu \/(a — x)(x — b)(x — c ) 3 (b — c)^/a — c 

f u dx 2 

L sf(x — a)(x — b){x — c ) 3 (b — c)^a — c 

r°° dx 2 


E(X,p) - 


( b — c)(a — c) 
[a > u> b > c] 
2 


(a — it) (it — 6 ) 


BY (236.10) 


[-F (/*>?) - E{p,q)] 


u — a 


sf(x — a)(x — b)(x — c ) 3 (& — c)-\/a — c 


[u > a > 6 > c] 
[^(^ 9 ) - E(v, q)] 

[u > a > b > c] 


a — c Y (u — b)(u — c) 

BY (237.13) 


BY (238.03) 


2 . 


3. 


4. 


5 . 


dx 


I — 00 -\/(a — x) 5 (b — x)(c — x) 


3 (a — b) 2 ^/(a — c ) 3 


[(3a — b — 2c) F(a,p) — 2(2 a — b — c) F(a,p)] 


dx 


2 /( c — u)(b — u ) 

3(a — c) (a — 6 ) y (a — a ) 3 

[a > b > c > u] 

2 


\/(a — x) 5 (fc — x)(c — x) 3(a — b) 2 ^/(a — c ) 3 

2 [4a 2 — 3a6 — 2ac + be — u(3a — 2b — c 


BY (231.08) 

[(3a — b — 2c) F(/3,p) — 2(2a — b — c) E(/3,p)] 


3 (a — 6 ) (a — c ) 2 

[a > 6 > c > it] 


c — u 


(a — u ) 3 (6 — a) 

BY (232.13) 


dx 


\J{a — x) 5 (b — x)(x — c) 3(a — b) 3 ^/(a — c ) 3 


[ 2 ( 2 a - b - c) £( 7 , g) - (a - 6 ) F ( 7 , g)] 


2 [5a 2 — 3a6 — 3ac + be — 2a(2a — b — c) l (b — u)(u — c) 


3(a — 6 ) 2 (a — c ) 2 

[a > b > u > c] 


(a — a ) 3 

BY (233.09) 


dx 


\/(a — x) 5 (b — x)(x — c) 3(a — b) 2 ^/{a — c ) 3 


[2(2a - b - c) E(6 , g) - (a - 6 ) F(d, g)] 


' (b — u)(u — c) 


3(a — 6 )(a — c)y (a — it ) 3 

[a > 6 > u > c] 


BY (234.05) 


dx 


lb y/(a — x) 5 (x — 6 )(x — c) 


[(3a — b — 2c) F (/c,p) — 2(2a — b — c) F (re,p)] 


3(a — b) 2 \J{a — c ) 3 
2 [4a 2 — 2ab — 3 ac + be — u(3a — b — 2c)] 
3(a — 6 ) 2 (a — c) 

[a > u > b > c] 


u — b 


(a — u) 3 (u — c) 

BY (235.04) 
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6 . 


7. 


9. 


10 . 


11 . 


dx 


n W ,w t = 77 n2 77 ^ I 2 ( 2a ~ b - c) £(i/, 9) - (a - 6) F(u, q)] 

y/(x — a)°{x — 6)(x — c) 3 (a — b) z (a — c) 6 

2 [4a 2 — 2 ab — 3 ac + be + u(b + 2c — 3a)] I u—b 


3(a — 6) 2 (a — c) y (u — a) 3 * (w — c) 

[a > a > 6 > c] BY (238.05) 


dx 


/_oo \/(a — x)(6 — x) 5 (c — x) 3(a — b) 2 (b — c) 2 y/a — c 

x [2(a — c)(a + c — 2b) E(a,p ) + (6 — c)(36 — a — 2c) F (a,p)] 
2 [3a6 — ac + 26c — 46 2 — it(2a — 36 + c)] 


3(a — 6) (6 — c) 2 V (a — w)(6 — u) 3 

[a > 6 > c > it] BY (231.09) 

dx 2 

\/(a — x)(6 — x) 5 (c - x) 3(a - 6) 2 (6 - c) 2 a/« - c 

x [(6 — c)(36 — a — 2c) F(/3,p) + 2 (a — c)(a — 26 + c) F(/3,p)] 


dx 


2 (a — u)(c—u) 

3(a — 6) (6 — c) y (b — u) 3 

[a > b > c> u] 

2 


BY (232.14) 


y/(a — x)(6 — x) 5 (x — c) 3(a — 6) 2 (6 — c) 2 \Ja — c 

x [(a — 6) (2a — 36 + c) F (7, q) + 2 (a — c)(26 — a — c) E( 7, <7)] 


2 [3a6 + 36c — ac — 56 2 — 2u(a — 26 + c) / (a — it) (a — c) 

3(a — 6) 2 (6 — c) 2 y (b — u) 3 

[a>b> u> c\ BY (233.10) 


dx 


sf(a — x)(x — 6) 5 (x — c) 3(a — 6) 2 (6 — c) 2 v / a — c 

x [(6 — c)(36 — 2c — a) F(X,p) + 2 (a — c)(a + c — 26) F(A,p)] 

2 [3a6 + 36c — ac — 56 2 + 2u(2b — a — c)] J (a — u)(u — c) 

+ 3(a- 6) 2 (6 -c) 2 V (a - 6) 3 

[a > a > 6 > c] BY (236.09) 

dx 2 


y^(x — a)(x — 6) 5 (x — c) 3(a — 6) 2 (6 — c] 2 sja — c 

x [(a — 6)(2a + c — 36) F(p, q) + 2 (a — c)(26 — a — c) E(p, q)] 


' (u — a) (u — c) 


3(a — 6) (6 — c) y (u — b) 3 

[u > a > b > c] 


BY (237.12) 
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12 . 


13. 


14. 


15. 


16. 


17. 


18 . 


dx 


sf(x — a){x — b) 5 (x — c) 3 (a — 6) 2 (6 — c) 2 ^/a — c 

x [(a — 6) (2a + c — 36) F(y, q) + 2 (a — c)(26 — c — a) E(v, <7)] 
2 [36c + 2ab — ac — 46 2 + w(36 — a — 2c)] / a — a 


dx 


3 (a — 6) 2 (6 — c) V (u — 6) 3 (u — c) 

[u > a > 6 > c] BY (238.04) 

[2(a + 6 — 2c) E(a,p) — (6 — c) F (a,p)] 


/-00 \/(a — x)(b — x)(c — x) b 3(6 — c) 2 -\/(a — c) 3 

2 [06 — 3ac — 26c + 4c 2 + w(2a + 6 — 3c)] / 6 — u 


dx 


3(a — c)(6 — c) 2 (a — u)(c — u) 3 

[a > 6 > c > it] By (231.10) 

[(2a + 6 — 3c) F(<5, g) — 2(a + 6 — 2c) E{5, q)} 


sf(a — x)(b — x)(x — c) 5 3(6 — c) 2 -\/(a — c) 3 

2 [06 — 3ac — 26c + 4c 2 + u(2a + b — 3c)] / 6 — u 


dx 


lb ^/(a — x)(x — b)(x — c) 5 3(6 — c) 2 -\/(a — c) 3 

2 /(a — it) (a — 6) 


3(6 — c) 2 (a — c) y (a — u)(w — c) 3 

[a > 6 > u > c] BY (234.04) 

[2(a + 6 — 2c) E (n,p) — (b — c) F (k , p)\ 


dx 


3(a — c)(6— c) Y (a — c) 3 

[a > u > 6 > c] 

2 


sf(a — x)(x — b)(x — c) 5 3(6 — c) 2 y^(a — c) 3 


BY (235.20) 

[2(a + 6 — 2c) E(X,p) - (6 — c) F(A,p)] 


2 [a6 — 3ac — 36c + 5c 2 + 2 u(a + 6 — 2c)] /(a — a) (a — 6) 


3(6 — c) 2 (a — c) 2 

[a > u> b > c] 


( u — c) 3 

BY (236.10) 


dx 


[(2a + 6 — 3c) F(p, q) — 2 (a + 6 — 2c) E{p : g)] 


/a \/(x — a)(x — b)(x — c) 5 3(6 — c) 2 ^/(a — c) 3 

2 [4c 2 — ab — 2ac — be + u(3a + 26 — 5c)] I u — a 


dx 


3(6 — c)(a — c) 2 Y ( u — 6)(w — c) 3 

[u > a > 6 > c] BY (237.13) 

[(2a + 6 — 3c) F{v , q) — 2 (a + 6 — 2c) E(v 1 g)] 


sf(x — a)(x — 6) (a; — c) 5 3(6 — c) 2 -\/(a — c) 3 

2 I (u — a)(u — 6) 

"*~3(a — c)(6 — c) y (a — c) 3 

[u > a > 6 > c] 


BY (238.03) 
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3.135 

l. 6 


2 . 


3. 


4. 


5. 


6 . 


7. 


dx 


I- oo \/(a — x)(6 — x) 3 (c — a;) 3 (a — 6)(6 — c) 2 \Ja — c 

2(6 + c — 2 it) 


[(6 — c) F(a,p) — (2a — 6 


(6 — c) 2 

[a > 6 > c > u] 


dx 


\/{a — x)(x — 6) 3 (x — c) 3 (a — 6)(6 — c) 2 ^a — c 

2(a — 6 — c + it) 


[(6 — c) F(X,p) — 2(2 a — b 


a — u 

(a — b)(b — c)(a — c) \ (u — b)(u — c ) 


dx 


y^x — a)(x — 6) 3 (x — c) 3 (a — 6)(6 — c) 2 sja — c 

2 ' 


[a > it > 6 > c] 

[(2a — b — c) E(p,q) — 2(a 


(a — c) (6 — c) Y (w — 6) (it — c) 

[it > a > 6 > c] 


dx 


sf(x — a)(x — 6) 3 (x — c) 3 (a — 6) (6 — c) 2 v / a — c 


[(2a — b — c) E (is, q) — 2 (a 


it — a 


(a — b)(b — c) Y (u — 6) (it — c) 

[it > a > 6 > c] 


dx 


/ — oo yY a ~ a;) 3 (6 — x)(c — x) 3 (a — 6) (6 — c)-^/(a — c) 3 

2 [ 


[(26 — a — c) E(a,p) — (i 


6- 


dx 


(6 — c)(a — c) Y (a — u)(c — it) 

[a > 6 > c > u] 

2 


\J(a — x) 3 (b — x)(x — c) 3 (6 — c)(a — 6)i/(a — c) 3 

2 / 


[(a — 6) F(d, g) + (26 - a 


6 — it 


dx 


(6 — c)(a — c) Y (a — it) (it — c) 

[a > 6 > it > c] 

2 


lb \/(a — x) 3 (x — 6)(x — c) 3 (a — 6)(6 — c)-\/(a — c) 3 

2 / i 


[(6- c) F (/t,p) - (26- i 


-6 


(a — b)(a — c) y (a — w)(w — c) 

[a > > 6 > c] 


- c)F(a,p)] 

BY (231.13) 

■c)F(A,p)] 

BY (236.15) 

- 6) F(/x,g)] 

BY (236.14) 

-6)F(y g )] 

BY (238.13) 

b-c)F(a,p)] 

BY(231.12) 

- c) F(d, g)] 

BY (234.03) 

-c)F(k,p)] 

BY (235.15) 
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9. 


10 . 


11 . 


12 . 


dx 


\/(x — a) 3 (x — 6)(x — c) 3 (a — 6) (6 — c)^f{a — c) 3 

2 / 


[(a + c — 2b) E(u, q) — (a — b) F(v, q)] 


u — b 


dx 


(a — 6) (a — c) y (u — a)(u — c) 

[u > a > b > c] 

2 


l-oo \f{a - x) 3 (6 — x) 3 (c — x) (6 - c)(a — 6) 2 y / a^ r c 

2 


BY (238.14) 

[(a + b — 2c) E(a,p) — 2(6 — c) F(a,p)\ 


c — u 


dx 


(a — 6) (6 — c) Y (a — u) (6 — it) 

[a > 6 > c > it] 

2 


\/(a — x) 3 (6 — x) 3 (c — a:) (a — 6) 2 (6 — c)-\/a — c 

2 ' 


BY (231.11) 

[(a + 6-2c)£(/3,p) - 2(6- c) F(/3,p)] 


(a — 6) (a — c) V (a — tt)(6 — u) 

[a > b > c> u) 


dx 


BY (232.15) 

[(a - 6) F(y, g) - (a + 6 - 2c) E( 7, g)] 


•>/(a — x) 3 (6 — x) 3 (x — c) (a — 6) 2 (6 — c)y/a — c 

2 [a 2 + b 2 — ac — be — u(a + 6 — 2c)] / u — c 


(a — 6) 2 (6 — c)(a — c) \ (a — u)(b — u) 

[a>b> u> c] BY (233.11) 


dx 


y/{x — a) 3 (x — 6) 3 (x — c) (a — 6) 2 (6 — c)\/a — c 

2m — a — 6 


[(a - 6) F(i/, g) - (a + 6 - 2c) E(v, g)] 


(a — b) 2 ^/(u — a)(u — 6)(m — c) 

[m > a > 6 > c] 


BY (238.15) 


3.136 

l r t 

J - 00 y/(a — x) 3 (6 - x) 3 (c - x) 3 

2 

(a — 6) 2 (6 — c) 2 -\/(a — c) 3 

x [(6 — c)(a + 6 — 2c) F(a,p) — 2 (c 2 + a 2 + b 2 — ab — ac — be) E(a,p)\ 
2 [c(a — c) + 6(a — 6) — tr(2a — c — 6)] 

(a — 6) (a — c)(6 — c) 2 -\/(a — it) (6 — m)(c — m) 

[a > 6 > c > m] 


BY (231.14) 
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3.137 


2 . 


dx 


sj(x — a) 3 (x — 6) 3 (x — c) 3 


3.137 

l . 6 

2 . 


3. 


4. 


5. 


6. 6 


7 . 


dx 


(a — 6) 2 (6 — c) 2 ^J{a — c) 3 

x [(a — b) (2a — b — c) F{v,q) — 2 (a 2 + 6 2 + c 2 — ab — ac — 
2[u(a + b — 2c) — a(a — c) — 6(6 — c)] 

(a — 6) 2 (a — c)(6 — c) -^/ (it — a) (it — 6) (it — c) 

[it > a > 6 > c] 


CL — V 

n ( a, ,p ) - F(a,p) 


l-oo (r - x) y/(a - x ) (6 - x) (c - x) (a-r)y/a — c [ \ ’ a — c 

[a > b > c> u] 

j' 0 dx 2 (c — 6) 

L (r — x) \/(a — a;) (6 — x) (c - x) (r — 6)(r — c)^/a — c 

x n ( p, - — b ,p] + , 2 , F((3,p) 


r — c J (r — b)y/a — c 

[a > b > c > u, r/ 0] 


2 / 6- c 

n 7, ,q 


ru i ix 

= (r — — x) (6 — x) (x — c) (r — c)^/a~c V’ ? c 

[a > 6 > u > c, r ^ c] 

dx 2 

u (r — x) y^(a — x) (6 — x) (x - c) (r - a) (r - 6) yja — c 


(6 - a) II ^<5, g ^ , gj + (r - 6) F($, g) 
[a > 6 > u > c, r ^ 6] 

f u dx 2 

lb (x — r) ^/(a — x) (x — 6) (x — c) (c — r) (6 — r) \Ja — c 

x (c-6)n ( k , p 2 ^— +(6-r)F («,p) 


[a > it > 6 > c, 6] 


dx 


2 n a- b 

= n a, ,p 


(x — r) yj{a — x) (x — 6) (x — c) (a — r)-\/a — c \ a — r’ 

[a > it > 6 > c, r/ a] 

1 dx 2 

(x — r) y^(x — a) (x — 6) (x — c) (b — r)(a — r)^a — c 

b — r 

x 


(6 - a) n ( p, gj + (a — p) F(p, q) 

[u > a > b > c, r ^ a] 


6c) E{v . , g)] 


BY (238.16) 


BY (231.15) 


BY (232.17) 


BY (233.02) 


BY (234.18) 


BY (235.17) 


BY (236.02) 


BY (237.17) 
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dx 2 / ? — c \ 

(x — r)sf(x — a ) ( x — b) (x — c) (r — c)-\/a — c _ \ a ~ c ' / 

[u > a > b > c] 


BY (238.06) 


3.138 


/o y/x(l — x) (1 — k 2 x) 


= 2 F (arcsin \/u, k ) [0 < u < 1] 


PE (532), JA 


i x( 1 — x) ( k ,2 + k 2 x) 


= 2 F (arccos >/tt, fc) [0 < u < 1] 


c(l — x) (x — k' 2 ) 


— = 2 F ( arcsin — — — — ,k\ [0 < u < 1] 

2\ V k 


PE(533) 


PE (534) 


'° J x(l + x) (l + k' 2 x) 


= 2 F (arctan \Ju, k ) [0 < u < 1] 


PE (535) 


'o Jx [1 + cc 2 + 2 (k' 2 - k 2 ) x 


= F (2 arctan \/u, k) 


[0 < u < 1] 


' u J x [k' 2 (1 + x 2 ) + 2(1 + k 2 ) x 


= F ( 2 arctan 


y/u, k'j 


[0 < u < 1] 


f u dx 1 / ’ lu — a lp + m — a 

la y/{x — a) [(a; — m ) 2 + n 2 ] \/P \ V P V 2 p 

[a < u] , 

f a dx 1 „ ( la — u Ip — m + a 

/ — , = —jz F ( 2 arccot » / , i / 

lu \f {a — x) [(a; — to) 2 + n 2 ] y/p \ V P V 2p 

[u < a] , 


where p = -^/ (m — a) 2 + n 2 . 

_ _ 1 — t/3 — u y/Z — 1 + it 

3.139 Notation a = arccos — . /f = arccos ^ . 

1 + v^-w \/3 + l-it 

•s/3 + 1 — u u — 1 — -\/3 

7 = arccos — = , d = arccos = . 

y/3-1 + u u-l + y/3 

L Lwk> = is F{a ’ si '‘ 7S ° ) 

2 - L TPn? = ^5 F( ' 3 ' sin75 ” ) 


H 66 (285) 


H 65 (284) 
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3.139 


3. 

4. 

5. 

6 . 

7. 


9. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


17. 


18 . 


dX = F (7, sin 15°) 


/ 1 y/x 3 — 1 \^3 
F 00 dx 1 


aAe 3 — 1 ^3 

dx 


F (5, sin 15°) 


1 /rf 1 

/ 0 Vl-x 3 2tiV 3\/2 1 v 3 , 

f 1 xdx _ 1 V3 f r (2' ° 

I 0 Vl - X 3 7t ^4 1 v 3 , 


j' VT^d^ l{y27F( ft si„75-)-2„yr^} 


rl ;r da; 

« a /1 - £ 3 

rl a; m cfa; 2u m " Vl - w 3 2(m - 2) f 1 x m ~ 3 dx 


(V* — 3*^ F (/3, sin 75°) + 2\f3E (/3, sin 75°) 


2vT^? 
\/3 + l- 


lu a/ 1 — a; 3 
f u xdx 
/l Va: 3 — 1 


2 to — 1 


2 m - 1 Ju y/T — 


dx 


Loo(l-x)Vl ^C 3 s/2H 


( 3 -* +3*) F (7, sin 15°) - 2^3 E (7, sin 15°) + 


[F (a, sin 75°) -2 E (a, sin 75°)] + 


2 Vu 3 ~ 1 
\/3 — 1 + u 


H 65 (283) 
H 65 (282) 

MO 9 

MO 9 

BY (244.01) 
BY (244.05) 
BY (244.07) 
BY (240.05) 


Vl + w + ' 


\/3 (1 + ^3 - u) VI 


^ 1] 


— u 

BY (246.06) 


dx 


{x - l)^ 3 - 1 #27 

(1 — x) dx 


1 [F (6, sin 15°) —2E (6, sin 15°)] ' 2 Vl + u + u 2 


\/3 (u - 1 + #3) Vv^l 


2-#3 


l-oo(l + V3-x) 2 Vl^ ^27 

f 1 (1 — x) dx 2 — #3 

'n (l + ^/3 — x) i/l — x 3 V / 27 

f u (x-l)dx 2 (#3- 


(. x — 1) dx 


(1 — x) dx 


2 + \/3 

/-00 (l — #3 — x) -\/ 1 — a: 3 V / 27 

r (x — 1) dx _ 2 + 

/1 (1- vs-x) 2 vx^i ~ 


2v^Vl - U 3 

u 2 -2u-2 


[u ± 1] 


BY (242.03) 

- E (a, sin 75°)] 


BY (246.07) 

E (/3, sin 75°)] 


BY (244.04) 

' E (7, sm 15°) 

BY (240.08) 

' E{5, sin 15 ) 

BY (242.07) 

— E ( a , sin 75°) 


BY (246.08) 

E (7, sin 15°)] 


BY (240.04) 
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19. 

20 . 

21 . 

22 . 

23. 

24. 


(x — 1) dx 



(l — y/Z — x) 2 y/x 3 — 1 
(x 2 + x + l) dx 
(l + y/Z — x) 2 y/l — a ; 3 

(a ; 2 + x + l) dx 
x — 1 + y/Z ) 2 vT^-x 3 


2+y/3 

v^27 


[F (<5, sin 15°) - £(5, sin 15°)] 


1 

</3 


E (a, sin 75°) 


1 

y/Z 


E(/3, sin 75°) 




(a; 2 + a; + l) da; 

(t/3 + x — l ) 2 Vx 3 — 1 
(a: 2 + a; + l) dx 
(x — 1 + \/3 ) 2 a/x 3 — 1 


-^=£( 7 , sin 15°) 
sin 15°) 


(x — 1) dx 


(x 2 + x + 1 ) a/x 3 — 1 


1? ( 7 , sin 15°) — ^ F ( 7 , sin 15°) 


^27 w ’ ' y/27 

2~y/Z2{u-l)(y/Z + l-u) 

y/Z ( \/3 — 1 + u) y/u 3 — 1 


25. 

26. 

27. 

28. 


(l + y/Z — x) dx 


(l + -v/3 — x) — 4v / 3^? 2 (l — x)J y/l — x 3 
(l + t/3 — x) dx 


(l + v 7 3 — x) — 4\/3p 2 (l — x)J y/l — x 3 
(l — y/Z — x) dx 


(l — \f% — x) — 4y/Z p 2 (x — 1)J y/x 3 — 1 
(l — y/z — x) 2 dx 


(l — y/Z — x) — 4y/Zp 2 (x — 1) Vx 3 — 1 


= 7 ^ n (a,p 2 ,sin75°) 
(/?,p 2 ,sin75°) 
( 7 , p 2 , sin 15°) 

: -^= II (S,p 2 , sin 15°) 


BY (242.05) 
BY (246.01) 
BY (244.02) 
BY (240.01) 
BY (242.01) 


BY (240.09) 
BY (246.02) 

BY (244.03) 

BY (240.02) 

BY (242.02) 


3.141 Notation: In 3.141 and 3.142 we set: 

• l a ~ C a 

a = arcsm 4 / , p — arcsm 

V a — u 

X . (a — c)(b — u) 

0 = arcsm ' 


( b — c)(a — u) 


fx = arcsm 


u — a 
u — b ’ 


7 = arcsm 


k = arcsm 


z/ = arcsm 



u — c 




A = arcsin 


-6’ 


Q = 


b — c 
a — c 
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3.141 


1 . 


2 . 


3. 


4. 


5. 


6 . 


7. 


9. 


10 . 


11 . 


12 . 


a — x 


( b — x){c — x) 


( b — x) (x — c) 
a — x 

( b — x) {x — c) 


b V (x-b)(x-c) 


a — x 

(x — b) (x — c) 


(x — b)(x — c) 


b — x 


dx = 


dx = 2 \J a — c E ( 7 , q) 
dx = 2 \J a — c E (<5, q) — 2 


(6 — u)(u — c) 


a — u 


dx = 2 \/ a — c [F (n,p) — E (n,p)] + 2 


(a — u)(c— it) 


/ b — u 


> b > c> u] 

BY (232.06) 

> b> u > c] 

BY (233.01) 

~c) 


> 6 > u > c] 

BY (234.06) 

1 (a — u)(u — b ) 



it — c 


[a > u > b > c] 


dx = 2 \J a — c [F(A,p) — E(X,p)] 


dx = 


dx = 


(a — x)(c — x) yja — c 



b — x 


( a — x) (x — c) 


rb 1 b- 


( a — x) {x — c) 


x — b 
lb V (a-x)(x-c) 


x — b 

(a — x){x — c ) 


x — b 

(x — a) (x — c) 


dx = 


dx = 


dx = 


[a > u > b > c] 

„ / . „ /( u — a)(u — c ) 

-2 yja-c E(ii, q)+ 2\ 

V u — b 

[u > a > b > c] 

- 2Va - cE(P,p) + 2 ^ 
Va — c \ b — u 

[a > b > c> u\ 

2y/a- cE(^,q) - 2 ^ — - ^( 7 , 9 ) 

Va — c 

[a > b > u > c] 

2^0 — cE(S, q) - — - F (<5,g) - 2\f 

ya — c V 

[a > 6 > w > c] 

2 Va-cE(n,p) - 2 ^ — _ («,p) - 2\l 
Va — c V 

[a > it > b > c] 


(■ b — u)(u — c) 
a — u 


(a — it) (it — b ) 
u — c 




dx = 


dx = 


2 Va — cE(X,p) - — C 1 F(X,p) 


\Ja — c 


[a > u > b > c] 


BY (235.07) 


BY (236.04) 


BY (237.03) 


BY (232.07) 


BY (233.04) 


BY (234.07) 


BY (235.06) 


BY (236.03) 


2 (a — b) . „ , „ (u — a)(u — c) 

, F(p, q) - 2 Va~cE(fi, q) + 2\ 7 

Va — c V u — b 


[u > a > b > c] 


BY (237.04) 
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13. 


14. 


15. 


16. 


17. 


18. 


19. 


20 . 


c — x 


( a — x) (6 — x) 


(a — a:) (6 — x) 


(a — x) (b — x) 


x — c 
b V (a-x)(x-b) 


(a — x)(x — b) 


x — c 

a V 0-a)(a:-&) 


dx = —2 yja — cE((3,p) + 2 


(a — u)(c — u) 


b — u 

[a > b > c> u] 


dx = 2 y/a- c [F(7, g) - £(7, g)] 


[a > b > u > c] 

da; = 2\/i a — c [.F(<5, q ) — U(d, g)] + 2y ^ ^ — 


[a > b > u> c] 


dx = 2 \J a — cE ( K,p ) — 2 


da; = 2-^0 — cE(X,p) 


(a — u) ( u — b) 


u — c 

[a > u > b > c] 
[a > u > b > c] 


dx = 2\J a — c [F(n, q) — E(n, g)] + 2 


(u — a) (u — c) 


u—b 
[u > a > b > c] 


— dx = -y/a — c [(2 a — b — c) E(/3,p) — (b — c) F(/3,p)] 

CL X O 


+ - (2b — 2a + c — u) 

O 


(a — u)(c — u) 
b — u 

[a > b > c > u\ 



— — — — dx= \y/a-c [(2a -b-c) E( 7, g) - 2(a - 6) F(7, g)] 
a — x 3 

2 

-3 V( a ~ u)(b-u)(u-c) 

[a > b > u > c] 


21. 1 


a — x 


— dx — - y/a — c [2(6 — a) F(S , g) + (2a — b — c) E(S, g)] 

, 2 /, , x l(b-u)(u~c) 

+ - (b + c — a — u)\ ' 

O 


a — u 


[a > b > u> c] 


22 . 



— — dx= - y/a — c [(2a — b — c) E (k, p) — (b — c) F (k, p)\ 

O 


a — x 


+ - (6 + 2c — 2a — -u) 
o 


(a — u)(u — b) 
u — c 

[a> u > b > c] 


BY (232.08) 

BY (233.03) 

BY (234.08) 

BY (235.07) 
BY (236.01) 

BY (237.05) 

BY (232.11) 

BY (233.06) 

BY (234.11) 


BY (235.10) 
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3.141 


23. 


24. 


25. 


26. 


27. 


28. 


29. 



n r . i{ x ~ b ){x-c) 2 


dx = —\/a — c [(2a — b — c) E(X, p) — (b — c) F(A,p)l 
a — x 3 

2 

+ 2 \/( a - u )( u - b )( u - c ) 

[a > u> b > c\ 



— dx = -y/a — c [2 (a — b) F(n, q) + (6 + c — 2a) E(fi, q)] 

x — a 3 

2 I (u — a)(u — b) 

+ - (it + 2a — 2b — c)\ 

3 V a — c 

[u > a > b > c] 

— — ^ — — — dx= ^Va-c[(2b - a - c) E{(3,p ) - (5- c) F(/3,p)] 

OX o 


+ -(a + c — 6 - a) 
o 


(a — tt)(c — it) 


b — u 


[a > 5 > c > u] 



— — — ~ dx = ^Va -c[(2b - a - c) £(7, g) + (a - b) F( 7, g)] 
b — x 3 

2 

-3 vV-^Kfr-wKw-c) 

[a > 6 > w > c] 


— — dx = -\/a — c [(a — 6) F(5, g) + (26 — a — c) E (5, g)] 

0 2/ O 


+ -(2a + c — 26 — it) 

O 


(6 — u) (u — c) 
a — u 

[a > b > u> c] 



dx= — y/a — c [(6 — c) F (n,p) + (a + c — 26) E (k,p)1 

x — 6 3 


+ -(26 — a — 2c + u) 

O 


(a — u)(u — b) 
u — c 

[a > u > b > c\ 



■ ' ^ ——7- dx = -\/a — c [(a + c — 2b) E(\,p) + (6 — c) F(A,p)] 

X 0 o 

2 

-3\/(a-w)(w-6)(it-c) 

[a > w > 6 > c] 


30. 1 



— — — ^ — — dx= ^\/a-c[(a + c- 26) E(p,q) - (a - 6) F(/x,g)] 

X 0 o 


+ -(w + 6 — a — c) 
o 


(u — a) (u — c) 


- 6 


[a > a > 6 > c] 


BY (236.07) 


BY (237.08) 


BY (232.10) 


BY (233.05) 


BY (234.10) 


BY (235.11) 


BY (236.06) 


BY (237.06) 
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31. 


32. 

33. 


34. 


35. 

36. 

3.142 

1 . 

2 . 



— dx = -y/a — c [2(6 — c) F(/3,p) + (2c — a — b) E(/3,p)\ 

c — x 3 

2/ s l{a-u)(c-u) 

+ -{a + 2b — 2c — u)\ , 

3 V 6 — u 

[a > b > c> u] 

— — — — — dx=^ y/a-c [( a + b - 2c) E{ 7, q) -{a- b) F( 7, g)] 
X c o 

2 

+ 2 V( a - u ){b - u )( u ~ c ) 

[a > b > u > c] 

— ^ dx = -y/a — c [(a + b — 2c) E(S, q) — (a — b) F(S, q )] 

o 


x — c 


2 (b — u)(u — c) 

+ -(2c — 2 a — b + u)\ 

3 V a — u 


[a > b > u > c] 



— dx= -y/a — c [(a + b — 2c) E (k , p) — 2(6 — c) F (k , p)] 

O 


x — c 


2 / (a — tt) (it — 6) 

+ -« + c-a-6f - 

3 V u — c 


[a> u > b > c] 



— dx = -y/a — c [(a + 6 — 2c) E(X,p) — 2(6 — c) F(A,p)l 

x — c 3 

2 

-g\/(a-w)(u-6)(u-c) 

[a > u > 6 > c] 



— dx= -y/a — c[{a + 6 — 2c) 2?(/z, q) — (a — 6) F(/z, g)] 

a; — c 3 

2. (u — a)(u — c) 

+ — (it + 2c — a — 26) \ 

3 V u — 6 

[u > a > b > c] 


BY (232.09) 


BY (233.07) 


BY (234.09) 


BY (235.09) 


BY (236.05) 


BY (237.07) 


a — x , 2 2y/a — c ri/ . 2(a — c) / b — u 

dx= —^=F(a,p) \ E(a,p)+ 1 


(b — x){c — x) 3, y/a — c 


6 — c v ’ 1 ' ' 6 — c ]j (a — a)(c — u) 

[a>b> c> u] BY (231.05) 


a ~ x a o a ~ b \ 2 Va-c 

(t-x)(x-C>3 = 2 (t-c)^ ^ ?) “ ^ ?) 


+2 


6- 


6 — c V (a — u) (u — c) 


[a > b > u > c] 


" ' dx = E ( K ,p) - -J= F (n,p) 


b V (x-6)(x-c) 3 


6- 


y/a - 


[a> u > b > c] 


BY (234.13) 


BY (235.12) 
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3.142 


4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


a — x 


( x — b) (x — c) 3 


r 

x — a 

V (x 

— b)(x — c) 3 


dx = 


dx = 


E( X,p) - 2 F(\,p) - 

b — c v a — c b — c V u — c 

[a > u > b > c\ BY (236.12) 

2 Ja — c ri/ . 2 (a — b) N ^ / u — a 

E (^ 9) - 77 T 7 F(/x, 9) - 2. — Y 

o — c {b — c)y/a — c \(u — b){u — c) 


[u > a > b > c] 


1 

x — a 

/ 0 

— b){x — c) 3 


dx = 


2 ^ 0 -c 2(a-b) 

E {v, 9) - 71 x 9) 


b — c 


a — x 


(b — x) 3 (c—x) b—c 


dx = Y E(a,p) — 2 


(5 — c)\Ja — c 

[u > a > b > c] 

a — b 


c — u 


b — c Y (a — u)(b — u) 
[a > b > c > u\ 


a ~ x dx = 2 4^E(0, P ) 


( b — x) 3 (c — x) 
a — x 

( b — x) 3 (x — c) 


r 

a — x 

J (x 

— 6) 3 (x — c) 


dx = 


dx = 


b — c 

2 y/a — c 
b — c 


[a > b > c> u\ 




2 /(a — u)(u — c) 


b — c V b — u 
[a > b > u > c] 


2 ^£e(\, p ) + A- 

c — b b — c V w — b 


r 

x — a 

/ (a 

— b) 3 (x — c) 


dx = 2 ^ a _ ^ ° [F(n, q) - E(n, q)] 


[a > u > b > c] 


[u > a > 6 > c] 


r 

x — a 

/ 0 

— b) 3 (x — c) 


dx = 



b — x 


(a — x) 3 (c — x) 
b — x 


dx = 


2y/a — c rrt , I u — a 

— F (v, q) - E(v, g) + 2. / j — t- 

b — c \ (u — b) [u — c) 

[u > a > b > c] 

9 

E(a,p) [a > b > c> u] 

2 (a — 6) 


\Ja — c 
2 



(a — x) 3 (c — x) 


5-. 


= /— — -E(P,p)- 

V a — c a — c y [a — u)[b — u) 

[a > b > c> u\ 


dx = 


(a — x) 3 (x — c) \Ja — 


2 rw \ n/ m 2 /( b — u)(u — c ) 

[F( 7 ,g)-F( 7 ,g)]+ 


a — c \ a — u 
[a > 5 > u > c] 


b — x 


(a — x) 3 (x — c) ‘ y /a - c 


dx = —j=. [F(S, q) — E(6, q)] [a > b > u > c] 


BY (237.10) 

BY (238.09) 

BY (231.03) 
BY (232.01) 

BY (233.15) 

BY (236.11) 

BY (237.09) 

BY (238.10) 
BY (231.01) 


BY (232.05) 

BY (233.13) 
BY (234.15) 
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17. 


18. 


19. 


20 . 


21 . 


22 . 


23. 


24. 

25. 

26. 

27. 

28. 



E (k,p) + 2- 


it — b 


(a — tt)(u — c ) 

[a > u > b > c] 


[F(v, q ) - E(v, q)] + 2 


u — b 


(it — a) (it — c) 
[u> a> b > c\ 


[ F(a,p ) - E(a,p)] + 2 


b- 


(a — it) (c — it) 
[a > b > c > it] 


dx = ; E(6,q) + 2 4 


6 — it 


(a — x) (x — c) 3 v^ a — c 


(a — it) (it — c) 

[a > 6 > it > c] 


3/ — b 2 

/ i, , w \3 dx = -;^=[F{k,p)- E(k,p)] 

! b V (a - x)(x - c) 3 ya-c 


[a> u > b > c] 



-6 


dx = 


(a — x)(x — c) 3 y'a — 


2 [nA,p)-E(A,p)] + 2 •/ (a - u)(u - 6) 


a — c V it — c 
[a > it > 6 > c] 


x — 6 


dx = 


la V(x-a)(x-c) 3 ‘ sja — c 


2 _. . 6 — c / it — a 

E(n,q)-2 



■-6 


(x — a)(x — c) 3 


dx = 


(a — x’) 3 (6 — x) 


dx = 


yja - c 

2\J a — c 
a — b 


E{v, q) 


a — c Y (u — b)(u — c) 

[it > a > 6 > c] 

[it > a > 6 > c] 


BY (235.08) 

BY (238.07) 

BY (231.04) 

BY (234.14) 

BY (235.03) 

BY (236.14) 

BY (237.11) 
BY (238.01) 

BY (231.07) 



dx = 


c— it 


£(a,P) ^ r~TT7== 

(a — ojva — c 

[a > 6 > c > -u] 

^£(ft ? )-iLf(ftl>)- 2 

a — 6 (a — 6)Va — c \(a — u)(b — u) 

[a > b > c> u] BY (232.03) 

* = ^ E(7. ») - -7^= f(7, ») - V / (i ’~“ )( “~ C) 

a — b y a — c a — b V a — it 

[a > 6 > it > c] BY (233.14) 


dx = 2v/Q . C £(<5, g) F(d, g) 


-6 


Va - c 


[a > 6 > it > c] 


BY (234.20) 



272 

29. 
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31. 

32. 

33. 

34. 

35. 

36. 

3.143 

l. 6 

2 . 
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X “ c dx= , 2 -^$= F( K ,p)- 2 -^^E(K,p) 


b V (a - x) 3 (x — b) (a — b)y/a — c 


a — b 


+2 


.- b 


a — by (a — u)(u — c) 


[a > u > b > c] 


BY (235.13) 



2 2y/a - c 2 (a-c) u-b 

= = p (y ,q) — E(v,q) + 


2^/a — c 
a — b 


[u > a > b > c] 
[ F(a,p ) - E(a,p)] + 2 


a — b y (u — a)(u — c) 

BY (238.08) 


c — u 


dx = [ F(/3,P ) - E{j3,p)\ 


(a — x) (b — a;) 3 a — b 


(a — u)(b — u ) 
[a> b > c> u] 


[a > b > c > ti] 


x — c 2^a -c 2 (a-u)(u-c) 

7 VI \3 dx= T-E^q) + T\ , 

{a — x)(b — x) 6 a — b a — b\ b — u 

[a > b > u > c] 


X - C *=^Ef[F(A,p)-£(A,rt] 2 ./(«-«)(»-=) 


(a — x){x — b) 3 


,-b 


x — c , 2 sja - c 

dx = 7 — E [fi, q) 


(x — a) (x — b) 3 


a—b 
2 y/a — c 


a — b 
[a > u > b > c] 

[u > a > b > c] 


- b 


— y ^ b C 

(x — a)(x — b) 3 a — b ( a — b\j {u — b){u — c) 

[u> a > b > c\ 


BY (231.06) 

BY (232.04) 

BY (233.16) 

BY (236.13) 
BY (237.01) 

BY (238.11) 



Notation: a = arcsin . , . 

VM 2 — U + 1 


dx 


x(x — 1) (x 2 — x + 1) 


= F 



H 66 (286) 

H 66 (287) 


1. 


[u > 1] 


BY (261.50) 
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dx 2(2 u - 1) , / \/3 

, = — — — <4 E I cl 

/x 3 (x — l) 3 (a; 2 — x + 1) y/u(u — 1) ( u 2 — u + 1) l ’ 2 


[u > 1] 


BY (261.54) 


2m — 1 


(2x — l) 2 dx F ( 2m ~ 1 

/x 3 (x — l) 3 (a; 2 — x + 1) l 2 I \ 2 I 2y/u(u — 1) ( u 2 — u — 1) 


[« > !] 


c(x — 1) (x 2 — X + 1) 




(2x — l) 2 dx 
c(x — 1) (x 2 — x + 1) 


=r AE ( a 4 


[u> 1] 
[u > 1] 


BY (261.56) 


BY (261.52) 


BY (261.51) 


1 8(8 ~ 1} 3 dx= A E a,4)-\F a,4 

(x 2 -x + l) 3 3 l 2 I 3 l 2 


[u > 1] 

V3M 


BY (261.53) 


dx r^j jr = i i.f a _ E f a + 1 JEEIK 

( 2 x - l ) 2 V X 2 - x + 1 3 [ 2 J [ ’ 2 I 2 ( 2 u -l)]/u 2 -u+l 


[u > 1] 


dx X 2 — X+l f y/3 \ 3 / u(u — 1) 

(2x-l) 2 V x(x — 1) 1“’“^) “ 2(2m — 1) V m 2 — m + 1 


[« > !] 


BY (261.57) 


BY (261.58) 


1 dx v(„ ^-_L- 

(2x — l) 2 -\/x(x — 1) (x 2 — x + l) 3 l 2 i 3 l 2 J 2m — 1 V « 2 - m + 1 


[m > 1] 


BY (261.55) 


dx 40 / V3\ 4 / v / 3\ 2 (2 m - 1) (9m 2 - 9m - 1) 

= E I OL, I — E I OL, I — 

/x 5 (x — l) 5 (x 2 — x+l) 3 \ 2 I 3 \ 2 I 3\/m 3 (m — l) 3 (m 2 — w + 1) 


[m > 1] 


BY (261.54) 


dx 44 ( 56 / V3\ 2(2m — l)y/u(u — 1 

/x(x-l) (x 2 -x + l) 5 27 V 2 / 27 V ’ 2 / + 9t/(u 2 -u+l) 3 


[« > !] 


BY (261.52) 
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[°° dx 16 _ / y/3\ 1 „( V3 

J u (2x — l) 4 \/x(x — 1) ( x 2 — x + 1) 27 l 2 J 27 l 2 


8 (5m 2 — 5u + 2) / u (u - 1) 


9(2 u — l) 3 V u 2 — u + 1 
[u > 1] 


BY (261.55) 


3.145 

1. 

2 . 


3. 


dx 


1 W2arctan> (u - a) 1 / (P' + <?) 2 + (a- - /?) 2 


/a -\/(x — a)(x — /3) [(x — to) 2 + n 2 ] y p(u-/3)’ 2\] pq 

[(3 < a < u] 

[ u dx 

1/3 y/(a — x ) (x — f3) [(x — to) 2 + n 2 ] 


1 W2arccot> (a - u) 1 ~ dY + (a- - /3) 2 


Vw " \ V ’ 2 

[/3 < u < a] 


pq 


dx 


1 jqW-u) 1 / (p + q) 2 + (a - /3) 2 


: F 2 arctan . 


\/(x — a) (a: — /3) [(a; — to) 2 + ?i 2 ] -Jpd y y p(« — w) ’ 2 y 

[u < /3 < a] 

where (m — a) 2 + ?r 2 = p 2 , and (to — /3) 2 + ?i 2 = q 2 .* 

4. Set 

(toi — to) 2 + (ni + n ) 2 = p 2 , (mi — ?tt.) 2 + (ni — n) 2 = p 2 , 


pq 


cot a = 


I {P + Pi) - 4 n 2 
4n 2 — (p — pi) 2 ’ 


then 


da; 


/ m—n tan a 


2 / u — TO 

■ i* a + arctan 


[(x — in) 2 + ?r 2 ] I (xtoi) 2 + ?i 2 


VppT\ 


p + pi V n p + piJ 

[in — n tan a < u < in + n cot a] 


3.146 


1. 


/o 


* =? + 1^2 Wf 


1 

1 + X 4 vT^x 4 8 ' 4 


2 . 


j" 1 x 2 dx 
lo 1 + a; 4 i/l — x 4 


Bl (13)(6) 


Bl (13)(7) 


* Formulas 3.145 are not valid for a + (3 = 2m. In this case, we make the substitution x — m = z, which leads to one of 
the formulas in 3.152. 
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3 . 



Bl (13)(8) 


3.147 Notation: In 3.147 3.151 we set: a = arcsin < 


' (a — c)(d — it) 

( a — d)(c — u)' 


/3 = arcsin - 


6 = arcsin - 


A = arcsin - 


' (a — c)(u — d) 
(c — d)(a — it) ’ 

I (b — d)(u — c) 
(6 — c)(u — d) ’ 

I (a — c)(u — b) 
(a — b)(u — c) ’ 


v = arcsin - 


' (b — d)(u — a) 
(a — d)(u — b)’ 


q = 


7 = arcsin y 
k = arcsin y/ 

/i = arcsin y / 

I (b — c)(a — d) 

( a — c)(b — d)' 


I {b — d)(c — it) 
(c — d)(b — it) ’ 

I (a — c)(b — it) 

( b — c)(o — it) ’ 

I (b — d)(a — it ) 
(a — b)(u — d,)’ 


(a — b)(c — d) 
(a — c)(6 — d) 


1 . 


2 . 


3 . 


4 . 


5 . 


6 . 


7. 11 


dx 

2 

a/ ( a — x) {b — x) (c — x) (d — x) 

V( a ~ c)(b-d) 

dx 

2 

\/{a — x) {b — x) (c — x) (x — d) 

<s 

IT 

I 

0 

1 

dx 

2 

\/{a — x) (b — x) (c — x) (x — d) 

1 

'o- 

1 

dx 

2 

\/(a — x) {b — x) (x — c) (x — d) 

V( a ~ c ) (b — d) 


dx 


(a — x)(b — x ) (a: — c) (a: — d) — c)(b — d) 


dx 


lb \J(a — x) (x — 6) (a: — c) (x — d) i/(a — c)(6 — d) 


da; 


y/(a — x)(x — b ) (x — c)( x — d) y/ (a — c)(b — d) 


F(a,q) 

[a>b>c>d>u] 

F(f3,r) 

[ a > b > c> u > d ] 
F(l,r) 

[ a > b > c> u> d ] 
F(6,q) 

[a>6>it>c>d] 
F (K,q) 

[a > b > u> c> d] 
F(X,r) 

[ a> u > b > c> d ] 
F{n,r) 

[i a>u>b>c>d] 


BY (251.00) 


BY (254.00) 


BY (253.00) 


BY (254.00) 


BY (255.00) 


BY (256.00) 


BY (257.00) 
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3.148 


8 . 

3.148 

l . 8 


2 . 


3 . 


4 . 


5 . 


6. 8 


7 . 


3.149 

1 . 











dx 

2 

yj(x — a) (x — b) (x — c) (x — d) 

it 

1 

0 

it 

1 

3. 

x dx 

2 

% 

IT 

1 

1 

IS) 

It 

1 

it 

1 

x dx 

2 

\/(a — x)(b — x)(c — x) {x — d) 

1 

O 

1 

x dx 

2 

■\/(a — x) (b — x) (c — x) {x — d) 

y/(a-c)(b-d) 

xdx 

2 

% 

IT 

1 

it 

1 

it 

i 

o 

" 5 " 

i 

3 

1 

O 

it 

1 

3, 

x dx 

2 

% 

'S' 

1 

it 

i 

it 

IT 

i 

IT 

i 

it 

y/ (a - c)(b - d) 

xdx 

2 

\/(a — x) (x — b) (x — c) (x — d) 

It 

1 

O 

it 

1 

x dx 

2 

\J(a — x) (x — b) ( x — c) (x — d) 

<s 

1 

it 

1 

x dx 

2 

yj (x — a) (x — b) (x — c) (x — d) 

It 

1 

O 

it 

1 

3 

dx 


x \J(a — x) (b — a;) (c — x) (d — x 

) 

2 


cdyj (a — c)(b — d) 


F{y,q) 

[ u> a> b> c> d } BY (258.00) 

j(d-c)II (t +cF(a,q ) | 

[a > b > c > d > u] BY (251.03) 

j(d — o)n ^/3, + aF(/3,r)| 

[a > b > c > u > d] BY (252.11) 

j(c- b)U ^7, + 6F(7,r)| 

[a > b > c > u > d] BY (253.11) 

|(c-d)II ^<5, ^,qj +dF(5,q) | 

[a > b > u > c > d] BY (254.10) 

j(&— a)II (k, t- ^, 5 ^ +aF («,g)| 

[a > b > u > c > d] BY (255.17) 

|( 6 - c)n ^A, +cF(A,r)| 

[a > it > b > c > d] BY (256.11) 

j(a-d)II ^,r) +dF(/i,r)| 

[a > u > b > c > d] BY (257.11) 

j(a — 6)11 (^u, *^,qj +bF(u,q) j 

[it > a > b > c > d] BY (258.11) 


[a > b > c> d > u] 


BY (251.04) 
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dx 


Id x^/(a — x) (b — x) (c — x) ( x — d) 


ad\] (a — c)(b — d) 


( a ~ 




[i a > b > c> u > d ] 


BY (252.12) 


dx 


x \/(a — x) (b — x) (c — x) {x — d) 


^(6 - c) II (j, ^ — |,r)+cf( 7 ,r) 


bc\J{a — c)(b — d) 1/ ' c(b — d) 

[. a> b> c> u> d } BY (253.12) 


f u dx 

lc X\/ ( a — x)(b — x)[x — c)[x — d) 


^(d- c)II (s, ^ — y-,q) +cF(5,q) 


cdsj (a - c)(b - d) l \ ’ c (b - d) 

[a > b> u > c> d] BY (254.11) 


’ dx 

X\J ( a — x)(b — x)(x — c)(x — d) 


ab \J (a — c)(b — d) 


x |(a-6)n ^ _ c) ’ g ) 


[a > b > u > c > d] 


BY (255.18) 


dx 


lb X\J (a — x)(x — b)(x — c)(x — d) 


x((c-6) n^A, ^ — ^,r] + 5F(A,r) 


be (a — c)(6 — d) l V &( a — c) 

[a > u > b > c > d] BY (256.12) 


dx 


z\J[a — x){x — b)(x — c)(x — d) 


x \ (d a) T1 ( [d, ~ 77 — yr,r ) + aF (/x,r) 


adi/ (a — c)(b — d) { \ a{b — d) 

[ci> u>b> c> d] BY (257.12) 


dx 


la Xy/ (x — a)(x — b)(x — c)(x — d) 


ab \J (a — c)(b — d) 


{b - a)u ( ,, 'W=fr‘>) +aFi ’'’ ,l) 


[u>a>b>c>d\ 


BY (258.12) 
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3.151 


3.151 

1 . 


dx 


( p — x) \/Ja — x) {b — x) (c — x) (d — x) 


(p~ c) ( P - d) ^/{a-c){b~d) 

,, (a~d)(p-c) \ 

( d-c )n ^ 0 . ( CT _ e )( p _ rf) , 9 j 

[a > 6 > c > d > u, 


+ {p-d) F(a, q) 
p^d] BY (251.39) 


dx 


Id (p — x) ^/{a — x) ( b — x) (c — x) (x — d) 


(P~ a ) (p - d) \/(a - c)(6- d) 

(■ d-a)u(/ 3 ,y - — ^ — ^,r) + (p - d) F( 0 ,r) 


( a ~ C )(P~ d) 

[a > b > c> u > d, p 7 ^ d\ BY (252.39) 


: dx 2 

(p — x) y/Ja — x)[b — x)(c — x) (x — d) (p — 6) (p — c) y/(a — c)(b — d) 


(c - 6) n ( 7, ^ — 7777 — r ) + (p - c) F (7, r) 


(b — d)(p — c) 

[a > b > c > u > d, p 7 ^ c] BY (253.39) 


dx 


(p — a:) y/(a — x)(b — x)(x — c)(x — d) (p — c) (p — d) -^/(a — c)(b — d) 


<C - n ( 4 ' (t-j) ( (p-c) - 9) + (P - «) «> 

[a > b > u > c > d, p 7 ^ c] BY (254.39) 


5 . 


dx 


(p — a:) y/(a — x) {b — x) (x — c) (x — d) 


(p - o)(p - 6 ) sj(a-c)(b-d) 

tu \n f ( b-c){p-a ) 

6 - a n k, t 77 77, g 

V (a-c)(p-6) 

[a>&>w>c>d, 


+ (p - 6 ) F (k, g) 
p 7 ^ 6 ] BY (255.38) 


6 . 



dx 


p) y/(a^-^c)(x^-V){x--c)(oc--d) 


( b-p)(p - c) v / (a-c)(6-d) 

[a>w>6>c>d, 


+ (p- &) F(A,r) 
p ± b] BY (256.39) 
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( p — x ) \J(a — x) (x — b) (x — c) (x — d) 


(p ~ a)(p - d)y/(a - c)(b - d) 

x (a-d) n (V, ^ r ) + (? ~ a ) r) 

[a > w > 6 > c > d, p yf a] BY (257.39) 


(p — x) (x — a)(x — b) (x — c) (x — d) 


(p - a)(p ~ b)y/(a- c)(b-d) 

x , ( ° ~ fc) n (•'■ (6 - J)(p - !j ■ 1 ’) + ^ ~ a) Fl "[ 

[ u> a> b> c> d , p/a] BY (258.39) 


U 'll 

3.152 Notation: In 3.152-3.163 we set: a = arctan — , j3 = arccot — 

b a 


7 = arcsin - W — — ^ 
o V a- + 


<5 = arccos — , £ = arccos — , £ = arcsin ■ 


. u . a b 2 — u 2 

p = arcsin — , £ = arcsin — \ / — = ~ . 

o o V a - r 


. a lu 2 — b 2 

n = arcsin - \ —= — , 

u V a A — b z 


. . a 2 — u 2 . u 2 — a 2 .a yj a 2 — b~ 

A = arcsin i / — = rw , H = arcsin i / — = = arcsin — , g = . 

V a z — b z V w — o u a 


/a 2 + b 2 ’ 


/a 2 + 6 2 ’ 


6 

t = -. 
a 


r ± = i -f M 

1 0 y/(x 2 + a 2 ) (x 2 + 6 2 ) a 

r ; ** = i mg) 

L + a 2 ) (i 2 + 6 2 ) o 


[a > b > 0] 


[a > b > 0] 


H 62(258), BY (221.00) 


H 63 (259), BY (222.00) 


^x 2 + a 2 ) ( b 2 — x 2 ) Va 2 + b 2 


F(l,r) 


[b > u > 0] 


H 63 (260) 


/(x 2 + a 2 ) ( b 2 — x 2 ) y/ a 2 + b 2 


F(6, r ) 


[b > u > 0] 


H 63 (261), BY (213.00) 


lb \J (x 2 + a 2 ) (x 2 — b 2 ) Va 2 + b 2 


F(e,s) 


[u > b > 0] 


H 63 (262), BY (211.00) 


/(x 2 + a 2 ) (x 2 — b 2 ) y/a 2 + b 2 


ms) 


[u > b > 0] 


H 63 (263), BY (212.00) 
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3.153 


7 . 


9 . 

10 . 

11 . 

12 . 

3.153 

1. 

2 . 


3 . 


4 . 


5 . 

6 . 


7 . 


8 . 



dx 

x 2 ) ( 6 2 


dx 

x 2 ) ( b 2 


a; 2 ) 


x 2 ) 



dx 


x 2 ) (a 
dx 


x 2 ) (x 2 
dx 


a 2 ) (x 2 
dx 


2 )(a 


b 2 ) 


6 2 ) 


6 2 ) 


6 2 ) 


- 

a 

-F(Ct) 

a 

^ F ( K > q ) 

1 F(X,q) 

a 

^ F(/x,t) 


a > b > u > 0] 

H 63 (264), BY (219.00) 

a > b > u > 0] 

H 63 (265), BY (220.00) 

a > it > b > 0] 

H 63 (266), BY (217.00) 

a > it > b > 0] 

H 63 (257), BY (218.00) 

it > a > b > 0] 

H 63 (268), BY (216.00) 

it > a > b > 0] 

H 64(269), BY (215.00) 


x 2 dx 


— u 


1 0 ^(x 2 + a 2 ) 0 X 2 + b 2 ) V b 2 + 


a 2 + u 2 


— aE(a,q) [it > 0, a > b] 


I o \J (a 2 + x 2 ) ( b 2 — x 2 ) 


\/ (a 2 + x 2 ) (6 2 — x 2 ) 


= \/a 2 + b 2 E{ 7, r) — 


= yV + & 2 £((5, r) - 


Va 2 + 6 2 


f( 7 ,r) -• 


& 2 — it 2 

a 2 + u 2 


Va 2 + b 2 


[b > u > 0] 
F( 6 , r) 


[b > u > 0] 


BY (221.09) 


BY (214.05) 


BY (213.06) 


x 2 dx 


lb \/ (a 2 + x 2 ) (x 2 — b 2 ) 


r u x 2 dx 

/o \J (a 2 - x 2 ) (b 2 ^x 2) 


a/ ( a 2 — x 2 ) ( b 2 — x 2 ) 


lb \J ( a 2 — x 2 ) (x 2 — b 2 ) 


-\/(a 2 — x 2 ) (x 2 — 6 2 ) 


. F(£,s) — \/a 2 + ^ 2 F (s, s) + — J ( u 2 + a 2 ) (it 2 — b 2 ) 

Va 2 + b 2 u 


[it > b > 0] BY (211.09) 

a { F(r ] , f) - E(r), t)} [a > b > u > 0] BY (219.05) 

a {F( C, i) - E( C, 1)} + u\/ b 2 ~ U 2 
V a z — u 2 

[a > b > u > 0] BY (220.06) 

a E (k, q) — — \J (a 2 — it 2 ) (it 2 — b 2 ) 
u 

[a > it > b > 0] BY (217.05) 

aE{\,q) [a > it > b > 0] BY (218.06) 
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,, 2 2W 2 , 2 ' = a {F(/z, t) - E(n, t)} + uJ — — 

'( x 2 - a 2 ) (x 2 - b 2 ) V u 1 -b 2 


[u > a > b > 0] 


x 2 dx 1 J jl + k 2 /tt 

'{l + x 2 ){l + W) “ P 1 V ”” 2 h V 4 ’ 


BY (216.06) 


Bl (14)(9) 


3.154 


; X ' iX = % {2 (a 2 + f, 2 ) £(«.,) - F(a,„)} + U - („’ - 2„ a - |F) ,/Y±Y 

'(a: 2 + a 2 ) ( * 2 + b 2 ) 3 lv ' V n 3 v \ b 2 + u 2 


[a > b, u > 0] 


BY (221.09) 


\a 2 + a: 2 ) ( b 2 — x 2 ) 3 \fa 2 


{ (2a 2 - b 2 ) a 2 Fft, r) - 2 (a 4 - 6 4 ) £(7, r) } 




[a > u > 0] 


BY (214.05) 


/(a 2 + a; 2 ) ( b 2 — x 2 ) ‘ 5 \fa 2 


{ ( 2 a 2 -b 2 ) a 2 F{ 5 , r) - 2 (a 4 - 6 4 ) E{ 5 , r)} 


+ -^y (a 2 + it 2 ) (6 2 -a 2 ) 

O 


[6 > u > 0] 


BY (213.06) 


V + ^)(x>-!,») = 17PTP { (2!,! ^ ° 2) 42 F(E ' s) + 2 <» 4 - o‘) *(*. ») 1 

+ — Z — - - yV + fl 2 ) (ll 2 - W) 

3 u 

[u > b > 0] 


BY (211.09) 


. = - { ( 2 a 2 + fe 2 ) F(r],t) - 2 (a 2 + 6 2 ) i?(??,f)} + - i/(a 2 - u 2 ) (b 2 - u 2 ) 

'{a 2 - x 2 ) (b 2 - x 2 ) 3 U ; V ’ n 3 VV 


[a > b > u > 0] 


BY (219.05) 


, * == = % { ( 2 a 2 + b 2 ) F(C, i) - 2 (a 2 + b 2 ) E( C, i) } 

/(a 2 - z 2 ) (b 2 - x 2 ) 3 U ’ V J 

U- / 0 0 . ~ , 0 \ lb - u 2 


+ Uu 2 + a 2 + 2F 


[a > 6 > u > 0] 


BY (220.06) 


'<“ 2 - i2)(i2 - 43) 3 A +2^ 

3 u 


= n { 2 (° 2 + b 2 )E(K,q) - b 2 F (k, <7) } 


x (a 2 — w 2 ) (a 2 — b 2 ) 

[a > u > b > 0] 


BY (217.05) 


n 2 , 2 . = = f {2 (a 2 + & 2 ) £(A, g) - 6 2 F(A, g) } + f yV ~ « 2 ) (« 2 ~ & 2 ) 

'(a 2 — x 2 ) (cc 2 — 6 2 ) o 3 


[a > u > b > 0] 


BY (218.06) 
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3.155 


9. 


c 4 dx 


v / ( x 2 - a 2 ) (x 2 - b 2 ) 3 


= v { ( 2 ° 2 + b 2 ) F(/j,,t) - 2 (a 2 + 6 2 ) E(n, t ) } 


+ ^ (u 2 + 2a 2 + 6 2 

O 


u 2 — b 2 

[u > a > b > 0] 


3.155 


1. f \J ( a 2 — a; 2 ) (x 2 — b 2 )dx = ^ { (a 2 + b 2 ) E( A, g) — 26 2 F(A, g)} — ^\/ (a 2 — w 2 ) ( u 2 

[a > u > b > 0] 

2. / y/ (x 2 — a 2 ) (x 2 — b 2 ) dx= ^ { (a 2 + b 2 ) E(n, t) — (a 2 — b 2 ) F(/j,, t )} 

J a ^ , 


+ ^ ( u 2 - a 2 _ 2 b 2 

o 


u 2 — b 2 

[u > a > b > 0] 


3. f \J ( x 2 + a 2 ) (x 2 + b 2 ) dx = ^ {26 2 F(a, q ) — (a 2 + b 2 ) E(a, q ) } 
Jo 3 , 


+ - (u 2 + a 2 + 26" 

O 


2\ a z + u z 


b 2 + u 2 

[a > 6, u > 0] 


ru i 

4. / a/ ( a 2 + x 2 ) (6 2 — x 2 ) dx= -\/ a 2 + b 2 {a 2 F{^,r) — (a 2 — 6 2 ) #(7, r)} 

Jo 3 , 


+ ^ (it 2 + 2a 2 — 6 2 
o 


b 2 — u 2 

a 2 + u 2 

[a > u > 0] 


5. 9 f \J (a 2 + x 2 ) ( 6 2 — x 2 ) dx= \\/ a 2 + b 2 {a 2 F(S,r ) + ( 6 2 — a 2 ) J?(6,r)} 

J U ^ 


+ 0 VV+U 2 ) (6 2 -« 2 ) 

O 


[6 > u > 0] 

ru -i 

6 . / \/ (a 2 + x 2 ) ( x 2 — b 2 ) dx= -\/a 2 + b 2 { (& 2 — a 2 ) E(e, s ) — b 2 F(e, s)} 

Jb 3 


2 1 2 1,2 

u + a — b 


3 u 


■\/(a 2 + u 2 ) (w 2 — 6 2 ) 


[u > 6 > 0] 

7. f \J (a 2 — x 2 ) (6 2 — a: 2 ) da’ = ^ { (a 2 + 6 2 ) E(ij,t) — (a 2 — 6 2 ) F(? 7 , t)} 
Jo 3 


+fvV-« 2 ) (& 2 -w 2 ) 

O 


[a > 6 > u > 0] 

8. f y/ ( a 2 - x 2 ) ( 6 2 - a; 2 ) da: = ^ { (a 2 + 6 2 ) £(C, i) - (a 2 - b 2 ) F((, t ) } 

J U ^ , 


+ “( tt a_ 2o a_^ lb2 ~ u2 

O 


[a > b > u > 0] 


BY (216.06) 


— 6 2 ) 

BY (218.11) 

BY (216.10) 

BY (221.08) 

BY (214.12) 

BY (213.13) 

BY (211.08) 

BY (219.11) 


BY (220.05) 
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9. I \J ( a 2 — x 2 ) ( x 2 — b 2 )dx= ^ { (a 2 + b 2 ) E (k, q) — 2 b 2 F (k, q) } 

Jb 3 ^ „ _ n 

-y/(a 2 — u 2 ) ( u 2 — b 2 ) 

[a > u > b > 0] 


3m 


3.156 

l . 6 

2 . 


3. 


4. 


5. 

6 . 

7. 


9. 


dx 


1 b 2 + u 2 1 


c 2 (x 2 + a 2 ) (a: 2 + b 2 ) ub 2 \ a 2 + u 2 ab 2 


E((3,q) 


rb dx 1 

u a; 2 -\/ (cc 2 + a 2 ) ( b 2 — x 2 ) a 2 b 2 \/a 2 + b 2 


[a > b, u > 0] 

{ a 2 F{S,r) - (a 2 + b 2 ) E (6, r)} 


+ 2 , 2 \/(a 2 + m 2 ) (b 2 - u 2 ) 
a z b z u 


dx 


lb x 2 \J (a; 2 + a 2 ) (x 2 — b 2 ) a 2 b 2 \J a 2 + b 2 


dx 


1 


x 2 ^/{x 2 + a 2 ) (x 2 — b 2 ) a 2 b 2 \/a 2 + b 2 

1 I u 2 — b 2 


[b > u > 0] 

{(a 2 + b 2 )E{£,s)~b 2 F{e,s)} 
[u > b > 0] 

{(a 2 + b 2 )E(Z,s)-b 2 F(Z, S )} 


■ b 

dx 


1 

i x 2 \J{a 2 

— x 2 ) (b 2 

-x 2 ) 

ab 2 

•U 

dx 


1 

a ' 2 \J{a 2 

— a: 2 ) {x 2 

-b 2 ) 

ab 2 

•a 

dx 


1 

i x 2 sj{a 2 

— x 2 ) (a; 2 

- b 2 ) 

ab 2 

■U 

dx 


1 

; X 2 \J{X 2 

— a 2 ) (x 2 

-b 2 ) 

ab 2 

' oo 

dx 


1 


b 2 u V a 2 + u 2 


{F(C,t)-E(Ct)} + 


[u > b > 0] 


1 b 2 — u 2 


b 2 u V a 2 — m 2 
[a > b > u > 0] 

[a > u > b > 0] 


= 7^ E(X, \J (° 2 - u 2 ) (m 2 - b 2 ) 


[a > u > b > 0] 

1 lu 2 — a 2 
a 2 u V u 2 — b 2 

[u > a > b > 0] 


{F(n,t) - E(n,t)} + 


x 2 \/ (x 2 — a 2 ) (x 2 — b 2 ) ab 2 


{F(u, t) - E 0, t)} 


[m > a > b > 0] 


BY (217.09) 

BY (222.04) 

BY (213.09) 

BY (211.11) 

BY (212.06) 

BY (220.09) 
BY (217.01) 

BY (218.12) 

BY (216.09) 

BY (215.07) 
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3.157 


3.157 

1 . 


2 . 


3. 


4. 


5. 


6 . 


7. 


dx 1 f b 2 / p + b 2 . 

— n [a, ,q + F{a, q) 


( p — x 2 ) \J (x 2 + a 2 ) ( x 2 + b 2 ) a(p + b 2 ) \ p 


P 

[P 7^0] 


BY (221.13) 


dx 


1 


(p — x 2 ) \J (x 2 + a 2 ) (x 2 + b 2 ) a(a 2 +p) 

dx 1 


IL( / 3, a -tP, q )-F((3,q)'> BY (222.11) 


/o (p — x 2 ) sj ( a 2 + x 2 ) ( b 2 — x 2 ) p(p + a 2 ) Va 2 + b 2 


a 2 n 7 


b 2 (p + 1 


,r +pF('y,r) 


p ( a 2 + b 2 ) 

[b > u > 0, p ± 0] BY (214.13)a 


dx 


1 


= n 

{p — x 2 ) \J (a 2 + x 2 ) ( b 2 — x 2 ) (p — b 2 ) \J a 2 + b 2 \ b —p 


[b > u > 0, p^ b 2 ] BY (213.02) 


f u dx 1 

lb (p — x 2 ) (a 2 + x 2 ) ( x 2 — b 2 ) p{p— b 2 ) \/ a 2 + b 2 

f°° dx 1 

!u ( x 2 — p) \J ( a 2 + x 2 ) (x 2 — b 2 ) (a 2 + p) Va 2 + b 2 


b 2 H s 


’ p-b 2 ’ 

[u > b > 0, p ^ b 2 ] 


s'j + (p-b 2 ) F(e, s)| 


BY (211.14) 


[u > b > 0 ] 


BY (212.12) 


dx 


(p — x 2 ) yf (a 2 — x 2 ) ( b 2 — x 2 ) ap \ ' P 


1 / b 2 

= — n ( 77 , — ,t) [a>b>u> 0; p ^ b] BY (219.02) 


dx 


1 


(p - x 2 ) \J (a 2 - x 2 ) (b 2 - x 2 ) a (p - a 2 ) (p-b 2 ) 


9. 


10 . 


11 . 


dx 


lb (p — x 2 ) sj (a 2 — x 2 ) (x 2 — b 2 ) ap(p — b 2 ) 


x | (b 2 - a 2 ) n b J P {p _ a Jy tj + (p - b 2 ) F (C, t) I 

[a > b > u > 0; p ± b 2 ] BY (220.13) 

&2JI ( Kl I 2 (p~b 2 ) ,g ) + (P~ b ' 2 ) F ( K ’ti | 

[a > u > b > 0; p ± b 2 ] BY (217.12) 


dx 


1 u(x a2 - b2 

II I A, r, 5 Q. 


(x 2 - p) vV - X 2 ) (x 2 - b 2 ) a (a 2 — p) \ ’ a 2 - p 

[ci> u>b> 0; p ^ a 2 ] BY (218.02) 

1 dx 

(p — x 2 ) \J (x 2 — a 2 ) (a: 2 — b 2 ) 

1 


a (p — a 2 ) (p — b 2 ) 


[ (a 2 - b 

2 )n(V *,*) 

r 

7 \ p — a z J 

it > a > b > 0; p ^ a 2 , 
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3.158 


( x 2 — p) \J (a; 2 — a 2 ) (a; 2 — b 2 ) ap 


2 \ r 0 ,2 , h 2 \ 3 ab 2 (° 2 “ &2 ) 


= - n ,4,( - 


• iy )-^".*)} 


[m > a > 6 > 0; p ± 0] BY (215.12) 


'(a; 2 + a 2 ) ( x 2 + 6 2 ) 


(a 2 £(a,g) - 6 2 F(a,g)} 


[a > b\ u > 0] 


BY (221.05) 


/ & = , 9 / 2 — {a 2 ^(/3, <?) - 6 2 f(/3,g)} - , \ 

/[x 2 _|_ a 2) (3,2 _|_ ^2)3 ab- (a 2 b 2 ) b 2 ^/(a 2 + u 2 ) (6 2 + w 2 ) 


[a > 6, m > 0] 


BY (222.05) 


/o ,/ (a .2 + a 2 ) 3 (;c 2 + 6 2 ) a (« 2 k 2 ) 


(a,g) - £(a,q)} + 


,2 * / (w 2 + a 2 ) (u 2 + 6 2 ) 


[a > 6; u > 0] 


/(a 2 + a: 2 ) 3 (a: 2 + b 2 ) a ^ b ^ 


Jo . /( 0 2 + ^2)3 (62 _ ^2) a 2 Va 2 + b 2 


{F{f3,q) - E{(3, q)} 


[a > b, u > 0] 
E(j,r) [b > u > 0] 


BY (221.06) 


BY (222.03) 
BY (214.01)a 


(a 2 + x 2 ) (b 2 — x 2 ) 


,b * / {a 2 + x 2 f {x 2 - b 2 ) 


3 (i,2 _ ™2t a 2 \J a 2 + b 2 


E(8,r) - 

n ^ I n ^ 


u b 2 — u 2 

a 2 ( a 2 + b 2 ) V a 2 + u 2 


[b > u > 0] 


1 1 / yp 1 — b 2 

-^=== {F(s, s ) - E(e, s)} + (a 2 + 6 2) u V ^I 2 ^ 2 

[m > 6 > 0] 


/(a 2 + a: 2 ) 3 (x 2 - b 2 ) aV ° 2 + 


{Ffo *)-£(£,*)} 


[u > 6 > 0] 


BY (213.08) 


BY (211.05) 


BY (212.03) 


{F{l,r) ~ E(y ,r)} + 


Jo J ( a 2 + X 2 ){b 2 _ x 2 f 6 2 v / a 2 + 5 2 &V(a 2 + «W-« 2 ) 


[6 > u > 0] 

dx u 1 

/( a 2 _|_ a .2) ^2 _ ^2^3 6 2 1/ (a 2 + m 2 ) (u 2 — b 2 ) & 2 y/ a 2 + b 2 

[u>b> 0] 




BY (214.10) 


BY (212.04) 
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11 . 


12 . 

13 . 


14 . 


15 . 


16 . 


17 . 


18 . 


3.159 

1. 


2 . 


dx 


J(a 2 

- x 2 ) 3 (b 2 - 

-x 2 ) 


dx 



- x 2 ) 3 (b 2 - 

-x 2 ) 


dx 


J {a 2 

— x 2 ) 3 (x 2 - 

-b 2 ) 


dx 


yj~[x 2 

' - a 2 ) 3 0 x 2 

— b 2 ) 


dx 


J {a 2 

— x 2 ) ( b 2 — 

x 2 ) 3 


dx 


J {a 2 

<N 

(M 

H 

1 

b 2 ) 3 


dx 


J{x 2 

— a 2 ) {x 2 — 

b 2 ) 3 


dx 


y/~{x 2 

'■ — a 2 ) ( x 2 - 

- b 2 ) 3 


x 2 dx 



+ a 2 ) ( x 2 + b 2 ) 3 


x 2 dx 



1 I / b 2 — U 2 

a E(ij, t) — u\ 




[a > b > u > 0] 
[a > b > u > 0] 


1 


a (a 2 — b 2 ) 


n / 7/2 — U 2 

F( Kl q)-E( K ,q)+-, IU 


[a > it > b > 0] 


1 . a /it 2 — b 2 

E(v,t) } 


s (b 2 - a 2 ) 


[it > a > b > 0] 


= ^ F M- b2{ J_ b2) la E( V ,t)-u 


b 2 — it 2 


[a > b > it > 0] 
b 2 F( A, q) — a 2 E( A, q) + au 


[a > it > b > 0] 


[it > a > b > 0] 


i 2 — b 2 


1 , . b 2 /it 2 — a 2 I 1 , 

2 727 \ aE{v,t) - -\ -2 TT \ - -To F{v,t) 


u V u 2 — b 2 J ab 2 

[/u > a > 6 > 0] 


{f (a,g) - £(«,<?)} 


(cc 2 + a 2 ) (x 2 + 6 2 ) 


3 a 2 — b 2 


{F(P,q) - ^(/?,g)} + 


[a > 6, it > 0] 
u 


-\/ (a 2 + u 2 ) (6 2 + it 2 ) 


BY (219.07) 
BY (220.10) 

BY (217.10) 

BY (215.04) 

BY (219.06) 

BY (218.04) 

BY (216.11) 

BY (215.06) 

BY (221.12) 


[a > b, u > 0] 


BY (222.10) 
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3 . 


4 . 


5 . 


6 . 


7 . 


9 . 


10 . 


11 . 


12 . 


13 . 


1 


x 2 + a 2 ) ( x 2 + b 2 ) 


a; 2 + a 2 ) ( x 2 + b 2 ) 


x 2 dx 

0 4 /f„2 + 3.2)3 2-2) 


a 2 + a; 2 ) ( b 2 — a; 2 ) 


a (a 2 — 6 2 ) 


{a 2 E(a, q) — b 2 F(a, g)} — 


•\/(a 2 + u 2 ) ( b 2 
[a > 6, u > 0] 


1 

a (a 2 — & 2 ) 


(a 2 i?(/3,g)^6 2 F(/3, g )} 


[a > b, u > 0] 


Va 2 + b 2 


{F(l,r) -E(j,r)} 


{F(S, r) - E(S,r)} + 


[b > u > 0] 

u lb 2 — u 2 


' y, ' , 'a 2 + b 2 \Ja 2 + u 2 


x 2 dx 

+ x 2 ) 3 (x 2 — b 2 ) 


V a 2 + b 2 


E(e,s) - 


[6 > u > 0] 
a 2 / u 2 — b 2 


■u (a 2 + b 2 ) V u 2 + a 2 
[u > b > 0] 


a: 2 dx 


u */( n 2-\-x 2 ) (x 2 — b 2 ) 


a 2 + x 2 ) ( b 2 — x 2 )" 


x 2 dx 
: + x 2 ) (x 2 — b 2 ) 3 


a 2 — x 2 ) ( b 2 — x 2 ) 


a 2 — a; 2 ) 3 ( b 2 — x 2 ) 


x 2 dx 
- x 2 ) 3 (x 2 - b 2 ) 


\J a 2 + b 2 


E(£, s) [u>b>0] 


+ u 2 ) 

BY (221.11) 

BY (222.07) 

BY (214.04) 

BY (213.07) 

BY (211.13) 
BY (212.01) 


V> 2 + u 2 ) ( b 2 - u 2 ) Va 2 + b 2 

[b > u > 0] 

{F(t, S )-E(Z,s)} + 


E(l,r) 


Va 2 + b 2 


\J (a 2 + u 2 ) (u 2 — b 2 ) 
[u > b > 0] 


z 2 — b 2 


| / h“2 — g.2 1 | 

aE{jq,t) — u\ — k -\--F( V ,t) 


[a > b> u > 0] 


a z — b z a 


[a > b > u > 0] 


BY (214.07) 


BY (212.10) 


BY (219.04) 


BY (220.08) 


1 [ 2 2 7 ° 3 / u 2 — b 2 

b 2 F (k, q) — a 2 E (k, q) H i 


a (a 2 — b 2 ) 


[a > u > b > 0] 


BY (217.06) 



288 


Power and Algebraic Functions 


3.161 


'(x 2 - a 2 ) 3 ( X 2 - b 2 ) 


/o J (a 2 - x 2 ) (b 2 - x 2 ) 3 


a I a I u 2 — b 2 
a 2 — b 2 ] u\u 2 — a 2 


- E(u,t) } + - F(v,t) 


[u > a > b > 0] 


a 2 - b 2 1 V b 2 -u' 


- aE(r),t ) 


[a > b > u > 0] 


(a 2 — x 2 ) (x 2 — b 2 ) 


3 a 2 — b 2 


a F( A, q) — a E (A, q) + u\ 


u 2 — b 2 


[a > u > b > 0] 


BY (215.09) 


BY (219.12) 


BY (218.07) 


\x 2 - a 2 ) (x 2 - b 2 ) 


3 a 2 — b 2 


[u > a > b > 0] 


' (x 2 — a 2 ) ( x 2 — b 2 ) 


3 a 2 — b 2 


. b 2 I u 2 — a 2 

a E(y, t) J jo 

u V u — 6 


[u > a > b > 0] 


BY (216.01) 


BY (215.11) 


3.161 


x 4 ^/(x 2 + a 2 ) (x 2 + b 2 ) 3a 3 6 4 


{2(a 2 + b 2 )E((3,q)-b 2 F((3,q)} + 
[a > b, u > 0] 


a 2 b 2 — u 2 (2a 2 + b 2 ) 

3 a 2 b 4 u 3 

BY (222.04) 


x 4 J(x 2 + a 2 ) ( b 2 — x 2 ) 3 a 4 b 4 v a 2 + b 2 

a 2 b 2 + 2 u 2 (a 2 — b 2 ) 


{a 2 (2a 2 - b 2 ) F{5 , r) - 2 (a 4 - 6 4 ) E(S, r) } 


+ 3aW V (*-* a )(a» + «») 

[b > u > 0] 

I" u dx _ 2 b 2 - a 2 ^2 (a 2 - b 2 ) Va 2 + b 2 

lb x 4 \J{x 2 + a 2 ) ( x 2 — b 2 ) 3 a 4 b 2 V a 2 + b 2 3 a 4 b 4 

+ 3 ^ k 5^ ( ” 2 + ° 2)( “ 2 “ ,,2) 

[u > b > 0] 


BY (213.09) 


E(s,s) 


BY (211.11) 


x 4 J(x 2 + a 2 ) (x 2 — b 2 ) 3a 4 b 4 V a 2 + b 2 

„2l 2 , /o. 


(2 (a 4 - 6 4 ) E(£, s ) + b 2 (2b 2 - a 2 ) F(£, a)} 


a 2 6 2 + a 2 (2a 2 — b 2 ) I u 2 — b 2 

3 a 2 b 4 u 3 V u 2 + a 2 


u 2 + a 2 
[u > b > 0] 


BY (212.06) 
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{(2a 2 + b 2 )F(C,t)-2(a 2 + b 2 )E((,t)} 


cV(a 2 - x 2 ) (b 2 - x 2 ) 3 a 3 b 4 | lv ’ ' v 

[(2a 2 + b 2 ) u 2 + a 2 b 2 ~\ a I b 2 — u 2 


l b ®V(a 2 -a: 2 ) (x 2 - b 2 ) 3 a 3 b 4 


[a > b > u > 0] 
(2 (a 2 + 6 2 ) £ («, q) — b 2 F (k, q)} 


+ o„2».9„..s V (« 2 - y2 ) (« 2 “ &2 ) 


3 a 2 b 2 u 3 


[a > u > b > 0] 


i 4 \J (a 2 — x 2 ) (a; 2 — b 2 ) 3a 3 b 4 | 

2 (a 2 + 6 2 ) m 2 + a 2 b 2 


2(a 2 + b 2 )E{X,q)-b 2 F{X,q) 


f { a 2 — it 2 ) ( u 2 — b 2 ) 
[a > u > b > 0] 


BY (220.09) 


BY (217.14) 


BY (218.12) 


r4 ~ ' ( x 2 — a 2 ) (cc 2 — b 2 ) 


{ (2a 2 + 6 2 ) F(/z, f) — 2 (a 2 + 6 2 ) l?(/z, <)} [a > a > b > 0] 


[(a 2 + 26 2 ) u 2 + a 2 b 2 b 2 lu 2 — a 2 

aw 3 V u 2 —b 2 


BY (216.09) 


cV(£ 2 - a 2 ) Or 2 - b 2 ) 3a 3 b 4 


(2a 2 + b 2 ) F(v,t) — 2 (a 2 + 6 2 ) 1? (^, t ) 


+ — N /(a 2 -a 2 )(u 2 -6 2 ) 


[u > a > b > 0] 


BY (215.07) 


3.162 


{ (3a 2 - b 2 ) F{a, q) - 2 (2a 2 - b 2 ) E{a, q)} 


>o h x 2 + a 2)5 ( x 2 i 5 2 ) 3a 3 (a 2 - 6 2 ) 

V (x+a)(x+ 6 ) ^ u[q2 (4a2 _ 362)+M 2 ( 3 a 2 _ 262)] 

3a 4 (a 2 — 6 2 ) t/ (u 2 + a 2 ) 3 (w 2 + & 2 ) 


[a > 6, m > 0] 


BY (221.06) 
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{ (3a 2 - b 2 ) F(0, q) - 2 (2a 2 - b 2 ) E(J3, q) } 


' {x 2 + a 2 ) 5 {x 2 + b 2 ) 3a 3 (a 2 — b 2 ) 

u I u 2 + b 2 

+ 3 a 2 (a 2 - 6 2 )\/ { a 2 + u 2 f 

[a > 6 , u > 0 ] 


BY (222.03) 


a 2 . . a (2a 2 — 4b 2 ) 

-T ^2 9) + OL/1 ,_ 9 7^2 E(a, q) 


( X 2 + a 2 ) ( X 2 + 6 2 ) 5 3a & 2 (a 2 - 6 2 ) 36 4 (a 2 - 6 2 ) 


tr + a z 


Zb 2 (a 2 - b 2 ) V ( U 2 + 6 2 )S 


[a > 6 , w > 0 ] 


BY (221.05) 


/ ^ == = ~ /4 , \ — 7^2 { 2 « 2 (° 2 - 2b ' 2 ) E W’ 9) + 6 2 (36 2 - a 2 ) F(0, <?)} 

/ C 2.2 , a 2 t Cj .2 I 52^5 3ao 4 (a 2 - 6 2 
1 + K + j a [b 2 (3a 2 - 46 2 ) + u 2 (2a 2 - 36 2 )] 


36 4 (a 2 — 6 2 ) y (u 2 + a 2 ) (a 2 + 6 2 ) 3 

[a > b, u > 0] 


BY (222.05) 


1 {a 2 + x 2 ) 5 {b 2 ^ x 2 ) 3a 4 Y (a 2 


{2 ( 6 2 + 2a 2 ) E(j,r) — a 2 ^( 7 , r)} 


u b 2 — u 2 

'3a 2 (a 2 + & 2 ) Y ( a 2 + U 2 )S 


[& > u > 0] 

{ (4a 2 + 2b 2 ) E(6, r) - a 2 F(J, r)} 


BY (214.15) 


V + x 2 ) 5 ( 6 2 - z 2 ) 3a 4 Y (a 2 + 6 2 ) 3 

u [a 2 (5a 2 + 36 2 ) + u 2 (4a 2 + 2& 2 )] j b 2 — u 2 

3a 4 (a 2 + b 2 ) 2 V (a 2 + a 2 ) 3 

[6 > u > 0] 


BY (213.08) 


■ = = , { (3a 2 + 25 2 ) F( £ , s) - (4a 2 + 25 2 ) E(e, s)} 

(a 2 + x 3 ) 5 (x 2 — b 2 ) 3 a 4 y/(a 2 + 6 2 ) 3 

(3a 2 + fe 2 ) a 2 + 2 (2a 2 + 6 2 ) a 2 I u 2 — b 2 
3a 2 (a 2 + b 2 ) 2 u y (a 2 + a 2 ) 3 

[a > b > 0] BY (211.05) 


'{a 2 + x 2 ) 5 (x 2 - b 2 ) 3a 4 a/ ( a 2 


{ (3a 2 + 26 2 ) s) - (4a 2 + 2b 2 ) E(£, a)} 


u u 2 — b 2 

3 a 2 (a 2 + b 2 ) V ( a 2 + u 2) 3 


[a > b > 0 ] 


BY (212.03) 
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9. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


dx 


1 


a 2 + x 2 ) (b 2 - x 2 ) 5 36 4 y (a 2 + b 2 ) 3 

u [(3a 3 + 46 2 ) b 2 — (2a 2 + 3b 2 ) u 2 ] 


{ (2a 2 + 3b 2 ) F(y, r) - (2a 2 + 46 2 ) Eft, 


dx 


3 b A (a 2 + b 2 ) sj ( a 2 + u 2 ) ( b 2 — u 2 ) 3 

[5 > u > 0] 

1 


{(2a 2 + Ab 2 )E^,s)-b 2 F^s)} 


a 2 + x 2 ) (x 2 — b 2 ) 5 36 4 y (a 2 + b 2 ) 3 

[(3a 2 + 46 2 ) b 2 — (2a 2 + 36 2 ) a 2 ] 

36 4 (a 2 + b 2 ) y f (a 2 + u 2 ) ( u 2 — b 2 ) 3 
[u > b > 0] 

dx 2 a 2 - 36 2 2a (26 2 - a 2 ) 


i 2 — x 2 ) {b 2 — x 2 )^ 3a6 4 (a 2 — 6 2 ) 


36 4 (a 2 - 6 2 r 

u [(3a 2 — 5b 2 ) b 2 — 2 (a 2 — 26 2 ) a 2 ] / a 2 — u 2 


dx 


3 6 4 (a 2 - 6 2 ) 2 (6 2 - a 2 ) V b 2 - u 2 
[a > b > a > 0] 

-a 2 2 a (a 2 — 26 2 ) 


n 2 _ r 2 \ ( r 2 _ 121 5 3 ab 2 (a 2 ~b 2 Y ' 3 b 4 (a 2 - b 2 ) 

u [2 (26 2 — a 2 ) a 2 + (3a 2 — 


21 'a 2 — u 2 


dx 


\J (x 2 — a 2 ) (a; 2 — 6 2 ) 


36 4 (a 2 - 6 2 ) 2 (w 2 - 6 2 ) V a 2 - 6 2 
[a > u > b > 0] 

2 a 2 - 36 2 2a (2fo 2 - a 2 ) 

5 “ 3a6 4 (a 2 - b 2 ) (M) + 3 & 4 (a 2 - b 2 ) 2 M 


dx 


x 2 - a 2 ) (x 2 - 6 2 ) 5 364 (° 2 “ &2 ) 


36 2 (a 2 — b 2 ) (a 2 — 6 2 ) V u 2 — b 2 

[u > a > b > 0] 

(46 2 - 2a 2 ) a . 2a 2 - 36 2 , 

2 S ("> *) + 151 F ( v > *) 


3a6 4 (a 2 — b 2 ) 


(3 b 2 — a 2 ) u 2 — (4 6 2 — 2a 2 ) 6 2 ju 2 — a 2 


dx 


0 v/ (a 2 - x 2 ) 5 (6 2 - x 2 ) 3fl3 (« 2 - fo2 ) 


36 2 w (a 2 - b 2 ) 2 ( u 2 - b 2 ) V u 2 - 5 2 
[w > a > b > 0] 

{(4a 2 — 2b 2 ) E(r],t) — (a 2 — b 2 ) F(rj,t) 


[(5a 2 — 36 2 ) a 2 — (4a 2 — 2b 2 ) u 2 ] j b 2 — u 2 
a (a 2 — u 2 ) 

[a > b> u> 0] 


r)} 


BY (214.10) 


BY (212.04) 


BY (219.06) 


BY (218.04) 


BY (216.11) 


BY (215.06) 


BY (219.07) 
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16. 


17. 


18. 



dx 




dx 

\J (a 2 - x 2 f {x 2 - b 2 ) 



dx 

yj {x 2 — a 2 ) 5 (x 2 — b 2 ) 


2 (2a 2 
3a 3 (a 2 


6 2 ) 


b 2 y 


E (C > r ) — 


U 

3a 2 (a 2 — b 2 ) (a 2 — a 2 ) 


3a 3 (a 2 — 6 2 ) 



[a > 6 > u > 0] 


~ 3 7 2 , 2 , 2 { (3a 2 - b 2 ) F («, q) - (4a 2 - 26 2 ) E («, q 

3a 6 (a z — b A ) 

2 (2a 2 — 6 2 ) a 2 + (fe 2 — 3a 2 ) a 2 f u 2 — b 2 

+ 3a 2 u (a 2 - & 2 ) 2 (a 2 - a 2 ) V a 2 - a 2 ’ 

[a > u > b > 0] 

= 3 a 3 ( j _ b2 )2 { ( 4 ° 2 - 2b ' 2 ) E (^ *) - (° 2 - fo2 ) f (". } 

(4a 2 — 2b' 2 ) a 2 + (fo 2 — 3a 2 ) u 2 I u 2 — b 2 
+ 3 a 2 u (a 2 - b 2 ) 2 (u 2 - a 2 ) V a 2 - a 2 

[a > a > 6 > 0] 


3.163 

1. 


2 . 


3. 


4 . 


da; 


0 J {x 2 + a 2 ) 3 {x 2 + b 2 ) 3 ab 2 (a 2 ~b 2 Y 


{(a 2 + fo 2 ) E(a, q) - 2 b 2 F(a,q)} 


i 2 ( a 2 — b 2 ) sj (a 2 + u 2 ) ( b 2 + u 2 ) 

[a > 6, u > 0] 


dx 


yj (x 2 + a 2 ) 3 (x 2 + b 2 ) 3 alj2 (° 2 “ ^ 


{(a 2 + b 2 )E(f3,q)-2b 2 F((3,q)} 


dx 


0 J (x 2 + a 2 Y (b 3 - x 2 y a 2 b 2 J(a 2 + b 2 ) 


b 2 (a 2 — b 2 ) \J (a 2 + u 2 ) ( b 2 + u 2 ) 

[a > b, u > 0] 

{a 2 F( 1 ,r)~(a 2 ~b 2 )E( 1 ,r)} 


dx 


b 2 (a 2 + b 2 ) \J (a 2 + u 2 ) ( b 2 — u 2 ) 

[b > u > 0] 

— n 2 1 

E&s) / F(£,s) 


x 2 + a 2 ) (x 2 — b 2 ) a 2 b 2 (a 2 + b 2 ) 


a 2 J(a 2 + b 2 Y 


b 2 (a 2 + 6 2 ) \J ( a 2 + a 2 ) (a 2 — 6 2 ) 

[a > b > 0] 


BY (220.10) 


BY (217.10) 


BY (215.04) 


BY (221.07) 


BY (222.12) 


BY (214.15) 


BY (212.05) 



3.165 


Square roots of polynomials 


293 


5. 


6 . 


dx 


F (v,t ) - ” n +6 , ON 2 E in,t) 


io ^ (a 2 _ ( 6 2 - a*) 3 

v [a +b — (a + b ) u \ u 


dx 


a 2 b 2 (a 2 — 6 2 ) 2 ^ (a 2 — it 2 ) (6 2 — w 2 ) 

[a > b > u > 0] 

1 a 2 + b 2 

PM- , ,o, 2 ^,*) 


^/(a; 2 _ a 2)3 (j.2 _ 52)3 a6 2 (a 2 6 2 ) ' ^ a6 2 (a 2 - 6 2 ) 


u (a 2 — b 2 ) \J (u 2 — a 2 ) ( u 2 — b 2 ) 

[u > a > 6 > 0] 


BY (279.08) 


BY (215.10) 


3.164 Notation: a = arccos 


1. 


2 . 


u ~ PP 
u 2 + pp' 


r= lJ- (p-p)\ 


pp 


dx 


= — = F(a, r) 


^(x 2 + p 2 ) (a; 2 + p 2 ) \/p? 

’ x 2 da; 2tt y 7 ( u 2 + p 2 ) ( u 2 + p 2 ) 

(a; 2 - pp) 2 y 7 (a; 2 + p 2 ) (a; 2 + p 2 ) (p + p) 2 (w 4 - p 2 p 2 ) (p + p) 2 ^P? 


BY (225.00) 

_^2 

BY (225.03) 


3. 


4. 


5. 


6 . 


7. 


(a: 2 + pp) 2 a/ ( a; 2 + p 2 ) (a; 2 + p 2 ) (p-p) 2 ^/pp 


4%/pp \ , 

— j E(a,r) + 


[F(a,r) - £(a,r)] 
F (a,r) 


v 2 + p 2)3 ( x 2 + ^2)3 (p 2 - p 2 ) Z ' ' (p - p) \/pp 

2u (u 2 - pp) 


(a; 2 — pp) 2 dx 


{p + P) 2 (w 2 + PP) \/(m 2 + P 2 ) ( u2 + P 2 ) 

4^P^ 


[F(a,r) - E(a,r )] 


t 2 +p 2 ) 3 (^ 2 +p 2 ) 3 (p-py 

2m ( u - pp) 

(u 2 + pp) y 7 (u 2 + p 2 ) (w 2 + p 2 ) 


V (x 2 + p 2 ) (x 2 + p 2 ) 1 w , 

— ^ dx = , — Fia.r ) 

u ( a; 2 + pp ) 2 VPP 


f 


(x 2 — pp) 2 dx 


C x 2 + pp) 2 ^(a; 2 + p 2 ) (a; 2 + p 2 ) (p - p) 
(a; 2 + pp) 2 dx 


Vpp ^ , (p + p ) 2 
2 A (a, r) H 


(a; 2 + pp) 2 — 4p 2 ggx 2 


\J (x 2 + p 2 ) (a; 2 + p 2 ) 


= - 7 =n (a,p 2 ,r) 

. / r\ r\ v 7 


BY (225.07) 


BY (225.05) 


BY (225.06) 
BY(225.01) 


F(a,r) BY (225.08) 

(p - p) VPP 


BY (225.02) 



294 


Power and Algebraic Functions 


3.165 


3.165 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

9. 


u 2 — a 2 \/a 2 — b 2 

Notation: a = arccos — ^ , r = = — . 

u 2 + a 2 a\J2 

f a dx _ v 2 

Ju Vx 4 + 2b 2 x 2 + a 4 a\J 2 + Va 2 + b 2 


dx 


x F 


1 


arctan 


i-\/2 + \/a 2 — b 2 a — u\ Vfl\/2 (a 2 b 2 ) 


= w~ F (a,r) 


[ F(a,r ) - 2J?(a,r)] + 


\/ x 4 + 26 2 ;r 2 + a 4 2a 

5 dx 1 

x 2 y/x 4 + 2b 2 x 2 + a 4 2 a 3 

1 x 2 dx 1 

(x 2 + a 2 ) 2 \Jx 4 + 26 2 x 2 + a 4 4a (a 2 — 6 2 ) 


Va 2 + 6 2 a + tt y ’ a-\/2 + \Ja 2 — b 2 

[a > b, a > u > 0] BY (264.00) 

[a 2 > b 2 > —oo, a 2 >0, a > 0] 

BY (263.00, 266.00) 

\Ju 4 + 2b 2 u 2 + a 4 


a 2 u {u 2 + a 2 ) 

[a > b > 0, u > 0] 


BY (263.06) 


[F(a,r) - E(a,r)] 


\a 2 > b 2 > —oo, a 2 >0, a > 0] 

BY (263.03, 266.05) 


x 2 dx 


i\Ju 4 + 2b 2 u 2 + a 4 1 


(x 2 - a 2 ) 2 Vx 4 + 26 2 x 2 + a 4 2 (a 2 + 6 2 ) (m 4 - a 4 ) 4a(a 2 + & 2 ) 


E(a, r) 


x 2 dx 


E{a, r ) — 


t 4 + 26 2 , 2 + a 4 ) 3 2 ( fl4 - 64 ) 2 4 1f-^ 

w [u — a z ) 


[a 2 > b 2 > —oo, u 2 > a 2 > 0] 

BY (263.05, 266.02) 

F(a,r ) 


2 (a 2 + b 2 ) (a 2 + a 2 ) a/m 4 + 2b 2 u 2 + a 4 

[a 2 > b 2 > —oo, a 2 > 0, u > 0] BY (263.08, 266.03) 


3 a 2 — 6 2 


(x 2 — a 2 )“ dx 
{x 4 + 2 b 2 x 2 + a 4 ) 

(a: 2 + a 2 )“ dx 

\J ( x 2 + 26 2 ;r 2 + a 4 ) 3 a ^ 

(a: 2 — a 2 ) 2 dx a 

(x 2 + a 2 ) 2 Vx 4 + 2b 2 x 2 + a 4 a 2 — b 2 


[F(a,r) - E(a,r)] + 


2 2 
u z — a z 


u 


a T?( \ a 

is (a, r) — 


u 2 + a 2 \Ju 4 + 2 b 2 u 2 + a 4 
21 < a 2 , u > 0] BY (266.08) 

u 


a 2 + b 2 u 2 + a 2 vV + 26 2 a 2 + a 4 

21 < a 2 , u > 0] BY (266.06)a 


E(a, r) — 


a 2 + 6 2 


-F(a, r) 


2a (a 2 — 6 2 ) 

[a 2 > b 2 > —oo, a 2 > 0, u > 0] 

BY (263.04, 266.07) 
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10 . 

11 . 

12 . 

3.166 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 


' Yx 4 + 2 b 2 x 2 + a 4 1 

—2 dx = 77 E V a i r ) 


In ( X 2 + a 2 Y 


2a 


f°° Yx 4 + 2b 2 x 2 + a 4 1 
la (x 2 - a 2 ) 2 X = 2a 


[a 2 > b 2 > — oo, a 2 > 0, u > 0] 

BY (263.01, 266.01) 

u 


2 dx = ^ [F(a,r) — E(a,r)] + — j\Ai 4 + 2b 2 u 2 + a 4 


tr — a" 1 

[a > b > 0, u > a\ 


(x 2 + a 2 [ 

) 2 dx 

(x 2 + a 2 ) 2 — 4a 2 p 2 x 2 

Yx 4 + 2 b 2 x 2 + a 4 


= W~n{a,p 2 ,r) 


Notation: a = arccos 


u 2 — 1 
u 2 + 1 


, /3 = arctan < ( 1 + v2 


[a > b > 0, u > 0] 

1 — it 


1 + it j ’ 

1 1 — it 2 

7 = arccos it, o = arccos — , e = arccos ~ . 

u 1 + u z 


r = q = 2\JzV2 


-4 = 


2-1 « 0.985171 


BY (263) 


BY (263.02) 


d X 1 1-1 / \ 

= o F (“- r ) 


Yx 4 + 1 2 


[u > 0] 


dx l rn/ , „ y/'it 4 + 1 

= 7 [^(a,r) - 2%r)] + 


v 2 Yx 4 + 1 2 


it (it 2 + 1) 


Z" 00 2:2 dx 1 ^ ^ 1 v, ^ 

/ , = - Eia.r) — - p (a,r) — 

Ju (x 4 + If \/ x 4 4- 1 2 4 


(x 4 + 1) a/x 4 + 1 2 

x 2 dx 


(x 2 + l) 2 Yx 4 + 1 4 


= T [^(a,r) - E(a,r) 


x 2 dx tcs/ it 4 + 1 1 


(x 2 - l) 2 Vx 4 + 1 2 (n 4 - 1) 4 


- 7 E(a,r) 


[it > 0] 

u ( u 2 — l) 

2 (u 2 + 1) Yu 4 + 1 
[u > 0] 

[u > 0] 

[u > 1] 


f°° Yx 4 + 1 1 UA/tt 4 + 1 

L * = 2 |F( “- r) - E(a - r)1 + r 

lu (x 2 + l) 2 V / X 4 + 1 2 

/■°° V / x 4 TTdx 1 . 

L i77ir = 2 £(a ' r) 


[« > !] 
[u > 0] 

[it > 0] 


H (287), BY (263.50) 

BY (263.57) 

BY (263.59) 
BY (263.53) 

BY (263.55) 

BY (263.58) 
BY (263.54) 

BY (263.51) 
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9. 

10 . 

11 . 

12 . 

13. 


14. 


15. 

16. 

17. 
18. 8 


19. 

20 . 
21. 3 

22 . 


23. 


( x 2 + l) 2 dx 


(; X 2 + l) 2 — 4 p 2 x 2 


7x 4 + 1 ^ 


= - n (a,p 2 ,r) [w > 0] 


f U dx 1 , 

L ^TT = 5 F(£ ' r) 


L (x*-iv2 + l)s/^T+ 1 = 71 |F( ' 3 '' ,) " F( ' 3 ’ ,)1 

[0 < u < 1] 

(1 + I)2dl 

[0 < u < 1] 
[« < !] 


(x 2 — xa/ 2 + l) 7x 4 + 1 


[ dx = JL jv 7 r) 

L vT^4 ^2 l7, J 

/ 1 — = _ L_ (r f 

/o a/ 1 — a; 4 4V2^ l \4, 

r-*f- = ±F{6 r) 

/i a/x^T ^2 1 ’ J 

F 1 x 2 dx 


a/ 1 — x 4 


= V2E(j,r) - -j= F (^,r) 



[u > 1] 
[« < !] 
7 = 0 ] 


1 

u 


rl x 4 dx 1 




r x 4 dx 1 


!— a — f((5, r) + -ua/ u 4 1 

i vT 4 ^! 372 3 


7 < !] 
[« > !] 


dx 


1 „ ( 1 + (1 - 73) u 72 + 73\ 

-= F arccos —7— _ , 


/ 0 7® (4 + x 3 ) v^3 y 1+(1 + a/3)u’ 2 y 

[u > 0] 

r dx ' “ 


/o \/x(l — x 3 ) 73 


1 / 1-(1 + a/3 )u 72-73\ 

r7= t arccos — — r — , 

Y3 \ 1+(a/3-1)u’ 2 j 


[1 > u > 0] 


BY (263.52) 

H 66(288) 
BY (264.50) 
BY (264.51) 

BY (264.55) 

BY (264.56) 
H 66 (290), BY (259.75) 

H 66 (289), BY (260.75) 


BY (259.76) 
BY (260.77) 

BY (259.76) 

BY (260.77) 

BY (260.50) 

BY (259.50) 
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3.167 


1 . 


2 . 


3. 


4. 


5. 


6 . 


7. 


Notation: In 3.167 and 3.168 we set: a = arcsin . 


' (a — c)(d — u) 
(a — d)(c — u) ' 


(3 = arcsin < 


5 = arcsin - 


A = arcsin . 


' (a — c)(u — d) 
(c — d) (a — u)’ 

I (b — d)(u — c ) 
(6 — c)(it — d) ’ 

I (a — c)(u — b) 

( a — b)(u — c) ’ 


ft = arcsin - 


' (b — d)(u — a) 
(a — d)(u — 6) ’ 


<7 = 


7 = arcsin - 


« = arcsin < 


/i = arcsin , 


' (b — c)(a — d) 

( a — c)(b — d)' 


I {b — d)(c — u ) 
(c — d)(b — u) 1 

I (a — c)(6 — w) 
(6 — c)(a — it) ’ 

I (b — d)(a — u ) 
(a — b)(u — d) 1 


(a — b)(c — d) 
(a — c)(b — d) 



d ~ x , 2 (c-d) / / a-d \ 

7 777 v 7 da; = // w, i n a ’ >9 “ ?) 

(a — x)(b — x){c — x) sj{a-c){b-d) l V a ~ c ) 

[a>b>c>d>u] 



■-d 


dx = 


2 (d — a) 


( V7 - rj yyr js 1 11 ( P, ~ , A ~ F {fd , r) 

(a — x){b — x)(c — x) y/{a- c)(6- d) l \ a-c ) 

[ a > b > c> u > d ] 


BY (251.05) 


BY (252.14) 


-d 


(a - x)(6 - x)(c - x) V (<»-c)(6-d) I (C “ ^ " l 7 ' St''' 1 + ^ ^ F(7 ' r > 


■ dx = 


[a>6>c>w>d] 


BY (253.14) 



X — d , 2 (c—d) r-T ( c b—C 

dx = . = n 6, -,q 


(a-x)(b-x)(x-c) ‘ yj (a - c)(b-d) \'b-d 

[ a> b>u> c> d ] 


x — d 


dx = 


(a- x)(b- x)(x- c) ‘ ,/(a- c)(6- d) 


BY (254.02) 

(6 — a) II f ft, , q | + (a — d) F (ft, g) 

V a - c J 


[a > b > u> c> d\ 


BY (255.20) 



x — d 


^ — , (6 — c)n(A, , r ) + (c — d) F(X, r) 

(a-x)(x-b)(x-c) yjja - c)(b-d) 1 ^ { a-c 


dx = 


[a>u>b>c>d\ 



-d 


2 ( a ^ ti(,, b ~ (l r 

(a - x)(x - b)(x - c) y/(a - c)(b - d ) \ b-d’ 


[a>u>b>c>d\ 


BY (256.13) 


BY (257.02) 
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3.167 


8 . 


9. 


10 . 


11 . 


12 . 


13. 


14. 


15. 


16. 


17. 


18. 



x — d 


(x — a) (x — b)(x — c ) 


(a — x)(b — x) ( d — x) 


dx = 


dx = 


v ' (.-cK6^) l ( ‘- t)n (^- g ) +(t 

[u>a>b>c>d] 

2(c — d) ( a — d 

. n a, , q 

\J(a — c)(b — d) V a — c 


r~ 

c — X 

/(a- 

it 

1 

it 

i 

it 


r~ 

c — X 

J (a- 

x)(b — x)(x — d) 


r~ 

x — c 

\l (a- 

x)(b — x)(x — d) 


r~ 

x — c 

/ (a- 

it 

i 

it 

/ *r 

i 

3, 


r~ 

x — c 

J (a- 

x){x — b)(x — d) 



x — c 

J {a- 

x)(x — b)(x — d) 


r 

x — c 

V (* 

— a){x — b){x — d) 



b — x 


dx = 


dx = 


dx = 


dx = 


dx = 


dx = 


dx = 


dx = 


x /( a-c){b-d ) 
2(6 - c) 

\/(a- c)(6- d) 
2(c — d) 

\/( a-c)(b-d ) 

2 

sj(a-c){b-d) [ 
2(6 -c) 


[a > 6 > c > d > u\ 
(a — d) II 


\ a — c 

[a > b > c> u > d] 

n ( 7 7 ^77^’ r ) “ F (7> r ) 
[a > 6 > c > it > d] 


r - (a - 


[a >b>u>c>d] 

(6 — a) II ^ ^ , q'j + (a 
[a >b>u>c>d] 


V( a ~ c)(b — d) 


s/{a — c)(6 - d) 


(a-x)(c-a’)(d-a;) y^a- c)(6- d) 


b — x 


dx = 


Id \l (a-x)(c-x)(x-d) (a - c)(6 - d) 


„ ™-^n(A.— 

i/(a — c)(6 — d) V a — c 

[a>u>6>c>d] 

(a - d) n ^t, + (d 

[a>w>6>c>d] 

(a - 6) n ^ + (6 - 

[tt>a>6>c>d] 

(c — d) II - — - , qj + (6 - 

[a>6>c>d> it] 


(a — d) II ( / 3 , - — r ) - (a 
a — c 


d) F(t/,q) j 

BY (258.14) 

BY (251.02) 
c) F(/?,r) 

BY (252.13) 

BY (253.13) 

BY (254.12) 
c) F (k, q ) 

BY (259.19) 

BY (256.02) 
c)F(n,r) 

BY (257.13) 
c) F(i/, q) 

BY (258.13) 

c) F(a,q) 

BY (251.07) 

6) F(( 3 ,r) 


[a > b > c> u > d] 


BY (252.15) 
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19 . 


20 . 


21 . 


22 . 


23. 8 


24 . 


25 . 


26 . 


27 . 


28 . 


29 . 


b — x 



(a — x) (c — x) (x — d) 


b — x 


dx = 


2 (b-c) f c-d 

n 7 , -,r 


^(a — c)(b—d) \ b — d 

[ a > b > c> u> d } 


dx = 


(a - x)(x - c)(x - d) ' ^/(a- c)(b- d) 


b — x 

(a — x) (x — c) (x — d) 


dx = 


2 (a — b) 

V( a — c)(b — d) L 



-6 


dx = 


2(6 - c) 


b V (a-x)(x-c)(x-d) ‘ \/(a — c)(b-d) 



x — b 


(a — x)(x — c)(x — d) 


x — 6 

L V (x-a)(x-c)(x-d) 


dx = 


dx = 


\/(a — c)(b— d) 
2 (a — 6 ) 


(d - c) II ^ 6 , ^ + (6 

[a> 6 >it>c>d] 

n f K, b — C ,g ) - F («,g) 

[a>b>u>c>d\ 

n (A,^,r) -F(A,r) 
[a>it> 6 >c>d] 

(a - d) II ^- 7 -^, - (6 

[a>u> 6 >c>d] 


a — d 

n Kt — 


a — x 

( b — x)(c — x)(d — x) 


a — x 

d V (6-x)(c-a;)(a;-d) 


da; = 


da: = 


dx = 


s/(a — c)(b — d) \ b — d 

[ u > a > b > c> d ] 


(c — d) II ^a, ^ + (a 
[a> 6 >c>d>u] 


\/( a-c)(b-d ) 
2 (a — d) 


n ( /?, - — -,r 


\/{a — c)(b — d) \ a — c 

[ a > b > c> u > d ] 

2 


(6- x)(c- x){x - d) ' (a - c)(6 - d) 


(6 — x) {x — c)(x — d) 


dx = 


a — x 


dx = 


sf(a-c)(b- d) 

2(a — 6) 


{b - x){x - c){x - d) yj{a - c)(b - d) \ ’a- c 


( 6 - c)n ^ 7 , + (a • 

[a> 6 >c>w>d] 

(d - c) II ^ 6 , ^ 77 ^,qj + (a 
[ a> b>u> c> d ] 


TT / b ~ C 

n K, ,q 


BY (253.02) 

d) F(S, q) 

BY (254.14) 

BY (255.21) 

BY (256.15) 

d)F(n,r) 

BY (257.15) 

BY (258.02) 
■ c)F(a,q) 

BY (251.06) 

BY (252.02) 
b)F( 7 ,r) 

BY (253.15) 
d)F(6,q ) 

BY (254.13) 


[a > 6 > u > c > d] 


BY (255.02) 
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(x — b)(x — c)(x — d) 


(x — b)(x — c)(x — d) 


(x — b)(x — c)(x — d) 


h 2 ',. y- (c- 6) Ilf A,- — -,r\ + (a-c)F(X,r) 
'(a — c)(6 — d) L V cl — c ) 


[a>u>b>c>d] 


[a >u>b>c>d] 

2 {a-b) \ ( a-d \ ' 

'(a — c)(b— d) l V b — d J 

[u>a>b>c>d] 


BY (256.14) 


BY (257.14) 


BY (258.15) 


3.168 


I c — x 2 la — c . . (a — u)(c — u) 

( a — x) (b — x)(x — d) 3 d — a \ b — d ]j (b — u)(u — d) 

[a > b > c> u > d] 

1 [a- x)[b-x)(x-Sf dx = [F( ' S - <,) - £(i - ,)l 

[a>6>w>c>d] 


BY (253.06) 


BY (254.04) 


I x — c , 2 a — c rri . . .. 2 /( b — u)(u — c ) 

1 Vd V dV dx = d \ 7 — d t F ^ ~ E ^ q ) + 7 1\ 7 V d\ 

(a — tc) (6 — x)(x — a) 3 a — d \ b — d b — d V [a — u)[u — d) 


(a — x){x — 


(a — x)(x — 


(x — a)(x — 


[a >b>u>c>d\ 

c t 2 / a- c . c- d (a — u)(u — b) 

b)(x — d ) 3 a — d \b — d ’ b — dV (u — c)(u — d) 


[a>u>b>c>d\ 


[a>w>6>c>d] 

6)(x-d)>* = ^d\/ ^l |F(l/ - g) ~ E( ''' , ' )l 

2 /( u — a)(u — c ) 

^ a — d\j (u — b)(u — d) 

[ u> a> b> c> d ] 


BY (255.09) 


BY (256.06) 


BY (257.01) 


BY (258.10) 


(a- x)(c- x)(x - d) 3 (a - d)(c- djy^a - c)(6- d) 

x [(6 — c)(a — d) F(7, r) - (a — c){b — d) E (7, r)] 

2(6— d) I (a — u)(c — u) 

(a — d)(c — d)\] (b — it) (it — d) 

[a >b>c>u>d] 


BY (253.03) 
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9 . 


10 . 


11 . 


12 . 


13 . 


14 . 



b — x 


dx = 


(a - x)(x - c)(x - d) 3 ( a - d)(c - d) s /(a - c)(6 - d) 

x [(a — c)(b — d) E(6, q) — (a — 6)(c — d) F ( 6 , g)] 

[a>b>u>c>d] BY (254.15) 


b — x 


■ dx = 


(a - x)(x - c)(x - d) 3 ( a - d)(c- d)i/(a - c)(b - d) 

x [(a — c)(b — d) E («, q) — (a — b)(c — d) F (k, g)] 


2 (b — u)(u — c) 


c — d y (a — it) (it — d) 

[a>6>u>c>d] 


BY (255.06) 



x — b 


dx = 


(a - x)(x - c)(x - d) 3 (a - d)(c - d)i/(a - c)(6 - d) 

x [(a — c)(6 — d) U(A, r) — (a — d)(b — c) F (A, r)] 


2 / (a — it) (it — 6) 


a — d\j (u — c)(u — d) 

[ a> u > b > c> d ] 


BY (256.03) 



x-i, ic=2 4«ziEj £(fI _ r) 


(a — x)(x — c)(x — d) 3 (a — d)(c — d) 

2(6 - c) 


■F(n,r) 



- b 


(x — a) (x — c)(x — d) 3 


dx 


(c — d) a/ ( a — c)(b — d) 

[ a > u> b > c> d ] 


2(6 — d) (u — a)(u — c) 2(a— 6) 


(a-d)(c-d)y(u-b)(u-d) (a - d)y / (a - c)(6 - d) 
V( a — c)(b — d) 


BY (257.09) 


F(u,q) 


+2 


(a — d)(c — d) 


E(v, q) 


[u>a>b>c>d\ 


BY (258.09) 


a — x , 2 la — c rrT/ . .. 2 (a — u)(c — u) 

dx = ;[F( 7 ,r)-S( 7 ,r)]+ 


(6 — x)(c — x)(x — d) 3 c — d \ b — d 1 ' ’ c — d\j (b — u)(u — d) 

[. a> b> c> u> d } BY (253.04) 


dx = — - — ; i / t——. E(5, g) 


(6 — x)(x — c)(x — d) 3 c — d V 6 — d 


[a>6>u>c>d] 


BY (254.01) 
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( b — x) (x — c)(x — d) 3 


2 la — c . . 2 (a — d) /( b—u)(u — c ) 

c — Y V b — d ’ ^ (b — d)(c — d) \J (a — u)(u — d) 


[■ a > b > u> c> d \ 


BY (255.08) 


lb V (z - 6)0 - c)(x - rf) 3 


2 la — c rrn/ , . .. 2 (a — u)(u — b) 

\ b-d^ ^ ,7 ’^ + b^dV (u-c)(u-d) 


[ a> u > b > c> d \ 


I a — x 2 a — c 

(x — b) [x — c) (x — d) 3 c — d\ b — d 


[F(n, r) - E(fj,,r)} 


[a >u>b>c>d] 


BY (256.05) 


BY (257.06) 


(x — b)(x — c)(x — d) 3 


—2 a — c 2 /( u — a){u — c ) 

—d\Ib^d H "’ q) + —d^J^M^d) 

[u>a>b>c>d] 


BY (258.05) 


2 b-d 


( a — x) (b — x) (c — x) 3 


c V a — c 


[F(a,q) - E(a, q)\ 


[a >b>c>d> u] 


BY (251.01) 


Id V ( a - x)(b - x)(c - x ) 3 


_i_ ye? E(ft r) + ./ ; i> 

b — c \ a — c b — cv {a — u)[c — u) 

[a >b>c>u>d] 


BY (252.06) 


(a — x)(b — x)(x — c) 3 


2 b—d 2 /( b — u)(u — d ) 

7 V -F ( K > q) ~ E (k, g)j + ^ ( 

b — c \ a — c b — c y (a — u) (tt — c) 


[a>6>u>c>d] 


BY (255.05) 


r / s-d , _ 2 b~d 

lb V (a — x)(x — 6)(x — c) 3 b — c\ a — c 


E{ X,r) 


[a>u>b>c>d\ 


BY (256.01) 


(a — x)(x — b)(x — c) 3 


2 b—d . . 2 (c — d) \{a — u){u — b) 

b — c V a — c (a — c)(b — c) \J (u — c)(u — d) 


[a >u>b>c>d] 


BY (257.06) 


(x — a)(x — 6)(x — c) 3 


2 /b—d 2 /( u — a)(u — d ) 

7 1/ Q - E {v, q)] + J ^ f 

b — c \ a — c a — c V (it — b){u — c) 


[u>a>b>c>d] 


BY (258.06) 


2 b-d 


(a — x)(c — x) 3 (d — x) 


E(a,q) 


[a > b > c> d > u] 


BY (251.01) 
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26 . 


27 . 


28 . 


29 . 


30 . 


31 . 


32 . 


33 . 


34 . 


35 . 





b — x 

( a — x)(c — a;) 3 (a; — d) 


b — x 

( a — x) {x — c) 3 (x — d) 


x — b 

( a — x) (x — c) 3 (x — d) 


x — b 


dx = 


—J— TO ~ E (A *)] + — d J ? U) y 1 

c — a \ a — c c — a y [a — u)(c — u) 


dx = 


b-d 


d — C V CL — c 


E (k, q) + 


[a>b>c>u>d] 

2 I (b — u)(u — d) 


c — d y (a — u)(u — c) 
[a > b > u > c > d] 


BY (252.03) 


BY (255.03) 


dx = 


dx = 


■-d 


b-d 


[F(X,r) - E(X,r)} 


(a — x)(x — c) 3 (a; — d) c — d \ a — c 


b-d 


[a>u>b>c>d\ 

2 / (a — u)(u — b) 


BY (256.08) 


[F(n,r) - E{n,r)} + 


a — c y (u — c)(u — d) 

[a> u>b> c> d] BY (257.03) 



x — b 


(x — a)(x — c) 3 (x — d) 


a — x 

( b — x)(c — x) 3 (d — x) 


(b — x)(c — x) 3 (x — d) 


dx = 


dx = 


2 b — d . . 2(6 — c) j{u — a){u — d ) 

c — d\ a — c (a — c)(c — d)y ( u — b)(u — c ) 

[u > a > 6 > c > d] BY (258.03) 

2 


2\/(a — c)(b — d) a-b 

E(a,q) - 


: F(a, q) 


dx — 


(■ b-c)(c-d ) 6 - c yf (a - c)(6 - d) 

[a > 6 > c > d > u] BY (251.08) 

2(a — d) 


(c — d) i/(a — c)(6 — d) 
a — c 




+2 


(6 — u)(u — d) 


(6 — c) (c — d) y (a — u ) (c — tt) 

[a>6>c>w>d] 


BY (252.04) 


a — x 


dx = 


2 (a — 6) 


(6- x)(x - c) 3 (x - d) (6-c)y / (a-c)(6-c) 




2(a — c) /( b — u)(u — d ) 


(6 — c)(c — d) y (a — u)(u — c) 

[a > 6 > u > c > d] 


(x — b)(x — c) 3 (x — d) 


dx = 


2\/( a — c )(^ — d) 


E(X,r) — 


2 (a — d) 


BY (255.04) 

f(A,r) 


( b-c)(c-d ) v y (c — d)y / (a — c)(6 — d) 

[a > u > b > c > d] BY (256.09) 


a — x 

(x — 6)(x — c) 3 (a; — d) 


dx = 


(a — c)(b — d) 


E(n,r) - 


2 (a — d) 


(c — d) i/(a — c)(6 — d) 


(6 — c)(c — d) 

2 j {a — u){u — b) 
b — c y (u — c)(u — d) 

[ a > u>b > c> d ] 


F(n,r) 


BY (257.04) 
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(x — 6)(x — c) 3 (x — d) 


2 V(a-c)(b-d) 2(a-b) I?/ 

(6-c) (c-d) ~ FM 

2 / (it — a)(u — d) 

c — d V (u — b)(u — c) 

[it > a > b > c > d] BY (258.04) 


(a — x)(6 — x) 3 (c — x) 


2^{a-c)(b-d) 2 (c-d) ^ ^ 

— 7 7-77 — hi a , q) . b (a, q) 

(' a — b)(b — c ) (6 - c)y/{a - c)(6 - d) 

2 /(a — u)(d — u) 

a — b\i ( b — u)(c — u ) 

[a > 6 > c > d > 11 ] BY (251.11) 


(a — x)(6 — x) 3 (c — x) 


(a — x)(b — x) 3 (c — x) 


(a — x)(6 — x) 3 (x — c) 


2 ^(a-Q(b-d) p(R ^ 2 ( a ~ rf ) P(Ft ^ 

(' a-b) (b-c ) > ( a -b)J(a-c)(b-d) ^ j 

2 / (c — it) (it — d) 

+ 6 — c y (a — u)(b — it) 

[a > b > c> u > d] BY (252.07) 

2 ^(g-cXb-d) r) ,A 

(a-b)(b-c) l7 ’ j ( a _ 6)v /( a _ c )( 6 _ d ) l7 ’ J 


[a>6>c>it>d] 


BY (253.07) 


2 ) C ^(< 5 , <?) ' V (a ^ ^ <?) 

(6 — c) \/(a - c)(6 - d) (a — 6)(6 — c) 

2 (6 — d) I (a — u)(u — c) 

(a — 6) (6 — c) y (6 — u)(u — d) 

[a > 6 > it > c > d] BY (25' 


BY (254.05) 


2 ( a " d ) Ffn r ) W(a-c)(b-d) R( ^ 

(a- b y(a-c)( b^d) ’ (a — b)(b — c) ] 

2(6 — d) I (a — u)(u — c) 

+ (a — 6) (6 — c) y (11 — b)(u — d) 

[a >u>b>c>d] BY (257.07) 

2 s/{a-c){b-d) 2 (c - d) 

—7 r — h(v, q) - 7 — , t (is, q) 

(a-b)(b—c) (b - C )\J(a - c)(b - d) 


(a — x)(x — b) 3 (x — c) 


(x — a)(x — 6) 3 (x — c) 


(a — x)(6 — x) 3 (d — x) 


[tt>a>6>c>d] 


BY (258.07) 


2 la — c . . 2(6 — c) /( a — u)(d — u ) 

a — 6 V 6 — d ’ ^ (a — 6) (6 — d) y (6 — it) (c — u) 
[a > b > c > d > u] 
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Id V (a - x)(b - x) 3 {x - d) 




[ a > b > c> u > d ] 


I c — x 2 a — c 

(a — x)(b — x) 3 {x — d) a — b \ b — d 


[F{l,r) - E(j,r)\ 


[a>b>c>u>d\ 


BY (252.10) 


BY (254.08) 


(a — x)(b — x) 3 {x — d) 


2 la — c 2 (a-u){u-c) 

b-a \ b-d h{ ,q)+ a-b y (6-u)(u-d) 

[a > 6 > u > c > d] 


BY (254.08) 


(a — x)(x — 6) 3 (x — d) 


(x — a)(x — b) 3 {x — d) 


(6 — x) 3 {c — x)(d — x) 


2 a — c rri/ . „ . .. 2 (a — u)(u — c) 

^ v [F(ft r) “ £ ^ r)1 + (. - fex- - j) 


[a>it>6>c>d] 


2 I a — c 
-^bVb^d 


E{ v, q) 


[u>a>b>c>d\ 


BY (257.10) 


BY (258.01) 


2 /a-c 2 (a — u)(d — u) 

^ V ^ 1 (a - ?) ( “’ ,)l + ^ V (t - »x c - 


[a>&>c>d>w] 


BY (251.12) 


Id V (&-a:) 3 (c-x)(x-d) 


2 j a — c p / o ■> 2(a — 6) (u-d)(c-u) 

b — c\ b — d ’ (b — c){b — d)\J {a — u)(b — u) 


I a — x 2 a — c 

(b — x) 3 {c — x){x — d) 2 b—c\b—d 


E(j,r) 


[a>b>c>u>d\ 


[a>b>c>u>d\ 


BY (252.09) 


BY (253.01) 


(6 — x) 3 (x — c)(x — d) 


2 /a- c ,, 2 (a — u)(u — c) 

b — c\ b — d ^ ^ ^ ,Q ^ + b-cV (b — u)(u — d) 


[a > b > u > c> d\ 


BY (254.06) 


(x — b) 3 (x — c)(x — d) 


2 la — c 2 /( a — u){u — c ) 

^b\b^d E ^ r ' + (■ u-b){u-d ) 


[a>u>6>c>d] 


BY (257.08) 


' x — a 2 a — c 

(x — b) 3 (x — c)(x — d) b — c\ b — d 


[E{v, q ) - E^, q)} 


[u>a>b>c>d\ 


BY (258.08) 
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55 . 


56 . 


57 . 


58 . 


59 . 


60 . 


61 . 


62 . 


63 . 


64 . 



d — x 

(a — x) 3 (b — x)(c — x) 


dx = 


2 b — d 2 /( b — u)(d—u ) 

b — a \ a — c a — b y (a — u)(c — u) 

[a > b > c > d > u] 


x — d 


dx = 


2 b-d 


Id V (a- x) 3 (b- x)(c- x) a-b 


a — o V a — c 


[F(P, q ) - E(f3,q)} 


[a >b>c>u>d] 


BY (251.09) 


BY (252.05) 


x — d 



( a — x) 3 (b — x)(c — x) 


x — d 

( a — x) 3 (b — x) (x — c) 


x — d 

( a — x) 3 (b — x) (x — c) 


x — d 

lb V (a — x) 3 (x — b)(x — c) 


dx = 


dx = 


dx = 


dx = 


2 lb — d 2 /( c—u)(u — d ) 

[f’(7,r)-£( 7 ,r)]+ /v 


a — b v a — c 


a — cy (a — it) (6 — u) 

[a > b > c > u > d] BY (253.05) 


2 b ~ d r(s n \ 2 ( a ~ j) / ( b-u){u-c ) 
a — 6 V a — c ’ (a — b)(a — c)y (a — u) (w — d) 

[a > 5 > u > c > d] BY (254.03) 


2 b-d 


a — b v a — c 


E (k, 5) 


[a>5>u>c>d] 


BY (255.01) 


2 /& "V(A,r)-l?(A,r)] + 2 /(U " 6)(U_d) 


■.-by a- 


a — b y (a — u)(u — c) 

[a >u>b>c>d\ BY (256.10) 


c — x 


dx — 


(ci-x) 3 (b-x)(d-x) ‘ (a - d) ^/(a - c)(6 - d) 


2 ( c-<i) r(a ,,)- V(<»-;) ( >-^ g(a ,„ 


(a — b) (a — d) 


r~ 

c — X 

/ (a- 

a;) 3 (6 — x)(x — d) 


r~ 

c — X 

/ (a- 

x) 3 [b — a;)(a; — d) 


dx = 


dx = 


2 (a — c) /( b — u)(d — u ) 

(a — 6)(a — d) Y (a — u)(c — u) 

[a >b>c>d> u] BY (251.15) 

V(a-c)(b-d) ^ 2(b - c) p(R ^ 

( a — b)(a — d) (/?,r) (a-b)V( a -c)(6-d) } 

[a > b > c > u > d] BY (252.08) 


2 V '(ffl-c)(b-d) R ^ 2 ( fc - c ) .7 

(a-6)(a-d) l7, j (a — b) sj (a — c)(b — d) l7 ’ J 

2 / (c — it) (it — d) 


r~ 

x — c 

/(a- 

;r) 3 (6 — x)(x — d) 


dx = 


a — d Y (a — u)(b — u) 

[a >b>c>u>d] 

2 y/(a-c)(b-d) _ 2 (c-d) 


(a — b) (a — d) (a — d) i/(a — c)(6 — d) 

2 I {b — u)(u — c) 
a — b]J (a — u)(u — d) 

[a >b>u>c>d] 


BY (253.10) 


BY (254.09) 
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65. 


66 . 


67. 


68 . 


69. 


70. 


71. 


72. 


3.169 


-■fa= 2 y'(° : .‘)( t -5 £ ( K, 9 )- 


2(c — d) 


F ( K,q ) 


(a-x) 3 (b-x)(x-d)"~ (a — 6) (a — d) (a - d) ^/(a^H^d) 

[a > 6 > u > c > d] BY (255.10) 

2(6 -c) 


dx = 


ph ^ 2\/(a — c)(b — d) 

f ( A > r ) - “77 7777 77“ S ( A > r ) 


b \ (a- x) 3 (x - b)(x - d) (a — b)^/(a — c)(b— d) " v ”’ ’ ' ( a-b)(a-d ) 

2(a — c) I (u — b)(u — d) 

(a — 6) (a — d) y (a — u) ( u — c) 

[a>it>6>c>d] 


BY (256.07) 



6 -. 


dec = 


(a — :r) 3 (c — er)(d — x) a — dy a — c 


6 — d r „/ x m 2 (b — u)(d — u) 

[F{a,q)- E{a,q)]+ F 


a — dy (a — u)(c — u) 

[. a> b> c> d> u ] BY (251.13) 



6 -. 


d V (a — a;) 3 (c — x)(x — d) 


dx = 


b-d 


a — d V a — c 


E(P,r) 


[a>b>c>u>d\ 


BY (252.01) 


6 — x 



(a — a;) 3 (c — a;) (a: — d) 


b — x 

(a — x) 3 (x — c)(x — d) 


b — x 

( a — er) 3 (;r — c)( x — d) 


x — b 

b V (° — x) 3 (x — c)(x — d) 


dx = 


dx = 


dx = 


b — d , . 2(a — 6) (c — u)(u — d) 

F \li r ) — 


a — d V a — c w ’ / (a — c)(a — d) y (a — u)(b — u) 

[. a> b> c> u> d } BY (253.08) 

2 


b-d 


a — d V a — c 


TO </)-£(<*,«)] 


2 (b — u)(u — c) 


a — c y (a — — d) 


[a>6>w>c>d] 


b-d 


a — d\ a — c 


[F(n,q) - E(n,q)] 


[a> b > u> c> d] 



dx = 


-2 b — d 


a — d V a — c 


£(A,r) + 


2 (u— b)(u — d) 


a — d y (a — u)(u — c) 
[i a> u > b > c> d ] 


BY (254.07) 


BY (255.07) 


BY (256.04) 


1 /. Ob 

Notation: In 3.169-3.172, we set: o = arctan — , (3 = arctan — , 

6 w 


. u 

1 a 2 + b 2 

, 7i 

b 

£ = arcsin y- 

7 = arcsin — ^ 

1 a 2 +u 2 ' 

d = arccos — , 
b 

£ = arccos — , 
u 


a 2 + b 2 
a 2 + u 2 ' 


r? = aresm — , 
b 


C = arcsin — 


6 2 — 77 2 


a u 2 — b 2 


b\ a 2 — u 2 ’ > 


hi = arcsin — 


u v a 


i 2 -b 2 ’ 


A = arcsin 


i 2 - b 2 ’ 


H = arcsin y — 
b 


— a 2 .a \J a 2 — b 2 

— v = aresm-, g = , 

u* — b z u a 


a 


r = 


V a 2 + b 2 ’ 


5 = 


+ fr 2 


6 

t = -. 
a 
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r u x 2 +a 2 


= a { F(a , q) — E(a, <?)} + u\ 


I a 2 + u 2 


[a > b, u > 0] 


/ x 2 + b 2 
x 2 + a 2 


r x 2 + a 2 

D V b 2 — x 2 

f b I a 2 + x 2 
„\b 2 - x 2 ' 


h ^ / q 2 y2 

— F(a, q) - a E(a, q) + uJ 
a \ b z + u z 


[a > 6, u > 0] 

/ /)2 — 0/2 

hr)-uJ [fe > w > 0] 

V a 2 + u z 


BY (221.03) 


BY (221.04) 


BY (214.11) 


[6 > u > 0] BY (213.01), ZH 64 (273) 


r u a 2 +x 2 

h V x 2 — 6 2 


I b 2 — x 2 
a 2 + x 2 


rb j b 2 -x 2 

„ V a 2 + a: 2 


(e, s) — E(e, «)} H — J (u 2 + a 2 ) (u 2 — b 2 ) 
u 

[u > b > 0] 


l,r) -E('i,r)} + '- 


/ b 2 — u 2 
a 2 + u 2 
[b > u > 0] 


,r) — E(S,r)} [b > u > 0] 


BY (211.03) 


BY (214.03) 


BY (213.03) 


r I x 2 — b 2 
h V a 2 + x 2 


r / b 2 — x 2 
Jo \ a 2 - x 2 


I b 2 — x 2 


— \/(a 2 + u 2 ) (u 2 — b 2 ) — V a 2 
u 


a E(r], t) - F(rj, t) 

a 


■ = aE(C,t)~- F(C,t)~ 


[u > b > 0] 

[a > b > u > 0] 


' b 2 — u 2 


BY (211.04) 


BY (219.03) 


[a > b > u > 0] 


r u lx 2 - b 2 b 2 1 / 

\ ~o 2 dx = aE («, q) F (n,q) \f (a 2 - u 2 ) ( u 2 - b 2 ) 


BY (220.04) 


f a I x 2 — b 2 


aE(X,q) F(X,q) 

a 


[a > u > b > 0] 
[a > u > b > 0] 


BY (217.04) 


BY (218.03) 


I x 2 — b 2 


C — b ^ — q 2 

F(m, t) aE(, u, t ) + W 

a V u — o z 


[it > a > b > 0] 


BY (216.03) 


b 2 — x 2 


= aE(r],t) 


[a > b > u > 0] H 64 (276), BY (219.01) 
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15 . 

16 . 

17 . 

18 . 

3.171 

1. 

2 . 

3 . 





a 2 

— X 2 

b 2 

- X 2 

1 a 2 

— X 2 

X 2 

— b 2 

'a 2 

— X 2 

X 2 

- b 2 

* X 2 

— a 2 

X 2 

— b 2 




a V ar — ir 


[a > b > u > 0] 


dx = 


a {F (k, q) — E (n,,q)} H — (a 2 — u 2 ) (u 2 — b 2 ) 

u 

[a> u > b > 0] 
[a > u > b > 0] 


dx = a { F(X, q) — E{ A, g)} 

I yp 1 — q? 

dx = u y u 2 — 52 _ a t) 


f u dx a 2 + x 2 

l b x 2 V x 2 — b 2 

dx la 2 + x 2 


x 2 V x 2 — b 2 


rb dx la 2 — x 2 
x 2 V b 2 — x 2 


Va 2 + b 2 
b 2 

\/a 2 +b 2 
Z b 2 


E(e,s) 


[u > a > b > 0] 


[u > b > 0] BY (211.01), 


[u> b > 0] 

a 2 — b 2 a a 2 / b 2 — u 2 

-Qtf- (C^) + PuY a 2 _ u 2 


dx 


x * 

dx 

~2 


2 \ x 2 — b 2 


c 2 — b 2 


To E («,«)- 

a 

£(A,g) - -f(X,q) - 

b z a 


[a > b > u > 0] 
[a > u > 6 > 0] 
sj (a 2 — u 2 ) [u 2 — b 2 ) 


b 2 u 


[a > u > b > 0] 


dx x 2 — a 2 


x 2 V x 2 — b 2 


a . . a 2 — b z 1 u 2 — a 2 

Jp EM - ~b — - u'hf-Ev 


[u > a > b > 0] 


dx x 2 + a 2 


x 2 V x 2 + b 2 
dx I x 2 + b 2 


. xaj J < 2 I h>2 _1_ -7/2 

= - F(( 3 ,q) - E{f 3 ,q) + —\ 

a b z b z u V a z + u z 


= -{F{f3,q)-E((3,q)} + -u 

a 01 \l —I— 


[a > 6, m > 0] 
,2 


u V a 2 + m 2 


[a > b, u > 0] 


6 dx lb 2 — x 2 


\J ( b 2 - u 2 ) ( a 2 + u 2 ) Va 2 + b 2 

2 2 — E l^ r ) 

n^n n ^ 


[5 > u > 0] 


BY (220.03) 

BY (217.03) 
BY (218.09) 

BY (216.04) 

ZH 64 (274) 

BY (212.09) 

BY (220.12) 
BY (217.11) 

BY (218.10) 

BY (216.08) 

BY (222.08) 

BY (222.09) 


BY (213.10) 



310 


Power and Algebraic Functions 


3.172 


f u dx I x 2 -b 2 Va 2 + b 2 

10. / — \/-s— — 77 = ^ {F(e, s) - E(e, s)} a>6>0 

n z 


13. 


16. 


5. 


lb x* V a“ + x 

r oo 


11. I {F(£, ») - E ((, »)} + 1 - * 


a;- 1 v a + a; 


12. -t- 


b dx la 2 + a: 2 Va 2 + 6 2 


x 2 V 6 2 — x 2 


dx 


6 2 


{f (d,r) - £(<5,r)} + 


u \ a 2 + u 2 
[u > b > 0] 

\J (b 2 — u 2 ) ( a 2 + u 2 ) 
b 2 u 

[b > u > 0] 


t 2 Vi 2 ^ p E M ab 2 


14. / -77- 


b dx I b 2 — x 2 1 lb 2 — u 2 1 

MC3) 


x^ V a “ — x* u V a — w a 


dx / 3?^ — h ^ I 

15. I 77 = -{i^M-£(/c,g)} 


or V a — x* a 


dx / 3?^ — h^ 1 I 

' = -{f’(A, g )-2?(A,g)} + 


x V m — x a 



r u dx 

I x 1 — b 2 

1 , X 

17. 



= - E(n,t) 


Ja % V 

x z — a z 

a 


f°° dx 

1 x 2 — b 2 

1 , X 

18. 

/ ^2 1 

J 2 2 

= - E(u, t) 


Ju X 

v x z — a z 

a 

3.172 





1 u 2 — a 2 


mV u 2 — b 2 


[it > a > b > 0] 
[a > 6 > u > 0] 

[a > u > b > 0] 

\J ( a 2 — u 2 ) ( u 2 — b 2 ) 
a 2 u 

[a > u > b > 0] 
[u > a > b > 0] 

[u > a > b > 0] 


BY (215.01), 



- b 2 


a 2 yV + w 2 ) ( b 2 + u 2 ) 

[a > b, u > 0] 


[a > b, u > 0] 
[a > 6, u > 0] 


a 2 -b 2 


b 2 y/ (a 2 + u 2 ) (b 2 + u 2 ) 


h2 — ™ 2 \/ Op“ h ^ 

dx= Va J b g(7 ,r)- 


/ o V + * 2 ) 


Va 2 + b 2 


[a > b, u > 0] 

F{'l,r) 


BY (211.07) 

BY (212.11) 

BY (213.05) 
BY (215.08) 

BY (220.11) 

BY (217.08) 

BY (218.08) 
BY (216.07) 

ZH 65 (281) 

BY (221.10) 
H 64 (271) 

H 64 (270) 

BY (222.06) 


[b > u > 0] 


BY (214.08) 
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6 . 


7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 



Va2 + b2 E{8 r) 1 F(S r) - 

a 2 ( , ) [ ] a 2 V a 2 + u 2 

[b > u> 0] 


Va 2 + b 2 . b 2 1 u 2 -b 2 

2 S ( £ > S ) - 9 / 9 , 79 F ( £ > S ) - - \/ 2 I 2 

a 2 a 2 \J a 2 + b 2 u \ u 2 + a 2 

[u > b > 0] 

P&s) 


Va 2 + b 2 s b 2 


■£(£,«)- 


i 2 \Ja 2 + b 2 



b 2 \Jd 2 + b 2 


F (l ,r) - 


Va 2 + b 2 

P 


[u > b > 0] 
E(j ,r) + 


BY (213.04) 


BY (211.06) 


BY (212.08) 


(a 2 + b 2 ) u 


b 2 sj (a 2 + u 2 ) (6 2 
[5 > u > 0] 


-u 2 ) 

BY (214.09) 


1 E ({,»)+ ( “ 2 + ,,3) " 


t/a 2 + b 2 


b 2 


b 2 ^/{a 2 + u 2 ) ( u 2 — 

[u > 6 > 0] 


b 2 ) 



u b 2 — u 2 


[a > b > u > 0] 
[a > b > u > 0] 

[a > u > b > 0] 


BY (212.07) 

BY (219.09) 
BY (220.07) 

BY (217.07) 


1 / u 2 — b 2 


[u > a > b > 0] 


BY (215.05) 



dx = 


p[F(ri,t)-E(ri,t)] + piy p ^ 


dx = --r 


--E(X,q) 


dx = 


b 2 V u 2 — b 2 b 2 


¥ [F{»,t)-E(n,t)] 


a > b > u > 0] 

BY (219.10) 

a > u > b > 0] 

BY (218.05) 

u > a > b > 0] 

BY (216.05) 
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3.173 


I x 2 — a 2 a . . . . .. 1 / u 2 — a 2 

{X 2 _ ^3 * = j* [f(". 0 - £(-. *)] + - V 


[it > a > 6 > 0] 


BY (215.03) 


3.173 


rl dx lx 2 + 1 
„ x 2 \ 1 — x 2 


1 /- _ / V*\ „ \ £ \ Vi- iF 

2 = V2 I arccostt, — I — I arccostt, — I H 


dx /x 2 + 1 f 1 \/2 

~ 2 \ ~2 7 = V 2£ arccos-,— 

x z V a; — 1 \ u 2 


[« < !] 
[m > 1] 


3.174 Notation: In 3.174 and 3.175, we take: a = arccos 


„ 1 - (1 + V3) u 

p = arccos 7—= { — , p = 

l+(\/3-l)w 


1 + (1 - V3) u 

1 + (l + \/3) u 




BY (259.77) 


BY (260.76) 


dx 1-x + x 2 1 

o\ — 7 c — = — i =E(a,p) \u > 0 

[1 + (1 + ^ *] V ^ 1 + a: ) 

dx 1 + x + x 2 1 . ri . 

2 t/ — 7 t ^ = ^i= E {P,q) 1 > u > 0 

[1+(V3-1)*] V ^3 


BY (260.51) 


BY (259.51) 


f u dx I ar(l + a:) 1 , 2-^3^. , 2 (2 + y/3) 1 + (l - V3) u 

/.T^neVT^T^ ^ 1 + (1 + ^ )u 


' u(l + u) 

1 — It + u 2 


[u > 0 ] 


BY (260.54) 


r dx 4 2 + y/Z 2(2^73) j-(l + V3 )u 

lo l + x + x 2 \ 1 + x + x 2 #27 (/,?) ^27 (/,/) l+(V3-l)« 


' u(l — u) 

1 + u + u 2 


[1 > u > 0 ] 


BY (259.55) 


3.175 


f U dx I X 1 rm \ „ M 2 a/^I-U + W 2 ) 

l Q YT^c\i + ^^W {a,p) ~ {a,p)] + 7 ^VT+^l [1 + (1 + V3"H 

[« > 0] 

f u dx I x 1 . 2 (1 + u + u 2 ) 

I q T^x\T^-W {l ' q)] + V^V^[i + (V3-iJ^ 

[0 < u < 1] 


BY (260.55) 


' dx I x 1 

1 — x V 1 — x 3 -y/27 


[F(/3,g)- 2 £(/?,«)] 


BY (259.52) 
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3.18 Expressions that can be reduced to fourth roots of second-degree polynomials 
and their products with rational functions 


3.181 


f U dx / -I / 1 \ ( .4(a — u)(u — b) 1 

/ — , = y/a-b <2 El —j= ) + E \ arccos \ , —j= 

lb </(a-ar)(ar- 6 ) \ [ \y/ 2 j \ V ( a " b ) V 2 

[a > u > b\ 

f u dx la — b a — b — 2yJ (u — a)(u — b) 1 \ 


f U . dX J^F arccos^^M 

/a \/{x — a) (x — b) V 2 l a — b + 2 y/u — a) (it — 6 ) a /2 


- 2 E ( orcco., 1 

y a — b + 2y/(u — a) (it — b) a/2 

2 ( 2 it — a — b) y/{u — a)(u — b) 

a — b + 2 y/ (u — a)(u — b) 

[u> a> b] 


BY (271.05) 


BY (272.05) 


3.182 


f “ dec 2 / 1 \ / 4(a — u)(u — b) 1 

/ — , = 7 iY — 7 = + F arccos r / 7 7713 , — 7 = 

lb t/[(a-x)(x-b)} 3 V^b[ \y/2 ) \ V ( a “ & ) 2 V 2 

[a > it > b] 

f u dx y/2 ( a — b — 2 J (it — a) (it — b) 1 \ 

la \/[{x — a)[x — &)] 3 y/a — b y a — b + 2y/(u — a) (it — b) a/2 J 

[u> a> b] 


BY (271.01) 


BY (272.00) 


3.183 Notation: In 3.183 3.186 we set: 


a = arccos 


v^TT’ 


/ 3 = arccos yj\ — u 2 , 7 = 1 


1 — y/U 2 — 1 
1 + /it 2 — 1 


y/x 2 + 1 


-v^[f(o, Y) -2 b(o,Y)] + 


V^TI 
[u > 0] 




[0 < u < 1 ] 


h yfx 2 -~\ 


dx ( 1 \ / 1 \ 2 uy/u 2 — 1 

: ^=7 = F [h ) — 2 F ( 7, —3= ) + , , 


y/2 ) 1 + Vu 2 -1 

[u > 1 ] 


BY (273.55) 
BY (271.55) 


BY (272.55) 
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3.184 


3.184 

1. 

2 . 

3.185 

1. 

2 . 

3 . 


c 2 dx 2\/2 


1/1^- 


1 


2£ /?,-= -F /?,-= 


dx 


h x 2 \/x 2 — 1 


dx 


V2 


1 \ 1 


1 


s/2 


-yV( 1 -“ 2 ) J 

[0 < u < 1] 


4 . 


5 . 


6 . 


7 . 


\J (x 2 

+ 1) 3 

dx 

ftl- 

2\ 3 
- X z ) 

dx 

\J (x 2 

-1 ) 3 

x 2 

dx 

tfyl- 

o\ 3 
- X z ) 

dx 

\J {x 2 

+ 1) 5 

X 2 

dx 

\J (x 2 

+ 1) 5 

x 2 

dx 




= V2 p [a, 7 = 


1 \ 1-vV-l vV - 1 




= F 7, -}= 


= 2\f2E (a, — s/2 F fa, —j= 


u 2 - 1 u 
[u > 1] 


[u > 0] 

[0 < u < 1] 
[u > 1] 

[0 < u < 1] 


V ’y/2 


= 2V2 


V ’y/2 


1 


F * ' “ 2 E ' ~ 


[u > 0] 
2 u 


>0 . 4 /t rXl 


x 2 + l)‘ 




V2j\ tfFTi 

[u > 0] 

[u > 0] 


6y (u 2 + 1) 


3.186 


1. f 1 + y/ ^+l= d x = 2V2E(a,±=) 

Jo {x 2 + i)^+i V V2J 

= V2 


>0] 


2. 


3. 


dx 


(l + s/1 — x 2 ) s/1 — x 2 


s/2 


F /J, -= - E /?, -= 


uv'l — u 2 


V2j\ l + v^ 

[0 < u < 1] 


dx 


1 1 (x 2 + 2-s/a: 2 — l) s/x 2 — 1 2 


f ' 7 ’ 7^ * - E ' 7> 


s/2 

[u > 1] 


BY (271.59) 

BY (272.54) 

BY (273.50) 

BY (271.51) 

BY (272.50) 

BY (271.54) 

BY (273.54) 

BY (273.56) 
BY (273.53) 

BY (273.51) 

BY (271.58) 


BY (272.53) 
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4. 


5. 


'1- v 7 ! 3 " 


dx 


1 + Vl - x2 d{ i - x 2 ) 


= V2 


2 E[0,^)-F[0. 


r x^dx = E / _i_ 

'! (x 2 + 2Vx^l) d (x 2 — l) 3 V ’ 


V2 

[0 < u < 1] 
[u > 1] 


2uVl - u 2 
1 + a /1 — u 2 


BY (271.57) 
BY (272.51) 


3.19-3.23 Combinations of powers of x and powers of binomials of the form ( a+/3x ) 


3.191 


fU 

1. / x I/-1 (i4 — x) M_1 dx = u^ +v ~ l B(^, v) [Re/i>0, Rez/>0] 

Jo 

nOO 

2. / x~"(x — u)^ 1 dx = u p, ~ 1 ' B(^ — /x, /x) [R.e // > Re p > 0] 

J U 

3. f x v ~ 1 {l — x)^ 1 dx = f x li ~ 1 (l — a;) 1 " -1 cte = B(/x, ^) 

Jo Jo 


3.192 


1. 


2 . 


f 1 x p dx 
lo (1 - x)p 
f 1 x p dx 


1 0 (l-*) p+1 


= JJ7T cosec pir 


= —ir cosec pir 


3. / — dx = — 7r cosec pvr 

Jo x p + 1 

. [°°, lU) _i dx 

4. / lx — l) p 2 — =7rsecp7r 

J i £ 

r n 

/ /' 1 (n-i)“(ia; = 

Jo 


3.193 

3.194 

1. 


2. e 


n\n v+n 

v{v + l)(i/ + 2) . . . {v + n) 


[Re n > 0, Re i/ > 0] 

[P 2 < 1] 

[-1 < p < 0] 

[-1 < p < 0] 

[-2 < p < h ] 

[Re v > 0] 


ET II 185(7) 
ET II 201(6) 

FI II 774(1) 

Bl (3)(4) 
Bl (3)(5) 
Bl (4)(6) 
Bl (23) (7) 

EH I 2 


x p 1 dx 


w 


1 0 (1 + (JxY p 

r°° x p_1 dx 


= — 2 F 1 {y 1 p; 1 + p-, ~/3u) 


[|arg(l + (3u) | < 7T, Re p > 0] 

ET I 310(20) 


I V-v 


o + pxr- ~7T« 


[Re v > Re p\ 


ET I 310(21) 


3. 


r°° x^dx 
lo (1 + /3x) v 


= P (p,v- p) 


[|arg/3| < 7 r, Re^ > R e^i > 0] 

FI II 775a, ET I 310(19) 
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3.195 


4. 11 


[°° ^ 1 dx = »~ 
J o (1 + (3x) n+1 1 1 f3»\ n 


cosec (fnr) 


[|arg ( 3 \ < 7t, 0 < Re p < n + 1] 

ET I 308(6) 


f x M 1 dx . 

5- / 1 , n =— -2Fi(1, p\l + p\~l 3 u) 

do 1 + fix n 


6 . 


7. 


c M_1 dx (1 - 


7T 


/o (1 + /^) 2 P 
fo (a + bx) n+ i 


cosec At7t 


00 x m dx (2n — 2?n — 3)!! a m ~ n+ i 

t = 2 +1 rn! v /n _ , ' 


(2n — 1)!! & m+1 


rl x™ 1 dx 
3 (1 + x) m 


= 2-"E 


/c— 0 


m — n — 1 \ (—2) 


\-k 


k J n + k 


3.195 1 


[°° ( l + x )*- 1 1 - a ~ P 

Jo (a + x)P+i ^ p(a — 1) 
In a 


a — 1 
= 1 


3.196 


P v U p 


l. / (x + PY(u - x) M 1 dx = 2 .Fi ( i) — i + 

do A 


POO 

2. / (x + ( 3 )~ v {x — w) M_1 dx = (w + B(v — p, p) 

J U 


[|arg(l + u/3)| < 7t, Re/i>0] 

ET I 308(5) 

[0 < Re //. < 2] Bl (16)(4) 

[m < n — 5, a > 0, b > 0] 

Bl (21)(2) 
Bl (3)(1) 


[p 7^ 0, a > 0, a/1] 

[p = 0, a > 0, a ^ 1] 

[a=l] 

LI (19)(6) 



u 


arg /3 

< 7 r 

u 


arg /3 

< 7T, 


ET II 185(8) 


Re v > Re p > Oj 

ET II 201(7) 


3. 

4. 

5. 



a) M_1 (6 - x) 1 " 1 dx = (6 - a) M+l/_1 B(/x, v) 



dx 

bx)(x — 1)" 
dx 

6x)(l — x) v 


7T 

— — cosec ^7t 
b 


7 r 

— cosec t^7r 
b 



V 


[b > a, Re p > 0, Re 1/ > 0] 

EH I 10(13) 

[a < b, b> 0, 0 < 1 / < 1] LI (23)(5) 

[a > b > 0, 0 < v < 1] LI (24)(10) 
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3.197 


1. J x v l ((3 + x) x + 'y ) e dx = (3 e B(z/,/z - v + g) 2 Fi (^i, v, n + Q\ 1 - ^ 

[|arg/3|<7r, |arg7|<7r, Re^>0, Re fi > Re(zx — £>)] ET II 233(9) 

2. 11 J x~ x (x + Py{x — dx = u~ x ((3 + w) M+! ' B(A — /x — i u,n) 2 F 1 ^A, ft; A — /z; — — 

<1, 0 < Re \i < Re(A — v) 


■u 


/? 

arg -3 

< 7r or 


L P 




ET II 201(8) 

1 

3. f x A_1 (l — x)^ _1 (l — (3x)~ 1 ' dx = B(A, p) 2 F\{v 1 A; A + /z; (3) 

Jo 

[ReA>0, Re/z>0, |/3| < 1] WH 

4. [ x* 1 - 1 (l-xy- 1 {l + ax)- fJ '-'' dx= (l + o)-^B(/x,i/) 

Jo 

[Re n >0, Re zx > 0, a > —1] 

B I (5)4, EH I 10(11) 

/»00 

5. / x A_1 (l + x)"(l + ai) i ‘ dx = B(A, — p — zx — A) 2 Fi(— p, A; — p — zx; 1 — a) 

Jo 

[|arg a| < 7r, — Re(yx + zx) > Re A > 0] 

EH I 60(12), ET I 310(23) 

/ OO 

x x ~ l/ (x — l) l '~ f ‘~ 1 (ax — 1) _A dx = a~ x B(/x, zx — /x) 2 F 1 (zx, ^z; A; aH 1 ) 

[1 + Re v > Re A > Re/x, |arg(a — 1)| < zr] EH I 115(6) 




i-^r^x-l) 

r(M) 

[Re /x > 0] 


Bl 19(5) 


J x v 1 {x + q;) a (m — x) M 1 dx = a x u p+l ' 1 B(/x, z/) 2 F 1 A, zx; yx + zx; — ^ 

*(=) 


< 7T, Re /x >0, R e zx > 0 

ET II 186(9) 


/»00 

9. / a: A ^ 1 (l + x) _M+I/ (a: + /3) _1/ dx = B(/x — A, A) 2 Fi(z / , fi — A; /x; 1 — /3) 

Jo 

[Re /x > Re A > 0] 

[0 < g < 1, p > -1] 


10 . 


11 . 


rl x q - x dx 


1 0 (1 - X)9(l+px) (1 +p) q 


cosec gzr 


EH I 205 
Bl (5)(1) 


x p 2 dx 2T (p + |) r(l — p) 


1 0 (1 - x)p( 1 + qx)P 


cos 2p (arctan v fq) 


sin [(2 p — 1) arctan (^/g)] 


(2 p — 1) sin [arctan (y/q)] 

[~\<P< 1 , q > 0 ] 


Bl (11)(1) 
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3.198 


x^idx _T(p+±)T(l-p)(l^^q) 1 2p -(l + y /q) 


12 . 

3.198 

3.199 

3.211 

3.212 

3.213 

3.214 

3.215 

3.216 

1. 

2 . 

3.217 

3.218 

3.219 

3.221 

1 . 


* 1-2 p 


I o (l~x)P(l~qxy 


(2p- l)y/q 

[~\<P< 1, 0 < Q- < 1] Bl (11)(2) 


f x p ~\l - x) v ~ 1 [ax + 6(1 - x) + c}-^ +l,) dx = (a + c)~ p {b + c)~ v B(p, v) 

Jo 

[a > 0, b > 0, c > 0, Re p > 0, Re v > 0] FI II 787 
[ (x - ay-\b - a)" -1 (a - c)-^- v dx = {b- a) tl+v ~ 1 {b - c) _M (o - c)~ u B(p, v) 

J a 

[Re p > 0, Re v > 0, c < a <b] 

EH I 10(14) 

f a; A_1 (l — a;) M_1 (l — ux)~ Q { 1 — vx)~ a dx = B(p, A) Fi ((A, g, a, A + p\ u, v)) 

Jo 

[Re A > 0, Re p > 0] EH I 231(5) 


J [(1 + ax) p + (1 + bx) p ] x q 1 dx = 2(ab) = B(g,p — g) cos |garccos 

[p > q > 0] 

J [(1 + ax)~ p — (1 + bx )~ p ] x q ~ x dx = —2 i(ab)~^ B (q,p — q) sin |garccos 

\p>q> o] 

J [(1 + a:) # *- 1 (l - xy- 1 + (1 + xy-\ 1 - xy- 1 ] dx = 2 p+v ~ l B(p, v) 

[Re p > 0, Re v > 0] 


a + b 

2\/a&J 


Bl (19)(9) 


a + b 
2 v / a6 


Bl (19)(10) 


[ {aV^l - ai)"" 1 + (1 - a)^^" 1 !! - (1 - a)^" 1 } dx = B(p, v) 

Jo 


Ll(l)(15), EH I 10(10) 


^xP- 1 +X"- 1 

lo (1 + 

ro° x n-l + x"- 1 
h {i + xy+ v 


dx = B(^., v) 


dx = B(p, y) 


n 

b p x p ~ l 

(1 + 6x) p 1 1 

Jo l 

(1 4- 6x) p 

bP~ 1 x P j 


dx = 7t cot pir 


r oo x 2p-i _ ( a + a .)2p-l 


dx = IT cot £>7T 


/ o (a + a;)Pa;P 

rr 1 ' a" 1 


[°°(x-a) p -\ , ,^_ 1 

/ ax = 7r(a — or cosec p7r 

Ja X-b 


[R.e/u > 0, R.e^ > 0, a 

<1] 

Bl (1)(16) 

[Re p > 0, Re v > 0] 

FI II 775 

[Re p > 0, Re y > 0] 

FI II 775 

[0 < p < 1, b > 0] 

Bl(18)(13) 

[p < 1] (cf. 3.217) 

y + 1) 

Bl (18)(7) 

[Rep > — 1, Ret/ > —1] 

Bl (19)(13) 

[a > b, 0 < p < 1] 

LI (24)(8) 
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r a ( a — x ) p_1 

2. / — : dx = —n(b — a) p l cosec pn [a < b, 0 < p < 1] 

J - oo ' h 


3.222 

1. 

2 . 


f 1 x p 1 dx 
o 1 + x 
f 00 dx 
x + a 


to 


= Pid) 

= 7rcosec(^7r)a /i ^ 1 


[Re p > 0] 


LI (24)(8) 


WH 


for a > 0 


= — 7rcot(/.i7r)(— a) M 1 for a < 0 


FI II 718, FI II 737 
Bl(18)(2), ET II 249(28) 


[0 < Re p < 1] 


3.223 

1. 


rd 1 " 1 dx 


7 r 


(/3 + x)(7 + x) 7-/3 

x p_1 dx n 


(/3 M 1 — 1 ) cosec(pn) 

[|arg/3|<7 r, |arg7| < 7 r, 0<Rep<2] ET I 309(7) 


2. I ~ v "~ — f = —73 1 cosec (f‘ 7r ) + 1 cot(^Tr)] 

/o (p + x) (a — x) a + p L 

[|arg f}\ < 7r, a > 0, 0 < Re p < 2] 

ET I 309(8) 


3. 


3.224 


x^dx . . a^ 1 — 6 M_1 

= 7T cot(p7r) - 


/o (a-x)(6-x) 

f°° ( x + /3)x M_1 dx 

io (x + t)(x + 5) 


b — a 


= n cosec(pn) < -7^ 1 + 


7 — P .,^-1 , S-Pxn-i 


[a > b > 0, 0 < Re p < 2] ET I 309(9) 


7 — 5 5 — 7 

[|arg7| < 7r, |arg(5| < 7r, 0 < Re p < 1] ET I 309(10) 


3.225 

1. 

2 . 

3. 


[°° {x-i y- 1 
Jl X 2 

r^ jx-iy-p 
Jl X 3 

f 00 x p dx 

Jo (TW 


dx = (1 — p)n cosec pn 
dx = -p( 1 — p)7r cosec pn 
—p( 1 — p) cosec pn 


3.226 

1. 

2 . 



x" dx 
•\/l — x 


2 (2n)!! 

(2n + 1)!! 



x n 2 dx 
v 7 ! — x 


(2n - 1)!! 
(2n)!! ?r ' 


[-1 < p < 1] 
[0 < p < 1] 

[-1 <P< 2] 


Bl (23)(8) 
Bl (23)(1) 
Bl (16)(5) 

Bl (8)(1) 
Bl (8)(2) 
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3.227 


3.227 

1. 


2 . 


l (/3 + x) 1 
x 


dx = (3 1 'V 1 B (v, /x - v) 2 F 1 (^L - 1, zx; /x; 1 - ^ 

[|arg/3|<7r, |arg7| < 7t, 0<Rezx<Re/x] 


’a; e> (/3 — tc) _ 

7 + x 


■ dx = 7t7 e (/3 — 7) cosec(g7r) 7 1 _ 7 / /3 (cr, g) 


[|arg /3| < 7t, |arg7|<7t, — Re u < Re £> < 1] 


3.228 

1. 


2 . 


3. 


4. 

5. 


' (ai- 0)^(6 -a:) -1 ' 


dx= n cosec(zx7t) 
= 7 r cosec(zx7t) 
= 7 r cosec(zx7t) 


1 - 


6-: 


1 — cos(zx7t) 


1 - 


b — c 


c—b 


for c < a 
for a < c < b 
for c > b 


rb (x — a)" 1 (6 — a;) " , 7rcosec(zx7r) 
aa; = 


b — c 
r(c — a) 1 ' 
(6 — c ) 1 


a — c 


6 - , 


[|Re zx| < 1] 

for c < a or c > 6; 


cot(W) for a < c < b 
[0 < Re v < 1] 


h (x ~ d) v - x (b - xY~ x 


dx 


x — c 


6 - , 


(6 - a) /i+y " 1 

= 7 B(/x, i/) 2 Fi I 1 , /x + i/; 

0- c V 0- c 

= 7t(c — a) ly_1 (6 — c)^ 1 cot /x7t — (6 — B(yx — 1, z/) 

b — c' 


x 2F1 2-/x-z/, l;2-/x; 


6 - , 


for c < 


for a < 


rl (l-aO 


17— 1 — 17 


— bx 
L (a ; + a) 1 


a: - 7t(a - &)" 1 

ax = cosec (i/7r) 


a" 


[Re/i>0, Rez/>0, /x + z/^1, ...] 

[0 < Re 1/ < 1, 0 < b < a] 


x — c 


dx=a 1 /x (-c) I/ — */, z/) 2 Fi (/a — + ^ 


1 — /Li — 17 


= ttc 1 ' 1 (a + c) 1 M cot[(/x — zx)7t] B(/x — zx — 1, zx) 


a + c 


x 2F1 I 2 — /x, 1; 2 — /x + z/; 


a + c, 

[a > 0, 0 < R e zx < Re /x] 


ET II 217(9) 

ET II 217(10) 


ET II 250(31) 

ET II 250(32) 

a or c > b~ 

c < b 

ET II 250(33) 

Bl (5)(8) 

for c < 0; 

for c > 0 

ET II 251(34) 
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>-i (7+*r n dx = r- 1 

x + (3 sin nix (7 — /3) r 


1 

w j! v 7 


[|arg /3| < 7T, |arg 7 | < 7T, 0<Re^<n] AS 256 (6.1.22) 


3.229 

3.231 

1. 


x M 1 dx 7 r cosec fin a b 

(1 — x)^(l + ax)(l + 6x) a — b (1 + a)^ (1 + 6)^ 


^x^" 1 -x" p 


^x^" 1 + x" p 


dx = 7r cot p7r 


dx = 7T cosec p7r 


r 1 x p — x~ p 1 

/ — dec = 7 r cot p7r 

/o x - 1 p 

f 1 x p — x~ p 1 

/ — dx = 7 t cosec »7 t 

Jo 1 + x P 

/ t dx = i’W) - V’O) 


roo x p_1 — X 9-1 


dx = 7r (cot p7r — cot qir) 


3.232 

3.233 

3.234 

l. 11 


1 (c + ax) p -{c+bx) p b 

- — dx = c M In - 




3.235 


3.236 1 


X 9 1 

X" 9 \ 

1 — ax 

a — x J 

x 9_1 

x~ q \ 

1 

1 + ax 

a + x J 

’(1 + x)* 1 

— 1 dx 


dx = na 9 cot g7r 
dx = ira~ q cosec g7r 


Jo (1 + x)" x 

F 1 X2 dx 


[0 < Re p < 1] 

Bl (5)(7) 

[P 2 < 1] 

Bl (4)(4) 

[P 2 < 1] 

Bl (4)(1) 

[P 2 < 1] 

Bl (4)(3) 

[P 2 < 1] 

Bl (4)(2) 

[Re p > 0, Re v > 0] 

FI II 815, Bl(4)(5) 

[p > 0, q > 0] 

FI II 718 

[Rep > —1; a > 0; 

b > 0; c > 0] 


Bl (18)(14) 

[Re v > 0] 

EH 1 17, WH 

[0 < q < 1, a > 0] 

Bl (5)(11) 

[0 < q < 1, a > 0] 

Bl (5)(10) 

[Re v > Re p > 0] 

Bl (18)(5) 


[(l-x)(l-a 2 x)]^ 


3.237 £(-l) 

n=0 


(1 — a)~ p — (1 + a)~ 
2apv / 7r 

«[r(f)] 2 


n+1 r +1 dx ln M [ r (f)] 
Jn X ~\~ U Q + 1 


[—2 < p < 1, |a| < 1] Bl (12)(32) 

[|argu| < 7r] ET II 216(1) 
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3.238 


3.238 


r°° hr -1 


— dx = — 7r cot |tz| ^ 1 signw 

x — u 2 


[0 < Re z/ < 1 w real, u ± 0] 


ET II 249(29) 


r°° Ixl" 1 


— sign x dx = it tan ^-\u\ u 1 

x — u 2 


[0 < Re z/ < 1 w real, u ^ 0] 


ET II 249(30) 


f b (b - xY~ l {x - ay- 1 {b — a) Pl+v ~ 1 r(p)r(i/) 

la \x-u\ p+v 2 |a — u|^|6 — u|" T(/t + i/) 


|a — — u| 1 ' r(/x + t') 

[Re p > 0, Re v > 0, 0 < u < a < b and 0 < a < b < u] MO 7 


3.24-3.27 Powers of x, of binomials of the form a + (3x p and of polynomials in x 


3.241 

1. /’ xi ‘~ idx = j ^ f d 

7o l + a:P p \pj 

f°° X /i_1 dx 7T [ITT \ ( p V — p 

2. / — = — cosec — = — B — , 

JqI + x" r' i/ v \v v 


[Re/z > 0, p > 0] WH, Bl (2)(13) 


[Re v > Re p > 0] 


3.n | 

do i - q q 

r _ 1 


b < b 


ET I 309(15)a, Bl (17)(10) 
Bl (17)(11) 


(p + qx v ) n+1 vp n+1 \q 


f°° x p 1 dx (p — q) 7t (p — g)7 

/ o ^ — cosec 

/o (i + x®) r q 


r(l + n) 


0< — <n + l, pd 0, 

V v J 

Bl (17)(22)a 


b < 2 b 


8. 10 G(x) = J* sign du=(b-a)F (|) 1/P 


where 


i [-1 a:<0 

F(x) = / sign(x — i) dt = < 2x — 1 0 < x < 1 
0 1 x > 1 


Bl (17)(18) 


3.242 

x 2m dx 7t . [ (2 n — 2m — 1) 1 (2m + 1W 

1. / — : = - sin 1 cosec t cosec 

x 4n + 2x 2 ™ cos t+ln 2 n 2 n 


m < n, t 2 < tt 2 


FI II 642 



3.247 


Powers of x and binomials and polynomials 


323 


2 . 


3.243 


li 


x 4 + 2 ax 2 + 1 

f°° x^- 1 dx 

/o (1 + x 2u ) (1 + x 3l/ ) 

71 

- 48^ 




47T \ /” 27T \ 

8 cosec(2p) + 12 cosec(3p) — 8 cosec (2 p — — J +8 cosec (2 p — — J 


-3 cosec (^p — — ^ cosec (z 3 + g ) sec (p) 


where p = — , [0 < Re a < 5 Re v] ET I 312(34) 
w 


3.244 

1. 

2 . 

3. 

4. 

3.245 

3.246 


rl X P 1 + X Q P 1 , 71 pTl 

ax = — cosec — 

3 1 + xi q q 

rl x p ~ x — a; 9-1 *” 1 7i pn 

dx = — cot — 

3 1 — x q q q 


x v ~ l - x^- 1 , 1 


to 


„ dx = 

1 — X v V L 


C+1^) 

\V J 


/ 


°o J.2™ _ a .2n Tf 

— ; ^~ dx = T 

1 — x zl t 


cot 


17/ J 

2m + 1 


21 


7T — COt 


21 


/»00 

J [x v ~ p — x"(l + x) _A1 ] dx = — — - B(iy p — v) 


r°°l — X q , 7T . <?71 p71 + <?) 

-ar dx = — sm — cosec — cosec 


1 — x r 


[q > p > 0] 

Bl (2)(14) 

[q > p > 0] 

Bl (2)(16) 

[Re /i > Re v > 0] 

Bl (2)(17) 

1 M 



-71 



[m < l, n < 1} 

FI II 640 

') 



[Re p, > Re ^ > 0] 

Bl (16)(13) 

7 r 



[p + g < r, p > 0] 



ET I 331(33), Bl (17)(12) 


r dx 

Integrals of the form / f (x p ± x~ p , x q ± x~ q , . . .) — can be transformed by the substitution x = e t 

J x 

or x = e~ l . For example, instead of / (x 1+p + x 1_p ) dx , we should seek to evaluate / sechpxdx 

Jo Jo 

r 1 x n—m— 1 _|_ x n+m— 1 /-oo 

f r;— dx, we should seek to evaluate / cosh mx (cosh nx — cos a) dx 

o 1 + 2x" cos a + x 2n Jo 


and, instead of 
(see 3.514 2). 
3.247 

l. 11 

2 . 


x a ~ l {l - x) 11 - 1 


dx = (n — 1)! ^2 


1 — £x fe (a + kb)(a + kb + 1) . . . (a + kb + n — 1) 

[b> 0, |£| <1] 

1 (1 — X P ) aT -1 7T . / 71 \ (p+I/)7! 7117 


AD (6704) 


dx = — sin ( — ) cosec ■ 
1 — x np np \nJ 


■ cosec 
np np 


[0 < Re v < (n - l)p] ET I 311(33) 
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3.248 


3.248 

1. 


r°° x^ 1 dx 1 R f n 1 /i 

n \/l + x" v U’ 2 V 


rl x 2n+1 dx (2 n)!! 


[Re ^ > Re > 0] 


) a/I-Z 2 
a x 2n dx 

(2n + l)!! 

(2 n — 1)!! 7t 

) Vl — x 2 

(2n)!l 2 

dx TT 

-oo (1 + x 2 ) ■ 

v/4 + 3x 2 3 

»oo 

dx 


oo (l + a; 2 ) 


: arctan \ \ 1 if a < b 

V a ) 

if a = b 
if a> b 

fa — v a — b 


3.249 

l.° 


f°° dx (2n — 3)!! tt 

J 0 (x 2 + a 2 ) n = 2 • (2n- 2)!! a 2 "' 1 

f (a 2 - a - 2 ) 11 - 1 dx = a 2 "^-^7r. 

Jo ^ ’ 2(2 n)!! 

f 1 (l — x 2 )” dx , , 

L („-*)■+■ 

f 1 x M dx _l //x+l\ 

7o i + ^ 2 ~~ 2 p v 2 ; 

[ i l ~ x2 Y 1 dx = 2 2 ^ 2 B(/t,^i) = |B (§,/i) 
Jo 

[ (l-x**)"- dx= -B f-,1- 
do H VM *V 


3.251 

1 . 


Bl (21)(9) 
Bl (8)(14) 
Bl (8)(13) 


[Re /.x > -1] 

[Re ytt > 0] 

[p > 0] 

[Re/i >0, |i/| > 1] 

[n > 1] 

[Re p > 0, Re > 0, A > 0] 


FI II 743 

FI II 156 

EH II 181(31) 
Bl (2) (7) 

FI II 784 

Bl (7)(7) 


,1 

J x^ 1 (l — x x y 1 dx = — B^,z^ [R.e/i > 0. Re^>0, A > 0] 

f x M_1 (l + x 2 )^ 1 dx = J B 1 — v — [Re/t>0, Re (^ + |/u) < l] 

Jo 2 V 2 2/ 


FI II 787 
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3. 

4. 

5. 

6 . 

7. 


9. 

10 . 

11 . 



l) v 1 dx=-B(l — v — — , 

P \ P J 


f°° x 2m dx (2m — l)!!(2n — 2?n — 3)!!7t 
Jo (ax 2 + c) n 2 ■ (2n — 2)\\a m c n ~ rn ~ 1 y/ac 


f°° x 2 m +1 m\(n — 77 1 — 2)! 

Jo (ax 2 + c) n ~ 2(n — l)\a m+1 c n - m - 1 
f°° x p+1 _ pi r 

Jo (1 + x 2 ) 2 4 sin if 

f 1 x p dx 1 p — 1 n f p — 1 \ 

Jo (1 + x 2 ) 2 “ "4 + ~1~ 13 (“2 “ ) 


[ x q+p ~ l (1 - x q ) 

Jo 


p pn pir 

•* dx = — cosec — 
q- q 



1,7 r 7T 

p dx = — cosec — 
q p 



(1 — x q ) « 


dx 


7 T £»7T 

— cosec — 

q q 



(1 + /3x p )~ u 


dx 


1 

-/ 

P 


-f3~p B 



[|arg/3| < 7r, p>0, 


[p > 0, Re v > 0, 

Re p < p — p R e v\ 

ET 1 311(32) 

[a > 0, c > 0, n 

> TO + 1] 

GU (141)(8a) 

[ac > 0, n > m + 1 > 1] GU (141)(8b) 

[-2 < Re p < 2] 

WH 

[Re p > 1] 

LI (3)(11) 

[<? > p] 

Bl (9)(22) 

\p> i, q > o] 

Bl (9)(23)a 

[<? > p > o] 

Bl (9)(20) 


0 < Re/j < pR.ez;] Bl (17)(20), EH I 10(16) 


3.252 

1. 


2 . 

3. 



dx 

(ax 2 + 2 bx + c) n 


(_l)n— 1 9«-i 

(n — 1)! 9c™ -1 


1 b 

, - arccot . - | 

\/ac — b 2 \Jac—b 2 _ 

[a >0, ac> b 2 ] 


GW (131)(4) 



dx 

(ax 2 + 2 bx + c) n 


dx 


Jo (ax 2 + 2bx + cY 


(2n — 3)!!7ro n_1 
(2n — 2)!! (ac — 6 2 ) n_5 

(_ 2 )n y r i 

(2n + 1) ! ! dc n \ yfc. (yfac 


a > 0, 



ac > b 2 } GW (131)(5) 


c > 0, b > —\[ac 


GW (213)(4) 



326 


Power and Algebraic Functions 


3.252 


4. 


9. 


10. 6 


x dx 


) q ( ax 2 + 2 bx + c) n 

(-l) n d n ~ 2 


b b 

arccot ■ 


(n- 1)! dc n 2 [2(ac- b 2 ) 2 (ac-b 2 )^ Vac - b 2 


(-1)” d n 


1 


In 


b + \Jb 2 — ac 


(n- 1)! dc n 2 (2(ac- b 2 ) 4 (& 2 _ ac )l b - VW^ 


for ac > b 2 -, 
for b 2 > ac> 0; 


ac 


2(n — l)(2n — l)b 2n ~ 2 
xdx (2n — 3)!!7r6a n_2 


for ac = b 2 

[a > 0, b > 0, n > 2] GW (141)(5) 


l-oo ( ax 2 + 2 6a; + c) r 


(2n — 2)!! (ac — 6 2 ) 2 


ac> b 2 , a > 0, n > 2] 


GW (141)(6) 


/■°° _ (- 1 )' 

Loo ( aa;2 + 26* + c) n (2n - 2)!! (ac - 

[m/2] 


[ac>b 2 , 0 < m < 2n — 2] GW (141)(17) 


fc =0 


ac — b 2 


x n dx 


n\ 

(ax 2 + 2 bx + c)” +2 

(2 n 

+ l)\[y/c{y/ac + 6) n+1 

x n+1 dx 


n\ 

(ax 2 + 2 bx + c) n+5 

(2 n 

+ 1)!! (y/ac + b) n+1 

x n+ ^ dx 


(2 n — 1) ! ?7r 


a > 0, c > 0, b > —\fac 


GW (213)(5a) 


a > 0, c > 0, b > —\fac 


GW (213)(5b) 


/ o (ax 2 + 2bx + c) n+1 2 2n +i (b + ^ac) n+ ^nU 


a > 0, c > 0, 


> 0 ] 


LI (21)(19) 


f-oo p -1 7 1 / 1\ 1 

L ( i + 2,co St+I y = 2 ^ (si " ,),_, ' ,r 2 ) - <*> (cos,) 


[0 < i < 7t, 0 < Re /i < Re 2v] 

ET I 310(22) 
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r°° i 

11 . / (1 + 2/3x + x 2 Y 3 ar y “ 1 da;=2-' < (/3 2 -l) 2 r(l-/a)B(za-2/a+l,-za)P£_ M (/?) 

[Reza<0, Re(2/a — v) <1, |arg (/3 ± 1)| < 7r] 

EH I 160(33) 

= — 7r cosec z^7r Ci M (/3) 

[—2 < Re (| — /a) < Re v < 0, |arg (/? d= 1) | < 7r] 

EH I 178(24) 

r°° x M_1 da; 

12 ' /„ ^ + 2aa.~ cos t + „» = COSeC ' COSec( ' CT) si " l( '‘ ~ 1)t] 

[a > 0, 0 < \t\ < 7r, 0 < Re /./ < 2] 

FI II 738, Bl(20)(3) 

7T r/A 1 ” 4 


13. 


F 00 a;' 2 " 1 dx 

lo (x 2 + 2axcost + a 2 ) 2 2 


cosec /i7r cosec t 


x {(/a — 1) sinicos [(/a — 2)t) — sin[(/a — 1)3]} 

[a > 0, 0<|3 |<tt, 0 < Re /a < 4] Ll(20)(8)a, ET I 309(13) 


14. 

3.253 

3.254 


r °° x^dx 


1 0 v / r+~2aTcosT ~+~x 2 
f 1 (1 + a;) 2M_1 (l — x ) 


= 7rcosec(/a7r) P M -i (cost) [— 7r < t, < tt, 0 < Re /a < 1] 


l-i (1 + a: 2 ) 


2'iM+i' 


dx = 2 A1+ " 2 B(/a, v) [Re /a > 0, Re v > 0] 


ET I 310(17) 


FI II 787 


1. J U x x - 1 (u-x)»- 1 (x 2 + p 2 Y dx 

= 3f2 1 1±£±1 ; zpj 


R e ( — ) > 0, A > 0, Re fi > 0 
P 


ET II 186(10) 


/»oo 

2. 6 / (x- x (x-uY- l (x 2 +(3 2 )Y dx 

J U 


__ „^-A+2^ r (^) r ( A -M^2ra) 

T(A - 2 u) 

A — fi 1 + A — fj, A 1 + A /?■ 

x 2 F 2 — za za za za za 

1 2 ’ 2 ’2 5 2 ’ u 


u\ > |/3 and Re ( — 1 > 0, 0 < Re /a < Re(A — 2ra) 


ET II 202(9) 


F 1 3^+5 (l-a ;)^- 1 , 

3.255 / 1 ^ dx = 


\ h _ r (m + |) 

0 (c+ 2&a; - ax 2 Y +1 / / , 9 , ^ 21^+5 / F(/a + l) 

v 2 < a + (yc + 2o — a + \J C ) f vc + 2b — a 


a + (Vc + 2b — a+\/c) >0, c + 26— a > 0, Re /.a > ~k 


Bl ( 14) (2) 
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3.256 


3.256 


1. 


rl x p 1 + x q 1 1 f q — p 


to (1-a 2 ) ’ 


dx = - cos 


7 t sec 


2 . 


f 1 X p 1 — X q 1 1 / q — p 

/ F+T dx = ~ sm 

to (1-x 2 ) — 


7 r cosec 


(^') »(£•§) 

[P>0, g > 0, p+q< 2} 
fq + p \-nfP d) 

[— n ) B (r2) 


\p> 0, q > 0, p+q< 2} 


3.257 9 


/•OO 

7 &\ 2 


aa H — + c 

to 

_V */ 


-p - 1 


dx 


a > 0, b < 0, c > 0, p>— \ 


v^r (p + j) 

2ac p+ 5 r(p + 1) 

1 B(p+i,i) 

o T a > 0, b > 0, c > — 4a6, p>-. 

* /AT, \P+~ L 


' a (4 ab + xy 2 


3.258 


1 . | (* - - « 2 )“ dx = ((, - 


1 


(&- 77 


[n > 2] 


2(n+l) 

[0 < a < b, n > 2} 

n+1 


3 . 

4 . 

5 . 

6 . 

7 . 


J (^/ x 1 + a 2 — a^ 


_n+l 


dx = 


n 2 — 1 


da 


/ o (a + v / a 2 + a 2 )” a” 1 7 2 - 1) 


J x m ^7 x 2 + a 2 — a^ 


da = 


[n > 2] 
[n > 2] 

; | r( m+n+l 


a m da 


(n — m — 1) (n — m + 1) . . . (m + n + 1) 

[a > 0, 0 < to < n — 2] 

n • to! 


(a + Vx 2 + a 2 ) n (n - m - l)(n - to + 1) . . . (to + n + l)t 


n—m— 1 


no o 

/ (a — a) m fa — \/a 2 — a 2 J 

J a ' ' 


[a > 0, 0 < to < n — 2] 

n n • (n — to — 2)!(2to + l)!a m+n+1 

dx — 

2 m (n + m + 1)! 

[a >0, n > m. + 2] 


Bl (8) (25) 

Bl (8)(26) 

Bl (20)(4) 

I] 

n+l 

GW (215)(5) 

GW (214)(7) 
GW (214)(6a) 

GW (214)(5a) 

GW (214)(6) 

GW (214)(5) 


GH (215)(6) 
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3.259 

l. 6 

2. 11 


3. 11 

3.261 

1. 11 

2 . 

3. 

4. 

3.262 

3.263 

3.264 

1. 


f o xP ~^ 1 - *r _i (! + bxm y dx = (■ « - -*-)• e ([.) 


l\ b k T(p+km) 

, + km) 


[|6| < 1 unless l = 0, 1, 2, ... ; p,n,p + ml> 0] Bl (1)(14) 


r u 

/ x^iu-x)^- 1 {x m + p m ) X dx 

Jo 

= /3 ro V +I/ - 1 

( . v v + 1 v + m — lp+up+v+1 p + v + m — 1 —u‘ 

x m +iF m -A, — ' 


m 


m 


m 


arg 


7 r 

< — 

m 


m (3 n 

ET II 186(11) 


Re// > 0, Re v > 0 

1 A\ _ / A . 0 

a 

[|arga| < ir, |arg/3|<7r, p > 0, 0 < Re A < 2 Re(/z + v)\ ET I 312(35) 


x x 1 (1 + ax p ) ^ (1 + /3x p ) v dx = -a X ^ P B \ —,p + v ) 2 Fi ( v, — ; p + v, 1 


[Re p > 0, t ^ 2nn) 

\y 2 < 1, £ ^ (2n + l)7r] 


r 1 (1 — xcost) x p 1 dx cos kt 

J n 1 — 2a; cos t + x 2 ^ p + k 
u fc=0 ^ 

f 1 [x v + x~ v ) dx nsini/t 
J 0 1 + 2x cos t + x 2 sin t sin vn 

I -1 (x 1+p + a; 1_p ) dx 7r (jp sin t cos pt — cos t sin pt) 

Jo (1 + 2a: cos t + x 2 ) 2 2sin 3 £sinp7r 

I" 1 a; M_1 dx .. r . . . 

Jo 1 + 2axcost + a 2 x 2 (1 — x)^ (1 + 2a cost + a 2 ) E \ / iac ^ a i-\- acos t) 

(1 -p)tt 


[p 2 < 1, t ^ (2 n + 1 ) 7r ] 

7 r cosec t cosec pn . ( . a sin t, \ 

'2 


a; 


/ o 1 + a; 3 3 

/'°° x v dx 


= — cosec ■ 


[a > 0, 0 < Re p < 1] 

[—2 < p < 1] 


Bl (6)(9) 
Bl (6)(8) 

Bl (6)(18) 

Bl (6)(21) 
LI (18)(3) 


/ o (x + 7) (x 2 + P 2 ) 2 {P 2 + 7 2 ) L 


7 p v 1 sec — + p v cosec — — 2^ v cosec(^7r) 


[Re P > 0 . |arg7| < 7T, — l<Re^<2, v ^ 0] ET II 216(7) 


x p 1 dx 


(a 2 + x 2 ) ( b 2 — a: 2 ) 2 


7T dP 2 + b p 2 COS ^ P7T 

- cosec — 


+ b 2 


[0 < p < 4, a > 0, 6 > 0] 


Bl (19)(14) 
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f°° x M 1 dx 7t 7 2 1 — pi 1 ^t7r 

/o (/3 + x 2 )(7 + ^ 2 ) 2 /3^7 2 

7T /I 1 


2(7-/3)Vv^ ^ ^ 

[|arg/3|<7t, |arg7|<7t, 0 < Re [i < 4] ET I 309(4) 


dx 


7 r / 1 


(6 + x 2 )(a + 6 + x 2 ) 2 2 ^a 2 ^ 2a(a + 6) 3/2 a 2 (a + 6) 1/2 / 


dx 


(. 


I o (6 + x 2 ) (a + 6 + x 2 ) 3 4 ya 3 ^ 1 / 2 4a(a + 6) 5 ^ 2 a 2 (a + 6) 3 ^ 2 a 3 (a + 6) 1 ^ 2 / 

f°° dx _7T ( 2 5 3 

lo (6 + x 2 )(a + 6 + x 2 ) 4 4 ^a 4 &V 2 8a (a + 6) 7/2 4a 2 (a + 6) 5/2 

1 2 


(a + 6)" 


: (a + &) 1 


dx 


/ o (6 + x 2 ) (a + 6 + x 2 ) r 


MC 


7T 1 


1 


, 1 1\ ( 3 a + 6 

2a(« + (,r^ B l n "2'5j 2 " ~ 


AS 263 (6.6.3. 2) 


7T 1 


2 a n b 1 / 2 2 a n {a + b) n 1/2 “ j! \« + & 


n— 1 (1) 

E V 2 / ? / a 

— 3 


7. 

3.265 

3.266 

3.267 

1. 

2 . 


x 2 dx 


/o (x 2 + a 2 ) (x 2 + /3 2 ) (x 2 + 7 2 ) 2 a (/3 2 — 7 2 ) 


[n > 0, a + b > 0] 
(3 7 


1 — x 


■ dx = ipin) + C 


/3 + a 7 + a 
[Re fj, > 0] 


= ^>(1 — /it) + C — 7rcot(/i7r) [Re/t > 0] 


2(a + /3)(a + 7) (/? + 7) 

FI II 796, WH, ET I 16(13) 
EH I 16(15)a 


r (x — a ) dx 7t f a /3 

— ' (3 cosec(ix7r) — a cotfun) In — 

7t a 

[|arg/3| < 7t, | Re u\ < 1, v ± 0] 

ET II 216(8) 


/ 0 (x — a) ((3 + x) a + (3 


rl x 3 " dx _ 2t r r(?z+4) 


/o 3v / 3r(i)r(n+l) 

f 1 x 3n—1 dx _ (Tt-l)!r(§) 
lo v^l — x 3 3 r +|) 


Bl (9)(6) 
Bl (9)(7) 
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j^ x^dx _ r(n-|)r(f) 
/ o 3r(n+|) 


3.268 


1 px p 1 
1 — X 1 — x p 


dx = lnp 


1 — x^ 


x" 1 dx = ip(n + v) — ip(v) 


[Re v > 0, Re p > 0] 


Bl (5) (14) 


Bl (2)(3) 


1 n x M 1 
1 — x 1 — t/x 


dx = nC + E ^ (m+ 


[Re fi > 0] 


Bl (13)(10) 


3.269 


rl x p — x p . 7r pn 1 

a; dx = — cot 

3 1 - x 2 2 2 p 

rl X P X~ P 1 7 r p7T 

— a; dx = cosec — 

3 1 + a; 2 p 2 2 

rl x M — x v , 1 , /i/+l\ 1 , (p+1 

. T—^ dx =9^ -5- -o^ Hr- 


[ P 2 < i] 
[ P 2 < i] 


Bl (4)(12) 


Bl (4)(8) 


[Re/x>— 1, Rei/>— 1] Bl (2)(9) 


3.271 


x p — x q dx 7 r / a p — cos pn a q — cos qn 

I o x—1 x + a 1 + a \ sinp7r sing7r 


x p — a p x p — 1 , 7T f a 2p -l 1 

/ 7- dx = < . — cr In a 

/ o x — a x—1 a — 1 [ sm(2p7r) 7r 


r " jJ 

5 x p - a p x~ p — 1 7r ( 1 

— dx = < 2 ( a p — 1) cot pir ( a p + 1) In a 


x — a x — 1 a — 1 


f°° x p — a p 1 — x p q 7 r f a p+q — 1 a p — a q ) sin pir 

I o x — a 1 — x a — 1 \ sin[(p + q)i:\ sin[(g — p) tt] J sin q7r 


[p 2 <1, g 2 < 1, a > 0] Bl (19)(2) 


Bl (19)(3) 


Bl (18)(9) 


Bl (19)(4) 


[p 2 < 1] 


[(p + g) 2 <l, (p — q) 2 < l] 


dx = 2(1 — 2p7r cot 2p7r) 


[0 < p 2 < |] 


Bl (16)(3) 


3.272 


-i r « -i _ x" ' i — 2x 2n_1 


dx = 2 In 2 


Bl (8)(8) 
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Power and Algebraic Functions 


3.273 


2 . 

3.273 

1. 


2 . 


3. 


4. 


rl I"' 1 + x n ~i + x n ~ s - 3a; 3 ™ -1 
■ 1 — a; 


dx = 3 In 3 


Bl (8)(9) 


rl sin7 — a n x n sin[(n + 1)7] + a n+1 x n+1 sinn7 (k — l)!a fe 1 sin kt 

3 1 — 2ax cos 7 + a 2 x 2 (1 ~ ^ = F(p) g F^Tfc) 

[p > 0] Bl (6)(13) 


rl cos t — ax — a n x n cos[(n + 1)7] + a n+1 x n+1 cos nt 
3 1 — 2 ax cos 7 + a 2 x 2 

rl sin 7 — x n sin[(n + 1)7] + x n+1 sin nt 


£ri r (p + k) 


[p > o] 


1 — 2x cos 7 + a: 2 

i n+1 cos[(n + 1 
1 — 2a: cos 7 + a; 2 


dx = J2 


fc= i 


sin kt 
k + 1 


rl 1 — a: cos 7 — x n+1 cos[(n + 1)7] + x n+2 cosn7 , ^cos/c7 

dx = ^ 


k—0 


k + 1 


Bl (6)(14) 
Bl (6)(12) 

Bl (6)(11) 


3.274 

1. 

2 . 

3. 

3.275 

1. 

2 . 

3. 

4. 

3.276 


l. 1 


f / (l-l) 7T 7T /Z7T (H + 1)7T 

— dx = — sm — cosec — cosec 

n 1 — x n n n n n 


r 1 1 - x n dx 1 2 k 
/o (1 + x) n+1 1 - x - 2 n+1 2s h 


/ x q — 1 dx 7T 

/ = — tan „ 

/o x p — x~ p x 2p 2 p 


k = 1 

qir 


[0 < Re p < n — 1] 


[p > q] 


1 7 a :"- 1 


px 


np—1 


1 - x 1 /p 

1 — a 

nx n_1 

yjnn— 1 N 

1 — x n 

l — X y 

■e 

1 

qx pq ~ x \ 

1 — X 

1 — x q ) 


dx = p In p 


[p > 0] 


dx=c+2y^(m + — 

n f— ' V n 

k = l v 


1 + x 2Tl 1 + X 2 


dx = In q 


*=0. 

x 


[q > o] 


10 

/»oo 

V 

ax H — 

A 

2 

) +c 

-P-1 

dx 

1 


Jo ~ 


X 2 

" 2|6| 


1 b (p+sA) 

(2a (6+ |6|) + c) p+ 5 


Bl (20)(13) 
Bl (5)(3) 

Bl (18)(6) 

Bl (13)(9) 
Bl (5)(13) 

Bl (5)(12) 
Bl (18)(17) 


a > 0, c > — 4ac, p > — \ 
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2. 10 

3.277 

l. 11 


2 . 

3. 


4. 


5. 

6 . 

7. 

3.278 s 

1. 


ax H — ) + c 
x 


-p-i 


dx = 


B(p+ §,§) 


(4ab + c) p+ 2 


a > 0, b > 0, c > — 4ac, p > —\ 


1,00 x M 1 Vl + a: 2 + /?] 

V 7 ! + x 2 


dx = 2*- 1 ( f3 2 - 1) r (0 r(! - Ai - !/) P7_\(P) 


[Re /3 > —1, 0 < Re p < 1 — Re v\ 

ET I 310(25) 


r M- 1 


y 7 # 2 + X 2 + X 


yj (3 2 + X 2 


0M-V-1 ( l-p-v 

dx = — — — B p, 


2M 


[Re (3 > 0, 0 < Re p < 1 — Re v] 

ET I 311(28) 


r°° 1 cos t±i sin ty/1 + x 1 


v 7 !^ 


. dx = 2 T sin^ t v 2 7 , r— 2 

r(-^) 

1 M + 1 i I _ P t + 1 y 

7r 2 Q m+i (cost) =F ^7T 2 R^-i 2 (cost) 


[Re p > 0] 


ET I 311 (27) 


r M- 1 


\/(/32 _ 1) (a-2 + l) + /3' 


•\/x 2 + 1 


dx 


- 2 ^2 ~.i» 7 r(M-l) r (2) r ( X d d q V 

- ^ e r(-iz) ^ j 4 J 

[Re (3 > 1, Re 1 / < 0, Re p < 1 - Re v\ ET I 311(26) 


r^r^^^ldx = (u > - 1) ^ g-r (u) 

Ju 'Jx 2 - 1 \/7r V / ^-3 


[|arg(u — 1)| < 7T, 0 < Re/i < 1 + Re^] ET II 202(10) 


poo X 1 


M-i 


(x — y/x 2 — l) ^ + (x — a/x 2 — l) 


^ dx = 2 _M B 


y/x 2 — 1 


■( « — X ) M 1 (Va: + 2 + \fx) 2v + ( y/x + 2 — y/x) 2 '' 


1 — p + v 1 — p — v 


2 2 
[Re p < 1 + Re v] 


ET I 311(29) 


1) 


x(x + 2) 


dx = 2 


7t[m(m+2)]^ 2 P 2 _i(u+ 


[|argw|<7r, Re^>0] ET II 186(12) 


-V 


dx 


1 + x 2p J 1 — x‘‘ 


= 0 


\pq > 1] 
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Exponential Functions 


3.310 


3. 3-3. 4 Exponential Functions 

3.31 Exponential functions 


3 . 310 1 


3.311 


o~PX rln" - 


dx In 2 
1+e px ~ p 


[Rep > 0] 


LO III 284a 


— dx = /3(p) 


[Re p > 0] 


EH I 20(3), ET I 144(7) 


f°° e~ px , t r pn 

/ dx = t-t cosec — 

l-oo i + e ~ qx \q\ 9 


[q > p > 0 or 0 > p > q] (cf. 3.241 2) Bl (28)(7) 


e~ qx dx a k 

1 — ae~ px ^ q + kp 

k — 0 


[0 < a < 1] 


Bl (27)(7) 


e x - 1 


dx = ^(v) + C+ ncot(nv) 


[Re v < 1] (cf. 3.265) EH I 16(16) 


■ dx = ipfa) + C 


[Re v > 0] 


WH, EH I 16(14) 


■ dx = 4>{ v ) ~ ^(p) 


[°° e~ px dx , , . 

8. / - = 7 rb p cot(/i7r) 

J-oo o — e x 

[°° e~ px dx , „ , . , 

9. / = 7 vb^ cosec(/i7r) 

J-oo b + e~ x ^ ' 


f°° e~ px - e~ qx , 7 r pn 

, , . dx = cot 

o 1 — e~( p+q ^ x P + q P + q 


r° ° e px -e qx , 1 

dx = 

p rx p sx r 


r — 5 \r — s 


' a x — b x 1 r , /In ¥ 

G x -d x X- ln§h\lna 


f°° e~ px + e~ qx , 7r f np 

, , , dx = cosec 

0 1 + e -(p+9)z p + q \p+q 


[Rep > 0, Re v > 0] (cf. 3.231 5) 

Bl (27)(8) 

[b > 0, 0 < Re p < 1] ET I 120(14)a 


[| arg b | < 7t, 0 < Re p < 1] 


\P> 0, q > 0] 


ET I 120(15)a 
GW (311)(16c) 


[r > s,r > p,r > q\ GW (311)(16) 

[c > a > 0, b > 0, d > 0] 


GW (311)(16a) 
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3.312 


r°° / x \ v— t 

1. j ^1 — e 0 J e MX dx = /? B(/3/x, v) [Re /3 > 0. Re^>0, Rep>0] 


Ll(25)(13), EH I 11(24) 


/»oo 

2. / (l — e ~ x ) 1 (l — e~ ax ) (l — e~ /3x ) e~ px dx = t/>(p + a) + ip{p + P) — 4>{p + « + /?)— p{p) 

Jo 

[Rep > 0, Rep >— Rea, Rep > — Re/3, Rep > — Re(a + /3)] ET I 145(15) 

/»00 

3. 11 / (l - e~ x ) u l (l~(3e~ x ) e e _/i2: dx = B(p, i/) 2 Fi(p, p; p + *7 (3) 

Jo 

[Rep > 0, Ret' > 0, |arg(l — 0)\ < 7t] EH I 116(15) 


3.313 

l7 e~ px dx 

l. 7 PV / = 7T COt 7t p 

1 - e * 


[0 < Re p < 1] 


~ -7 / C ' U-X ^ / X 

2 . y_ oo(1 ^ f = b ( p--p) 


[0 < Re p < Re i/] 


/■°° e~ px dx T / jAl 

3 ' 314 J- „ + e -^)“ = [0 (/' - ;)[ B (^'" - W) 


Re — >Rep>0, |Im/3| < 7tRe7 ET I 120(21) 


3.315 


l-oo (eP + e~ x ) 1 ' (e T + e _a: ) e 


= exp[ 7 (p - p) - /3i/] B(p, i/ + p - p) 2 Fi (v, p\v + g\l - e u p ) 
[|Im/3| < 7t, |Im 7 | < 7t, 0 < Rep < Re(^ + p)] ET I 121(22) 


e px dx 7 r (/3 M 1 — 7 M 1 ) 


cosec (p7t) 


/-oo (/? + e x )(7+e~ x ) 7-/3 

[| arg /3| < 7T, |arg7|<7r, /3 ^ 7, 0 < Re p < 2] ET I 120(18) 


3.316 


3.317 


r°° (1 + e - ®) 1 ' — 1 

-oo (1 + e~ x Y 


cfe = V’(m) ^ P’id - v ) 


[Re p > Re ^ > 0] (cf. 3.235) 


1 + e * (1 + e x ) 


■—j: dx = C+ V’(p) 


(1 + e~ x ) (1 + e~ x ) 


—-jj dx = ip(fj,) - ip(u) 


Bl (28)(8) 


[Rep > 0] (cf. 3.233) Bl (28)(10) 


[Rep > 0, Rej/ > 0] (cf. 3.219) 

Bl (28)(11) 
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3.318 


3.318 


+ \P ~ \/l — 1 


2 M+l e (/*-*')ir* (/?2 _ l) ( ^^ ,y)/2 r( M ) Q^ZtiP) 

rW 

[R.e /i > 0] ET I 145(18) 


— e~ 2x — e V 1 — e _2 “) e '“dx 


2-5(M+^)^-f ( M+^) r( A i) I> + 1) PAuV'J) (Vl-e- 2 “) 
F[(m + " + l)/2] 

['« > 0, Re/i > 0, Re^ > —1] ET I 145(19) 


3.32-3.34 Exponentials of more complicated arguments 


3.321 


l. 11 — - 4>(w) = erf(w) = / e x dx = ^ 


“ (_l)fc u 2fc+l 


fc!(2fc + l) 


y. 2 fc u 2fe + 1 


2. j e q x dx = —— $(qu) 

Jo 

3 . re-’ v dx=^ 

Jo 2<J 

4 . * [ xe~ q2x2 dx=Ao\ 1 - e~ q2yj2 

Jo V L J 

5. * [ U x 2 e~ q2x2 dx = $(gu) - gwe" 92 ” 2 

J o [ 2 

6. * / x 3 e~ q2x2 dx=— 1 - (1 + g 2 w 2 ) e" 9 ^ 2 

Jo 2g 4 L J 


(cf. 8.25) 

[ 9 > 0 ] 


[ 9 > 0 ] 


2g 5 [ 4 


C 4 e" 9 * dx = ^ <%«) - ^ + gV gue” 9 


3.322 


7 ^ dx = \f^3e^ 2 1 - <t> ^ 7 V/3 + 


[Re /? > 0] 


/o exp \ 4^3 _ 7 x y = 




[Re f3 > 0] 


AD 6.700 


FI II 624 


ET I 146(21) 


NT 27(l)a 
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3. 11 PV / e ±tAx dx = 


[A > 0] 


PBM 343 (2.3.15(2)) 


3.323 


l. 11 J exp (— qx — a; 2 ) dx = ^-e 9 ^ 1 — $ ^1 + 

2. 10 [ exp (—p 2 x 2 ± qx) dx = exp ( 

J-oo K'ipJ P 


[Re p 2 > 0] 


Bl (29)(4) 


Bl (28)(1) 


pOO 4 / 4 \ 

3. 11 j exp ( -(3 2 x 4 - 2 7 V) dx = 2"§ K, 


|arg/3| < j, |arg 7 | < ^ 


ET I 147(34)a 


3.324 


1 . J exp 7 x^ dx = K i [Re/3 > 0, Re 7 >0] ET I 146(25) 


exp —lx 


dx = - r ( - 1 - 

n V 2 n . 


[b> 0] 


3.325 


3.326 




exp — ax 2 -) dx = - \ — exp I — 2 v ab j [a > 0, 6 > 0] 


FI II 644 


Bl (26)(4) 


r( 7 ) to + 1 

n/3 7 ^ n 


[Re (3 > 0, Re m > 0, Re n > 0] 


l. 8 [ exp (— x 11 ) dx = — T ( — ) [R.e /j > 0] Bl (2i 

Jo P \pj 

r(V) m + 1 

2. 10 J x m exp (— (3x n ) dx = ^ 7 = [Re/3 > 0, Rem>0, Re n > 0] 

O* f°°, t < a, nnw r(|,/3(-6r) , r(I,/3(-6r) 

3. ^ (x - a) exp (-/3(* - 6) ) d® = (a - 6) 

[Ren>0, Re/3>0, |arg6| < 7t] 

4, *- 

,.r (*,«-«") - r 0 ") 


— (a — &)- 


[Ren > 0, Re/3 > 0, |arg 6| < 7t, |arg(u — &)| < 7t] 


c * r°°, t F (£>/*(«" *0") 

5. J * (x - a) exp (-/3(® - 6) ) dx = (a - b) 


[Ren>0, Re/3>0, |arg(u — b)\ < 7t] 
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3.327 


Exponentials of exponentials 


3.327 

3.328 

3.329 
3.331 


[ exp (—ae nx ) dx = Ei(— a) 

Jo n 

/ OO 

exp (— e x ) e» x dx = r(/t) 

-OO 


' — OO 

/»oo 


a exp (— ce ax ) b exp (—ce bx ) 

1 - e~ ax 1 - e~ bx 


[n >1, Rea > 0, a ^ 0] 
[Re// > 0] 


dx = e c In [a > 0, b > 0, c > 0] 
a 


pOO 

1. / exp (— /3e -a: — /tx) dx = /3 _Ai 7 (/t, /3) [Re/t>0] 

Jo 

pOO 

2. / exp (— /3e x — fix) dx = (5^ T(— /x, /?) [Re/?>0] 

io 

poo 

3. 11 / (l — e~ x Y 1 exp (j3e~ x — //x) dx = B(/n, zx)/? - ^ e 2 M (0) 

Jo 2 ’ 2 


[Re // > 0, Re zx > 0] 


4. 

3.332 

3.333 

1. 3 

2. 3 


I (l — e x y L eyi-p {—[3e x — fix) dx = T(y)(3 >l 2 e 2 IF 1 -^- 2 ^ -* -(0) 

Jo 2 ’ 2 

[Re (3 > 0, Re z/ > 0] 

pOO 

/ (l — e - ®) 1 " 1 (l — Ae _a; ) e exp ( y (3e~ x — fix) dx = B(/z, z/) ^(/x, />, u, A, /?) 

Jo 

[Re /x > 0, Re zx > 0, |arg(l — A)| < 7t] 


-» x dx 


-00 exp (e _x ) - 1 
e-^ x dx 
-oo ex P (e _x ) + 1 


= r (X)C(M) 

= (i-2 1 -^)r(/x)c(/x) 


= In 2 


[Re // > 1] 

[Re // > 0, n ^ 1] 

[M=l] 


3.* 


3.334 1 


/ tanh(x) 1 

V 2:3 a; 2 cosh 2 (a;) 


dx = 


7C(3) 


7T 


poo 

/ (e*- If 1 exp 

Jo 


(3 


e x - 1 


/xx 


dx = r(/z — xx + l)e 2 (3 2 W ^ (/3) 

[Re f3 > 0, Re /x > Re zx — 1 


Exponentials of hyperbolic functions 


3.335 


pOO 

/ (e ra + e _1/a: cos zx7t) exp (— /3 sinh x) dx = — 7t [E^(/3) + y„(/3)] 
do 

[Re (3 > 0] 


LI (26)(5) 
NH 145(14) 

Bl (27)(12) 

ET I 147(36) 
ET I 147(37) 

ET I 147(38) 

ET I 147(39) 

ET I 147(40) 

ET I 121(24) 

ET I 121(25) 

I 

ET I 137(41) 

EH II 35(34) 
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3.336 


/»00 

1. / exp (— vx — /3sinha;) dx = tt cosec vn [J^(/3) — J v (0)\ 

Jo 


3.337 

1. 


7 r 7T 

|arg/3| < — and arg (3\ = — for Re^ > 0; v is not an integer 


WA 341(2) 


r °° l 

2 . / exp ( nx — /Jsinhx) dx = - [S n (0) — 7tE„(/3) — 7t Y n (/3)] 

Jo 2 

[Re (3 > 0; n = 0,1,2,.. .] WA 342(6) 

/•OO 1 

3. / exp (— nx — /3sinhx) dx = -(— 1)" +1 [S n (/3) + n E„(/3) + 7t Y n (/3)\ 

[Re (3 > 0; n = 0,1,2,.. .] 


I ar g ( 3 \ < 2 


/ exp (—ax — (3 cosh x) dx = 2 7-sT Q (/3) 

J — OO 

/ oo 

exp (— z/a: + i/3 cosh x) dx = H^\(3) [0 < argz < 7t] 

-OO 

/ OO 

exp(— vx — i/3 cosh x) dx = —v re -1 ^ H^\/3) [— 7t < argz < 0] 

-OO 


EH II 84(47) 

WA 201(7) 
EH II 21(27) 
EH II 21(30) 


Exponentials of trigonometric functions and logarithms 

3.338 


1. / {expi [(v — l)x — /3 sin at] — exp * \(v + l)a: — /3sina’]} dx = 27t [j ' v (/3) + a E^ (/?)] 

Jo 


4. 


5.* 


[Re/3 > 0] 


2. I exp [±i (vx — /3sina;)] dx = n [3 v (/3 ) ± i E„(/3)] [Re/3 > 0] 

Jo 

3. 10 J exp [—7 (x — j3 sin x)\ dx = — + 2 ^ [Re 7 > 0] 


exp 


a + b sin x + c cos x 
1 + p sin x + q cos x 


1+p sin x + q cos x 


— dx = 


2ir 


V 1 -p 2 - 1 


f e ~ a hm. 


r 7r / 4 


exp 


^ fan 2 " x 

1 n + I 
n=l ^ , 


bp + cq — a / „ a 2 — b 2 — c 2 

with a = j o! P = \ a ‘ 1 o 2" 

1 — — <7- y 1 — — q z 

dx = In V2 


EH II 36 

EH II 35(32) 

WA 619(4) 


[p 2 + d 2 < 1] 
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3.339 


3.339 e 


3.341 


/ exp (z cos x) dx = tt Iq (z) 

Jo 


exp (— ptantr) dx = ci (p) sinp — si(p) cos (p) [p > 0] 


3.342 11 f exp (— px In a:) dx = f x px 


OO U_ 1 

fc=i 


3.35 Combinations of exponentials and rational functions 

3.351 

r u n I — nl 1 ! k 

l. 8 / x n e~ px dx = - e~ up V' n - u - 


,n + 1 


^ k\ p n ~ k+ 1 
k—0 r 


= p n 7 (n + 1 ,pu) 

[tt > 0, Re p > 0, n - 


2 . 


it 


x n e~ px dx = e~ up J2 


nl u k 


k = 0 


k\ fi- 


n-k -\- 1 


= fi n 1 T(n + 1, /iu) 

[tt >0, Rep > 0, n = 


3. 


4. 


5. 


c n e~ px dx = nlp- n ~ 1 


' e px dx +1 p n Ei(—pu) ^ e pu 

pTl- 1- 1 


[Re p > 0] 


X" 


r°° e~ px dx 

!i x 

r u 


n\ 


E 


(-1 ) k p k u k 


= — Ei(— /i) 


r e x 

6. / — dx = li (e u ) = Ei(tt) 

J- oo X 

r u 1 i 

7. 9 / se"'* 1 dx=—~- -^e~ pu (l + pu) 

Jo d 2 

r u o i 

8. 11 / x 2 e~ px dx = — - — e~ pu (2 + 2pu + p 2 u 2 ) 

Jo A d 

r u r i 

9. 7 / x 3 e-^ dx = -j - (6 + 6 pu + 3p 2 u 2 + p 3 u 3 ) 

Jo d A 


tt"- £7^ n{n — 1) . . . (n — fc) 


[P > 0] 

[Re p > 0] 

[tt < 0] 

[tt > 0] 

[tt > 0] 


>0] 


3.352 

1. 

2 . 


= e pl3 [Ei(— pu — pfi) — Ei(— pp)\ 


/ o x + f3 
f 00 e"*** dx 


• U 


x + P 


= — Ei(— pu — p(3) 


[u > 0, |arg/3| < tt] 

[u > 0, |arg(u + /3)|< 


Bl (277)(2)a 
Bl (271)(2)a 
Bl (29)(1) 


0 , 1 , 2 ,...] 

ET I 134(5) 

0 , 1 , 2 ,...] 

ET I 33(4) 

ET I 133(3) 

NT 21(3) 
Bl (104)(10) 


ET II 217(12) 

7r, Re p > 0] 

ET I 134(6), JA 
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3. 

4. 
5. 7 


r y dx 

a x + a 

r °° e~ px dx 


x + (3 


a — x 


= e“ M {Ei[— (a + v)p] — Ei [— (a + u)p]} [— a < n, and —a>v, Re^>0] 

ET I 134 (7) 

= -e^Ei (-/ip) 


[|arg/3|<7r, Re/i>0] ET II 217(11) 


= e pa Ei (pa — pu) 


6T 


7. 


3.353 

1. 


2 .' 


3. 

4. 

5. 7 

3.354 

1. 

2 . 

3. 7 


[p > 0, a < u; for a > u, one should replace Ei(pa — pu) in this formula with Ei(pa — pit)] 

ET II 251(37) 


e ipx dx 


x — a 


' Ei(ap) 


— 


(x + py 


E 

k = 1 


(fc-l)!(-p)"- fc - 1 


(— ^) r 


(n — l)!(u + P) k (n — 1)! 


[a < 0, Re p > 0] 
\p > 0] 

1 

e^Ei [-(u + p)n\ 


Bl (91)(4) 
ET II 251(38) 


[n > 2, |arg(w + P)\ < n, Re p > 0] 

ET I 134(10) 


^ 1 / \ fi — 1 

I t Ei("^) 

/ o 0 + /?)” (n-l)! 

[n > 2, |arg/3| < 7r, Re p > 0] 

ET I 134(9), Bl (92)(2) 


e 

(a + a;) 2 


= pe“ p Ei(— ap) H — 
a 


[p > 0, a > 0] 


— - dx=-~ 1. 

(1 + x) 2 2 


LI (281)(28), LI (281)(29) 
Bl (80)(6) 


r°° r n„-A ix 

/ —7^ dx = (-l) n_1 /? n e^ Ei (-Pp) + - l)\{- P) n ~ k p~ k 

Jo x + p ^ 


> £> M 3 ' ^ 

/j2 ~ ~2 = y sin Pp - si(Pp) cos /3p] 


'■°°a;e dx 


P 2 + x 2 


= — ci(pp) cos pp — si(Pp) sin Pp 


P 2 - x 2 2 p 


= ^.[e-^vypp) - e^F,i(-pp)\ 


[|arg/3| < 7 r, Re/z > 0] 

Bl (91)(3)a, LET I 135(11) 


[Re P > 0, Re p > 0] Bl (91)(7) 

[Re P > 0, Re p > 0] Bl (91)(8) 

[|arg (±/3)| < 7T, Rep>0] Bl (91)(14) 
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3.355 


r°° vp-vx -i 

4. ^ = 2 [e~^ Ei((dp) + Ei(-/J M )] 

[|arg (±/?)| < 7r, Rep >0; for (d > 0 one should replace Ei(fdp) in this formula with Ei ((dp)\ 

Bl (91)(15) 

/ °o p -ipx J 

— 5 r- = — e“l ap l [a/0, p real] ET I 118(l)a 

-oott +I « " ' 

3.355 


1. 

/■°° e-^dcc 

1 

{ci ((dp) sin (dp — si ((dp) cos (dp} — /dp [ci ((dp) cos 

(dp + si ((dp) 

sin /dp] 

Jo (/3 2 + er 2 ) 2 

“ 2/33 






LI (92)(6) 

2. 

f°° xe~ px dx 

1 

{—(dp [ci (ftp) sin (dp — si {(dp) cos (dp]} 



Jo ((d 2 + x 2 ) 2 

~ w 






[Re (d > 0, Re p > 0] 

Bl (92) (7) 

3. 3 

f°° e~ px dx 

1 

[(ap - l)e ap Ei(— ap) + (1 + ap)e~ ap Ei(ap)] 



Jo (a 2 -x 2 ) 2 

" 4a 3 






[im (a 2 ) > 0, 

P > o] 

Bl (92)(8) 

4 3 

f°° xe~ px dx 

1 

{-2 + ap [e~ ap Ei(ap) - e ap Ei(-ap)] } 




Jo (a 2 -x 2 ) 2 

4a 2 






[im (a 2 ) > 0, 

P > o] 

LI (92)(9) 


3.356 

1. 


f°° x 2n+l e ~px 


2 2 dec = (—1)" i a 2 " [ci(ap) cos ap + si(ap) sin ap] 

i " 

+ ^ X]( 2n - 2k + X ) ! ( — a V ) fc_1 

[p > 0] 


fc=i 


2 . 


3. 


dx = (— 1 ) n a 2n 1 [ci (ap) sin ap — si (ap) cos ap] H — - V^(2 n — 2fc)! (— a 2 p 2 ) 

3 “ 1 ~ pU k =i 

[p > 0] Bl (91)(11) 

fOO 271+lp-pi 1 1 

' r;2 r2 dx = -a 2n [e op Ei(— ap) + e-“ p Ei(ap)] - £(2n - 2 k + 1)! (a 2 p 2 ) " 

uo a ~x z p fc=i 

[p > 0] Bl (91)(17) 

COO 2 n -px 1 1 

4. / _^ rfa;= a 2 - 1 [e- ap Ei(ap)^e“ p Ei(-ap)]^„^(2n-2fc)!(aV) " 


Bl (91)(12) 

k-1 


p* 


k = 1 


[p > 0] 


Bl (91)(16) 
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3.357 

1. 


2 . 


3. 


4. 


5. 


6 . 


6 p x dx 1 

= —r {ci(a/z) (sin a/z + cos ap) 


l3 + a 2 x + ax 2 + x 3 2 a 2 


+ si (a/n) (sin ap — cos a/z) — e ap Ei(— a/z)} 

[Re p> 0, a > 0] 


yp M x ply 1 

= — {ci (ail) (sin ap — cos a/z) 


3 a 3 + a 2 x + ax 2 + x 3 2 a 

— si (a/z) (sin ap + cos a/z) — e aAt Ei(— a/z)} 

[Re /z > 0, a > 0] 

r°° x 2 e~ px dx 1 

3 , 2 , — 2 , 3 = 9 {- ci (ap) (sin a/z + cos a/z) 

3 a J + a z x + ax z + x J 2 

— si(a/z) (sin a/z — cos a/z) — e“ M Ei(— a/z)} 

[Re /z > 0, a > 0] 

r°° dx 1 

= —z {ci (a/z) (sin a/z — cos a/z) 


a 3 — a 2 x + ax 2 — x 3 2 a 2 

— si (a/z) (sin a/z + cos a/z) + e -aAt Ei (a/z) } 

[Re /z > 0, a > 0] 

yp~! LX ply 1 

= — { — ci (a/z) (sin a/z + cos a/z) 


— si(a/z) (sin a/z — cos a/z) + e Ei (a/z) } 

[Re /z > 0, a > 0] 


7*2 rl'T 1 

= - {ci(a/z) (cos a/z — sin a/z) 


a 3 — a 2 x + ax 2 — x 3 2 


3.358 


1. 


2 . 


3. 


4. 


+ si(a/z) (cos a/z + sin a/z) + e Ei (a/z) } 

[Re /z > 0, a > 0] 


c 00 e _p:E 1 

/ — : 7- dx = — ^ { e~ ap Ei(ap) — e ap Ei(— ap) + 2 ci(a/z) sin ap — 2 si(ap) cos a/z} 

Jo a ~ x 4 4a 3 ^ J 

[/z > 0, a > 0] 

poo rpp px dy 1 

' — j = — 2 {e ap Ei(— a/z) + e _ap Ei(a/z) — 2 ci (a/z) cos a/z — 2 si (a/?) sin a/z} 

CL X 

[p > 0, a > 0] 

r°° t 2 p~P x dr 1 

— 7 — = — { e~ ap Ei(a/z) — e ap Ei(— ap) — 2 ci (ap) sin ap + 2 si (ap) cos ap } 

a 4 — x 4 4a ^ ’ 


>o 


/o 


\p > 0, a > 0] 


r °° x 3 e~ px dx 1 


= - {e ap Ei(— ap) + e ap Ei (a/z) + 2 ci (ap) cos ap + 2 si(a/z) sin a/z} 


*»4 — y.4 


Bl (92)(18) 


Bl (92)(19) 


Bl (92)(20) 


Bl (92)(21) 


Bl (92)(22) 


Bl (92)(23) 


Bl (91)(18) 


Bl (91)(19) 


Bl (91)(20) 


[p > 0, a > 0] 


Bl (91)(21) 
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3.359 


r°° t 4 n -px 1 

— 7— — t dx = -a 4n_3 [e _ap Ei(ap) — e ap Ei(— ap) + 2 ci (ap) sin ap — 2 si (ap) cos ap] 
n a 4 — x 4 4 L J 


-^=3E( 4n - 4fc ) ! ( a V)‘ 

^ k - 1 


[p > 0, a > 0] 


Bl (91)(22) 


coo An+lp—px i 

— I — dx = -a 4n ^ 2 [e ap Ei(— ap) + e _ap Ei(ap) — 2 ci (ap) cos ap — 2 si(ap) sin ap] 


Z( 4n - 4/c + !) ! ( fl V)* 

^ fc=i 


[p > 0, a > 0] 


Bl (91)(23) 


/■oo 4ra+2,,-px 1 

^ C A 4 4ra-l [„-ap-w?U 


j — — j— dx = -a 4n 1 \e ap Ei(ap) — e ap Ei (—ap) — 2 ci(ap) sin ap + 2 si(ap) cos ap] 

D a 4 — x 4 4 L J 

- 4ft + 2)! (a 4 p 4 ) fc_1 

^ fe=i 

[p > 0, a > 0] Bl (91)(24) 

r°° j;4n+3g — px ^ 

— I — dx = -a 4 " [e ap Ei(— ap) + e _ap Ei(ap) + 2 ci(ap) cos ap + 2 si(ap) sin ap] 


-^H( 4n - 4fc + 3 ) ! ( a V)' 

^ fc= l 


[p > 0, a > 0] 


Bl (91)(25) 


/ °° — ri n p - *?™ 

7T- — — 2 dx= (-l)" _1 27rpe _p .L n _i(2p) for p > 0; 

-oo (l + x) n 4 + X z 

= 0 for p < 0. 


ET I 118(2) 


3.36-3.37 Combinations of exponentials and algebraic functions 


3.361 


l. 8 

f u e~ qx Fn 

/ dx= . ®(y/qu) 

Jo Vx \ q 

[?>0] 


2. 8 

O -s 

8 

Hi ■§ 

g- 

II 

[9>0] 

Bl(98)(10) 

3. 8 

/ 6 9X dx-e\[* 

J— i y/l x \ Q 

[?>0] 

Bl (104)(16) 

3.362 




1. 

f°° e~ px dx _ IW 

J i V*-l VM 

[Re /./ > 0] 

Bl (104)(ll)a 

2. 


[Rep>0, arg/3 <7t] 

ET 1 135(18) 
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3.363 

1. 

2 . 

3.364 

1. 

2 . 

3. 

3.365 

1. 

2 . 

3.366 

1. 

2 . 

3. 

3.367 

3.368 

3.369 11 

3.371 11 


’ y/x — U _ 


dx = - 7T y/u [1 - $ {y/ufi)} 


r °° e-i** dx 7T _ , 

= -/=[! -*(V«M)] 


Xyfx^U y/u 


r 2 e~ px dx 
Jo y/ x(2 — x) 
/■' e 2a: dx 


'do(p) 


1-1 y/l — X 2 


o i/x(x + a) 


= 7r/ 0 (2) 


= eT if, 


(f) 


“"'1 = = [ Ll w-/ lW1+ „ 


/o Vu 2 — x 


’ xe dx 
V x 2 — tz 2 


= uK\ (up,) 


p2u 


(u — x)e px dx 


— 'True U J 1 


I o \j2ux — , 


1 1 (tz/z) 




pO O — 


xe px dx fin 


Jo y/x 2 + P 2 2 
Z 100 e"*** dx 


Ht^)- FtW]-/? 

exp (2/zcos 2 |) 


[Re /z > 0] 

[tz > 0, Re p > 0] 

b > 0] 


[a > 0, p > 0] 

[tz > 0, Re /z > 0] 

[tz > 0, Re /z > 0] 

[Re yz > 0] 

[Re/z>0, |arg/3|<7r] 


|arg/?| < Re/z > 0 


/o (1 + cos 7 + x) V^ 2 + 2x 
/•°° e"^ dx 


sin t 


Jo x + y/x 2 + (3 2 2/3/z 


= — [H, (/3/z) - Ft(/3/z)] - 


t — sin t / Ko(v)e 

Jo 

[Re/z > 0] 

1 


' dv 


(3 2 p 2 


|arg/3| < Re/z > 0 

I n s = - 7 = - 2^ie atl (1 - 4- (v^/z)) [|arga|<7T, Re/z > 0] 

/o i/fx + a) 01 v a 

13 2n — 1 


[ x n ~i e _/iX dx = ‘ x ‘ x • • • 

do 2 2 


-P 


= v / 7t2 _Il /z“ ri_1/2 (2n - 1)!! [n > 0] 

[Re/z > 0] 


ET I 136(23) 
ET I 136(26) 

GW (312)(7a) 
Bl (277)(2)a 
GW (312)(8a) 

ET I 136(28) 
ET I 136(29) 

ET I 136(31) 
ET I 136(30) 
ET I 136(27) 

ET I 136(33) 

ET I 136(32) 
ET I 135(20) 


ET I 135(17) 
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3.372 

3.373 

3.374 

1. 

2 . 


(2n- 1)!! 


/»oo 

/ x n -i(2 + x) n ~i e~ px dx= ~'" e p K n {p) [p > 0, n = 0,1,2,...] 

Jo P n 

J (x + \/x 2 + / 3 2 ^ + (x - \Jx 2 + (3 


dx = 2/3 n+1 O n (Pn) 
[Re p > 0] 




— e px dx = - [S n (n) - 7tE„0) - 7T Y n (n)] 

[Re p > 0] 

(x — a/X -4- x 2 ] 1 

—e~ px dx = -- [S„(p) + 7tE„(p) + 7r F„(p)] 


vTT^ 


[Re /x > 0] 


GW (312)(8) 


WA 05(1) 


ET I 37(35) 


ET I 137(36) 


3.38-3.39 Combinations of exponentials and arbitrary powers 


3.381 

1. 

2 . 


3. 

4. 

5. 

6 . 

7. 


9.* 


j-U 

/ x v - 1 e~ px dx = p-^i/.pti) 
Jo 


[Re v >0] EH I 266(22), EH II 133(1) 


x p ~ 1 e- x 


d®=E(“ 1)* 


,,P+k 


k—0 




fc!(p + fc) 

»,p+fc 


k—0 


Pip + 1) • ■ • ip + &) 


AD 6.705 

[u > 0, Re /i > 0] 

EH I 256(21), EH II 133(2) 

[Re /x > 0, R.e^ > 0] FI II 779 


/»oo 

/ x v ~ 1 e~ px dx = p _ " r(i/, /Liu) 

J u 

r°° i 

/ x v - 1 e~ ltx dx= — r(i/) 

Jo A |ly 

J X l/ ~ 1 e~ ( ' p+lq ' >x dx = r(i/) (p 2 + p 2 ) 2 exp iz/arctan 

[p >0, Re ^ > 0 and p = 0, 0 < Re ^ < 1] EH I 12(32) 

/■oo g-a: 

/ dx = u~^e~^ W „ (i _„) (u) 

J u X V 2-2 


f°° fc-l ia* i r(fc) 

ar da; = w 


i~ip) k 

/ W** dx = 

lu n P V 


[u > 0] 

[0 < Re(fc) <1, p ^ 0] 


WH 


GH2 62 (313.14) 


TTl H - 1 

v = [u > 0, Re v > 0, Re n > 0, Re /3 > 0] 


n 

to + 1 
n 


[u > 0, Ref>0, Ren>0, R.e/3>0] 
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10 .* 


7. 


2 . 


3. 


v ™ e -0x n dx = 


7 (v, (3u n ) + T (v, (3u n ) 


v = 


nf3 v 

m + 1 


[u > 0, Reu>0, Ren>0, Re/3>0] See also 3.326 1 


11." r dx = 2 /“x-e-O.- dx = 2 ± F <»■ ^"» = EM 

do nd» n0» 


2^7, —i— 2. 

v = — [u > 0, Re u > 0 , Ren>0, Hep > 0] 


3.382 


fU 

l. 6 / (u-xYe-^ dx= (-/t)-' y - 1 e-“' i 7 (td + l,-tt 7 t) [Rei/>-l, tx > 0] 

Jo 

/»oo 

2. / (x-u^e-^dx^-^V^r^ + l) 

J U 


ET I 137(6) 


nO O 

3. / (l + a;)- i/ e-^dx = M l “ 1 e= W „ ( i_„) ( M ) 

Jo 2,2 

nOO 

4. / (x + ^'e-^dx^/r^V^IXzd+l,/^ 
Jo 


[u > 0, Re id > —1, Re /x > 0] 

ET I 137(5), ET II 202(11) 

[Re /x > 0] WH 

[|arg/3| < 7t, Re/x > 0] 

ET I 137(4), ET II 233(10) 


5. / (a + x) M_1 e _;r dx = e a [^(fi, a + u) — 7 (/x, a)] [Re//>0] 

•A) 

/ oo 

(/? + ix)~ u e~ %px dx = 0 

-OO 


EH II 139 


2 7r(-p) 


/3 P 


/ OO 

{P-ix)-" 

-OO 


- v °- ipx dx = 


2t rp^e-^P 


T(rd) 


= 0 


[for p > 0] 

[for p < 0] 

[Re id > 0, Re P > 0] 
[for p > 0] 

[for p < 0] 

[Re v > 0, Re (3 > 0] 


ET I 118(4) 


ET I 118(3) 


3.383 


l. 11 f **'"*( u - xy-'-eP* dx = B(/x, id)tx A1+iy_1 1 oF’i(v; /x + x^; pu) 

Jo 

[R.e /j > 0, Re ;/ > 0] ET II 187(14) 




M V - V* dx = ypn ( | ) exp ( ^ ) r(/x) I i ( ^ 


'/Tu N 




1 ( u 


^-\x - ur-'e-P* dx = -= - r(/x) exp - V Mtt 


\/tt V /3 


M-i y 2 

[Re/x > 0] 

P U \ rx / 


ET II 187(13) 


2 


[Re p > 0, Re flu > 0] 


ET II 202(12) 
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3.384 


4. 11 

5. 11 

6 . 

7 . 

8 . 

9 . 

10 . 

3.384 

1. 

2 . 


j x v 1 (x — uy 1 e ,3x dx = (3 ** u^ +2 r(p)exp^— W ■/-<» , i-m-* (0u) 

[Re// > 0, Re (3u > 0] ET II 202(13) 

pOO 

/ e~ px x 9 ~ 1 (l + ax)~ v dx 

Jo 

ry- q u\ / m\ q L q -y (*\ 1 

[v Y ±1, ±2, . . .] 


7T 2 

[py C'(!) 

py uy(j) 

p q r(z/) sin [7 t(</ — i/)] 

\aJ sin(7n/) T(1 — g) 

Vo/ sin(7rg) T(1 — u) 


m 


W = o] 

[R.e(7>0, Rep > 0, Rea>0] 


poo 

/ x v - x (x + 0)- v+ ^e~' iX dx = 2^-3 T(iy)n~h^ D i_ 2 „ ( y/2, 

Jo ' 


[|arg (3\ < 7r, Rei/>0, Re/t>0, /t Y 0] ET I 39(20), EH II 119(2)a 

(v^) 


. I 


x v -'{x + 3) v ~*c " x dx = T Y{v)p~*e 2 D_ 2u 


t 1 '- 1 {x + p) v - 1 e-^ x dx = 


[|arg (3\ < 7 r, Re > 0, Re /t > 0] 

ET I 139(21), EH II 119(l)a 

[|arg (3 1 < 7r, Re p > 0, Re v > 0] 

ET II 233(11), EH II 19(16)a, EH II 82(22)a 


(x - u) v e 


dx = u v T{v + 1) r(— v, it/t) 


00 x l '~ 1 e~ flx 


x + (3 


dx = r(i/) r(l - V, 0n) 


[u > 0, Rei/>— 1, Rep>0] 

ET I 138(8) 

[| arg f3\ < 7 r, Re /t > 0, Re v > 0] 

EH II 137(3) 


y (1 - xy-\ 1 + a;)"-^-^ dx = 2 >J+U ~ 1 B(/t, u)e ip iFi(p; i/ + //; -2ip) 

[Re > 0, Rep > 0] ET I 119(13) 

[ (x-u) 2 > i - 1 (v-x) !iv - 1 e- px dx 

J U 

= B(2p, 2i/)(t> - u)' i+i '~ 1 p“' 1 “ i ' exp ^-p^y^ (up - up) 


[u > u > 0, Re p > 0, Re u > 0] ET I 139(23) 
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3. 


4. 


5. 


6 . 


7. 


/»00 

/ (x + /3) 2!y - 1 (x-tt) 2<? - 1 e-' ia: dx 
J U 


(u + py+e- 1 

uy+e 


■ exp 


(P~u)p 


r(2g) w v _ eiU+e _i(un + Pn) 


[u > 0, |arg(/3 + u)| < 7 t, Rep > 0, Re g > 0] ET I 139(22) 


{P + u)ii\ 

2 

[u y 0, u > 0, |arg(w + p)\ < 7 t, Rep>0, Re^<l] ET I 139(17) 


( x + pytx — u) v e ^ x dx = — vir cosec (zx 7 t)e {f<+ ^ >M \l 2v 

P 


roc i 

/ (®- w) I/ “ 1 (a; + M)-^ + 5e- #ia: dx= — 2 ,/ -5r( ! /)5 1 _ 2ii (2 v ^) 

Ju VP 

[u > 0, Re p > 0, Re v > 0] 

ET I 139(18) 

7*00 1 

/ (x-u) l " 1 (a; + u)'^5 e -^ da , = 2"-5r(i/)5_ 2l/ (2 v ^) 

Ju V« 

[w > 0, Re p > 0, Re v > 0] 

ET I 139(19) 

27TP - ^ ) 7/ i + i '~ 1 

(P-ix) m (7 - ix)~ v e~ lpx dx = — — — - — iFi{v,p+v,{P ~l)p) [for p > 0] 

> T(g + v) 

= 0 [for p < 0] 

[Re/3 > 0, Re 7 > 0, Re(p + v) >1] ET I 119(10) 


9. 


( P + ix) ^(7 + ix) "e ipx dx = 0 


2tt e™(-py + 


1/-1 


[for p > 0 ] 
1 F 1 [ p ; p + v, {P ~ l)p\ [for p < 0 ] 


T(p + v) 

[Re/3 > 0, Re 7 > 0, Re(p + v ) >1] ET I 19(11) 


/ OO 

(P + ix)~ 2p V - ix)~ 2v e~ ipx dx 

-OO 


= 2n(P + 7 ) p 


-u-vP 


|M+^— 1 


exp 


/3 — 7 


r O) 

= 2tt(/3 + 7 ) ^ exp 


p w„_^i_ u _VPp + ~(p) 


[for p > 0 ] 


r(2/x) 


/3 — 7 


P W (-/3p - 7 P) [for p < 0] 


[Re p > 0, Re 7 > 0, Re(p + v) > \ ET I 19(12) 


3.385 1 


f x v ~ 1 {l — a;) A_1 (l — Px)~ e e~ px dx = B(p A)4>i(^, g, A + v, — p, /3) 

3o 

[ReA>0, Rejp>0, |arg(l — /3)| < 7t] ET I 39(24) 
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3.386 


3.386 


1. 


2 . 


( ix) u ° (/3k + ix) Vk e ipx dx 


fc= l 


Po — ix 


= 27re-^°[](/3o+/3 fc ) 1 


k = 1 


k—0 


Re > — 1, Re (3k > 0, ^ Re Vk < 1, arg ix = — sign x, p > 0 

n 

( ix) u ° (Pk + ix) Vk e~ xpx dx 


ET I 118(8) 


fc= l 


Po + ix 


= 0 


Re v o > — 1) Re Pk > 0, Re Vk < 1 ; arg ix = — sign x, p > 0 


fc =0 


ET I 119(9) 


3.387 


l. 6 / (1 -x 2 Y 1 e px dx = \Ar ( - ) Y(v)I v _i(p) 


,-( 2 


Re /x > 0, | arg /z | < - 


WA 172(2)a 


2 . 


3. 


4. 


5. 


6 . 


^(l-x 2 Y 1 e ipx dx = x/tt 0^ r(z/) J v _i{k) 


[Re za > 0] 


WA 25(3), WA 48(4)a 


^ le ^ ^ = 7^ (^) 


|argAz| < Rezz > 0 


WA 190(4)a 


/»oo 

/ (*■-') 


I /-1 


' da; 


[Imya > 0, Re v > 0] EH II 83(28)a 


=4G) rw/, s-» 

= 2 T(v)Hf_ v (-k) [Im/z < 0, Re zz > 0] EH II 83(29)a 

2 \ A*/ 2 ^ 


v/7T /2w\ ^ 2 

~2“V7j 


(u 2 — x 2 y e px dx = 77 ( ^3 r(z/) |/ y _i(u/z) + L„_i(u/t) 


[w > 0, R.ezz > 0] 


ET II 188(20)a 


(x 2 — u 2 ) v 1 e px dx = -j= ^ — ^ T(z/) K v _i (up) 

[u > 0, Re /a > 0, Re za > 0] 

ET II 203(17)a 
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7. 11 

3.388 

1. 

2 . 

3. 

4. 

3.389 

1. 

2. 7 

3. 7 

4. 

5. 


(x 2 + u 2 Y *e r W 


[|argu| < 7 r, Re/t >0] ET I 138(10) 


f>2n 


/ (2wx — x 2 ) 1 ' e dx = \pK ( — ) e T(u) I v _ i (ufj,) 
I o V A 1 


[u > 0, Re v > 0] 


ET I 138(14) 


j (2 f3x + x 2 y ± e Ma: dx=-^=^ — j T(^) K v _\ (/?/x) 

[|arg /3| < 7t, Re^>0, Re/i>0] 

ET I 138(13) 


(x 2 + tar) "~ 1 e~ Ma: dx = - % ^ e \ r(i/) ff (2) t 
V ' 2^-5 ^-2 V2 / 


(a; 2 - ix) W ~ 1 e“^ dx = / I» 1T (1) , f 

V ’ 2^-1 "“a V27 


[Re ya > 0, Re // > 0] ET I 138(15) 


[Re /i > 0, Re v > 0] ET I 138(16) 


J x 2v 1 (u 2 -x 2 ) e 1 e^ x dx = ^ B(i/, q)u 2v+2b 2 1 F 2 (v; + Q] 




13 1 /.t 2 u 2 

lF2 ^ + 2 ; 2’^ + 0+ 2 ; ~ 


i 7/2^+2^— 2 / ,,2„.2 

.. 2-1 („2 + a . 2^-1 e -„z dx = _ G 31 / d W 


2v^r(l-e)^ w V 4 


[Re g > 0, Rez/>0] ET II 188(21) 

l-v 

_ i/ n _ 

2 


1 - £> - i/, 0 4 


| argu | < — , Re/i>0, Rei^>0 


J^x(u 2 -x 2 Y V x dx = ^ ^ (|) 2 / + *r(i/) / I/+ i(/m) + L I/+ i(/iu) 

[Re 1 / > 0] 

/»00 

/ x (x 2 - u 2 ) 1 ' -1 e-^ dx = 2 V ~* (V^ 1 jiS-V'+s r(i/) tf„+i («/*) 

J U 

[Re(u/i) > 0] 

r = ir .-, e -| pls 


f3 2 + x 2 


|i/| < 1, Re/3>0, arg ix = — sign x 


ET II 234(15)a 


ET II 188(19)a 


ET II 203(16)a 


ET I 118(5) 
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3.391 


roo X v e -»x 1 

Jo P 2 + x 2 X ~2 


2 2 dx = - T{y)f3 v 1 exp i/t/3 + i 


( V — 1) 7T 
2 


x r(l — v, i/3p) + exp — i- — ^ ^ ^ T (1 — v, —ifdp) 


[Re/3 > 0, Re /t > 0, Rez/>-l] ET II 218(22) 


r°° x^e-^ dx 

Jo l+x 2 


2 = 7TCOSec(z/7r) 14(2/1,0) 


[Re n> 0, Re v > 0] ET I 138(9) 


, 7 Z + x* 7 


[Re^ > —1, p > 0, Re/3 > 0, Re 7 >0] ET I 118(6) 


(f? -° ) T*' , <fc=-(f? + 7)-V 

, 7^ + x z 7 


[p < 0, Re/3 > 0, Re7>0, Re^>— 1] ET I 118(7) 


3.391 


3.392 



- [y/x + 2P-yfirj e-^ dx = 2 u+1 -f3 , 'e 011 K u {/3p) 

[|arg/3| < 7 r, Re p >0] ET I 140(30) 


1. [ (x + \ZT+~x 2 \ e dx = - Si'vlfj,) + - So, v ((jl) 

J o' ' A 4 A 4 

2. f (y/l + x 2 - aA e~^ x dx = - S^ v {p) - - S 0 ^(p) 

J o' ' l 4 A 4 


[R.e /.x > 0] 


[R.e /./, > 0] 


ET I 140(25) 


ET I 140(26) 


-e dx = 7t cosec vtt [J_„(/t) — J_ 1/ (/n)] 


[Re /it >0] ET I 140(27), EH II 35(33) 


f°° (\/l + a: 2 — a;) 


e ^ dx = S 0 ^( 11 ) — v S [Re/t>0] 


ET I 140(28) 


3.393 


(x + \Jx 2 + 4/3 2 


'x 3 + 4/3 2 x 


22^+3/2^21/ 


/■°° i + yr+^ + 7 

3.394 / 2 — ; 1— e-» x dx = 

Jo x^Vl + x 2 


1/+1/4 (/3/t) F i/4(/3/t) J 1 /— 1/4 (/-3/-t) F I/ _|_iy4(/.3/.t)j 

[Re /3 > 0, Re p, > 0] ET I 140(33) 


dx = V2Y(-v) D v (^\/2 ipJj D„ (^\J—2 ipJj 

[Re n > 0, Re v < 0] 


ET I 140(32) 
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3.395 

1. 


2 . 


3. 


[y/x 2 — 1 + x) V + (y/x 2 — 1 + x) 


\Jx 2 — 1 

{x + y/x 2 — l) 2l/ + (x — Va: 2 — l) 2l/ 

\/ £ (® 2 - 1 ) 

(x + Vx 2 + 1 Y + cos vt: (x + y/x 2 + l) 
y/x 2 + 1 


-e - " 1 dx = 2K v (n) 

[Re n > 0] 


■~ px dx = \ —K 


■iy+l/4 




[Re n > 0] 

-e -MX dx = -7 r [E„(;t) + 
[Re fi > 0] 


ET I 140(29) 


ET I 140(34) 


EH II 35(34) 


3.41-3.44 Combinations of rational functions of powers and exponentials 


3.411 

1. 

2 . 

3. 

4. 

5. 

6. 8 


f°°x v ~ 1 dx 

Jo e^-1 ' 

r^x^^dx 

Jo ePX — 1 

r co x v ~ 1 dx 

Jo ePX + l ' 


r°°x 2n - x dx 
Jo e px + 1 




[Re /j > 0, 


[?z= 1,2,...] 
[Re /j > 0, 
[?z= 1,2,...] 


Re // > 1] FI II 792a 

FI II 721a 

Re // > 0] FI II 792a, WH 
Bl(83)(2), EH I 39(25) 
Bl (104)(5) 


r°° x u ~^ e~ px 
3 1 — /3e -x 


dx = r(i/) + n) "/3 ra 

n=0 


[Re /x > 0 and either |/?| < 1, 


r(^)$(/3,z/,/t) 

(3^/1, Re ^ > 0; or 0 = 1, 


Re v > 1] EH I 27(3) 


7. 11 



dx = 




8 . 

9. 

10 . 




x n ~ 1 e~ px 
l + e x 

xe~ x dx 
e x - 1 
£e _2a: dx 
e~ x + 1 


dx = (n — 




00 / itfe-i 

1)!^— 

^ (P + *) n 


[Re /3 > 0, Re n > 0, Re v > 1] 


\p>- 1; ™ = 1,2,...] 


(cf. 4.231 3) 
(cf. 4.251 6) 


ET I 144(10) 
Bl (83)(9) 

Bl (82)(1) 
Bl (82)(2) 
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3.411 


11 . 

12. 11 

13. 11 

14. 7 

15. 7 

16. 

17. 

18. 11 

19. 9 

20. 9 

21 . 

22. 7 

23. 

24. 


10 


00 xe~ 3x , 7T 2 3 

ax = — — - 

e~ x + 1 12 4 


1 + e x 


r°° xe-Vn-V* 7 r 2 ^(-l )^- 1 

d * = -n + E 


f°° xe~ 2nx 


l + e x 


r°° x 2 e~ nx 


fc= i 

2 fc i\k 

12 


k 2 


i 7T ~ \ ^ (— 1) 

dx = — + \ — -y 

19 4-^ fc 2 


k = 1 


n— 1 


^ = C(3)-E 1 


1 — e 


f°° x 2 e~ nx 
n l + e~* 


k=r 


k= 1 


k 3 


dx = 2 


£ = (-D” +1 U«3) + 2E 


n+fc 


(cf. 4.251 5) 
(cf. 4.251 6) 

(cf. 4.251 5) 
[n= 1,2,...] 


(- 1 )* 


k=n 


k 3 / 

<s= i / 

[«• = 1 , 2 ,...] 


/-oo 1 + e 


— dx = 7r 3 esc 3 n 7t (2 — sin 2 /Z7r) 


4 n_1 i 

- — &4-ev 1 

(D X 1 ^ ^ 


f°° x 3 e~ nx 


1 — e 


fe= l 


fc 4 


[0 < Re fi < 1] 
(cf. 4.262 5) 


f°° x 3 e~ nx 


1 + e 


— dx = 6 


(- 1 ) 


n+fc 


k=n 




= (~l) n+1 — tt 4 + 6 V 
V ; l 120 ^ 


(- 1 )* 

fc 4 


fe=i 

(cf. 4.262 4) 


f°° e~ px (e~ x - 1)" — = - V(-l) fc (") ln(p + n - fc) 

Jo * /e— o Vfe7 

J e~ px (e~ x - l)” = ^(-l) fc (”)(p + n- fc)ln(p + n- fc) 

m 

(n-l)!^4 (cf. 4.272 11) 


1 -ms 
f _n-l 1 e 


1 - e* 


fe=i 


Bl (82)(3) 
Bl (82)(5) 

Bl (82)(4) 


(cf. 4.261 12) 

Bl (82)(9) 


(cf. 4.261 11) 

LI (82)(10) 

ET I 120(17)a 
Bl (82)(12) 


LI (82)(13) 
LI (89)(10) 

LI (89)(15) 

LI (83)(8) 


4 dx= — r (p)J2tp =r {p)r~ p $(q,p,l) 

e rx — q qrP ( k p 


/-oo (3 + e x 


= 7 t(3 p 1 cosec(/t7r) [In (3 — 7T cot(/x7r)] 


f°° Xe PX , /7T A i7T\2 

dx = — cosec — 

e ra — 1 V v v ) 


[p > 0, r > 0, -1 < q < 1] 

Bl (83)(5) 

[|arg/3| < 7 r, 0 < Re p < 1] 

Bl (101)(5), ET I 120(16)a 

[Re v > Re p > 0] (cf. 4.254 2) 


— OO 


LI (101)(3) 
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25. 

26. 

27. 

28. 

29. 


30. 


31. 

32. 

3.412 

3.413 

1 . 


2 . 

3 . 


1 + e 


-i * = y ~ 1 


e 

1 1 - e" x 

x- 5 -e 

1 + e _3x 

' 1 - e~ px da; 


: dx = 


2 y 2 

27 


= In 


3 l + e x 

roo e -vx _ e -r« 


e _x + 1 x 
e px — e 9X dx 


= In 


rm v 

r (f) r (^) 
r(f)r(^±i) 


1 + e r 


= In 


x 


P7T q7T 

tan — — cot — 
2 r 2 r . 


e px — e qx dx 
1 — e rx x 


= In 


' . p7T q7T ' 

sin — cosec — 
r r . 


o e -qx _|_ e (q-p)x 


x dx — 


1 - e~ px 
3 e~ px - e ( p - q '> x dx 


7r qn 

— cosec — 
V V 


e~ qx + 1 


x 


= In cot ^ 

2 q 


a + be~ px 


a + be ~ qx 


ce px + g + he~ px ce qx + g + he~ qx 


dx 

x 


(cf. 4.231 4) 

Bl (82)(6) 


LI (82)(7)a 

[Reft > -1] 

Bl (93)(4) 

[Re ft > 0, Re v > 0] 

Bl (93)(6) 

[\r\ > bl,: bl > g , 

rp > 0 , rq > 0 ] 


Bl (103)(3) 

[bl > bl, bl > bl, 

rp > 0 , rq > 0 ] 


Bl (103)(4) 

[0 < g < p] 

Bl (82)(8) 

[0 < p < g] 

Bl (93)(7) 

a + b p 

In - 

+ g + h q 

[p > 0 , g > 0 ] 

Bl (96)(7) 



- e _/3x ) (1 - e _7X ) e _MX dx 
1 — e _x x 

[Re ft > 0, Re ft > — Re /?, 


r(/t)r(/f + 7 + ft) 
n r(ft + /3)r(/t + 7) 

Re ft > — Re 7, Re ft > — Re(/3 + 7)] 


(cf. 4.267 25) 

Bl (93)(13) 


r°° {i - e (q~p) x } 2 dx 
J 0 e qx - e(«“ 2 P) x x 


qir 

= in cosec — 
2 P 


[0 < q < p] 


Bl (95)(6) 


> g —px _ g —qx 2 _|_ g— (2n+l)a 

1 + e _x x 


dx 


= In 


q{q + 2 )(q + 4) • • • (q + 2n)(p + 1 )(p + 3) • • • (p + 2n - 1) | 
pip + 2 )(p + 4) • • • (p + 2 n)(q + 1 )(q + 3) • • • {q + 2n - 1 ) J 
[Rep > -2 n, Reg > -2 n] (cf. 4.267 14) Bl (93)(11) 


00 (1 - e~ /3x ) (1 - e~ 7X ) (1 - e~ Sx ) e~ px dx _ r(p) r(p + (3 + 7) T(jjl + 0 + 6) T(ft + 7 + 6) 

1 — e~ x x r(ft + ($) r(ft + 7) r(p + s) r(p + p + 7 + s) 

[2 Re ft > [Re j3\ + |R.e 7 |+| Re <5|] (cf. 4.267 31) Bl (93)(14), ET I 145(17) 
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3.415 


3.415 

1. 


j" 00 xdx 1 / /3/i\ n ( /3/.t N 

/o ( x 2 + /3 2 ) (e^ x — 1) 2 \ 27t J /3/j, ^ \ 27t , 


[Re /? > 0, Re /r > 0] 

Bl (97)(20), EH I 18(27) 


xdx _ 1 1 1 . 

(a- 2 + /3 2 ) 2 (e 2 ™ - 1) ~~ ~ W + 4/3 ^ 

1 | d^2k+'2 | 


[asymptotic expansion for Re/3 > 0] Bl(97)(22), EH I 22(12) 


f°° xdx 1 [ 1\ 

lo (x 2 + /3 2 ) {e^ + 1) 2[ V \2n 2j * \2w , 


[Re /3 > 0, Re fi> 0] 


3.416 

1 . 


x dx 1 

1 

V>'(/3+i) 

(x 2 + /3 2 ) 2 (e 2nx + 1) 4/3 2 

4/3 

(1 + ix) 2n — (1 — ix) 2n dx 


1 2n — 1 

i e 2 ™ - 

1 

2 2n + 1 

(1 + ix) 2n — (1 — ix) 2n dx 


1 

i e nx + 1 

2 n + 1 

(1 + ix) 2n 1 — (1 —ix) 2n 1 

dx 

1 U 


[n= 1,2,...] 
[n= 1,2,...] 


e nx + 1 2 n 


[n= 1 , 2 ,...] 


3.417 


3.418 


x dx 

7 T 

, a 2 e x + b 2 e~ x 

2 ab 

x dx 

7T 2 

, a 2 e x — b 2 e~ x 

4 ab 

x dx 

= 1 L‘ 

3 [ 

e x + e~ x - 1 

xe~ x dx 

= - 
6 V 

e x + e~ x - 1 


(cf. 4.231 10) 


- -7T 2 = 1.1719536193. 
3 


- -7T 2 =0.3118211319. 


f ln2 xdx ir 

3. / -=— In 2 

J o e x + 2e -x - 2 8 


Bl (88)(4) 
Bl (87)(1) 

Bl (87)(2) 


[ab > 0] (cf. 4.231 8) Bl (101)(1) 


LI (101)(2) 

LI (88)(1) 
LI (88)(2) 
Bl (104)(7) 
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3.419 

1. 

2 . 

3. 

4. 


5. 


6 . 


7. 


/ 


xdx (ln/3) 2 

-oo ((3 + e x ) (1 + e~ x ) ~ 2(/3 — 1) 


x dx 


_ 7t 2 + (In PY 

l-oo (P + eX ) (1 — e~ x ) ~ 2(13 + 1) 


f°° x 2 dx 

7t 2 + (In P) 2 

In P 

J-oo (P + eX ) (1 — e ~ x ) ~ 

3(P + 1) 



' dx 


(In PY 


L 


-oo (P + eX ) (1 — e ~ x ) 4(/3+l) 

x 4 dx 


[|arg/3| < t r] 

[|arg f3\ < 7t] 

[|arg P\ < 7 r] 

[|arg (3\ < 7 r] 


7t 2 + (In (3) 2 


-oo (/? + eX ) (! - e x ) 15(/3 + 1) 


’ dx 


7tt 2 + 3 (In PY 


In ; /3 


/-oc^+e 1 ) (1 — e _x ) 


7t 2 + (In P) 2 

2 


6(p+l) 

— 

37t 2 + (ln/3) 2 


f°° (x — In P)xdx 

47t 2 + (In P) 2 

In P 

Loo (P - eX ) (! - e ~ x ) 

6 (P - 1) 



(cf. 4.263 1) 

2 

(cf. 4.264 3) 
[|arg P\ < 7t] 


(cf. 4.232 2) 

Bl (101)(16) 

(cf. 4.232 3) 

Bl (101)(17) 

(cf. 4.261 4) 

Bl (102)(6) 


(cf. 4.262 3) 

Bl (102)(9) 


Bl (102)(10) 


Bl (102)(11) 
(cf. 4.257 4) 

Bl (102)(7) 


3.421 

/•OO 

1. / (e~ vx - 1)" ( e~ px 

Jo 



x {(m — l)p + (n — k)v + p} In [(to — l)p + (n — k)v + p] 
[Ret' > 0, Re p > 0, Rep > 0] Bl (89)(17) 


2 . 



_ e — )"(i 


0 —px\ c ~x 

' X 3 


1 n 

5 b- i )*0+*-+ d 2 


1 

x ln(p + ku + 1) + - ^(-l) fc_1 (^) [kv + l) 2 ln (kv + 1) 

fe= l 


[n > 2, Re /x > 0, Rep>0] Bl (89)(31) 
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3.422 


3. 


f 00 xe ,lx dx 

Loo (P + e~ x ) (7 + e ~ x ) 


7t (/3 M 1 ln/3 — 1 ln7) 7t 2 (/3 M 1 — 7^ 1 )cos/t7r 

(/3 - 7) sin /X7T (7 - /3) sin 2 /t7r 

[|arg/3|<7r, |arg7|<7r, (3 Y 7. 0<Re/z<2] ET I 120(19) 


4. 



e -2 ™ - e 


— qx 


)(e 


-sx\ = ln (p+S + l)(g+r+l) 

a; (p + r + l)(g + s + 1) 

[p+s>— 1, p + r>— 1, <7 > p] 


(cf. 4.267 24) 


Bl (89)(11) 


r°° d T 

5. / (l — e _px ) (l — e~ qx ) (l — e~ rx ) e ~ x — 

Jo x 

= (P + q + 1) ln(p + q + 1) 

+(p + r + 1) ln(p + r + 1) + (q + r + 1) ln(q + r + 1) 

— {p + 1) ln(p + 1) - (q + 1) ln(g + 1) - (r + 1) ln(r + 1) 

— (p + q + r) ln(p + q + r) 

\p> 0, q > 0, r > 0] (cf. 4.268 3) Bl (89)(14) 

3.422 / a ) C — cosec 2 pn [(e ap + 1) ln p-2n cot pn (e“ M - 1)] 

J-oAP-e r )(l-e x ) e a -l 

[a > 0, |arg/3|<7r, \Re p\ < 1] (cf. 4.257 5) Bl (102)(8)a 


3.423 

1. 

2. 6 


3T 


4.' 


5. 


6 .* 


/ 0 (e x — 1)' 
f°° x v ~ l e~^ x 
lo ( e x — l ) 2 


dx = r(i/) [c(x/-i) - CM] 


[Re v > 2] 


ET I 313(10) 


dx = T(i/) [C(z/ - 1, p + 2) - (p + 1) CM M + 2 )] 


3 e“ pa: dx T{q + 1) 


/ 0 (1 - ae~P x f ap q+1 


OO b, 

E a 

k q 


[Re p > —2, Re v > 2] ET I 313(11) 
[a < 1, <7 > — 1, p > 0] Bl (85)(13) 


fc= 1 


f°° ar^-ie-^ 


/ 0 (1 — /3e X Y 


dx = r(i/) [4>(/3; v - 1; p) - (p - 1) 4>(/3; zx; p)] 

[Re z/>0, Re/x>0, |arg(l — /?)| < 7t] (cf. 9.550) ET I 313(12) 


/ 


00 xe x dx 1 

?r = — ln p 

-oo{P + e x ) 2 P 


[|arg/3| < 7t] (cf. 4.231 5) 


Bl (101)(10) 


f* 5 e~ x 
x b 


e- fet 


-2 dx = 120 C(5) - V -rg- (y 5 + 5y 4 + 20y 3 + 60z/ 2 + 120y + 120) 

/o (1 - e x ) fc=1 

,5 — tf 2 00 — fct 

= 120 <(5) - 2M72) - 5 E V + 4 » 3 + 12 i- 2 + 24 » + 24 > 


k= 1 


y = kt 
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3.424 


l. 7 

f (1 + a)e " 2 a e~ ax x n dx = n! C (n, a) 

Jo (1 — e x ) 

[a > -1, 

n= 1,2,...] 

Bl (85)(15) 

2. 

r (1 + a)e " + a e~ ax x n dx = n\f 2, (_1 j! 

Jo (1 + e x ) ^ (« + k) n 

[a > -1, 

n=l,2,...] 

Bl (85)(14) 

3. 

f°° a 2 e x + b 2 e~ x 2 , tt 2 

J- oo (a 2 e x - b 2 e~ x ) %ab 

[ab > 0] 


Bl (102)(3)a 

4. 

a 2 e x - b 2 e~ x 2 , tt h 

/ 7>x dx = — In — 

J-oo {a 2 e x + b 2 e~ x Y ab a 

[ab > 0] 


Bl (102)(1) 

5. 

f°° e x — e~ x + 2 2j 2 2 0 

/ o — x dx = —7 r — 2 

Jo (e x - 1) 2 3 



Bl (85)(7) 


3.425 

l . 7 


3.426 

1. 


3.427 

1. 


xe x dx _v^r(n-i)r o a f 1 

L 00 {a 2 + b 2 e 2x ) n ^a 2n ~ l bT{n) [ 2b 2 


00 ( a 2 e x — e x ) x 2 dx 1 

-oo (a 2 e x + e~ x ) p+1 ~ ~ &+ 1 




00 (e x — ae X )x 2 dx (In a) 2 
-oo (a + e x ) 2 (1 + e~ x ) 2 a-1 

°° ( e x — ae ~ x ) x 2 dx n 2 + (In a) 2 

-oo (a + e x ) 2 (1 — e~ x ) 2 a + 1 


x e~ x — 1 

1 1 \ 


dx = ij)(n) 


[ab >0, n > 0] 

Bl(101)(13), Ll(101)(13) 
[a > 0, p > 0] Bl (102)(5) 

Bl (102)(12) 
Bl (102)(13) 

[Re p > 0] (cf. 4.281 4) WH 


1 — e~ x x ) 6 


f (\- -2 ) — dx = \ In - 

I o \2 1 + e~ x ) x 2 4 


(cf. 4.281 1) 


n il 1 \ e ~ flx ( 1\ 1 

5 - J r M - (" - 5 ) >" " + " - 5 


[Re p > 0] 


1 _ 2 _ 1 \ dx 1, 

-e x — = - - In 7t 

2 e x + l x 2 


n e w _ i \ e -x 

p dx = — In T(p) — In sin(t rp) + In n 

1 - e~ x ) x 


[Re p < 1] 


Bl (94)(1) 
Bl (94)(5) 

WH 

Bl (94)(6) 

EH I 21(6) 
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3.428 


7. 


6 . 


7. 


0 ~flX 


1 — e 


— X 


X 




n e 
x 1 — e _x A 


dx = In n — ip (is) 


e x dx = nip(n/s + n) — n In n 


9. 


10 . 


11 . 

3.428 

1. 


2 . 


3. 


4. 


5. 


1 - e~^ x \ e 


1 - e _x 
r e 


dx = In T(n + 1) 

x 


_ e -^+ v)x \ dx _ Y(n + v+ 1) 

e x — 1 / a: r(/i + 1) 


(cf. 4.281 5) 

[Re n > 0, n = 1,2,...] 
[R e /.t > — 1] 

[Re /.t > — 1, Ret/ > 0] 


(l-e 1 )' 1 !! -1 -! e~ xz dx = ip(z) -In* [Rez>0] 


Bl (94)(3) 

Bl (94)(4) 

WH 

Bl (94)(8) 
EH I 18(24) 


1 

— ( 
d 

n — 1 n — 1 


le-^e-^\ dx 1 . 

— = — m 1 [fiv) — z/ m a 
x fi 


fi 1 — e x 
e^~^ x e 


1 — e x 1 — e x ! n 1 — e a 


[Re n > 0, Re is > 0] 
dx n — 1 


Bl (94)(18) 


In 27 t — + - J In n 

[Re n > 0, n= 1,2,...] Bl (94)(14) 


'■°° x n — 1 
n V ^ 


n e 

1 — e~ x 1 — e x ! 


(i - m)» \ g“ x 


n— 1 


dx — In r ( fi hi 


/c— 0 


[Re /z > 0, n = 1, 2, . . .] Bl (94)(13) 


0 —finx 


e» x \ dx 

— = v m fi 


1 — e x 1 — e^ x 1 — e x 1 — e^ x ) x 


fie 


— fix 


e x — 1 1 - e~^ x 


afi 


-^1] e~ 


2 


e ^ x + (1 — an)e 


[Re /I > 0, Re is > 0] 
dx 


LI (94)(15) 


x 

1 


e~^ x U-l)e-» x n -1 

— - — e ^x 


1 - e _x 1 - e~^ x 1 - e~^ x 


[Re /i > 0] 
dx i-i — 1 


ln( 27 r) + ( - — a/ij In /u 
Bl (94)(16) 


ln(27r) + — — /ii/ ) In /.t 


[Re^>0, Re ^ > 0] (cf. 4.267 37) Bl (94)(17) 


l-e~ x - 


(1 - e~ vx ) (1 - e~^ x ) 
1 - e _x 


— = lnB(/x, is) 
x 


[Re n > 0, Re v > 0] 


3.429 


r°° dr 

/ [e x - (1 + x) — = ip(fi) [Re/t > 0] 

Jo x 


Bl (94)(12) 
NH 184(7) 
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3.431 

1. 


e"*** - 1 + px - \p 2 x 2 ) x 1 ' -1 dx = 


-1 


■r(i/ + 3) 


v(v + l)(z/ + 2)p" 

[Re p > 0, — 2 > Re ^ ; 


2 . 


3.432 


2 . 


a; 1 — -x 2 (x + 2)(l — e x ) 


e px dx = — 1 + ( p + ^ In ^1 + - 

[Rep > 0] 


r oo 71 

1. / x^e-™ (e~ x -l) n dx = T(v) V(-l) fc ( ) 

J ° k —0 U ' 7 


1 dx = T{v)~ 


(n + m — k) v 

[n = 0, 1, . . . ,Re v > 0] 

r(M) 


3.433 / x : 

Jo 


, p - 1 


jfc-i 


EHlc 


fc=l 


X 

(fc — 1)! 


r(p + i/) 

[Rep > 0, R e a/ > 0] 


dx = r(p) [— n < p < —n +1, n = 0, 


3.434 

1. 

2 . 

3.435 


2 . 


2-p+t 


ijP — i ,P 

dx = r(i — p) 


r°° p-pz _ P — „ 

dx = In - 


1. / {(x+l)e-*-e-5} — = l-ln2 

do ^ 


[Re p > 0, Re ^ > 0, 

[Re p > 0, Re v > 0] 


r°° i _ p-t 1 * 1 

/ - r — dx = - [ln(/3p) + C- e /3 ' i Ei(-/3p)] [|arg/3| < tt. Rep > 0] 

/o £(x + p) p 



[a > 0, Re p > 0] 


dx m , - r, 

— = (q- p) In — [p > 0, <7 > 0 


= p In p — p [p > 0] 


-3] 

LI (90)(5) 

ET I 144(6) 

LI (90)(10) 

LI (81)(14) 

!)•••] 

FI II 805 

Re p < 1] 

Bl (90)(6) 

FI II 634 

LI (89)(19) 
ET II 217 (18) 
FI II 7 95, 802 
Bl (92)(10) 

] Bl (89)(28) 
Bl (89)(24) 
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3.438 


3.438 



[p > 0] 


Bl (89)(19) 


Bl (89)(33) 
Bl (89)(25) 


Bl (89)(22) 


3.439 


3.441 




(p - q)e~ rx + — (e~ mpx - e~ mqx ) \ — = plnp - gin q - (p - q) ( 1 + In —) 
mx J x V mJ 

[p > 0, q> 0, r > 0] Ll(89)(26), Ll(89)(27) 

ox 

{(p — r)e~ qx + (r — q)e~ px + (q — p)e~ rx } = (r — q)plnp + (p — r)qln q + (q — p)r In r 

[p > 0, g > 0, r > 0] (cf. 4.268 6) Bl (89)(18) 


3.442 

1. 

2 . 

3. 

3.443 

1. 

2 . 


1 - 


x + 2 
2x 


(l- 


= _ l+ l q+ Z) | rl 


3+1 


oo / a: 


e _x — 1 1 


* = C- 1 


1 + x / a; 

1 \ dx _ , a 

TT T — 2 2 ) — — — C + In - 
l + a z x z J x p 


q 

[?> 0 ] 


[p > 0] 


°° ( e x p 2 p 1 - e px \ dx p 2 3 2 

— + — *-jT = 2 ] ‘ p -i r b>01 

(1 - e ~ px ) n e~ qx 1 


dx = - X]( _1 ) fc 1 d) (9 + kp) 2 In (q + kp) 


k—2 


[n > 2, q > 0, pn + q > 0] 


Bl (89)(23) 
Bl (92)(16) 

Bl (92)(11) 

Bl (89)(32) 

(cf. 4.268 4) Bl (89)(30) 


3. J (l - e px ) 2 e qx -^ = (2p+ q) ln(2p+ q) - 2(p + q) ln(p+ q) + qlnq 

[q > 0 , 2 p>-q\ (cf. 4.268 2) 

Bl (89)(13) 
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3.45 Combinations of powers and algebraic functions of exponentials 


3.451 

1. 

2 . 

3.452 

1. 

2 . 

3. 

4. 

5. 

3.453 

1. 

2 . 

3.454 

l. 11 

2 . 

3.455 

1. 

2 . 

3.456 

1. 


J xe~ x Vl - e~ x dx = | ^ — In 2^ 
J xe~ x \/l — e~ 2x dx = ^ ^ + In 2^ 


(* OO 


X 


dx 


= 2ir In 2 


/ o 

/•°° a; 2 da; 

/o v/r'-l '"'1' 

dx 7t r . 

L 7P=T = 2 |21 " 2 -1] 


= 47t((ln2) 2 + ^ j 


r °° a;e ® da; 

V e 2 * — 1 


= 1 - In 2 


/ xe~ 2x dx 3 / „ 7 

/ , = -7t In 2 - — 

o 4 V 12 


da; 


/o 


z 2 e x — (a 2 — & 2 ) y'e* — 1 ab 


xe x dx 


2n ( b 
= — In 1 + - 


27 r b 

l 0 [a 2 e x — (a 2 + & 2 )] Ve* — 1 ab a 


r °° xe~ 2nx dx (2n — 1)!! 7t 


/ o (2n)!! 2 

0 — ( 2 n—l)x dx _ ( 2n _ 

/o V e 2 ® — 1 _ _ (2n — 1)!! 


I >” 2 +E 


(-1)* 


k = 1 


“xe-^-^da; _ (2n — 2)!! ( ln2 (- 1 )* 

k 

fc = i 


are 


/° ^/(e*-l) : 

f 00 a; 3 e x dx 

^/(e*-l) : 


x dx 


= 87t In 2 


= 24tt 


/o g 3a: — 1 3t/3 


(In 2) 2 + — 
V ' 12 


In 3 


3\/3 J 


Bl (99)(1) 

(cf. 4.241 9) Bl (99)(2) 

FI II 643a,BI(99)(4) 
Bl (99)(5) 
Bl (99)(6) 
Bl (99)(8) 
Bl (99)(7) 

[ab > 0] (cf. 4.298 17) Bl (99)(16) 

[ab > 0] (cf. 4.298 18) Bl (99)(17) 

LI (99)(10) 

LI (99)(9) 

Bl (99)(11) 

Bl (99)(12) 

Bl (99)(13) 
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3.457 


2 . 

3.457 

1. 


3. 

3.458 


x dx 


/ 0 ? ( P 3x 


e 3x _ 


7 r 

2 3-^/3 


In 3 — 


3-^/3. 


(cf. 4.244 3) 


xe x (l - e 2x ) n dx = [C+ ip(n + 1) + 2 In 2] 


4 • (2n)!! 


(cf. 4.241 5) 


r°° tp x dx 2 

2 - / 7 777+372 = ^9 -U11 tl+1/2 K 4 a)- 3 C- 2 ^( 2 n)-V>(n)] 

7-oo (a + e*) + 7 (2n + l)a n+1 /- 


a; dx 


Loo {a 2 e x + e~ x Y 


2a» 




[a > 0, Re fi > 0] 


pin 2 

l. 7 / ae x (e* - 1 ) p_1 dx = 

Jo 


In2 + E 


2 . 


1 

/o P 

f°° xe x dx 1 

1 77+T= 77^7 I lna “ 


(- 1 ) 


fc-i 


fc =0 


p + k + 1 


/-00 (a + e^) 1 " 


1 


v-1 


ln «'E77 


fc=i 


[a > 0] 

[a > 0, v = 1, 2, . . .] 


Bl (99)(14) 


Bl (99)(3) 
Bl (101)(12) 

Bl (101)(14) 


Bl (104)(4) 


Bl (101)(11) 


3.46-3.48 Combinations of exponentials of more complicated arguments and powers 


3.461 

1. 


2 . 

3. 

4. 

5. 11 
6 .* 


(_ ljn 2 n-l p 2n-l 

(2n- 1)!! 

_ rt 2„.2 n—1 


dx = 


TTtE 


[1 - $(pu)] 
(-l) fc 2 k+1 (pu) 


2u 2n ~ 1 ^ (2 n - l)(2n - 3) ■ ■ ■ (2 n - 2k - 1) 




[p > 0] 

[p > 0, n = 0, 1, . . .] 


c 2n+l e -px dx = 


2 p n+1 

(2n — 1)!! 


[ (x + air e~*-dx= 

f e-^ % = -e-^ 2 -yfwl 1 - $ (u4L)} 

Ju X U 

poo 

J exp a\J x 2 + b 2 j dx=bKi{ab) 


[p > 0] 

fc (2q) 2fc n! 
(2fc)!(n — fc)! 


l ar gA*| < 2 ’ u>0 


[Re a > 0, Re b > 0] 


NT 21(4) 
FI II 743 

Bl (81)(7) 

Bl (100)(12) 

ET I 135(19)a 
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7* [ x 2 exp (—a\/ x 2 + b 2 '] dx——K\{ab)A Ko(ab) 

J o v > a z a 


[Re a > 0, Re b > 0] 


r°° / \ \2b 2 3 b 3 

8.* / x 4 exp ( — a\j x 2 + b 2 ) dx = — K 2 (ab) H ^-./Ti(a&) 

Jo ' / a 6 a z 


[Re a > 0, Re b > 0] 


9.* f a: 6 exp (—a\/ x 2 + b 2 ') dx = — — K^{ab) H K 2 (ab) 

Jq V /CL CL 


[Re a > 0, Re b > 0] 


3.462 


!. f X ^e~^d X = W )-" FMexp (g) (^) 


2T 


c n e - P x 2 +2gx da; = 


1 Hr d 


Jn—1 


2 n ~ 1 p V p dq n ~ 1 


(V^) 


= n\e q2 IP/- ( ^ 


h/2J 

E 


1 


P \pj “ (n-2fc)!(fc)! \ 4 <? : 


[Re f3 > 0, Re ^ > 0] 

EH II 119(3)a 

[p > 0] 


\p > 0] 


3 n jy*re-? v -‘- 


Re/E>0, Rez/>— 1, arg ix = — sign a; 


/ oo 

x n exp [— (x — /3) 2 ] dx = (2i)~ n \f ; K H n (i(3) 

-OO 


5. 11 

6 . 

7. 11 


ae"*** " 2ra dx = — - 


1 v Fk yy 


2/i 2(i\j fi 




/: 




p V P 


x 2 e~P ,x ~ 2vx dx = ~— T + 


2 ' 

P . 

7T 2j/ 2 + fl 

e >*■ 


l ar gH < Re A l>0 
[Rep > 0] 


2p 2 Y p 5 4 


c 2 e - P x 2 + 2 ra dx = P 1 + 2— ) 
2ft V P \ P 

±a / ' 


1 - erf (^J 


|arg z^| < — , Rep > 0 
[|argi/| < 7r, Rep > 0] 


e -/3x ra ±a ^ _ ——— r ( — 

n/3 1 / n 


, ET I 313(13) 
Bl (100)(8) 

LI (100)(8) 

ET I 121(23) 
EH II 195(31) 

ET I 146(31)a 
Bl (100)(7) 

ET I 146(32) 
Bl (100)(8)a 


9. 


[Re (3 > 0, Re n > 0] 
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3.462 


r{x-a)e-^- a Ux = e^^^ 
Jo P 

[ (x - a)e~^ x+a) dx = e~ a0 ^ 

Jo P 

r°° m ±pb/a / 

/ (ax ± b) m e~ px dx = -p- T r 

Jo P m+1 V 

r°° m ±pb/a / 

/ (ax ± b) m e~ px dx = T 

Ju P m+1 V 


[Re /3 > 0] 


[Re f3 > 0] 


e ±pb ' a f pb\ (b\ 

r(m+l,±-j P> 0, arg - <7T 


m -vx , a m e ±pb / a / 1 vb 

e p dx = — t — T I m + l,pu ± — 

p m+i \ a 


p > 0, arg I - ± u ) <7 r 


/•“ a m ±pb/a r / r\ / u 

I (ax ± b) m e~ px dx = * m+1 (m + 1, ± 1 —) — T ym + 1 ,pu ± 


f°° e~ px , p n-i e ± P b/a / p b\ 

/ 0 (ax ± b) n a n \ a J 

f°° p-px n-1 ±pb/a / L 

/ r 1 TT^ dx=? —^ r [-n+l,pu± 1 - 

/ u (ax ± b) n a n \ a 


u > 0, p > 0, argl-±ul <7r 


P > 0, arg I - I < 7T 


u > 0, p > 0, argl-±ul <7r 


r u e~ px pn-l e ±pb/a 

/ 7 , dx = 

/ q (ax ± b) n a n 


'r(- n + i,± p P)-r(-„ + i ,pu± p P 


u > 0, p > 0, arg(-±ul <7r 


f°° f x — a\° 


— I exp -/Jl — I i»= p7TT>7! 


arg - j > 0, Re6>0, Re/3>0, Refc>0 


f°° e -/5® 


-P* rfz I - m 

da; = — 2 = [it > 0, Re f3 > 0, Ren > 0, Re z > 0] 

x m n/3 z n 1 1 


‘ exp (—a\jx + b 2 ) 


! x 2 + b 2 


dx = Ko(ab) 


f°° x 2 exp (—aV x + b 2 ) b , . 

/ -dx = - KAab) 

I o Vx 2 + b 2 a n ' 

f°° x A exp (-aV x + b 2 ) 3& 2 

/ . dx=—^-K\(ab) 

Jo Vx 2 + b 2 a 2 u ; 

/'°° a; 6 exp (—aV x + b 2 ) 15b 3 r , . ,, 

/ , aa; = — 5- A 3 (ao) 

/ 0 Va- 2 + 6 2 « 3 V ' 


[Re a > 0, Re b > 0] 


[Re a > 0, Re b > 0] 


[Re a > 0, Re b > 0] 


[Re a > 0, Re b > 0] 
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24. * 

25. * 

3.463 

3.464 

3.465 

3.466 

1. 

2 . 

3. 

3.467 

3.468 

1. 

2 . 

3.469 

1. 

2 . 

3. 

3.471 

1. 

2 . 


5 x 2n exp (—aVx + b 2 ) ( b\ n 

dx = (2 n — 1)!! ( - j K n (ab) 

Vx 2 + b 2 K ’ \a) nK ’ 


'exp (-px 2 ) 1 ( a 2 p\ T . f a 2 p 

-vwTW dx= r^{-) K °{- 


[Re a > 0, Re b > 0] 
[Re a > 0, Re b > 0] 


^ = I c 


/ 2 2 \ ( It 

/ \e~^ x — e~ vx J — = \pn {pjv — y/p) [Re p > 0, Re v > 0] 

/ (l + 2f3x 2 ) e _/ia: dx = ^ [Re/t>0] 

Jo 2 V 


x 2 
dx 
x 2 


I o a: 2 + (J 2 


I o £ 2 + /? 2 


e x - 1 




2/i 2 

1 

^ fc! (27c — 1) 



Va 2 + x 2 2y 


-e a M [1 — 4> (ay/p)] 


\-^- 2 ~‘ dx= ilE exp (") Kl ("' 

4 V M \ 2 /V 4 V2/x, 


f( 

f( 


e _ x 4 _ e _ x N ^ = 

/ x 4 


,,2 \ dx 1 

x 4 


e“*’-e- a ‘) — = tC 


/3\ dx 1 

ex P l ^ « ex P 

/o \ x ) x 2 (3 


1 — e ^ V 

1 2/3 

Re (3 > 0, 

|arg/t| < j 

6 m 2 /3 2 [! _ $ (/3/U )] 

Re (3 > 0, 

|arg/t| < | 


[u > 0] 

[Re p > 0, a > 0] 

[Re p > 0] 


J x v 1 (u — xY x e * dx = [3 2 u * +2 exp 


T(p) W i-2u-, 

2 u J 2 ’ 2 \ u , 

[Re p > 0, Re/3 > 0, 


Bl (89)(5) 
FI II 645 
ET I 136(24)a 

NT 19(13) 
ET II 217(16) 

FI II 683 

Bl (92)(12) 

NT 33(17) 
NT 19(11) 

ET I 146(23) 
Bl (89)(7) 
Bl (89)(6) 

ET II 188(22) 

>0] 

ET II 187(18) 
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3.471 


J x M *(« — x) M 1 e * dx = (3 M tx M 1 r(/x) exp ^ 


[Re// > 0, tx>0] ET II 187(16) 


/ x 2/i (xx — x) M 1 e * dx = /3 2 2 “ T(/x) dsT i 

do V™ 2 \ 2 u. 


[xx > 0, Re (3 > 0, Re /x > 0] 

ET II 187(17) 


J x v x (x — xx) M 1 e* dx = B(1 — n — v, /x)xx M+I ' 1 iFi ^1 — /x — i/; 1 — v, — ^ 


[0 < Re /j < Re(l — v), xx > 0] 

ET II 203(15) 


[Re/i > 0, xx>0] ET II 202(14) 

[ x v ~ 1 (x + 7 ) M_1 e“ * dx = /3^~ 7 ^ +, ‘ IYl — /x — i/)e^ IR ^-i . _ ( — ) 

Jo 2 +m, 2 

[|arg 7 | < 7 r, R.e(l — /x) > Rex' > 0] 

ET II 234(13)a 

/ x _2m (xx 2 — x 2 ) M 1 e _ * dx = —j= ( — ^ w /i ~lr(//)iT a ^ 

Jo V ' ^ \/3j M 5 W 

[Re (3 > 0, u > 0, Re /t > 0] 

ET II 188(23)a 


j" x v ~ 1 e~^~ lx dx = 2 2 K„ ^2\/Pj 


(2 a/St) [Re/3 > 0, Re 7 > 0] 


ET II 82(23)a, LET I 146(29) 


x v x exp ^ fx — — ^ dx = 2/3 "e"^ K-„(/ 3/x) 


[im/t > 0, Im (/3 2 /t) < 0; note that RT-^ = IT,, EH II 82(24) 


x 12 x exp ^fx+— ^ dx = X 7 r/ 3 "e H^l(0fj,) 


[im /x > 0, Im (/3 2 /t) > 0] 


EH II 21(33) 


^°° „-i ( d 2 

x exp —x — — 


y dx=2 (% t k -m 

| arg /x | < — , Re// 2 > 0; note that K_ v = K v WA 203(15) 


r x -^Lidx = Y-^ni-,)T(^- 

1 0 X + 7 v 7 


[|arg 7 | < 7 t, Re/3>0, Rexx<l] 


ET II 218(19) 
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f 1 exp (l — jjr) — ; 
/ 0 x{l - X ) 


dx = 


[Re v > 0] 


Bl (80)(7) 


I x-'e-'i X ~M X dx = 


[Re /3 > 0, Re 7 > 0] ET 245 (5.6.1) 


r n ~ 2 e -P x ~ 


«/■ dx = (-1)"^^ 


[Rep > 0, Req>0] 


PBM 344 (2.3.16(2)) 


3.472 


l ( exp (- JO - 0 e ~" x2 dx = \ vf [exp ( “ 2 ^ } - 1] 


[Re p > 0, Re a > 0] ET I 146(30) 


[ a : 2 exp ( — nx 2 \ dx = -./^-( 1 + 2-y/ap) exp (—2y/afi) 

Jo \ x / 4 y n 6 


[Re p > 0, Re a > 0] ET I 146(26) 


J exp (--^2 - pa; 2 ) “T = ^ ^exp (- 2 v / ap) [Re p > 0 , a > 0 ] 

l xp l~h{ x * + ^)]i? = \fY il+a)e ~''° |a>01 

r j 2jr- 

J x- n - 1/2 e- px - q / x dx={-l) n J-—e~ 2 ^ [Rep > 0 , Reg> 0 ] 


ET I 146(28)a 


Bl (98)(14) 


3.473 


3.474 


^ exp {-x n ) x ( m + 1 / 2 ) n -i dx = ( 2m 1)1 V tt 

Jo 2 m n 


rl f nexp (1 — x n ) x np ) dx 1 ^ ( k — 1 

1 — i — « — -- i f = P+ 

i i — 'f” 1 — x I x n z — ' ' n 


PBM 344 (2.3.16(3)) 


Bl (98)(6) 


[p > 0] 


texp (1 — x n ) exp (l — 4) ) dx 


1 — x [ x 


= — In) 


3.475 


l { eKI> H")-rT7^}f = -¥ c 
r{ exp H“)-TTie}f = - 2 ^"' 

r {exp (-x 2 *) - e-’} * = (1 — 2 -") 


1 1 dx 


= — 2“" C 


Bl (80)(8) 


Bl (80)(9) 


Bl (92)(14) 


Bl (92)(13) 


Bl (89)(8) 
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3.476 


3.476 


r°° dx 1 u. 

1 . / [exp {—vx p ) — exp (— px p )\ — = - In — 

Jo x p v 

2 . [ [exp (— x p ) — exp (—a; 9 )] — = — — - C 

Jo a; m 


2 . 


it 


[Re p > 0, Re v > 0] 
\P> 0, q > 0] 


Bl (89)(3) 
Bl (89)(9) 


3.477 

l. 10 

2. 8 

3.478 

1. 

2 . 


f°° e ~ a \ x \ 


dx = e~ au 7 ( 0 , -au) - e°“ 7 ( 0 , au) 


L 


—00 

00 


x — u 

sign x exp (— a|x|) 
x — u 


[Rea>0, Im m^O, argu^O] MC 


dx = — [exp (a|ti|) Ei (— a|w|) — exp (— a|u|) Ei (a|it| 

[a > 0 ] 


ET II 251(36) 


f°° -1 1 

/ a ; 1 ' -1 exp (— px p ) dx = -p p T 

1 0 P \P 


1 


[Re p > 0, Re v > 0, p > 0] 

Bl(81)(8)a, ET I 313(15, 16) 


/ x v 1 [1 — exp (— px p )] dx= — -r—p, ?r - 
/ 0 \p\ \P , 

[Re p > 0 and — p < Re v < 0 for p > 0, 0 < Re v < — p for p < 0] ET I 313(18, 19) 


3 . 11 [ x v 1 (u — x) p 1 exp {(3x n ) dx= B(p, is)u p+v 1 n F n (—, 

Jo \n 


is is + 1 is + n — 1 

, . . . , 


n n 

p + is p + is + 1 p + is + n—l an 

1 7 * • • 5 5 

n n n 

[Re p > 0, Reis > 0, n = 2,3,...] ET II 187(15) 


4. 

3.479 

1. 


r°° 2 /'vN 2 p 

a ; 1 ' -1 exp (—(3x p — 'yx~ p ) dx = ( 0 ) Ke[2\J 


P \P, 


[Re /3 > 0, Re 7 > 0] ET I 313(17) 


- 1 exp (— PVl + x) 2 f py V rr ^ T x ta\ 

•JTTx 41 


COO jjjl/ 1 ex p (j^y'l 4- X 2 ) , yp 


y/l + X 2 


[Re ft > 0, Re v > 0] 

J ’ = , T© ’ r ([) I l w 


3.481 


1. f xe x exp(—pe x ) dx = —— (C+lnp) 

J —00 P 


[Im p > 0, Re v > 0] 

[Rep > 0] 


ET I 313(14) 


EH II 83(30) 


Bl (100)(13) 
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2. f xe x exp (— pe 2x ) dx = — j [C+ ln(4/x)] . E [Re/r>0] 

J — oo ^ V d 


3.482 


„ Z- 00 1 

l. 3 / exp (ns — /3sinhx) dx = - [5 n (/3) — 7tE„(/ 3) — 7t y n (/3)] 

Jo 2 

[Re/3 > 0] 

2. / exp (-nx - /3 sinh x) dx = (-l) n+1 - [^(/S) + 7tE„(/3) + 7t y„(/3)] 

Jo 2 

[Re/3 > 0] 

/*°° ^ 

3. / exp (— i/x — /3sinhx) dx = [J„(/3) — J^(/3)l 

Jo sm i/7T 

[Re/3 > 0] 


3.483 

3.484 

3.485 
3.486® 
3.487 


/ Z1S7T \ 

/ . , . x I 2 exp — — ) K v (a) for a > 0, 

exp [v arcsmh x — tax) , I V 2 / nT x i 

dx=< ) il/7T \ PH 

2 exp ( J K v (—a) for a < 0 


Vl + x 2 


1+ ±r_z 1+ ^'^ 


gx 




— = (e a — 1) In - [p > 0, q > 0] 
x P 


r 1 o 7te 

/ exp (— tan 2 x) dx = — [1 — <I>(1)] 

Jo 2 

„1 »1 oo 

J x~ x dx = J e~ xlnx dx = J2k~ k = 1.2912859970627... 


OO 

( tan 2fe+1 x\ 

-E( 

. k—0 

V k+\ J 


pir/4 

1* / exp 

Jo 


3.5 Hyperbolic Functions 

3.51 Hyperbolic functions 

3.511 

i. r 


dx = In 2 


dx 


2 . 

3. 

4. 


J sinh ax 
sinh bx 
1 sinh ax 
cosh bx 
1 cosh ax 
cosh bx 


7 T 

2a 



[a > 0] 

7T Q7T 

dx = — tan — - 
26 26 



[6 > |a|] 

7t air 

dx = — sec — - — 

26 26 


^a + 6\ 

[6 > |a|] 

v 26 J 

, 7t air 

dx = — sec — 

26 26 



[6 > |a|] 


Bl (100)(14) 

ET I 168(11) 

ET I 168(12) 

ET I 168(13) 

< 1 ] 

ET I 122(32) 
Bl (89)(34) 

FI II 483 


Bl (27)(10)a 
GW (351)(3b) 
Bl (4)(14)a 
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3.512 


5. 

6 . 

7. 


8. 11 


9. 

10 . 

3.512 

1 . 


2 . 


3.513 

1 . 

2 . 


3 . 





sinh ax cosh bx , tt sin ^ 

(IX = — 

sinh cx 2c cos ™ + cos ^ 

cosh ax cosh bx , 7t cos °+ cos ^ 

dec = — 

cosh ca; c cos ^ + cos ^ 

sinh ax sinh bx , tt sin ^ sin 

dx = — =7— 

cosh cx c cos — + cos — 

C C 


dx 


/ o cosh x 
/•°° sinh 2 


= 1 


_oo sinh x 

nOO 


dx = 1 — an cot air 


sinh ax sinh bx a tt air 

dx = — tt sec — 


cosh bx 


2 b 2 


2b 


[c > \a\ + |6|] 
[c > |a| + |6|] 
[c > |a| + |6|] 


[a 2 < 1] 
[b>\a\] 


Bl (27)(11) 
Bl (27)(5)a 
Bl (27)(6)a 
Bl (98)(25) 
Bl (16)(3)a 
Bl (27)(16)a 


I" 00 cosh2/3ec 
Jo cosh 2 ^ ax 


dx = 


41/-1 


a 


B 




J sinh M x , 1 




v — ^ 


[Re (v±/3)> 0, a > 0, (3 > 0] 

Ll(27)(17)a, EH I 11(26) 

[Re ji > —1, Re(/et — v) < 0] 

EH I 11(23) 




dx 

1 

. a + b + \/ a 2 + b 2 

[ab 7^ 0] 

a + b sinh x 

\/a 2 + b 2 

a + b — V a 2 + b 2 

dx 

2 

\/b 2 — a 2 

[b 2 > a 2 

a + b cosh x 

\/b 2 — a 2 

a + b 


1 

, a + b + \] a 2 — b 2 



\/a 2 — b 2 

a + b — \/a 2 — b 2 

[6 < a 


dx 


a sinh x + b cosh x 


2 

\jb 2 — a 2 
1 

V a 2 — b 2 


y/b 2 — a 2 

arctan ; — 

a + b 


In 


a + b + V a 2 — b 2 


[b 2 > a 2 ] 
[a 2 > b 2 } 


GW (351)(8) 


GW (351)(7) 


a+b — \/a 2 — b 2 


GW (351)(9) 
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4. 


dx 


a + b cosh x + c sinh x yjb 2 — a 2 — c 2 


when b 2 > a 2 + c 2 ; and 


: In 


\/b 2 — a 2 — c 2 

arctan b en 

a + b + c 

e = 0 for (6 — a) (a + b + c) > 0 

|e| = 1 for (6 — a)(a + 6 + c) < 0 

e = 1 for a < b + c 

e = — 1 for a > b + c 

a + b + c + \J a' 2 — b 2 + c 2 


\/a 2 — b 2 + c 2 a + b + c — \/a 2 — b 2 + c 2 

[i b 2 < a 2 + c 2 , a 2 yf 6 2 ] 


1 , a + c 

= - In 

c a 

2 (a — b) 
c(a — b — c) 


[a = b ^ 0, c ^ 0] 


[6 2 = a 2 + c 2 , c(a — b — c) < 0] 

GW (351)(6) 


3.514 

1. 

2 . 

3. 

4. 

3.515 

3.516 

1. 


/'°° dx i 

/ — ^ = - cosec t 

/ o cosh ax + cost a 

/'°° cosh ax — cos ii , 7t sin a ( 7T * 2 '> n t 2 

1 dx = — - 


[0 < t < 7T, a > 0] 


Bl (27)(22)a 


/ 0 cosh 6x — cos t -2 b sin f 2 sin r b sin 


cosfi 


[0 < |a| < 6, 0 < t 2 < 7r] Bl (6)(20)a 


cosh ax dx it (— cos t sin at + a sin t cos at) 


/ o (cosh x + cost) 

f°° sinh ax sinh bx 

/ 2 ax = ~ 2 

/ o (cosh ax + cos t) a 

/'°° / ^2 cosh xA 

/ 1 - dx = - In 2 

/-oo \ vcosh2x J 

r°° dx i r 00 


sin 3 t sin a7t 

[0 < a 2 < 1, 0 < t < tt] Bl (6)(18)a 

2 dx = cosec t cosec — sin — [0 < |6| < a, 0 < t < tt] Bl (27)(27)a 


Bl (21)(12)a 


dx 


(z + z 2 — 1 cosh x) 2 J_ 00 {z + y/z 2 — 1 cosh x) 


= Qm-iW 


[Re /j > -1] 

For a suitable choice of a single-valued branch of the integrand, this formula is valid for arbitrary 
values of z in the z-plane cut from —1 to +1 provided /i <0. If [i > 0, this formula ceases to be valid for 
points at which the denominator vanishes. CO, WH 


1. 


dx 


{p + \[fi‘ 


2 — 1 cosh x 


n+1 


= QrSfi) 


EH II 181(32) 
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3.517 


2 . 


cosh 'yx dx 


e-*r*T(v- 7 + 1) QZ(P) 


+ i//3 2 — 1 cosh x^j 


v+l 


r(u + i) 


[Re (v ± 7) > —1, z/ 7^ — 1, —2, —3, . . .] 

EH I 157(12) 


3. 


sinh 2/i x dx 


2/^g-vrr T {v - 2/x + 1) T (/t + |) 


(/? + V^^lcosha;)^ 1 0F(/3 2 -l) f I>+l) 




[Re(i/ — 2/.z + 1) > 0, Re(zx + 1) > 0] 

EH I 155(2) 


3.517 


1. 


2 . 

3.518 

1. 


2 . 


3. 


10 


5. fc 


’cosh (7 + \)xdx _ Hr , 2 ir rr(r' + 7 +l)r(r/- 7 )P 1 "(j 3 ) 


^0 (/3 + cosha;)" -1 ’ 2 U ° 

7“ cosh (7 + |) a; da; /zFr ( | — z/) 

/ 1 
' 0 (cosh a — cosh a;) 2 


r ^+i) 

[Re(z/ - 7) > 0, Re(zx + 7 + 1) > 0] 

EH I 156(11) 


2 sinh-o 


r(z/- 2 /a+l)r(/z+ i) 


I" 00 sinh 2/i x dx 

Jo (cosh a + sinh a cosh x) u+1 \j 7r sinh M a T(z^ + 1) ' 

[Re(z/ + 1) > 0, Re(z/ - 2yi + 1) > 0, a > 0] EH I 155(3)a 


[Re v < \ , a > 0] 

Qu-a (cosh a) 


EH I 156(8) 


sinh 2 ^ 1 ^ = 2^ (/3 2 - 1) r(z/ - 2 M ) r( M + 1) P{r(/J) 


/o (/? + cosha;)" -1-1 

[Re(z/ — /a) > Re /a > —1, /3 does not lie on the ray (—00, +1) of the real axis] EH I 155(1) 


’ sinh 2 ^ 1 x cosh xdx 1 . . 

2 = o a 


Jo (l + a sinh 2 x)' 2 

‘■ T G-+ 2 ->- 


[Re zx > Re n > 0, a > 0] EH I 11(22) 


x 2 F 1 yg, Q + 2 — n — za; 2 — — u\ ^ 

[Re/z>0, Re(^ — n — v) > — 2, |arg(l + /?) | < 7r] EH I 115(11) 


r °° sinh M 1 x (cosh x — l) 1 ' 1 dx 

(/3 + cosh a;) e “ * V"’ “ " ' ' ‘ ' K 2 ? 2 

xB^2 — n — v + q, — 1 + v + — ^ 

[/?$((— oo,—l), Re(2 + q) Re(/a + u), Re(2z/ + n) > 2] EH I 115(10) 


= 2-( 2 -^-"+^ 2 Fl ( 0, 2 - /z - zx + g; 1 + Q - 


M 1 ~/3 
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67 ^ 


3.519 r'° — 1 * r .~ P)1 tan3] dx ~ xT sin P — [/< 

^ kn + r r L 

fc=i 


[/?^(l,oo), Re/t>0, 2Re(l + g) > Re(/z + v)\ EH I 115(9) 

Bl (274)(13) 


0 sinh (r tan x) 

3.52-3.53 Combinations of hyperbolic functions and algebraic functions 


3.521 

1 . 

2 . 

3. 

4. 

3.522 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 


9 . 


f 00 xdx 7T 2 

/ o sinh ax 4o 2 


poo 


X 


dx 


to 


cosh : 


© 


= 2G?=7rln2 — 4i( — ) = 1.831931188.. 


[a > 0] GW (352)(2b) 

LI III 225(103a), Bl(84)(l)a 


dx 


1 1 x sinh ax 

r°° dx 


t 1 x cosh ax 


x dx 


k — o 

OO 


k = 0 


x dx 


dx 


dx 


(b- 

2 + 

- x 2 ) cosh irx 



x dx 


(1 

+ 

x 2 ) sinh 

7 TX 



dx 


(i 

+ 

x 2 ) cosh 

7 TX 



x dx 


(i 

+ 

x 2 ) sinh 

7 TX 

2 



dx 


(i 

+ 

x 2 ) cosh 

7VX 

2 



x dx 


(i 

+ 

x 2 ) sinh 

7 TX 

4 


Ei[-(2fc+ l)a\ 

[a > 0] 


LI (104)(14) 

-l) fc+1 Ei[— (2fc + l)a] 

[a > 0] 


LI (104)(13) 

. « +n Y ^ 

2 ab at, _|_ fa 

k=l 

[a > 0, 

b > 0] 


z Yb~ p{b+1) 

[b> 0] 


Bl(97)(16), GW(352)(8) 

2 tt~ (-l)fc-i 

b 2 ab + ( 2 k — 1 )tt 

[a > 0, 

b > 0] 

Bl (97)(5) 


[b> 0] 


Bl (97)(4) 

In 2 

2 



Bl (97)(7) 




Bl (97)(1) 

2 



Bl (97)(8) 

In 2 



Bl (97)(2) 

— y= 7 r + 2 In ^\/2 + 1^ —2 



Bl (97)(9) 
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r°° dx _ j_ 

/o (1 + X 2 ) cosh y/2 


= — — 7r — 2 In (^J 2 + 1 


Bl (97)(3) 


3.523 


r°° rpp—x — i 

— dx = . ■ „ r(/3) C(/3) 

0 sinhaa; 20~ 1 aP 

r°° a; 2n_1 , 2 2n - 1 /7t\2n 

, sinhaa; ~ 2n la) ^ 


r°° a 43-1 2 / I 


-r(/3)^(-i)* 


2k + 1 


cosh aa; 


/ 7 r \ 2n+l 

* = (&) i® 2 " 1 


[Re (3 > 1, a > 0] 


[a >0, n= 1,2,.. .] 


WH, GW(352)(2a) 


[Re (3 > 0, a > 0] EH I 35, ET I 322(1) 


Bl(84)(12)a, GW(352)(la) 


/ 0 cosh x 8 

f°° X 3 dx 7T 4 
/ q sinh a: 8 

f°° x 4 dx 5 5 

1 0 cosh x 32 

/°° 2:5 _ 7t 6 

/q sinh x 4 

f°° x 6 , 61 7 

/ — ; — aa; = — — 7t 
/ 0 cosh a; 128 

/'°° £ 7 17 o 


(cf. 4.261 6) 


(cf. 4.262 1 and 2) 


Bl (84)(3) 


Bl (84)(5) 


Bl (84)(7) 


Bl (84)(8) 


Bl (84)(9) 


Bl (84)(10) 


a; 1 / 2 dx 
cosh x 




(2k + l) 3 / 2 


Bl (98)(7)a 


f°° dx _ 2/ -+ (~i) fc 
/o a; 1 / 2 cosh a; +( (2/c + 1) 1 / 2 


Bl (98)(25)a 


3.524 


sinh 7a; (27)^ \ |_ 2 \ 7 


■ c K 1 + 7 


[Re 7 > [Re (3 \ , Re /a > — 1] 


3 9 „, sinh ax , it d 2n 
x . , . dx = — — - 


1 0 sinh bx 


2b da 2m 


( a7r \ 
( tan 2b) 


[b>\a\\ 


ET I 323(10) 


Bl (112)(20)a 
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3. 

4. 11 

5. 

6 . 

7. 


9. 8 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


f°° siiili ax dx ^ f 

u k = 0 k 1 

r°° x2m+1 srnhax 


[b(2k + 1) - 


|1-p 


- a] 1 ~ p 


[5 > | a 

■ i sinh ax n d 2m+1 ( an\ 

cosh iii iX = 26 ./so" ( 8ec aiJ 

wr [,,10- 

smh7X l 


/»oo 


1 1 

[b(2k + 1) + a] l ~ p J 

ip; P < '1 

[6 > M] 


Bl 


I (131)(2)a 
Bl (112)(18)a 


1 (^ 

o I 1 - - 

. 2 V 72 


+ c 


72 


f 2m COSh ax 7 n d 2 ( a7r \ 

x r-r- dx = ?rr OQ " 

cosh bx 2b da 2m 


7T a / a7r\ 

I see — I 

j q cosh ox 2b da 2m V 2b J 

r °° cosh ax dx 


d, 2 V 1 + 

^ \ I / J J 

[Re 7 > | Re /3|, 
[b > |a|] 


Re fi > 1] 


f°° cosh ax dx_ i \fe / 1 1 

J 0 cosh bx x p P \ [b(2k + 1) — a] 1 ~ p [b(2k + 1) + a] 1_p ^ 

[b > |a|, p < 1] 


f 2777 -t-i cosh ax , 7 r d 2 +1 / a7t\ 

j 0 smh bx 2b da 2m+l V 2b J 

2 sinh ax 7r 3 . a7t , air 

/ 4: . , , dx = — r sm — sec — 

j 0 smh bx 4 b 3 2b 2b 

4 sinh ax , / 7r a7t\ 5 

j Q smh bx V 2b 2b J 

f°° sinh ax , „ ,, / 

/ x 6 dx = 16 

Jo smh bx V 


/ 7T 

a7r\ 5 

. 0,7T ( 

— sec 

— 

• sm — • 

V26 

2b J 

2b V 


2b) 

[b > |a|] 


/ 7T 

an' 

, 7 . a7t 


an\ 

— sec 

— 

sm — 

(45 — 30 cos 2 — - + 2 cos 4 

— 

V2 b 

25/ 

1 2b 

V 2b 

26/ 


f 00 sinh ax 
/ x — — — ax 

Jq cosh bx 

o sinh ax , 

/ a: 3 — — — da 


x' 


X 


; sinh ax 


c sinh ax 


ET I 323(12) 
Bl(112)(17) 


[b > |a|, p < 1] 

Bl(131)(l)a 

[b > |a ] 

Bl (112)(19)a 

[b > |a|] 

Bl (84)(18) 


Bl 


(82)(17)a 


f°° cosh 
x- 


ax 




[6 > a ] 

Bl (82)(21)a 

7T 2 . 07T 2 a7T 

= 462 Sm 26 S6C 26 

[6 > |a|] 

Bl (84)(15)a 

/ 7 r a7r 

;= \2b SeC 2b. 

\ 4 . a7t 

sm — 

/ 26 

■ ( 6 - “ s2 1) 




[6>|o|] 

Bl (82)(14)a 

/ 7T a7T 

;= V25 SeC 26. 

\ 6 . a7t 

sm — 

/ 26 

f 120 - 60 cos 2 ^ + cos 4 

V 26 2b) 




[6 > a ] 

Bl (82)(18)a 

/ 7T a7T 

;= V26 SeC 26. 

\ 8 . a7t 

sm — 

/ 26 

(5040 — 4200 cos 2 + 546 cos 4 

V 26 26 

6 a7T \ 

- cos — 

2b J 



[6 > a ] 

Bl (82)(22)a 

/ 7T a7T\ 

= V25 SeC 25/ 

2 

[6 > a ] 

Bl (84)(16)a 
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17. 

18. 


19. 


20 . 

21 . 


22 . 


23. 

3.525 

1. 


2 . 

3. 


4. 


5. 


6. 


/'°° 3 cosh ax 
I q sinh bx 

f°° 5 cosh ax 
1 0 sinh bx 


f°° 7 cosh ax 
1 0 sinh bx 


dx = 

2 ( 

( 7 r 

— sec 

air 



K2 b 

2b 

dx = 


( 7 r 

an 

8( 

— sec 
K2b 

2 b 


( ?r 

air\ s ( 

— sec 


V26 

2b) V 


2 cosh ax , 7T” / o air air 

■ ax = — tt 2 sec — — sec — 


/o 


cosh 6a; 


86 3 2b 

ir air ' 


26 


070 


/0 


..coshax , / 7t air\ 5 /_ 9 air A 

a; 4 — — — dx = [ — sec — ) (24 — 20 cos" — + cos 4 — 

cosh bx V 26 26 / V 26 26 


x 


/o 


) (’ 

)’(’ 


26 26 

[6 > |a|] 


[6 > M] 

[6>|a|] 

) 


a7r 

26 


[6>|a|] 

a7t , air 


fi coshoa; , ( ir air\ 7 /„„„ 9 a7t . a7t Rair^ 

6 — — — dx = ( — sec — ) ( 720 — 840 cos 2 — + 182 cos 4 — - — cos 6 — 

cosh bx V 26 26 / V 26 26 26 . 


sinh ax 

dx 

— l-n 

cosh bx 

— Ill L< 

X 

sinh ax 

dx 

sinh 7ta; 

1 + X 2 

sinh ax 

dx 

sinh fx 

1 + X 2 

cosh ax 

x dx 

sinh 7tx 

1 + X 2 

cosh ax 

x dx 

sinh ^x 

1 + X 2 

sinh ax 

x dx 

cosh 7TX 

1 + X 2 

cosh ax 

dx 

cosh irx 

1 + X 2 


(air 7t\ 

(46 + 4 ) 


[6>|a|] 

[6>|a|] 


4- - sin a In [2 (1 + o 

1 1 — sin a 

- cos a In ; — 

2 1 + sin a 

— 1) + ^ cos a In [2 I 


K > l a l] 

[tt > 2|a|] 


[ir > |a|] 


1 + sin a 
1 — sin a 


a ir 
2 + 2 1 


a 7t 
2 _ 2 ' 


L2 > |a| 
a + it 


4 

[tt > |a|] 

a + 7t 

4 

[tt > |a|] 


Bl (82)(15)a 

Bl (82)(19)a 

Bl(82)(23)a 
Bl (84)(17)a 

Bl (82)(16)a 

Bl (82)(20)a 
Bl (95)(3)a 


Bl (97)(10)a 
Bl (97)(ll)a 

Bl (97)(12)a 

Bl (97)(13)a 

GW (352)(12) 


GW (352)(11) 
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7 . 


3.526 

1. 

2 . 

3 . 


J sinh ax dx 


= tY. 


oo • k(b—a ) 


sinh bx c 2 + x 2 c ' be + kn 


k=l 


1 cosh < 


• dx 


n 

= 977 +7r E 


oo k(b—a ) 

COS v b J 7T 


lo sinh bx c 2 + x 2 2 be ' ' be + kir 

k—1 


[b>\a\] 
[b > |a|] 


sinh ax cosh 6x dx 1 . ( (a + 6 + c) 7 r (6 + c — aW 

1 • — = - in s tan cot 

cosh ex x 2 4 c 4 c 


5 sinh 2 


ax dx 1 a 

= - msec - 7 T 
b 


I o sinh&x x 2 


[c > \a\ + |6|] 
[b > |2o|] 


r M- 1 


dx = <; $ 


/o sinh /?x cosh 7X (27)^ 


r^K 1+ ? 


$ 


. 1 C /? 


[Re 7 > |Re/ 3 |, Re/i > 0 ] 


3.527 

1. 

2 . 

3 . 6 


r M-l 


sinh 2 i 


dx = 7h7v7 r (^)C(M- 1) 


roe 3,2m 7T- 

• dx = 


(2 a)^ 

2m 


sinh 


2m+l 


Ib 2 


/o cosh 2 1 


(2^ (l “ 22 " M)r ^)C(M-l) 


= In 2 
a z 


[Re a > 0 , Re /j > 2 ] 

[a >0, to = 1, 2, . . .] 

[Re a > 0 , Re \i > 0 , \i 
[Re a > 0 , n = 2 ] 


Z 100 £ dx In 2 

/o cosh 2 ax a 2 
x 


00 ,2m (2 2m - 2) 7T 2 


dx = 


( 2 a) 2m a 


!o cosh ax 

[°°„n- 1 sinh ax ^ _ 2T(/z) 


IB2 


/o 


cosh 


E 


(-i)* 


a^ ^(2/c + l)^" 1 


5 x sinh ax 7r 

• ax = 


/ 0 cosh ax 

f 

/ X 


2a 2 


/o 


2ro+1 sinh ax ^ = 2m + l / 

cosh aa: a V 2 a / 


„2m+l 


cosh acc 
sinh 2 ax 


dx = 


22 m+l ^ 

2 (2a) 2m 


[a ± 0] 

[a > 0, to = 1 , 2 , . 
[R e/x >1, a > 0] 
[a > 0] 

[a >0, to = 0, 1, . 


(2m + 1)! C(2?n + 1) 


Bl (97)(18) 

Bl (97)(19) 

Bl (93)(10)a 
Bl (95)(5)a 

ET I 323(11) 

Bl (86)(7)a 
Bl(86)(5)a 

2 ] 

Bl (86)(6)a 
LO III 396 

Bl(86)(2)a 

Bl (86)(15)a 

Bl (86)(8)a 
Bl (86)(12)a 


[a ^ 0, to = 1, 2, . . . 


Bl (86)(13)a 
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3.528 


10. 11 

II. 8 

12 . 

13. 
14. 11 
15. 10 
16.* 


o Tn cosh ax , 2 2m — 1 

- 2m dx = 


sinh ax 
x sinh ax 


/ 0 cos. 


h 2M+1 ax 


dx = 


a 

R 


0 “ 


r(M) 


IB 


2m | 


4/ia 2 T (/x + |) 


_oo sinh a; 


-OO 

/»oo 


7T 

y 


2 

2o3 


i 2 cosh ax ir 

X 2 dx = 

o sinh aa; 

r°° 2 sinh a; 

x 2 — dx = AG 

o cosh x 

f°° tanh § dx 

2 = In 2 


cosh x 
i cosh ax 


2r(/x)C(/x-l) 


sinh 2 i 


a 11 


(l-2 1 -' i ) 


[a >0, to = 1, 2, . . .] 
[/a > 0, a > 0] 


[a > 0] 
[a 0] 


3.528 

1. 

2 . 

3.529 

1. 

2 . 

3. 


(1 + xi) 2n 1 — (1 — xi) 
i sinh 

(1 + xi) 2n — (1 — xi) 2n 
i sinh ^ 


2n—l 


■ dx = 2 


dx= (-l) n+1 2|S 2n |+2 [n = 0, 1, . . .] 


1 


1 \ dx 
— = - In 2 


sinh x x / x 

r°° cosh ax — 1 dx a7t 

• — = — In cos — 


sinh bx x 


sinh ax sinh bx ) x 


2b 

dx . 

— = (b — a) In 2 


[6>|a|] 


3.531 

l. 7 


2. 10 

3. 

4. 



x dx 

2 cosh x — 1 


4 r 7 t 

—pz — In 2 — L 
V3 ^3 




x dx 

cosh 2x + cos 2t 



x 2 dx 

cosh x + cos t 



x 4 dx 

cosh x + cos t 


t In 2 — L(t) 
sin 2 1 
t 7T 2 — t 2 
3 sin t 

t {IT 2 - t 2 ) (7TT 2 - 
15 sint 


= 1.1719536193... 

[see 8.26 for L(x)] 


3t 2 ) 


[0 < t < 7t] 
[0 < t < 7t] 


Bl (86)(14)a 
LI (86)(9) 
Bl (102)(2)a 
Bl (86)(ll)a 
Bl (86)(10)a 
Bl (93)(17)a 


Bl (87)(8) 
Bl (87) (7) 

Bl (94)(10)a 
GW (352)(66) 
Bl (94)(ll)a 


LI (88)(1) 
LO III 402 

Bl (88)(3)a 

Bl (88)(4)a 
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r °° x 2m dx 
i cosh x — cos 2a7t 


. . . „ sin2fea7r r „ „ . ln 

= 2 (2m)! cosec 2a7r ^ fc2m+1 [0 < a < 1, a ± 5 J 


= 2(2 2 — 1 -l)7r 2m |B 2m | [a=i] 


Bl (88)(5)a 


11 x^ 1 dx 
cosh £ — cos t 


r e -" (e-", At, 1) -e i ‘$(e it ,/x,l)l [Re /x > 0, 0 < t < 2tt, t ^ tt] ET I 323(5) 

sm f L J 


= (2-2 3 -^)r( M )c(M-i) 


= 2 In 2 


[fj, ^2, t = tt] 
[M = 2 , f = tt] 


x^ dx 2T(/x + l) 

cosh x + cos t sin t 


£(-d 


fc _ 1 sinfcf 

fc^ +1 


[/i > -1, 0 < t < tt] Bll (96)(14)a 


A x dx 1 

— — — = - cosec 2 t [L(6 + t) — L(9 — t) — 2 Lit) ] 

cosh 2x — cos 2f 2 L v ; v ’ WJ 


[9 = arctan (tanh u cot t ) , t ^ ?z7r] 

LO III 402 


3.532 


1 ( b — a 


roo 


/ 0 a cosh x + b sinh x a + b ^ (2k + l) n+1 \b + a 


( x cosh xdx 1 f r / 9 + 1 \ T [9-t\ ( if) -[ 

/ o cosh 2x — cos 2t 2 \ \ 2 / \ 2 J \ 2 


[a > 0, 6 > 0, n > -1] GW (352)(5) 

l , r (_ V’ + t\ 


9 u t ib u t 

tan - = tanh — cot tan — = coth — cot t^n n LO III 288a 
2 2 2 2 2 2 


3.533 


/ x cosh xdx tt ( t 

/ — = cosec t — In 2 — L[ - 

/ o cosh 2cc — cos 2 1 2 \ 2 


f°° sinh ax dx n — t 

/ x j = — T~ cosect 

/ o (cosh ax — cos t) a 


; sinh aid# t (tt 2 — t 2 ) 

(cosh x + cos t ) 2 sin t 


(n-t) 


[t ^ TO7r] 


LO III 403 


[a > 0, 0 < t < tt] (cf. 3.5141) 


Bl (88)(ll)a 


[0 < t < tt] (cf. 3.531 3) 


Bl (88)(13) 
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3.534 


4. 


11 


4. 


2m+l 


sinh x dx 


sin2fea7r r „ „ . nn 

= 2(2 m + 1)! cosec 2a7r ) ^ [0 < a < 1, a ^ |] 


(cosh x — cos 2a7t) fe=1 

= 2(2m + 1) (2 2rra_1 — l) Tr 2m \B 2 m\ [a = ±] 


3.534 

1. 

2 . 

3.535 

3.536 

l. 11 

2 . 

3. 


/ t/l — x 2 cosh axdx = — I i(a) 

Jo 2a 

/ cosh ax 7r 

dx = — Io{a) 


Jo y/l — x 

rl 


dx 


7 r arcsin (tanh a) 


/o V cosh 2a - cosh 2ax sinh ax 2y/2a 2 sinh< 


[a > 0] 


r°° x 2 , 7T 2 

■ dx — —— 


I o cosh x 


12 


5 x 2 tanh x 2 dx yd r ^ (— 1) 


cosh 2 x 


2 


Bl (88)(14) 

WA 94(9) 
WA 94(9) 
Bl (80)(11) 

Bl (98)(7) 
Bl (98)(8) 


sinh (u arcsinh x) 


x 


/•»- i 


VT+lh 


: rfX = 




2^7T 


2 J V 2 

[-1 < Re /x < 1 - | Re i/|] ET I 324(14) 


cosh (^ arccosh x) 


r/r— 1 


71 


: dx = 


cos If cos if rwr ('ljl£^'l xr A -t‘ + " 


2^7 r 


2 / V 2 

[0 < Re n < 1 - | Re i/|] ET I 324(15) 


3.54 Combinations of hyperbolic functions and exponentials 

3.541 

1. j e~ px sintd J3x dx = + B f — ^,zx + 1 ) [Red > 0, Rerx > — l,Re/x > Re/3^] 

jo 2" d \2p 2 / 


2 . 

3. 

4. 

5. 


EH I 11(25), ET I 163(5) 


f°° sinh dx 1 

/ e . . 7 dx = — 
/q sinn. bx 2 b 




2b 


J —oo 


7 r fl'K 

2d tan y 


sinh d^ 

.sinh ax 

— T-; dx = — COt — 

sinh x a 2 2 


1 7t a7T 


e px dx 


/o (coshpx) 


2g+l 


9 2 g— 2 i 

B(g, g) — - — 

P 2 qp 


2 2b 

[Re (/x + b ± d) > 0] EH I 16(14)a 

[Red > 2|Re/x|] Bl (18)(6) 

[0 < a < 2} Bl (4)(3) 

[P > 0, q > 0] LI (27)(19) 
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6 . 

7. 


9. 

10 . 


-ux d X n 
e ^ — - — = (3 
cosh x 


e ^ tanh xdx = 


ft + 1 
2 




COsh 2 ; 


dx = ft/3 (?) 
h V 2 / 


- 1 


-p.x sinh/tx 


2 dx = — (1 — In 2) 
cosh“ [ix ft 


„„smhpx , 1 7T »7T 

. . dx = — cot 

smh qx p 2 q 2 q 


[Reft > — 1] 

ET 1 163(7) 

[Reft > 0] 

ET 1 163(9) 

[Reft > 0] 

ET 1 163(8) 

[Reft > 0] 

LI (27)(15) 

[0 < p < 2g] 

Bl (27)(9)a 


3.542 

1. 



(cosh / 3x 




Re /3 > 0, Re t/ > — - , Re ft > Re j3v 


ET I 163(6) 


r-OO r\ 1 

2. / e _,JX (coshx — coshtt)" -1 dx = — i\ — e mv IYt/) sinh 1 ' -5 " Q 2 " (coshtx) 

Jo V tt " "? 

[Re i/ > 0, Re ft > Re tt — 1] 

EH I 155(4), ET I 164(23) 


3.543 

1. 


2 . 

3. 

4. 

3.544 

3.545 

1. 

2 . 


o —ibx 


dx 


lire 


,tb 


, sinh x + sinh t 


sinh 7 xb cosh t 


(cosh nb — e 2ltb ) 


f°° e-» x , „ ^ gin kt 

/ — dx = 2 cosec t > - 

/o cosh x — cos f ^ ft + k 


1 — e x cos t 

— e 

cosh x — cos t 

11 e px — cos t 


dx = 2J2 


k — 0 


cos kt 
p + k 


1 


/ o (cosh px + cos i) “ P 

f°° exp [— (n + |) x] 
lu \J 2 (cosh x — cosh tt) 


dx = - \t cosec t + 


1 


1 + cos t , 
dx = Q n (cosh tt) , [tt > 0] 


' sinh t 


e px + 1 


dx 


7t an 

— cosec — 
2 P P 


1 

2a 


f 00 sinh ax 1 

/ 7 dx = — 

Jo e px — 1 2a 



07T 

P 


[t> o] 

ET 1 121(30) 

[Reft > — 1, t ^ 2mr] 

Bl (6)(10)a 

[Re ft > 0, t ^ 2nn ] 

Bl (6)(9)a 

[p > o] 

Bl (27)(26)a 


EH II 181(33) 

[P > a, p > 0] 

Bl (27)(3) 

[p> a, p > 0] 

Bl (27) (9) 
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3.546 


3.546 


1 A « 2 ^ ( « 


e-^ sinh axdx = - —j= exp — $ \^—j= 

e~ fix cosh axdx = - . exp 

2 V /3 ^ 4/3 

e -/3a: sinh 2 ax dx — ^ ^exp — 1^ 

e -/3a: cosh 2 axdx = ^ ^exp ^- + 1^ 


^5 [Re/3 > 0] 


[Re /3 > 0] 


[Re /? > 0] 


[Re /3 > 0] 


ET I166(38)a 


FI II 720a 


ET I 166(40) 


ET I 166(41) 


3.547 


7 r ^Y7T 7T 

-/3 sinh a;) sinh 7X dx = — cot [J 7 (/3) — J 7 (/3)] — — [E 7 (/3) + E 7 (/3)] = 7 5'_i i 7 (/3) 

[Re/3 > 0] WA 341(5), ET I 168(14)a 


~/3 cosh x) sinh 7X sinh x dx = — 3T 7 (/3) 

P 


-f3 sinh x) cosh 'yx dx = ^ tan ^ [J 7 (/3) — J 7 (/3)] — ^ [E 7 (/3) + E 7 (/3)] = S , 0 , 7 (/3) 

[Re /3 > 0, 7 not an integer] 

ET I 168(16)a, WA 341(4), EH II 84(50) 


(— / 3 cosh x) cosh 7X dx = K 1 ((3) 


[Re /3 > 0] ET I 168(16)a, WA 201(5) 


(— /3 sinh x) sinh 7X cosh xdx — -- 5'o, 7 (/3) [Re/3 >0] ET I 168(7), EH II 85(51) 

P 

(— /3sinhx) sinh[(2n + l)x] coshxdx = 02n+i(/3) 


[Re /3 > 0] 


ET I 167(5) 


-/3 sinh x) cosh 7X cosh x dx = — S'i, 7 (/3) [Re/3 > 0] 

P 


{—(3 sinh x) cosh 2 nx cosh xdx = Om (/3) [Re /3 > 0] 


ET I 168(6) 


1 / 2 \ ^ / 1\ 

-/3 cosh x) sinh 2 " xdx = — ^ ( — ) T ( v -\ — ) K v ((3) 
V 77 VP/ V 2/ 


[Re/3 > 0, Rei/>-|] EH II 82(20) 


' [— 2 (/3cothx + /tx)] sinh 2l/ x dx = -/3 v T(n — v) W_^ u _ 1 (4/3) 

[Re /3 > 0, Re fi > Re z/] 

1 sinhx'j sinh 1 ' -1 xcosh" xdx = — 7t D v ^/3e 1 ’ 1 ’/ 4 ^ ^/3e -1 ’ 1 ’/ 4 ^ 


Re v > 0, |arg/3| < ^ EH II 120(10) 
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3.548 


' ° p(2l/ ^ illhl) ^ [J„ , (ffl a,- , (» + r„ + , (« r._ , m] 

[Re/3 > 0] 

' cxp( - 2 ^ s “ lM ^ = [■/„*.<« n. } OT - a._ s (« r„ +5 («] 

[Re/3 > 0] 

■exp(-2fj s i„hx) s i„h2^^_ 1 /TJr , m (2 , 

43 V 2 l 1+^' 1-"^ 

-e~™Hf_ v {l3)H f +v {P)} 

[Re/3 > 0] 


EH I 169(20) 


ET I 169(21) 




ET I 170(24) 


J exp (— 2/3 sinh a;) cosh2^x 1 / 7t 3 /3 

\/ sinh x * 4 V 2 


{e^ M^O^M 2 ^/?) 


+e _! '" H ( p_ v {/3) H ( p +u 


[Re/3 > 0] 


5 exp (—2/3 cosh a;) cosh 2vx 
\J cosh x 


dx = A~K v+ i{f3)K v ^{(3) 


[Re/3 > 0] 


17 .* r °*Pl-m<**b* -!)]•»&*>* 3. Mr ■ (« 

Jo v cosh x V 7t 4 4 


ET I 170(25) 


ET I 170(26) 


[Re /3 > 0] ET I 170(27) 

5 cos [(i/ + j) 7t] exp {—2vx — 2/3 sinh a;) + sin [ (v + 4) 7t] exp (2vx — 2/3 sinh x) ^ 

\J sinh x 

= \ J \+AP) J \-AP) + Y \+AP) Y \-AP) 

[Re /3 > 0] ET I 169(22) 

5 sin [{v + j) 7t] exp (—2ux — 2/3 sinh x) — cos [(z/ + |) 7t] exp (2vx — 2/3 sinh x) ^ 

\J sinh x 

= l -V^p[j i+v (J3) Yi_ v (f3) - J i_„(/3) Y l+V {(3) 

[Re /3 > 0] ET I 169(23) 


on Z" 00 exp [— /3(cosh x — 1)] cosh ux sinh x A 0 T s r a\ 

£Aj . I . — CiX & jylfJ J 

Jo J cosh x (cosh x — 1) 


[Re/3 > 0] 


ET I 169(23) 


ET I 169(19) 


J e smhax 2 dx = — y — exp J 7i ^ — J [Re //, > 0, a > 0] ET I 166(42) 

/ e- /Jx4 cosh ax 2 dx = t \ lw~ ex P ( 1 ( tt! 


4 Y 2/z \8/x 


[Re /t > 0, a > 0] 


ET I 166(43) 
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3.549 


3.549 


~@ x sinh [( 2 n + 1 ) arcsinh a;] dx = 02 «+i(/ 3 ) 

[Re /3 > 0] 

(cf. 3.547 6 ) 

ET 1 167(5) 

~^ x cosh ( 2 n arcsinh x) dx = 02 n(P) 

[Re /3 > 0] 

(cf. 3.547 8 ) 

ET 1 168(6) 

-P x sinh (v arcsinh x) dx = — S o,v(P) 

P 

[Re /3 > 0] 

(cf. 3.5475) 

ET 1 168(7) 

-/3x cosh (v arcsinh a;) dx = yySi tV {(3) 

P 

[Re /3 > 0] 

(cf. 3.547 7) 



A number of other integrals containing hyperbolic functions and exponentials, depending on arcsinh x 
or arccosha;, can be found by first making the substitution x = sinli t or x = cosht. 

3.55-3.56 Combinations of hyperbolic functions, exponentials, and powers 

3.551 

r°° i 

1. / a^ _ 1 e _/3x sinhya;da; = - T^) [(/3 — y) _M — (/3 + y) _/i ] 

Jo 2 


[Re/3> — 1, Re/3>|Rey|] 


2 . / x ,1 ~ 1 e~ lSx cosh ya: da; = - r(/x) \(/3 — y ) _A1 + ((3 + y) _/i ] 

Jo 2 

[Re ji > 0, Re/3 > |R.e y|] 


ET I 164(18) 


ET I 164(19) 


/»oo 

3. / e~ cothx dx = T(/j J ) 

Jo 


2^c U,§) - r** 


,oo 171 . . 

4. J x n e ~ (p+m9)x sinh™ qx dx = 2 ~ m n\ ^ J 


[Re /a > 1, Re /3 > 0] ET I 164(21) 


(p + 2 kq) n+1 

[p > 0, q > 0, to < p + qm] 


5. 

6 . 

7 . 


n 


fl e — /3a: 


sinh 'yxdx = - 

x 2 


In + Ei(y — 13) — Ei (— 7 — /3) 


/3 — 7 


f°° e -/5* 


x 

roo a —f3x 


sinh 'yxdx = - In ^ ^ 

2 /? — 7 


[/3 > 7 ] 

[Re/3 > [Rey|] 


LI (81)(4) 

Bl (80)(4) 
ET I 163(12) 


f°° e -px -| 

/ coshya;da; = - [— Ei(y — /3) — Ei(— 7 — /3)] [Re/ 3 >|Re 7 |] ET I 164(15) 

J 1 x 2 

Bl (82)(6) 


xe x coth x dx = 1 

4 
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[ e tanh x^- = In — + 2 In 

Jo x A 

_ t r 2 

/ xe x coth(x/2) dx = — 1 

Jo 3 


r f- + - 

l 4 2 


3.552 


r<x> n-i -p x r i 

r°° x 2m-l e -ax 1 /)r >2 m 

, sinhax 2m| W 


rCX> a; /i_1 e _a: 


dx=2 1 ~ A1 (l-2 1 - A1 )r(/t)C(M) 


= In 2 


f-oo 2m- 1 — ax 1 _ ol — 2m . . 

, v |S 2m |(- 

/o cosh ax 2m Vav 


■ dx = 4 y 


(2fc+ l) 3 


r°° ^.3g — 2nx 


4 n 1 


[Re/3 > 0] 


[a >0, to = 1, 2, . . .] 


[Re/x >0, /x yf 1] 


[if /x = 1] 


[a >0, to = 1, 2, . . .] 


ET I 164(16) 


[Re/x > 1, Re/3 > — 1] ET I 164(20) 


EH I 38(24)a 


EH I 32(5) 
EH I 39(25)a 


[n = 0,1,2,...] (cf. 4.261 13) 


Bl(84)(4) 


[n = 0, 1, . . .] (cf. 4.262 6) 


Bl (84)(6) 


3.553 


smlr ax e x dx 1 

— — = - In (a7t cosec an) 

smh xx 2 


[a < 1] 


Bl (95)(7) 


= - In — 
2 7T 


(cf. 4.267 2) 


Bl (95)(4) 


3.554 


r °° dx rfe) d 

/ e (1 — sech x) — = 2 In — y— — y \ — In — [Re /3 > 0] 

Jo x r //3 + n 4 

J e _l3x — cosechxj dx = ip ~2 — 2 [R- e 0 > 0] 

r [ s 4ii%iR _ (i _ 20)e -] * = 2 ln m _ b , + (sin ^ 

J 0 smh 2 x 

[0 < Re/3 < 1] 


ET I 164(17) 


ET I 163(10) 


EH I 21(7) 
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3.555 


4. 

5. 

6 . 

3.555 

1. 

2 . 

3.556 

1. 

2 . 

3.557 

1. 


2 . 


[ e P x ( coth x ^ dx = ip ( {-) — In f + .. [Re (3 > 0] 

Jo \ x ) V 2 / 2 (3 

- + 2 9e -4 * = 2 1„ r (, + I) + 1„ cos n, - In n 

smh o x V 2 / 


J x M *e /3x (coth a; — 1) da; = 2 1 p r(/x) £ ^ + 1^ 


w< 


[Re (3 > 0; Re ^ > 1] 


ET I 163(11) 


WH 


ET I 164(22) 


/ smh 2 ax dx 1, / p . 2air 

/ • — = - In sin 

/ 0 1 — e px x 4 \2a7r p 


sinh ax dx 1 . . 

/ — • — = — - in (a7t cot an) 

l 0 e x + lx 4 v ’ 


1 — e p n 2 2 pn 

x^^~ dx = — — tan — 

smh x 2 2 


[0 < 2|a| < p\ (cf. 3.545 2) 

Bl (93)(15) 

[a < ±] (cf. 3.545 1) Bl (93)(9) 

\p < 1] (cf. 4.255 3) Bl (101)(4) 


' — OO 
POO 


l _ g -px l _ e -(p+l)x 


sinh x 


■ dx = 2p In 2 


\P > -1] 


Bl (95)(8) 


dx 


cosh a; — cos TJ Jn 


n - 1 /. x r ( n+q+k \ r / p+k \ 

2 cosec (“4 V (-!)*-! sin (—4 In ^ i ) ^ ( 

V ’* 'iK v " 1 r(sa±*)r( 2 ±l) 

11=4 p / n+q-k \ p / p+fc\ 

_ /m \ . ( km M n I \ n I 

2 cosec ( — n) ) (— l) fe 1 sin 7t In — ) ( ) ; 

> fa \n J r( "+p- fc )r(g±^) 

\p > -1, q > -1] 


/•” (1 - e~ x ) dx 

1 0 cosh x + cos ™7t a: 

n— 1 


2 cosec (-tt) ^^(— l) fc_1 sin (— tt) x In 
^ 4,_1 V / 


fcm \ . [r(^)] 2 r(^)r(A) 


fe=l 

T .-1 


2 cosec (™tt) ^(-l^sin f^V) x In 


fc=l 


[r(^r)] r(^)r(=^±a) 
[r(^)] 2 r(^)r(|) 
[rm] 2 r(^)r(^) 


[to + n odd] 

[to. + n even] 

Bl (96)(1) 

[to. + n odd] 

[to. + n even] 

Bl (96)(2) 
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3. 


poo 

-Xa. 171 

c •*' tori -7 r 

e -px sin m 1 

n 

dx 

L 

C- Ldll ^ / 1 

2 n 

cosh x + cos — 7r 

n -l 

X 


n— 1 


tcm 7t^ ln(2 n) + 2 l) fc 1 sin ( ir ) In 


fc= l 


km 

n 


tan (SH lnn + 2 ^h~ i)fc 1 sin ( v 7 ") ln ' 

k=l ' ' 


p f p+n+fc \ 

\ 2n J 
r(5r r) 

-i 7 p+n — fc \ 

V n J 
r(5r) 


4. 


5. 


6 . 


r l +e ~’ ■ = 2 sec ? [» cos (t - M ° 

/o cosh a; + cos a a; 1_p 2 ^ 

AC— 1 


f°° x q e ~2 cosh | = r(g + l) y, 

/o cosh a: + cos A cos | j“ 


kP 
[p > 0] 

,_ 1 cos (fc — A 


fc« +1 


[g > -1] 


/o 


e * — cos a o 2 7t 2 

x — ax = a hr — — 

cosh x — cos a 2 3 


7. 


c 2 m+i e ~ cos an 
cosh x — cos air 


dx = 2 • (2m + 1)1 'E 


fc=i 


cos kair 

j^2m+2 


3.558 

1. 

2 . 

3. 

4. 


5. 


1 — e 


sinh 2 x 
1 - (— l) n e 


dx = 


2n7r 2 


n— 1 


- 4 E 


n 


- k 


k 2 


nn 

0 dx = —— 

cosh 2 § 3 


/c=l 

2 n_1 




, 1 — e 


fe=i 
n— 1 


. n — k 
k 2 


sinh 2 — 


dx = 8n C(3) — 8 E 


a; 2 e x 


1 — e 


— 2nx 


k = 1 

l 


n — k 
k 3 


sinh a: 

,1 + (-l) n e- 
cosh 2 | 


dx = 8nY / (0 ,_ 1V , - g E 


n — k 


(2k - l) 3 E; (2k - l) 3 


dx = 6n C(3) — 8 


fe=i 


i — k 
k 3 


6. 


1 _ p~nx a 

3 ^ ^ j ^ 4 

c o — dx = — nil 

sinh 2 | 15 


n— 1 


- 24 E 


fc=l 


i — k 
k A 


7. 


0 3 1 + (-l) n e~ nx , 7 4 k n ~k 

x 3 n dx = — ?t7t 4 + 24 > (— lr 

30 ^ 


cosh 2 | 


fc=i 


/c 4 


[m + n odd] 

[to + n even] 

Bl (96)(3) 

LI (96)(5) 

LI (96)(5)a 
Bl (88)(8) 

Bl (88)(6) 

Bl (85)(3) 

LI (85)(1) 

Bl (85)(5) 

LI (85)(6) 

LI (85)(4) 

Bl (85)(9) 

Bl (85)(8) 
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3.559 


3.559 

3.561 

3.562 


. 1 , (!-e x ) (1 - ax) - xe x (2 _ a)x 

a 2 ' . . o ~ 


4 sinh § 


'- 00 e _2a: tanh f tt 

~^dx = 2 In 


; cosh : 


2 y/2 


(jnr I I 

■^=o--+lnr(o)--ln(27r) [a > 0] 

Bl (96)(6) 
Bl (93)(18) 


roo i / 2 

1. / x 2 ^~ 1 e~P x sinh 7# eta; = - T( 2 n)( 2 f 3 )~^ exp £- 

Jo 2 \°P 


£-2 M I - 


vw 


- 


2/x 




[Re n > - Re /3 > 0] ET I 166(44) 


roo -i / ' 

2. / x 2 /J, ~ 1 e~ l3x cosh 7a; dx = - r(2/z) (2/3) exp [ — 

Jo 2 V 8 / 


2 

8/3 


D 


— 2fi 


D. 


vw 

[Re /z > 0 , Re (3 > 0 ] 


■2/^ 


7 


VWJ\ 

ET I 166(45) 


3. 


xe sinh 7a :dx = W ? exp f ^ 


4/3V/3 6XP V4/3 

2 


4 - l + 




— <J> 


[Re /3 > 0 ] 
1 

2p 

[Re j 3 > 0 ] 

7 


BI(81)(12)a,ET I 165(34) 


ET I 166(35) 


7 

4/3; ‘ V 2 v^; ' 4/3 2 
[Re f 3 > 0 ] 

2 - 

4/3, 


ET I 166(36) 
ET I 166(37) 


6. J x 2 e 0x2 cosh 7a ; dx = ^ ^ exp ^ j [Re /3 > 0] 

3.6-4. 1 Trigonometric Functions 

3.61 Rational functions of sines and cosines and trigonometric functions of multiple 
angles 


3.611 


p2ir 

1. / (1 — cos x) n sin nx dx = 0 

Jo 

r2n 

2. / (1 — cos x) n cos nx dx = (— l) n T 

J 0 2— 1 

r 7T r 7T 

3. / (cost + tsinicosa;)" rfx = / (cost + isintcosa;) - ” -1 dx = irP n (cost) 

Jo Jo 


Bl (68)(10) 
Bl (68)(11) 
EH I 158(23)a 
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3.612 

l. 6 


sm nx cos mx 
sin x 


dx= 0 


= 0 


for n < to; 

for n > m, if to + n is odd and positive 

for n > to, if to + n is even 


2 . 


f 71 sin nx 
Jo sin x 


= 7T 


for n even 
for n odd 


3 . 

4 . 

5 . 

6 . 

7 . 

3.613 

1. 6 

2. 6 


3 . 



sin(2n — 
sin a; 


l)x 


dx = 


7T 

2 


/' 7r / 2 sin2nx 

/ dx = 2 

Jo sm x 



2n — 1 / 


sin 2nx 


cosx 

r cos(2 n + l)x 


j r, f"^ 2 shi2rix ,„_i /II 

dx = 2 I dx = (-1)" M 1 — - + - — 


dx = 2 


cosx 
r* cos(2 n + l)x 


cosx 


io 


cosx 


3 5 

dx = (— l) n 7T 


,tt/2 


sin 2?rx cos x it 

dx = — 

sm x 2 


(-I)- 1 A 

2n — 1 / 


cos nx dx 


' y/l-a 2 -l 


j o 1 + a cos a; y/\ — , 
f n cos nx dx 


(a 2 — 1) i 


sin nx sin x dx i r 

1 — 2a cosx + a 2 2 


77 


2 a n+1 


[a 2 < 1, 

n > 0] 

[a 2 < 1, 

n > 0] 

[a 2 > 1, 

n > 0] 

[a 2 < 1, 

n > l] 

[a 2 > 1, 

n > l] 


LI (64)(3) 

Bl (64)(1, 2) 
FI II 145 

GW (332)(21b) 

GW (332)(22a) 

GW (332)(22b) 

LI (45)(17) 

Bl (64)(12) 


Bl (65)(3) 


Bl(65)(4), GW(332)(34a) 
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3.614 


4 to 


5 . 

6 . 

7 . 


9 . 


10 . 


II . 6 

12 . 

13 . 



cos nx cos x dx 
1 — 2 a cos x + a 2 


It L T U __i 
— • (7 

2 1 - a 2 

7 r a 2 + 1 

2a n+1 ' a 2 - 1 
ira 

1 — a 2 


a (a 2 — 1) 


/' 7r cos(2n — l)xdx 
/ o 1 — 2a cos 2a; + a 2 J 
f n cos(2 n — l)x cos 2a; dx 
I o 1 — 2a cos 2a: + a 2 

r n sin 2nx sin x dx 
/n 1 — 2a cos 2a: + a 2 J 


cos 2 nx cos a: dx 
1 — 2 a cos 2a: + a 2 


= 0 


= 0 

n7r sin(2n — l)x sin 2a; dx 
, 1 — 2a cos 2a: + a 2 


= 0 



sin(2n — l)x sin x dx 
1 — 2 a cos 2a: + a 2 


2 1 T a 

7T 1 

2 ’ (1 + a)a n 



cos(2 n — l)x cos x dx 
1 — 2 a cos 2a; + a 2 


2 1 — a 

7 r 1 

2 ’ (a - l)a n 


sinna: — asin(n — l)x 
1 — 2 a cos x + a 2 


sin mx dx = 0 


= 2 a 


/ cosnx — acos(n — l)x , 7t / |„i_ 

/ — cos mx dx = - a 1 : " - 1 

/q 1 — 2a cos x + a z 2 \ 



sinnx — asm (n + l)xl , 

^ dx = 0 

1 — 2a cos x + a z 

cosnx — acos[(n + l)x] , 

^ dx = 7 ra 

1 — 2a cos x + ci- 


[a 2 <1, n > l] 

[a 2 >1, n > l] 

[n = 0, a 2 < l] 

[n = 0, a 2 > l] 

Bl(65)(5), GW(332)(34b) 

[a 2 ^ 1] 

Bl (65)(9, 10) 

[a 2 * 1] 

Bl (65)(12) 

[a 2 ^ 1] 

Bl (65) (6, 7) 

[a 2 < 1] 


[a 2 > 1] 

Bl (65)(8) 

[a 2 < 1] 


[a 2 > 1] 

Bl (65)(11) 

for m < n 


for to > n 


[a 2 < 1] 

LI (65)(13) 

[a 2 < 1] 

Bl (65)(14) 

[a 2 < 1] 

Bl (68)(13) 

[a 2 < 1] 

Bl (68)(14) 
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3.614 7 



sin x 

2 ab cos x + b 2 


sin pa; • dx 
1 — 2 a p cos px + a 2p 

nbP- 1 

~ 2a p+1 (1 - W) 
HOP- 1 

~ 2 b(b p - a 2p ) 


3.615 

1. 


t/2 


cos 2nx dx 

i 9 : 2 

1 — a z sm x 


(— l) n 7r fl-V^a 2 

2^1 - a 2 y a 


In 


[0 < b < a < 1, p = 1, 2, 3, . . .] 

[0 < a < 1, a 2 < b , p= 1,2,3,...] 

Bl (66)(9) 


[a 2 < 1] 


Bl (47)(27) 


2 . 

3. 


/'" cos x sin 2na; dx 
I o 1 + (a + 6 sin a;) 2 


= — — sin < 2 n arctan \ — > tan 


,2 n 


- arccos 


r cosxcos(2n + l)xdx tt 


I o 1 + (a + b sin x) 


= — cos < (2 n + 1) arctan \ -> tan 


.2ra+l 


2a 2 ) 

1 

- arccos 
2 


I s 

2a 2 


where s = — (l + b 2 — a 2 ) + c/(l + b 2 — a 2 )“ + 4a 2 Bl (65)(21, 22) 


3.616 

1. 

2 10 


3. 

4. 


5. 


J (l — 2a cos x + a 2 ) n dx = n a 2k 


dx 


fc= o 

2-k 


dx 


I o (1 — 2a cos a: + a 2 )" 2 J Q (1 — 2a cos a: + a 2 )” 

7 r 1 (n + k — 1)! 


E 


(! — a 2 )" ^ (fc!) 2 (n — k — 1)! 


/c— 0 
n— 1 


7t (n + k — 1)! 1 


(a 2 — l) n (fc!) 2 (n — k— 1)! (a 2 — l) fc 


/ (l — 2a cos a: + a 2 ) ” cos nx dx = (— l) n 7ra" 

Jo 

/ (l — 2a cos a; + a 2 )" cosmxdx 
Jo 

1 Z’ 2 ’ 7 n 

= -/ (l — 2a cos a: + a 2 ) cosmxdx 

2 Jo 


= 0 


Bl (63)(1) 


[a 2 < 1] 

[a 2 > 1] 

Bl (331)(63) 
Bl (63)(2) 


l(n-m)/ 2 ] 


= 7t(— a) m (l + a 2 )" m ^ 


k—0 


,-k 

kJ\m + k) V 1 + a : 


2k 


p2i r 


sin nx dx 


Jo (1 — 2a cos 2a; + a 2 ) 7 


= 0 


n < to] 

[n > m] 

GW (332)(35a) 
GW (332)(32a) 
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3.617 


6 . 


7. 


sinxdx 1 

1 

1 

/o (1 — 2acos2x + a 2 )™ 2(m — l)a 

(1 - a) 2m ~ 2 

(1 + a) 2m - 2 _ 


[“/ 0, ±1] 

GW (332)(32c) 


cos nx dx 


cos nx dx 


(1 — 2acosx + a 2 ) m 2 J Q (1 — 2acosx + a 2 ) 1 


2 m+n 2^ 1 ^ m _|_ n _ 1 ^ ( 2 TO — k — 2\ (l — 

— 


(1 — a 2 ) 


. k ) \ m — 1 / \ a* 

fc= o x 

7t (m + n— 1 \ / 2m — k — 2 \ , 2 lX fc r2 

t ]( m — 1 [ 0>I 1 


[a 2 < 1] 


a™ (a 2 - l) 2m 1 ^ V k A m - 1 


r /2 cos 2?rx dx 


/ o (a 2 cos 2 x + b 2 sin 2 x ) 


n+1 


2?r\ (b 2 - a 2 )’ 


2n+l 


3.617 10 

with 


dx 


( 2ab ) 


2 „ / 2\/|a| 

-C n 


(1 — 2a cos x + a 2 ) n+1 / 2 |l + a| 2n+1 \Jl + 


[a > 0, b > 0] 
) > M 7^ 1 


/•rr/ 2 

F„(fc)= / - 

do I 


dx 


/o (l — k 2 sin 2 x)” +1 ^ 2 
where the F n {k) satisfies the recurrence relation 


and 


K +1 {k) - F n (k ) + 2n + 1 ^ \ n- 0, 1, 2, . . . 

^2 dx 


F 0 (k) = K(k) = [ 
do 


/o (l — /j 2 gj n 2 a) 12 
is the complete elliptic integral of the first kind. 

Introducing the complete elliptic integral of the second kind 

r /2 

E(k) = / (l — k 2 sin 2 x) 1 2 dx 
do 

the derivatives 

dK{k) E(k) K(k) dE(k) E(k) - K(k) 

dk ~ k (1 - k 2 ) k ’ dk fc 

combined with the recurrence relation lead to 


GW (332)(31) 


GW (332)(30b) 


Fi(fc) = Fo ( k ) + k 


dFp (k) 
dk 


.kv+W-km.™ 


l-k 2 


F 2 (k) 


E(k) k d f E(k) 
~ l-k 2 + 3 dfc ll-fc 2 


1 


3(1 — k 2 ) 


4 - 2fc 2 
1 - k 2 


1-k 25 


B(fc) - iC(/c) 
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Powers of trigonometric functions 


3.621 


pn/2 (‘‘ n /2 

/ sin^~ 1 xdx = / cos^xdx = 2 m_2 B -) 

Jo Jo V 2 2 / 

W 2 nln r^/ 2 , i r / 1 \ "1 2 

/ sin 3 / 2 xdx = / cos 3 / 2 xdx = — - — r ( - ) 

Jo Jo 6x/2tt L wJ 

r' 2 • 2m , r /2 2m , (2m — 1)!! 7T 

i Sm XdX = i C0S xdx = (2m)!! 2 

/" /2 sin 2m+1 a dx = C** cos 2m+1 a dec = (2m)H 

7o 7o (2m +1)!! 

/ sin'' -1 zcos 1 ' -1 xdx = ^ B ^ [Re /j > 0, Re^>0] 

jo 2 V 2 2 / 


FI II 789 


FI II 151 


FI II 151 


i ' = Jl ( r (j 

r ' 2 & = (rq )) 2 

/o Vsin a: 2\J2to 


LO V 113(50), LO V 122, FI II 788 


3.622 


r /2 ^ A t?r 

/ tan ^ xdx = — sec — 

Jo 2 2 

/ 7 tan M xdx = l /3 ( 


t/ 4 « 1 (_-|\k 

tan 2 "a;d£ = (-l) n - + y ^77 7 

v ' 4 ^ 2n - 2fc - 1 

k—0 

T / 4 In 9 

tan 2 " +1 a dx = (-l) n ^ + V 

v ' 2 ^ 2n- 2k 


[|Re/t| < 1] 


[Re /i > -1] 


Bl (42)(1) 


Bl (34)(1) 


Bl (34)(2) 


Bl (34)(3) 


3.623 


tan M 1 x cos 2l/ 2 xdx = / cot M 1 x sin 2 " 2 x dx= - R { — ,v — — 


■= 1 B 

2 V 2 2/ 

[0 < Re //. < 2 Re ;/] Bl(42)(6), Bl(45)(22) 


f 7 tan M a; sin 2 x dx = / 3 ( - 7 

o 4 \ 2 / 4 

tan M a; cos 2 x dx = ^ (3 ( — + \ 


[Re/a > -1] 


[Re/< > -1] 


Bl (34)(4) 


Bl (34)(5) 
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3.624 


3.624 

1. 

2. 3 


3. 


it 


4. 


5. 


6. 


3.625 

1. 


2 . 

3. 

4. 8 

3.626 

1. 

2 . 

3.627 

3 . 628 1 


r /4 sin p x 


dx = 


1 


COS p + 2 X p + 1 


\p > -!] 


T / 2 sin M 2 x 
cos 2 ^ -1 x 




/ o sin 2M 1 x 


/ /4 cos 2 (2x) , (2 n)!! 

/ o — w , dx = n 

/ 0 cos 2ra+1 (x) 

/ >7r / 4 cos M 2x 


cqs 2 (^+ 1 ) X 


2 2n+1 (n!) 
dx = 2 2p B(/i +1,^+1) 


T ^ 4 sin 2,i 2 x 
cos p 2a; 


dx = 2 1_2/i B(2/x — 1,1 — yti) = 


r(!-£) j 

[— 5 < Re p < l] 


[R e /a > -1] 

r - I) r(i - g) 

2^7T 

[§ < Re p < l] 


i 71 ’/ 2 f sin ax N 2 


dx = ^ sin7ro [2a / 3 (a) — 1] , [a > 0] 

sm oo J — — 


r /A sin 211 1 x cos p 2x 

r, cos 2p+2n+l x 


dx = 


(n — 1)! r(p+l) 


r(p + n + 1) 
(n — 1)! 


= xB(n,i>+l) 


2 (p + n)(p + n — 1) • • • (jp+ 1) 2 

\p > - 1 ] (cf. 3.251 1 ) 


T / 4 sir, 2 " 


sin x cos p 2x 
cos 2 p+ 2ti + 2 x 


dx = |B(n+|,p+l) 


[p>-l] (cf. 3.251 1) 


f^sin 2 " 1 xcos m 2 2x (2n — 2)!!(2m — 1)!! 
■ dx = 


cos 2n+2r " x 


(2n + 2m-l)!! 


f 71 ^ 4 sin 2 " x cos'" 2 2x (2n — l)!!(2m — 1)!! 7t 

QjX =: • — 

0 cos 2n+2m+1 x (2n + 2m)!! 2 


T / 4 sin 2 " _1 x / — , (2n — 2)!! 

— — vcoszxax = 

COS 2n + 2 X 


/ Q tUD Ju (2n+l)!! 

/' 7r / 4 sin 2 "x / — , (2n — 1)!! 7t 

/ — 7—^= — vcos2 xdx = — — t 7 • — 

/o cos 2 "+ 3 x (2n + 2)!! 2 


(cf. 3.251 1 ) 
(cf. 3.251 1 ) 


fir/2 


tan^x / >7r ^ 2 cot M x , r(/i)r(|— /a) . p-n 

dx= ——r , — dx = — sm — - 


/ o cos^ x 


sec 2p x sm 


Sill X 


2 p ^/tt 


2p 1 xdx= ^=r( P )r(i -p) 


[-1 < Re /j < |] 

[0 <P< 5] 


GW (331)(34b) 

LI (55)(12) 
Bl (38)(3) 

Bl (35)(1) 

Bl (35)(4) 


Bl (35)(2) 
Bl (35)(3) 

Bl (38)(6) 

Bl (38)(7) 

Bl (38)(4) 
Bl (38)(5) 

Bl (55)(12)a 
WA 691 
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3.63 Powers of trigonometric functions and trigonometric functions of linear 
functions 


3.631 

1. 


2. 7 
3. 6 

4. 

5. 


6 . 


7. 


9. 


10 . 


sin 1 ' 1 x sin ax dx = 


2” _1 i/B 


v + a + 1 v — a + 1 


T / 2 . 2 1 vk 

2 sm x sin vx dx = cos — 

l-i/ 2 


sin 1 ' x sin vx dx = 2 ”-7r sin — — 


[Re v > 0] 
[Re i/ > 1] 

[Re i/ > — 1] 


sin” a; sin 2mx dx = 0 


nl r /*7 t/2 

/ sin 2 " x sin(2m + l)x dx= sin 2 ” x sin(2m + l)x dx 
Jo Jo 

(— l) r "2” +1 n!(2n — 1)!! 


(2?z - 2 to - l)!!(2m + 2n + 1)!! 

(— l)"2" +1 n!(2m - 2 n - l)!!(2n - 1)!! 


LO V 121(67a), WA 337a 
GW(332)(16d), FI I 152 

LO V 121(69) 
GW (332)(lla) 

[to < n] * 


(2 to. + 2n + 1)!! 


[to. > n] * 

GW (332)(llb) 


p7T /*7t/2 

/ sin 2 " +1 x sin(2rn + l)x dx = 2 / sin 2 " +1 x sin(2m + l)x dx 

Jo Jo 

( l) m 7r /2n+ 1' 


2 2 ™+i \n — m 


= 0 


f-TT 

/ sin” x cos(2 m + l)x dx = 0 
Jo 


sin” 1 x cos ax dx = 


[n > to] 

[n < to] 

B I (40) ( 12) , GW(332)(llc) 
GW (332)(12a) 


7TCOS 


2 l/_1 i/B 


i/ + a+ l i/ — a + 1 
' 2 ’ 2 


[Re i/ > 0] LO V 121(68)a, WA 337a 


t/2 


cos” 1 x cos ax dx = 


i/ + a+ l v — a + 1 


2”i/B 


t/2 


. v -2 , 1 . vn 

sm x cos vx dx = sin — 

v - 1 2 


[Rei/>0] GW (332)(9c) 

[Rez/>1] GW(332)(16b), FI II 15 2 


In 3.631.5, for m = n we should set (2n — 2 m — 1)!! = 1 
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3.632 


11 . 


12 . 


14. 


15. 


n VTT 

sin x cos vx ax = — cos — 

2 

j-n/2 

sin 2 " x cos 2mx dx= 2 sin 2 " x cos 2 mx dx = 


= 0 


[Re v > — 1] 


(~l) r 

2 2n 


2 n 

n — m 


LO V 121(70)a 

7 r [n > to] 

[n < to] 

Bl(40)(16), GW(332)(12b) 


13. 7 / sin 2 " +1 xcos2mxdx 

Jo 

r rr/ 2 


n n . 2 n+i „ , (— l) m 2" +1 n!(2n + 1)!! 

2 / sin 2 +1 x cos 2tox dx = — — r n > m — 1 

J 0 (2m — 2?r — 3)!!(2 to + 2n + 1)!! 1 “ J 

(-l)" +1 2" +1 n!(2TO - 2 n + 3)!!(2 n + 1)!! 


(2 to + 2n + 1)!! 


f 7r /2 


cos" 2 x sin nx dx = 


v-l 


COS X 


[Re v > 1] 

/•W 2 

sin nxdx= [l — (— l) m+n ] / cos 1 " x sin nx dx 

Jo 


[n < m — 1] 

GW (332)(12c) 

GW(332)(16c), FI II 152 


f r— 1 


= [1 - (-l) m+ "] w! (TO + n-2fc-2)!! | ^to!(ti — to — 2)!! 


k—0 


(to — k ) ! (to. + n) ! ! 


1 

f to if to < n , 

f 2 ifn — to = 41 + 2 > 0 

H 

8 = < 

[ n if to > n 

1 1 ifn — m = 2l + l>0 

1 0 if n — to. = 41 or n — to. < 0 



/»7T 

/ 2 

16. 

L 

cos' 




17. 11 

L 

cos" i 


f7T 


18. 6 

L 

cos’" 


r 

/2 

19. 

l 

cos' 


r 

/2 

to 

o 

o 

L 

cos' 

3.632 

r 77 


1. 

l 

sin p_ 


1 H 2 fc 

2"+i ^ k 

fc = i 


(to + n) ! ! ] 

GW (332)(13a) 

FI II 153 


[l + (— l) m+ "] yn+i ( ^ ) if to < n and n — to = 2fc 
0 otherwise 


GW (332)(15a 


(— l) rn sina7T 

2 m (m + a) 


F i -m, -- 


a + to i a + to 


; — 1 


cos" x cos vxdx = 0 


cos" x cos nx dx = 


2n+! 


2 2 

[a ^ 0, ±1, ±2, . . .] 

[Re v > 1] 

[Ren > — 1] 


WA 313 

GW(332)(16a), FI II 152 
LO V 122(78), FI II 153 


■(H) 


dx = 2 P 


r(p-a)r(p + a) 


r(p) 


[/ < a 2 ] 


Bl (62)(11) 
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cos" 1 xsin a (x + ^ dx 


7 r sin ^ 


t v + a + l v^a + 1 
\ 2 ’ 2 

[Re ^ > 0] 


(•tt/ 2 «_1 7 1'ifcofc /„ _ 1 

3. 10 J cos p xsin[(p + 2n)x] dx = (—l)” -1 | /.: | 1 A 


/>—[“(* - 0)1 <te = [1 - ( - ir+ ”‘ ] = L - «)i ** 


WA 337a 


LI (41)(12) 


[1 — (— l)” +m ] 7 r cos ma 
n 1 „/n + m + l ?/ — to+1\ 

2 nB V 2 ’ 2 J 

[n > to] LO V 123(80), LO V 139(94a) 


/■tt/2 

5. / cos p+?_2 xcos[(p — g)x] dx = 

Jo 


2P+9-i(p + g ^ l)B(p, g) 

\p + q> i] 


3.633 


cos p 1 a: sin ax sin x dx = 


2 P+I p(p + 1) B 


^ + 1,^ + 1 
2 ’ 2 


LO V 150(110) 


2. / cos” a; sin nx sin 2mx dx = / cos” x cos nx cos 2mx dx = 

Jo Jo 

r /2 _ 7T /rt-l\ 

3. / cos” -1 xcos[(n + l)arl cos2mxdx = — -tI ) 

Jo L J 2«+ 1 VTO-iy 


[n > to — 1] 


W 2 7T 

4. / cos p+9 x cos px cos qx dx = — ; — 

J 0 e y 2 P+q+ 2 


2P+5+2 L (p + g + l)B(p + l,g + l)J 
\p + q> -1] 

n srfp\fq\ 77 \ T (p + q + 1 ) 


Bl (42)(19, 20) 


Bl (42)(21) 


GW (332)(10c) 


/» 7T j A yXj 

5- 6 / cos p+ «xsinpxsingxdx= ^5+2 £(*)(*) = 2^^ 

•'O fc— i 


fe/ 2 ^+ 2 [r(p + i)r(g + i) 

[P + 9 > -1] 


Bl (42)(16) 


3.634 


U 7 T 

1. / sin^ 1-1 xcos" -1 xsin(/i + u)xdx = sin B(/t, i/) 

Jo 2 


[Re// > 0, Re v > 0] 


B I (42) (23) , FI II 814a 
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3.635 


2 . 

3. 

3.635 

1. 

2. 7 


3. 


it 


r / 2 _ n-n 

/ sin M_1 xcos" -1 xcos{p + v)xdx = cos ' 7 — B (p, i/) 
Jo 2 


[Re p > 0, Re ^ > 0] 


/•7T /2 

/ cos p+n_1 x sinpx cos[(n + l)x] sin x dx = 
Jo 


it r (p + n) 

2P+n+l n !T (p) 

[p > -n\ 


Bl(42)(24), FI II 814a 


Bl (42)(15) 


^tt/4 

cos M_1 2x tan xdx = - 
D 4 

r 7r / 2 




1^+1 


, (P\ 

y ’\2 ) 


[Re p > 0] 


Bl (34)(7) 


7t / n \ r (p + n — k) 


3. 

3.636 

1. 

2 . 


7T / Tl\ 

/ cos p+2n x sin px tan x dx = — — ~ , > ( , ) 

Jo 2 p+ 2 "+ 1 r(p) ^ \kJ 


r*/ 2 _ n 

/ cos"^ 1 x sin[(n + l)x] cot xdx — — 
Jo 2 


(n — k)\ 

pir r (p + 2 n) 

- 2P+ 2 +n+i r(n + 1) T(p + n + 1) 

[p > -2 n] Bl (42)(22) 


Bl (45)(18) 


t/2 


f 7f//2 + pit /jL7T 

/ tan p, xcos2xax = +— sec — 
Jo 2 2 


+ /, . _ , U7T U7T 

tan ' x sin 2x ax = — cosec — 


r /2 tan 2p x , r /2 cot 2p x J r (it + 4) r(-/x) 

dx = \ — ; dx = - 


cosx 


smx 


2^/+ 


[0 < Re p < 2] 

[ | R e /x | < 1] 

[— \ < Re p < l] 


Bl (45)(20)a 
Bl (45)(21) 


(cf. 3.251 1) 

Bl (45)(13, 14) 


3.637 

1. 

2 . 

3. 


z * 7 ^/ 2 (p + a)tt 

/ tan p x sin 9-2 x sin qxdx = — cos - — B(p + g — 1, 1 — p) 

Jo 2 


[p+g>l>p] GW (332)(15d) 


/ tan p x sin 9-2 x cos gx dx = sin ^ B(p + g — 1, 1 — p) 

Jo 2 


ip + lU 


[p + g > 1 > p] GW (332)(15b) 


W 2 _ p7r 

/ cot p x cos 9-2 x sin gx dx = cos B(p + g — 1, 1 — p) 
Jo 2 


[p + g > 1 > p] 


GW (332)(15c) 
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r */ 2 pn 

4. / cot p xcos q - 2 xcosqxdx = sin I —B(p + q—l,l—p) 

Jo 2 


[p + q > 1 > p] 


GW (332)(15a 


3.638 

1. 

2 . 

3. 


f 77 / 4 sin 2p x dx 


= — sec /ITT 


I o cos M+ 2 2x cos x 2 

/' 7r / 4 sin A1_ 5 2 xdx 2 T (/z + |) T(1 — /a) . ^2/i — 1 

/o cos^ 1 2a; cos a; 2/x — 1 


[|Re n\ < |] (cf. 3.192 2) 


Bl (38)(8) 


■ sm 


/ 2 cos p 1 a; sm pa; , 7t 

; dX = — 

sin x 2 


[—5 < Re /a < l] Bl (38)(17) 

[p > 0] GW(332)(17), Bl(45)(5) 


3.64-3.65 Powers and rational functions of trigonometric functions 

3.641 

1. 


4. 


T / 2 sin p 1 x cos p x 


a cos x + b sin x 


dx = 


T / 2 sin p x cos p 1 x 


a sin x + b cos x 


dx = 


7 r cosec pn 


ai-PbP 

[ab > 0, 0 < p < 1] 


2 . 

3.642 

1. 

2 . 

3. 


f 71 ’/ 2 sin 1 p xcos p x 


dx = 


f 77 / 2 sin p a; cos 1 p x , (1 — p)p 

dx = 


/ 0 (sin x + cos x) Jo (sin x + cos x) 


-7 t cosec pn 


[-1 < V < 2] 


T / 2 sin 2A1 1 x cos 2 ™ 1 xdx 


/ 0 (a 2 sin 2 x + 6 2 cos 2 x) At+I/ 2 a- p b~ 1 ' 

I "*/ 2 sin™ -1 x cos™" 1 xdx B(t|,§) 
/o (a 2 cos 2 x + 6 2 sin 2 x) " 2(ab) n 

f n/2 sin 2 ™ xdx 1 f 77 


B(/u, 17) [Re /j > 0, Re 1/ > 0] 


[a& > 0] 


• 2 7? 7 

sm x dx 


lo (a 2 cos 2 x + b 2 sin 2 x) n+l (a 2 cos 2 x + b 2 sin 2 x) n+1 

f 77 ^ 2 cos 2 ™ x dx 1 f 77 cos 2 ™ x dx 


Jo (a 2 sin 2 x + 6 2 cos 2 x) " +1 2Jo (a 2 sin 2 x + 6 2 cos 2 x)" +1 

[a& > 0] 

r /2 cos p+2 ™ x cos px dx ^4 /2n — fc\ /p + k — 1\ 6 P_1 

lo (a 2 cos 2 x + b 2 sin 2 x)” +1 fe=0 V n J V & /(2a) 2 ™ fc+1 (a + 


GW (331)(62) 

Bl(48)(5) 

Bl (48)(28) 
GW (331)(59a) 

(2 n — 1)!!7t 
2™ +1 n!a6 2 ” +1 
GW (331)(58) 


5) P +fc 

[a > 0, 6 > 0, p > — 2n — 1] 

GW (332)(30) 
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3.643 


3.643 

1. 

2 . 


a 2 < 1, p > — l] 


r^ 2 cos p xcospx<ix 7t (1 + a) p 1 
/q 1 — 2a cos 2x + a 2 2 p+1 1 — a 

r^ 2 sin 2 ” x cos p x cos /3x (— l) n 7 r(l - a ) 2 "- 2m +i r« i m ^ 1 / p\ / 2n' 

lo (l-2acos2x + a 2 ) mdX= 2 2m ~ ^(l + ffl )2m+/9+i Z. Z^ U/VZ 

'2m — fc — Z — 2\ . 

x| (a - !)*■ 


GW (332)(33c) 


to — 1 (— 2 ) ; 

[a 2 < 1, /3 =2m-2n- p-2, p > -l] GW (332)(33) 


3.644 

1. 


/o p + g cos x 


.*-2 P sr {P 2 ~ <1 2 Y 1 B f m+l-2v to + 1 2iA / p 2 - g 2 \ fe ^ 


^=2™- 2 SE - 


|/=1 


_4 g 2 



[fc >1, g ^ 0, p 2 - q 2 > 0] 


if to = 2/c + 1 


2 . 

3. 

4. 

5. 

3.645 

3.646 

1. 

2 . 


r7T sin TO x . _ m + 1 


/ o 1 + cos x 


dx = 2 m ~ B 


rn sin m x , m _t ^ f 171 — 1 TO + 1 


1 — COS X 


f n sin 2 x 
/ o p + q cos x 


sin 3 x 


/o P + g cos x 
/” r cos” x dx 


dx = 2 m_i B 


[m > 2] 
[to > 2] 



/o (a + 6cosx) n+1 2”(a + b) n y/a 2 — b 2 


E(-d 


(2n — 2k— l)!!(2fc — 1)!! /a + 6 


k—0 


/' 7r / 2 cos" x sin nx sin 2x 7t /l + a\ n 1 

/q 1 — 2a cos 2x + a 2 X 4a \ 2 / 2" 

^•tt /2 i _ a cos 2nx , 7 t 

cos x cos tox ax = 


(n — k)\k\ 
[a 2 >b 2 ] 

[a 2 < 1] 


,-b 


3.647 


1 — 2a cos 2 nx + a 2 


T / 2 cos p xcos pxdx it a p 1 


2?n+2 


£a- 


fe=i 


2m+l 


/o a 


2 sin 2 x + b 2 cos 2 x 2fe (a + 6) ? 


[a 2 < 1] 

[p > — 1, a > 0, b > 0] 


LI (64)(16) 

Bl (50)(6) 

LI (50)(7) 
Bl (47)(20) 
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3.648 

1. 


2 . 

3.649 

1. 


2 . 


3.651 

1. 

2 . 

3.652 

1. 

2 . 

3. 


f 7 ^ 4 tan l xdx 


I o 1 + cos ^7rsin2x 

1 TO 

=s — cosec — 7r 
2 n n 


n — 1 




k—0 

i—i 


. km 

sin 7T 

n 


. n + l + k\ (l + k 


to + n 


1 to / ^i._i . km 

= — cosec — 7t > (—1) sin 7r 

n n z -—' n 

k—0 


n + l-k 

- i> 


n J \ n 

[l is a natural number] 


[to + n 


I"*/ 2 tan ±M a; da; 

/ o 1 + cos t sin 2a; 


= 7r cosec t sin fit cosec(/x7r) [|Re/x| <1, t 2 < 7r 2 


t' 77 / 2 tan ±; * x sin 2x dx 7t iiir 

I COS6C 

/ o 1 T 2a cos 2a; + a 2 4a 2 


7T 1X7T 

= — cosec — 
4a 2 


1 - 
1 + 


1 — a 


1 -|- a 
a-1^ 1 


a + 1 


/ ^ 2 tan ±M x (1 =F a cos 2a;) ir utt 

/ — : ~ — dx= — sec — 

/ 0 1 =F 2a cos 2 x + a 2 4 2 


7T IITT 

= t sec — — 
4 2 


,7r / 4 tan M x dx 

1 

V 7 1 

( fi + 2 

! 1 + sin x cos x 

” 3 

V 3 

,7r / 4 tan M x dx 

1 


^ /i + 2 

, 1 — sin x cos x 

“ 3 

V 3 


f 77 / 2 tan M a; da; 


- 


■/3 


1 + 
1 - 


/x + 1 
3 

/x + 1 


[a 2 < 1 ] 

[a 2 > 1 ] 

[-2 < Re /x < 1 ] 

1 - a\ M l r 2 n 
a 2 < 1 

1 + ay J L J 

a — l N M_ i 


a + 1 


f 77 / 2 cot^xdx 


) o (sin x + cos x) sin x 

r /2 tan 71 x dx 
/o (sin x — cos x) sin x 

r /2 cot^+5 x dx 


] 0 (sin x + cos x) cos x 

r /2 cot^xdx 
/ o (cos x — sin x) cos x 

r /2 tan^i x dx 


/o (sin x + cos x) cos x J 0 (sin x + cos x) cos x 


[a 2 > 1] 
[|Re/x| < 1] 

[Re /j > — 1] 
[Re/x > — 1] 


= 7T COSeC /X7T 

[0 < Re /x < 1] 

= — 7TCOt /X7T 

[0 < Re /x < 1] 
= 7 r sec yx7 r 


is odd] 

is even] 

Bl (36)(5) 
Bl (47)(4) 

Bl (50)(3) 

Bl (50)(4) 

Bl (36)(3) 
Bl (36)(4)a 

Bl (49)(1) 

Bl (49)(2) 


[|Re/x| < I 


Bl (61)(1, 2) 
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3.653 


3.653 

1. 

2. 11 

3. 

4. 

5. 

6 . 

3.654 

1. 

2 . 

3. 

3.655 


r /2 tan l - 2 ^xdx f n/2 cot 1 " 2 " * d® 


/o o 2 cos 2 x + b 2 sin 2 x Jo a 2 sin 2 x + b 2 cos 2 x 2 a 2 ^b 2 2fJ/ sin fin 

[0 < Re /i < 1] 


f n/2 tan ^xdx f^ 2 cot 11 xdx n 


sec 


1 — a sin 2 x J 0 l-acos 2 ;r 2^(1 - a)^ +1 


GW (331)(59b) 


Bl (49)(6) 


/' 7r ^ 2 tan ±Ai a:d:r tt fin 

/ — = — cosec t sec — cos 

/ o 1 -cos 2 1 sin 2 2x 2 2 


/' 7r,/2 tan ±M a; sin 2a: fin . 

/ o — ax = n cosec 2 1 cosec — sin 

/ o 1 -cos 2 1 sin 2 2x 2 


I "/ TT 

\ 1 

K2-' 

H 


[|Re/x| <1, a < 1] 

[|Re/z| <1, t 2 < n 2 ] 

Bl(49)(7), Bl(47)(21) 

(HM 

[\Refi\ <1, t 2 < tt 2 ] Bl (47)(22)a 


f / 2 tan^ 1 x sin 2 xdx f ^ 2 cot M x cos 2 xdx n un 

o — = / o — = — cosec It sec — — cos 

o 1 — cos 2 1 sin 2 2x Jo 1 — cos 2 1 sin 2 2x 2 2 

[|Re fi\ <1, t 2 < tt 2 ] Bl(47)(23)a, Bl(49)(10) 


y- - (m + i )t 


f n/2 tan M x cos 2 x dx C^ 2 cot M x sin 2 x dx n un 

= — cosec 2 1 sec — cos 


1 — cos 2 t sin 2 2x 


— -{fi- 1 )t 


o 1 — cos 2 t sin 2 2x 2 2 L 2 

[|Re fl\ <1, t 2 < n 2 ] Bl(47)(24)a, Bl(49)(9) 


r* /2 tan M+1 x cos 2 x dx f 7r ' /2 cot M+1 x sin 2 xdx n (fi sin t cos fit — cos t sin fit) 


I o (1 + cost sin 2x) 2 Jo (1 + cost sin 2cc) 2 


2 sin fin sin 3 t 
[ | Re /tt | <1, t 2 < 7t 2 ] 


f n/2 tai\ ±il xdx fin 


I o (sin x + cos x) sin t l7T 

f n / 2 tan^* 1-1 )* dx i r fin 

/ 2 r^- = ±^cot — 

/ o cos 2 x — sin x 2 2 


[0 < Re fi < 1] 


Bl(48)(3), Bl(49)(22) 
Bl (56)(9)a 


t/2 


tan 2/i 1 xdx 


[0 < Re fi < 2] Bl (45)(27, 29) 

r7T / 2 cot 2fJ, ~ 1 xdx 


I o 1 — 2a (cos t\ sin 2 x + cos £2 cos 2 x) + a 2 Jo 1 — 2a (cos 7 cos 2 2 ; + cos £2 sin 2 x) + a 2 

n cosec fin 


(1 — 2a cos t 2 + a 2 Y (1 — 2a cos ti + a 2 ) 1 — fi 
[0 < Re^t <1, t\ < 7r 2 , t 2 < 7r 2 ] Bl (50)(18) 
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3.656 


1. 


T / 4 tan'* xdx If ^ ^ /x + 1 ^ ^ f n + 2 

1 — sin 2 x cos 2 x 12 1 


6 


6 




6 / \ 3 / T V 3 

[Re /x > —1] (cf. 3.651 1 and 2) LI (36)(10) 


2 . 


f^tan^ 1 x cos 2 x dx /'”’/ 2 cot /i 1 x sin 2 xdx n 
n 1 — sin 2 x cos 2 x Jo 


U7T ( 2 + u 

7\ — = — — cosec — cosec — - — 7t 

1 — sin a; cos 2 a: 4v3 6 V 6 

[0 < Re /x < 4] 


LI (47)(26) 


3.66 Forms containing powers of linear functions of trigonometric functions 

3.661 

p2n 

1. / (as sin x + 6cosx) 2n+1 dx = 0 

Jo 


2. f (asinx + bcosx) 2n dx = ■ 2n (a 2 + b 2 )' 

Jo {2n)\\ 


3. 


4. 


Bl (68)(9) 
Bl (68)(8) 


(a + b cos a:)” dx= - f (a + b cosx) n dx = n (a 2 — b 2 ) 2 P r 


Jo o \Va 2 — b 2 

-a" ~’'(a 2 — b 2 ) k 


7 r (— l) fc (2n — 2fc)! 

On / j 


2 n k\{n — k)\{n — 2k)\ 


dx 


o2tt 


dx 


[a 2 > b 2 ] 

7t „ / a 


GW (332)(37a 


(a + 6cosx) n+1 % Jo (a + b cosx) n+1 ( a 2 _^ 2 ^ n J 1 \\^a 2 — b 2 

(2n — 2k— 1) !!(2fc — 1)!! /a + 6 


2 n (a + b) n yja 2 — b 2 ““ 


E 


k—0 


(n — k)!k! 
[a > |b|] 


a — b , 

GW(332)(38), Ll(64)(14) 


3.662 


crr/2 sir/ 2 

1. / (secx — 1) M sin xdx = / (cosec x — 1) M cos x dx = /X7t cosec /X7t 

do do 

[ | Re /x | < 1] 

rTv/2 

2. / (cosecx — 1) M sin 2xdx = (1 — ^x)/x7r cosec /X7r [— 1 < Re /x < 2] 
do 

/*7t/ 2 r 7r /2 

3. / (secx — 1) M tan xdx = / (cosec x — l) M cot xdx = — 7r cosec /X7t 

do do 


t/2 


, f t dl 7T 

4. / (cotx— lr = cosec /X7T 

7 0 sm 2x 2 


[—1 < Re /x < 0] 
[—1 < Re /x < 0] 


Bl (55)(13) 
Bl (48)(7) 

Bl (46)(4,6) 
Bl (38)(22)a 
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3.663 


/■rr/ 4 

5. / (cotx^l) A 

Jo 


dx 


= flTT COSeC /Z7T 


[|Re < 1] 


Bl (38)(ll)a 


3.663 


1. / (cos a; — cos u) v 2 cos axdx = * — sin" u T \u + - I P \ (cos u) 


[Ret' > — a>0, 0 < w < 7t] 

EH I 159(27), ET I 22(28) 


2 . 

3.664 

1. 

2 . 


YnT(/3 + 1 ) r(z/) r(2i/) sin 2 


(cos x - cos uf cos[(i/ + /3)x] dx = ^ T(f3 + 2v) T (v + I) ( ' C ° S U ^ 

[Re v > 0, Re 0 > — 1, 0 < u < 7 r] 

EH I 178(23) 


z + \/ z 2 — 1 cos x) dx = nP q (z) 


dx 


1 0 (z + Yz 2 — 1 cos x) 


Re 2 > 0, arg 
q ='xPq-l{z) 


(z+V. 


z 2 — 1 cos x ) = arg z for x = — ^ 


SM 482 


Re z > 0, arg ^ z + \fz 2 — 1 cos xj = arg z for x = ^ 


7 T 


WH 


3. f (^z+ \/z 2 — 1 cos x^j cos nx dx = 


(q+l)(q + 2)---(q + n) 


PqY) 


Re 2 > 0, arg + i/i ; 2 — 1 cos x'j = arg 2 for 


7T 

x = — 


2’ 


2 lies outside the interval (— 1 , 1 ) of the real axis 

WH, SM 483(15) 


4. f (^z + Y z 2 — 1 cos x^j sin 2 " 1 xdx 


2 2 "- 1 r( M + i) [r(r/)] 2 
r( 2 z/ + n) 


c;(z) 


YnT(iz)T(2u)T(^ + l) ,n , 2 ^ ^ D i-* 

r( 2 i/ + ji) T (i/ + |) ^ 


-i ) l_5 r(^;;:.w 


5. r[/ J+ y^c«(a- I )]‘'( 7+ vS^Ic„sx) 


y-1 


[Rez/ >0] EH I 155(6)a, EH I 178(22) 

dx 

= 2-7T P v ^/?7 — i//3 2 — — 1 cos 

[Re/3 > 0, Re 7 >0] EH I 157(18) 
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3.665 

1. 

2 . 


f n sin M 1 x dx 
J 0 ( a + bcosx Y 


OM- 1 

. B 

vV - b 2 r 




sin 2/i 1 x dx 
(1 + 2a cos x + a 2 ) v 


B (/x, I) F (v, v - n 




[Re n > 0, 0 < b < a] 

|;a 2 ) 

[Re/x > 0, |a| < 1] 


FI II 790a 


EH I 81(9) 


3.666 

1. 


2. 6 


3. 


4. 


5. 10 


3.667 

1. 

2 . 


3. 

4. 

5. 


(/3 + cosxY " 2 sin 2v xdx = 


2"+l e -i^ _ x) 2 r + l ) qm_ i (^) 

r (i/ + /x + |) 

[Re (ix + /x + |) > 0, Re v > — |] 

EH I 155(5)a 


f (cosh /3 + sinh (3 cos x) fJ,+l ' sin 2u x dx = sinh"(/?) r (| — ix) P£ (cosh /?) 

Jo 2" 

[Re ^ < \] 

P7T 1 

J (cost + isintcosxY sin 2 "~ 1 xdx = 2 V ~^ Y 1 * s\\Y~'' tT(v) P* + ^_i (cost) 

[Re zx > 0, t 2 < 7 r 2 ] 


p2n 

/ [cos t + i sin f cos(a — or)] ^ cos mx dx = 
Jo 


f 3m 27rr(z/ + l) 


T(v + m + 1) 
x 3m 27rl>+ 1) . 


cos ma P™ (cos f) 


0<t< ij 


/ [cost + xsinf cos(a — x)l sin rax dx = 

/o J V(v + to + 1) 


sin ma P™ (cos f) 

7T1 


0 < t < 


2 J 


EH I 156(7) 


EH I 158(23) 


EH I 159(25) 


EH I 159(26) 


C* / 4 sin M 1 2xdx Y 11 r(/x) 

Jo (cosx + sinx) 2/i 2x t + 1 r (/x + |) 



sin^ 1 x dx 
-smxf cosx 


—7T cosec fin 



(cosx — sinx) M 
sin^ 1 x sin 2x 


dx 


7T 

— cosec 
2 


/X7T 



sin^ x dx 

(cos x — sin xY sin 2a; 


7 r 

— cosec /X7r 



(cos a; 


sin'' x dx 
— sinx) M cos 2 x 


/X7T cosec /X7T 


[Re/x > 0] 

Bl (37)(1) 

[— 1 < Re n < 0] 

(cf. 3.192 2) 


Bl (37)(16) 

[— 1 < Re n < 0] 

Bl (35)(27) 

[0 < Re fi < 1] 

LI (37)(20)a 

[Re/x < 1] 

Bl (37)(17) 
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3.668 


r 7r / 4 


6 . 

7. 

3.668 

1. 

2 . 

3.669 

3.670 


2 * 


sin^ 1 x dx 


1 - l-i 


I o (cos x — sin x) M 1 cos 3 x 2 

dx = B(n,v) 


[xtt cosec i-L7T [|Re/x| < 1] 


Bl(35)(24), Bl(37)(18) 


T / 2 sin^ 1 1 x cos v 1 x 


[Re fj, > 0, Re v > 0] 


dx = 


/ o (sinx + cosx) A 

/' 4 /cos a; + sinx\ cc 
/_ I \ cos x — sin x / 

f v (cos u — cosx) M_1 

l u (cos x — cos x) M 1 — 2a cos x + a 2 (1 — 2a cos x + a 2 Y sin/wr 

[0 < Re/i <1, a 2 < l] 

j" K / 2 sm p ~ 1 xcos 9_p_1 xdx l"^^ 2 sin q ~ p ~ 1 xcos p_1 x B(p, q — p) 

J o (acosx + fcsinx) 9 Vo (asinx + fccosx) 9 a q ~ p b p 

[q > p > 0, a& > 0] 


2 sin (7t cos 2 i) 
sinxdx (l — 2acosit + a 2 ) M 


/>7r vr/2 

1. / Va ± b cos x dx = / Vn ± b cos xdx = 2y/a + bK 

JO J-tv/2 


I 2b 

a + b 


dx 


t /2 


dx 


£ 


[a > 6 > 0] 
2 & \ 


/o a/o ± b cos x 7 -tt/ 2 \/a ± b sin x \/a + b y V a + b J 

[a> b > 0} 


Bl (48)(8) 


FI II 788 


Bl (73)(2) 


Bl (331)(9) 


3.67 Square roots of expressions containing trigonometric functions 

3.671 

1 ^ f oc + 1 (3 + \ ^\ ^ ( u + \ 1 a, + (3 + 2 7 2 


1 . J sin” x cos^ x\/l — fc 2 sin 2 xdx = + J 1 ^ 


2 . 


3 . 


[< a > — 1, (3 > — 1, |fc| < 1] 

GW (331)(93) 


A 71 ’/ 2 sin" x cos' 3 x 
/o \/l — fc 2 sin 2 x 


dx=-B( Q+ 1 P +l \ p f a + l -• a + l 3 + 2 . k 2 
2 V 2 ’ 2 / V 2 ’2’ 2 


j sin 2 " xdx 7 r (2 j — 1)!! (2n + 2 j — 1)!! 

/o \/l — fc 2 sin 2 x 2n j= o 2 2q j\(n + j)\ 


[a > — 1, (3 > — 1, |fc| < 1] 

GW (331)(92) 

[fc 2 < 1] 


(2n-l)!!7r g [(2j - 1)!!]" 


2”a/ 1 - fc 2 “ 2 2 3j\(n + j)\ \k 2 - 1 


U2 \ 


[fc 2 < i] 


LI (67)(2) 
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4 * 

5.* 

3.672 

1. 

2 . 

3.673 

3.674 

1 * 

2 . 


37 


[ V a + b cos x dx = f Va + bsin x dx = 2 \J a + bE [ \ | 

Jo J-1 r/2 y\a + bj 


dx 


f n/2 dx 2 

/o y/a±b cos x J-n / 2 VaJFb sin x a + b 


K 


[a > b] 

2 b \ 
a + bj 

[a > b] 


,7r/4 sin" x 


dx 

1 cos" +1 X 

yj cos x (cos x — sin x) 

,7r/4 sin" x 


dx 

, cos" +1 X 

a/ sin x (cos x — sin x) 

'5 dx 


V 2 K ( sm 7 ’ ~ ^ 


(2 n)H 


(2n- 1)!! 


I u vsmx — smw \ 

/I dx 

Jo \/l - (p 2 / 2) (1 - cos 2a;) 
sin a; da; 


= ^(p), 


/o \J\ — 2 'p cos x + p 2 


= 2 
_ 2 
P 


cos x dx 


1 +p 2 


_ ( 2 Vp 

I o \Jl — 2 p cos x + p 2 pY^+P \1+P 


K 


[1 > p > 0] 

[/ < 1] 

[P 2 > 1] 


V < 1 ] 


3.675 

1. 

2 . 



sin (n + 5) xdx 
\J 2 (cos u — cos x) 
cos (n + xdx 
\J 2 (cos a; — costt) 


7 T 

2 Pn (COS U) 
7 r 

- P„ (cos u) 


3.676 

1. 

2 . 



sin x dx 
\Jl + p 2 sin 2 x 


1 

- arctan p 
P 



tan 2 x 



Bl (39)(5) 
Bl (39)(6) 

Bl (74)(11) 

Bl (67) (5) 

Bl (67)(6) 

Bl (67) (7) 

WH 

FI II 684, WH 

Bl (60)(5) 
Bl (53)(8) 
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3.677 


t/2 


3. 

3.677 

1. 

2 . 

3.678 

1. 

2 . 

3. 

4. 

5. 

3.679 

1. 


2 . 


3. 


dx 


= 1 -K 


( 


2 — q 2 


I o \/ p 2 cos 2 x + q 2 sin 2 x P \ 


r ' 2 = e(^)-±k(^ 


[0 < q < p\ 


> o ^/l + snF‘x 
/ >7r ^ 2 cos 2 x dx 

I o 


\J\ + sin 2 x 


= V2 


V2 \ 


r*/ 4 , , 

J ^sec 1 / 2 2cc — 


dx 

tan x 


= In 2 


/' 7r / 4 tan 2 a;(ia; n rx 1 

/ 7 „ . 2 = \A - k 2 - £?(fc) + - K(k) 

to V 1 — k 2 sin 2 2x ^ 


I cos 2x — cos 2u , 7t . 

dx = — ( 1 — COS Ml 

/o v cos2x +1 2 

/' 7r ^ 4 (cosx — sinx)" _5 , (2n — 1)!! 

1 -s/cosec xdx = — N .. — 7 r 




COS n+1 X 


(2n)!! 


T / 4 (cos# — sinx)" 2 „ , (2n — l)!!(2rn — 1)!! 

- tan x v cosec xdx = — — — — — tt 


cos” +1 x 


T ^ 2 cos 2 x 


(2 n + 2 to) ! ! 


dx 


FI II 165 

Bl (60)(2) 

Bl (60)(3) 

Bl (38)(23) 
Bl (39)(2) 
LI (74)(6) 
Bl (38)(24) 
Bl (38)(25) 


to 1 - c °s 2 P c °s 2 * Vl - k 2 sin 2 X 

[\-KE {l 3, k') — EF (/3, k') + KF (/3, k')} 


t/2 


sin 2 x 


sin /3 cos Py/l - k' 2 sin 2 (3 *• 2 
dx 


MO 138 


/ 0 1 - (l - k' 2 sin 2 (3) sin 2 x sj \-k 2 sin 2 : 

1 


T / 2 sin 2 x 


k' 2 sin /3 cos (3\J 1 — k' 2 sin 2 (3 

dx K E(/3,k) — E F((3,k) 


{\~ KE (P, k') - EF ((3, k') + KF (f3, k ')} 


/ 0 1 — k 2 sin" (3 sin 2 x \J\ — k 2 sin 2 x k 2 sin (3 cos Ps/l — k 2 sin 2 (3 


MO 138 
MO 138 


*In 3.679, k' = s/l - k 2 . 
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3.68 Various forms of powers of trigonometric functions 

3.681 


1. 


2 . 


3. 


4. 


/ 2 sin 2/i 1 a;cos 2ly 1 xdx 1 , l2 \ 

= (g, n; n + v\ k ) 


Jo (l — k 2 sin 2 x) e 2 
/■^sin 2 ^ -1 xcos 2 " _1 xdx B (n,v) 


[Re //. > 0, Re v > 0] EH I 115(7) 

[Re /x > 0, Re v > 0] EH I 10(20) 


Jo (l — k 2 sin 2 x')^ 1 ' 2(1 k 2 )^ 

/' 7r / 2 sin M x dx 

I /£ ^ 

'0 cos^ -3 x (l — k 2 sin 2 x ) 2 

r(^±i)r(2-f) ( 1 + (/j, — 3)k + k 2 l-(/z-3 )k + k 


k 3 ^/n(fi — 1 )(/x — 3)(/x - 5) l (1 + fc)^ 3 (1 - fc) 


fi—3 


I""/ 2 sin 11+1 xdx (1 — fc) M — (1 + fc) ^ 


'° cos^ x (l — /c 2 sin 2 x) 


>i+i 


2 kfiy/n 


[-1 < Re fi < 4] 

r (‘ + S) r ' 1_ '‘ 


[—2 < Re fi < 1] 


Bl (54)(10) 


Bl (61)(5) 


3.682 


3.683 


T / 2 sin M x cos 1 ' x 


dx = - — B 


1 fd + l v + l\ ^ (v + 1 d + v , b 


/*7t/4 /*7T/4 1 ^ 

1. / (sin" 2x — 1) tan + xj dx= / (cos" 2x — 1) cot x dx = — - ^ — 

"'° Jo 2 fc=1 K 

[n > 0] Bl(34)(8), Bl(35)(ll) 

/• 7r/ “ / 7t \ r , ‘ i 

2. J (sin'' 2x — 1) cosec' 1 2x tan y—+xjdx= J (cos' 1 2x — 1) sec' 1 2x cot x dx 


(a — b cos 2 x) e 2a e \ 2 ’ 2 


p7r/4 


2 ,K ’ 2 +1 ’a 


. Q\ 


[Re /+ > — 1, Rex' > —1, a > |6| > 0] 

GW (331)(64) 


r 7r / 4 


= ~2 [C'+V’(n + 1)] 


i-tt/4 


= 2 [ C '+V’( 1 -A i )] 


[Re n < 1] 


Bl (35)(20) 


/4 


3. / (sin 2/i 2x — l) cosec^ 2x tan + x'j dx = / (cos 2 ' 1 2x — l) sec M 2xcot xdx 


1 7T 

= -^ + 2 COt ^ 


Bl (35)(21) 


r /4 r ,tl n t \ 1 

4. / (1 — sec' 1 2x) cot x dx = / (1 — cosec' 1 2x) tan ( — + x j dx = - [C + t/>(l — ^)] 

Jo Jo V 4 / 2 

[Re /i < 1] 


t/4 


Bl (35)(13) 
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3.684 


3.684 

3.685 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

3.686 

3.687 

1. 


/ >7r ^ 4 (cot 11 x — 1) dx r n / 2 (tan 11 x — 1) dx 

/ 0 (cos x — sin x) sin x J 0 (sin x — cos x) cos x 


= — C — ip(l — fi) [Re n < 1] 


Bl (37)(9) 


W 4 /7r x W 4 

J (sin 11-1 2x — sin 1 ' -1 2x) tan ^ — + xj dx = j (cos 11-1 2x — cos" -1 2x) cot x dx 


= 2 \$( v ) - V’(M)] 


t/2 


(si 


/' 1 <r - sir , 1 '- 1 ■ 


dx 


t/2 


sirr a; — sm x 


) — = / (■ 

7 nr\c nr / _ ' 


qM 1 rv. — ms 1 ' ^ 


[Re fi > 0,Rei/ > 0] Bl(34)(9), Bl(35)(12) 

dx 1 


cosx 


«0 


cos^ x — COS X , 

sm x 2 L 
[Re fi > 0, Re zj > 0] 


Bl (46)(2) 


r /2 dx r /2 

/ (sin 11 x — cosec 11 x) = / (cos 11 x — sec 11 x) 

Jo cos x Jo 


dx 7T fjL7T 

= — — tan 


sin x 2 2 

[|Re /x| < 1] 


Bl (46)(1, 3) 


/■V 4 /7r x W 4 

J (sin 11 2x — cosec 11 2x) cot + xj dx = J (cos 11 2x — sec M 2x) tan xdx 


f n/ 4 / 7T \ 

J (sin 11 2x — cosec 11 2x) tan — + xj dx = J (cos 11 2x — sec 11 2x) cot ; 

cot /X7T 

[|Re/x| < 1] 


7t/4 

0 

1 7T 

2/x ~ 2 

(•k/4 


cosec /i7t 
[|Re Ml < 1] 


Bl (35)(19, 22) 


dx 


1 7T 
= -2/ + 2 COt '" 


Bl (35)(14) 


/W 4 / 7T \ 

/ (sin 11-1 2x + cosec 11 2x) cot (— + xj dx 

r' 11 _ t r 

= / (cos' 1-1 2x + sec 11 2x) tan x dx = — cosec /Z7t 

[0 < Re fj < 1] Bl (35)(18, 8) 

/■rr/ 4 _ , n x crr/4 _ ^ 

J (sin 11-1 2x — cosec 11 2x) tan (^ — + xj dx = J (cos 11-1 2x — sec 11 2x) cot x dx = — cot /i7t 


t/4 


t/2 


tan x dx 


C r/2 


cot x dx 7t 


cos' 1 x + sec'' x J 0 sin 11 x + cosec 11 x 4/x 


[0 < Re /j < 1] B I (35) (7) , Ll(34)(10) 

Bl(47)(28), Bl(49)(14) 


T / 2 sin 11 1 x + sin" 1 x 
cos 114- " -1 x 


, f n ^ 2 cos 11 1 x ~F cos" 4 x , cos(^j^7r) 
dx = / ; i dx = t ~ R 


/ o sin 1 * 4- " -1 x 


2 cos I 




[Re n > 0, Re v > 0, Re(/x + i/) < 2] 

Bl (46)(7) 
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2 . 


3. 


r /2 sin"" 1 a:- sin"" 1 a 

/o cos^+^x X ~ J 0 


’’’Z 2 cos M 1 x — COS " 1 X 
sin^ 4- " -1 x 


sin ( — j^-7t) 
dx= \ 4 . ’ B 


2 sin(S|%) V 2’2 J 

[Re fi > 0, Re v > 0, Re ( /i + i/) < 4] 

Bl(46)(8) 


/ Z 2 sm M x + sin x , f 2 cos M a; + cos x 

/ ttxt; cot x ax = / , — 

/ 0 sin M+ x + 1 7o cos^+" x + 1 


tan xdx = 


■ sec 


fl — V 7T 


/i + t' \fi + 1/ 2 

[Re n > 0, Re v > 0] 

Bl (49)(15)a, Bl (47)(29) 


4. 


A 71 ’/ 2 sin M x — sin 1 ' x 
7o sin M+ " x - 1 


cot x dx 


' 2 cos M x — cos" X 
cos^+" x — 1 


tan xdx = 


■ tan 




f-L V 


Jl + v 
[Re /i > 0, Re v > 0] 

Bl(149)(16)a, Bl(47)(30) 


5. 

6 . 


/ Z 2 cos M x + sec M x , 

7T / 

' fi 

7T\ 

/ tan xdx = 

— sec 



J o cos" x + sec" x 

2v ' 

< V 

2/ 

/'^Z 2 cos M x — sec M x , 

7 r 

(ii 

7T\ 

/ tan xdx = 

— - tan 1 

- 

•77 

J o cos" x — sec" x 

2v 

\v 

2) 


3.688 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 


t/4 


tan*' x — tan M x dx 


0 cos x — sin x sin x 

f 77 / 4 tan^ x — tan 1_M x dx 


cos x — sin x 


sinx 


= V'(m) ^ ^{v) 

= 7t COt /X7T 


flTT 

2 


/ / // i, \ i 77 M 71 " 

/ (tan^ x + cot^ x) dx = — sec — 

Jo 2 2 

W 4 1 7t 

/ (tan /J x — cot^ 1 x) tan xdx = — cosec 

Jo A 4 2 

/ >7r Z 4 tan Ai_1 x — cot M_1 x , 7t jot 

/ ax = — cot — 

Jo cos 2x 2 2 

/ >7r Z 4 tan Ai x — cot M x , 1 7t /Z7t 

/ tan xdx = 1- — cot — 

J 0 cos 2x fi 2 2 


T/4 tan^ 1 x + cot^ 1 x 


dx = ir cosec t cosec /Z7t sin /.it 

dx = 7T COSeC /ATT 


I o 1 + cos t sin 2x 

A^Z 4 tan M_1 x + cot p x 
/o (sin x + cos x) cos x 

r /4 tan M x — cot M x 

/ t r ax = — 7t cosec /i7t H — 

/o (sin x + cos x) cos x /i 


1 


A^Z 4 tan" x — cot p x 
/o (cos x — sin x) cos x 


dx = ip( 1 — /t) — t/i(l + i/) 


[IRez'l > |Re/i|] 

[|Re^| > |Re/i|] 

[Re /i > 0, Re v > 0] 
[0 < Re fj, < 1] 

[ | Re /x | < 1] 

[0 < Re /t < 2] 

[|Re/t| < 2] 

[-2 < Re n < 0] 

[t ^ rnr, |Re/i| < 1] 
[0 < Re fi < 1] 

[0 < Re /t < 1] 

[Re /i <1, Re^ > - 


Bl (49)(12) 
Bl (49)(13) 

Bl (37)(10) 
Bl (37)(11) 
Bl (35)(9) 
Bl (35)(15) 
Bl (35)(10) 
Bl (35)(23) 
Bl (36)(6) 
Bl (37)(3) 
Bl (37)(4) 
1] Bl (37)(5) 
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3.689 


11 . 

12 . 

13. 

14. 


15. 


16. 


17. 


18. 

19. 

20 . 

3.689 

1. 


2 . 


r 7r / 4 


tan M 1 x — cot M x 


dx = 7T COt /J7T 


/ o (cos x — sin x) cos x 

r /4 tan* 1 x — cot M x , 1 

/ 7 r dX = 7T COt (ITT 

/q (cos x — sm x) cos x fi 


/»7t/4 


1 


dx 


/q tan^ x + cot^ x sin 2x 8/x 


[0 < Re /i < 1] 
[0 < Re n < 1] 
[Re n ^ 0] 


Bl (37) (7) 
Bl (37)(8) 
Bl (37)(12) 


r * 7r / 2 


1 


dx 


f-rr/2 


1 


dx 


I o (tan M x + cot M x)" tanx J 0 (tan M x + cot^ 1 x)" sin2x 

^>0] 


/ (tan M x — cot M x) (tan" x — cot 1 " x) dx = 
Jo 

r*/ 4 

/ (tan M x + cot^ 1 x) (tan" x + cot" x) dx = 

Jo 


2n sin ^ sin ^ 

COS /X7T + COS V 7T 

[|Re 7t| < 1, 

27t cos ^ cos 
cos fin + cos ^7t 

[|Re/t| < 1, 


r /4 (taiT 1 x — cot^ x) (tan" x + cot" x) , sin m?t 

dx = — 7T- 


cos 2x 


cos fin + cos ^7r 

[|Re /x| < 1, 


V* r (^) 

2 2 -+Vrr(^+ |) 

Bl(49)(25), Bl(49)(26) 

|Re i/| < 1] Bl (35)(17) 

[Re u\ < 1] Bl (35)(16) 

[Re u\ < 1] Bl (35)(25) 


,7r / 4 tan" x — cot" x 

dx 

7 r 

U7T 

fon 

tan M x — cot M x 

sin 2x 

= 4m 

Ldll _ 

2/i 

,7r / 4 tan" x + cot" x 

dx 

7 r 

1S7T 

i tan M x + cot M x 

sin 2x 

= 4M 

2/i 

,7r / 2 (1 + tanx) 1 " — 1 

dx 


i , 


/ o (1 + tanx) A1+ " sin x cos x 


= ip(li + v) - il>(n) 


[0 < Re v < 1] 

[0 < Re v < 1] 
[fi >0, v > 0] 


Bl (37) ( 14) 
Bl (37)(13) 
Bl (49)(29) 



(sin M x + cosec^ 1 x) cot x dx 
sin" x — 2 cos t + cosec" x 


n an . nt 

— cosec t cosec — sm — 
v v v 

Ji < v\ 


LI (50)(14) 


f / 2 sn/ x — 2 cos ti + cosec p x n fin fit 2 t 2 

/ ; • cot x dx = — cosec t 2 cosec — sm cosec t 2 cos t\ 

J 0 sm x + 2 cos t 2 + cosec" x ^ v v v 

[(a > fi > 0) or (v < fi < 0) or (fi > 0, v < 0, and fi + v < 0) or (fi < 0, v > 0, and fi + v > 0)] 


Bl (50)(15) 
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3.69-3.71 Trigonometric functions of more complicated arguments 


3.691 


,oo /»oo ^ I 

1 . / sin (ax 2 ) dx = cos ax 2 dx = - J — [a > 0 ] 

Jo Jo 2 V 2 a 

I - 1 n^~ _ 

2. / sin (ax 2 ) dx = \ — S (pa) [a > 0] 

Jo V 2a 

z" 1 fp ~ 

3. / cos (ax 2 ) dx = a — C (pa) [a > 0] 

Jo V 2a 

4. [ sin (ax 2 ) sin 26x dx = r [J- { cos — C ( - 7 =^ + sin — S ( 1 

Jo V 2 a ( a \pa J a VvW J 

[a > 0, 6 > 0] 

/"°° ■ f 2\ 1 r^~ f 6 2 . 6 2 'I 1 p 7 ( b 2 7 r 

5. / sin (ax ) cos 2 bx dx = - \ — < cos sin — > = - W- cos ( h — 


FI II 743a, ET I 64(7)a 


ET I 8(5)a 


ET I 82(l)a 


2 V 2a ( a aj 2 y a \ a 4/ 

[a > 0 , 6 > 0 ] 

ET I 82(18), Bl(70)(13) GW(334)(5a) 


2 . , [P~ f • &2 / b \ b 2 ( b 

cos ax sin 26x dx = < / — < sin — G — = — cos — S I 


2a 1 a V Pa 


a \ \ a 


[a > 0 , b > 0 ] 


ET I 83(3)a 


f°° 2 1 (7 f 6 2 6 2 ) 

/ cos ax cos 26x dx = - w — < cos 1 - sin — > a > 0 , 0 > 0 

/o 2 V 2a ( a a J 

GW(334)(5a), Bl(70)(14), ET I 24(7) 


/»00 

/ (cos ax + sin ax) sin (b 2 x 2 ) dx 

Jo 




(£» C0S Uv ( 1_ 

[a > 0 , 6 > 0 ] 


V46 2 ;j 

ET I 85(22) 


(cos ax + sin ax) cos (b 2 x 2 ) dx 


-kM i+ 2 C &)H& 


( i - 2s (^)) c< ® 


\46 2 y V V2677 V 4&2 7 J 

[a > 0, 6 > 0] ET I 25(21) 


F 00 . , 2 n\ . . • 26c ( b 2 + c 2 7 r\ 

10. / sm (a x ) sin 2 bx sin 2cx ax = 7— sin — 7- cos 7 

Jo y 2 a a 2 V a 4 / 

[a > 0, i 

F 00 . / o 2\ ^ 26c / b 2 + c 2 7r\ 

11. / sm ( a x ) cos 26x cos 2cx ax = 7— cos —7- cos 7 h — 

Jo 2 a a 2 V a 4 / 


[a > 0, 6 > 0, c > 0] ET I 84(15) 


[a > 0, 6 > 0, c > 0] ET I 84(21) 
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3.692 


12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 

21 . 

22 . 


t 2 2 \ • . JR . 2 be . ( b 2 + c 2 7 r\ 

/ cos lax) sm 2 bx sin 2cx ax = sin — sm 

Jo y J 2a a 2 \ a 2 4 / 


J sin (ax 2 ) cos (bx 2 ) dx= ^ y ^ 


1 /7T / 1 



1 


-\/a + b V a — b 
111 



4 V 2 \ \Jb + a \/b — i 


[°° o 0 o o 1 

/ (sin 2 ax 2 — sin 2 5x 2 ) dx = - 

Jo 8 

POO 

/ (c 

POO ^ 

/ (cos 2 ax 2 — cos 2 6x 2 ) dx = - 
Jo 8 

J (sin 4 ax 2 — sin 4 6x 2 ) x = ^ (8 — >72^ 



[a > 0, b > 0, 
[a > b > 0] 
[b > a > 0] 


[a > 0, b > 0] 
[a > 0, b > 0] 
[a > 0, b > 0] 



/ 1 / 

/ (cos 4 ax 2 — cos 4 bx 2 ) dx = — ( 8 + V2 
Jo 64 V 


/ sin 2n ax 2 dx= cos 2n ax 2 dx = oo 

Jo Jo 


fc =0 


2(2n — 2fc + l)a 
[a > 0] 


POO -I n / 

l cos2n+1 ( ax 2 ) = ^2TTT 5Z ( 


2n + 1 


k J\j2(2n — 2k+l)c 
[a > 0] 


c > 0] ET I 25(19) 


Bl (177)(21) 
Bl (178)(1) 

Bl (178)(3) 

Bl (178)(5) 

Bl (178)(2) 

Bl (178)(4) 

Bl (178)(6) 
Bl (177)(5, 6) 

Bl (70)(9) 

Bl(177)(7)a, Bl(70)(10) 


3.692 

1. 

2 . 



sin (a — x 2 ) + cos (a — x 2 )] dx 


ft . 

— sm a 
a 




cos ax dx = 



[a > 0] 


GW(333)(30c), Bl(178)(7)a 
ET I 24(8) 
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3. 


4. 


5. 


6. 8 

3.693 

1. 


2 . 


3.694 

1. 


2 . 


3.695 

1. 


2 . 


f 00 ■ [ (-> 2M , 1/7 r ( b 2 7t\ 

/ sin a l-i cos bxax = — t / cos a H 1 — 

Jo 1 V ' J 2 V a V 4a 4 / 


[a > 0] 


f°° r /1 2 M , 1 fn . ( b 2 n\ 

/ cos a ( 1 — x cos bx ax = — sin a + - — I- — 

Jo 2 V a \ 4a 4j 


a 


>0] 


^ 2 \ ,00 / y 2 \ 2 / 

sin ( ax 2 H I cos 2 bx dx = I cos ( ax 2 H I cos 2 bx dx = — 

a ) J 0 V a J 2 V 2a 


cos 


V^ 2 — 1 — cos V^ 2 + 1 dx = ^ 


[a > 0] 
7 r 



c{2 4 "+ 1 [(2n)!] 2 (n+i)} 

6 2 /I 
— sin — 
a 

a > 0] 


' b l 

a 


ET I 23(2) 


ET I 24(10) 


Bl (70)(19, 20) 


'b 2 


- C 2 


'52 

a 


, . b 2 f 1 q (b 2 

+ sm- --S 2 

a \ 2 \ a 


[a > 0] 


Bl (70)(3) 


Bl (70)(4) 


/»oo 

/ sin (ax 2 + 26x + c) dx - 

Jo 


pOO 

/ cos ( ax 2 + 2 bx + c) dx = 
Jo 



[a > 0] GW (334)(4b) 


sin (a 3 x 3 ) sin(6a;) dx = 


pOO 

/ cos (a 3 a: 3 ) cos(bx) dx = 

Jo 



[a > 0, b > 0] 



ET I 24(11) 
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3.696 


3.696 


i r ■ < tt rv . fb 2 3 \ /b 2 

J 0 v ' v ' 4 V 2a \8a 8 J * \8a 

[a > 0 , b > 0 ] 

. / 4 \ /. 2 \ 7t l~b~ . ( b> 2 7t\ / b 2 \ 

2. / sm (ax ) cos ( bx ) ax = — - \ — — sm I — — \ J i — 

io V ; V ; 4 V 2a \8a 8/ \8a/ 

[a > 0 , b > 0 ] 

n F 00 . 4 , . „ 2 x , t r HT /& 2 3 \ T (b 2 \ 

3. / cos as sm 6x ) ax = —\ — cos it Ji — 

Jo \ \ ) 4 V 2 a \8a 8 J * \8aJ 


4. 

3.697 

3.698 

1. 


cos (ax 4 ) cos (&x 2 ) dx = -j\l JJ- cos f ^ ^ ) J i ( 

v ’ v ’ 4 V 2a \8a 8 1 


[a > 0, & > 0] ET I 83(4), 

n 

s \8a J 

[a > 0, b > 0] 


J sin ^ — ^ sin(6x) dx = J\ ^2 aVbj [a > 0, b > 0] 

J sin ^^2 ^ sin (b 2 x 2 ) dx = y^ [sin 2 ab — cos 2 ab + e -2ah ] 

[a > 0, b > 0] 


2. 8 J sin cos (b 2 x 2 ) dx = [sin 2a& + cos 2a& - 


„ — 2a6l 


3. 

4. 

3.699 

1. 

2 . 

3. 


J cos sin ( b 2 x 2 ) dx = y [sin 2a6 + cos 2a& + e 2ob ] 


[a > 0, b > 0] 


J cos cos (b 2 x 2 ) dx = y/^ [cos 2a& — sin 2 ab + e 2ab ] 


sin I a 2 x 2 + 


ft 2 

X 2 

6 2 



[a > 0, 

&>0] 

dx = V 1 . (cos 2 ab + sin 2 ab) 

4a 

[a > 0, 

&>0] 

dx = (cos 2 ab — sin 2 ab) 

4 a 

[a > 0, 

&>0] 


cos I a 2 x 2 + 


sin a 2 x 2 — 2 ab H — ^ ) dx = / cos a 2 x 2 — 2 ab H — ^ ) dx = 


4a 

[a > 0, b > 0] 


ET I 83(2) 

ET I 84(19) 

ET I 25(24) 

ET I 25(25) 
ET I 83(6) 

ET I 83(9) 
ET I 24(13) 

ET I 84(12) 

ET I 24(14) 

Bl (70)(27) 
Bl (70)(28) 


Bl(179)(ll, 12)a, ET I 83(6) 
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4. 

5. 

3.711 

3.712 

1. 

2 . 

3.713 

1. 


sm a x 


• 2 ~ 2 — -77 ) dx = 


\/2tt _ 
~4a 


2ab 


I 2 2 ^ \ , _2 ab 

cos ( a x dx = — — e 

x 2 / 4a 


[a > 0, 6 > 0] 

[a > 0, 6 > 0] 


GW (334)(9b)a 
GW (334)(9b)a 


/ sin (a\/u 2 — x 2 ) cos 6x dx = — 71-077 j ( u\/ a 2 + 6 2 ) [a > 0, b > 0, u > 01 

J o V / 2Va 2 + b 2 \ J 1 1 


I sin ( ax p ) dx = — 

/ o pa 

,oo T (-) 

/ cos (ax p ) dx = — 

/o pa 


r ( ^ ) sin £ 


COS T- 

2p 


[a > 0, p > 1] 
[a > 0, p > 1] 


ET I 27(37) 

EH I 13(40) 

EH I 13(39) 


/ sin (ax p + bx q ) dx = - 

Pt'o 


1 ^ (-!»)* kq+l / kg + 1 \ 


fc! 


a p r 


V p J 


sm 


fc(g-p) + 1, 

2p 


[a > 0, 6 > 0, p > 0, q > 0] 


Bl (70) (7) 


2 . 

3.714 

1. 

2 . 

3. 

4. 

5. 

3.715 

1. 


cos (ax p + 6x 9 ) dec = ^ ^ )/p r 


COS 


fc(g-p) + 1. 

2p 


[a > 0, 6 > 0, p > 0, q > 0] 




Bl (70)(8) 

cos( 2 sinhx) dx = K 0 (z) 

[Re 2 > 0] 

WA 202(14) 

7 r 

sin ( 2 cosh x) dx = — Jo( 2 ) 

[Re 2 > 0] 

MO 36 

7 r 

cos (2 cosh x) dx = — — F 0 (z) 

[Re 2 > 0] 

MO 37 

UjTT 

cos (2 sinh x) cosh px dx = cos K ^{z) 

[Re 2 > 0, Rep < 1] 

WA 202(13) 


J cos (z cosh x ) sin 271 x dx = ^(i) r ('h) , ' l ‘ ) 


P7T 00 

/ sin (2 sin x) sin ax dx = sin a7t so,a(z) = sin an 

do ’ 


[Re 2 > 0, Rep > — |] 
(- l ) fc " 1 ^ 2fc - 1 

(l 2 - a 2 ) (3 2 - a 2 ) . . . pfc - l) 2 - a 2 ] 
a > 0] 


WH 


WA 338(13) 
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3.715 


2 . 


3. 

4. 


5. 

6 . 


7. 


9. 


10. 8 

11 . 


[tt i / >7r 

/ sin (2 sin x) sin nx dx = - / sin (2 sin 2 ;) sin nx dx 

Jo 2 J_ n 

r rr/2 

= [1 — (— l) n ] / sin ( 2 sinx) sinnxdx = [1 — (— 1)"] — J n ( 2 ) 

Jo 2 

[n = 0, ±1, ±2, . . .] WA 30(6), GW(334)(153a) 

f r/ 2 2 

/ sin (2 sin x) sin 2x dx = — (sin 2 — 2 cos 2 ) LI (43)(14) 

Jo 

r 

/ sin (2 sin x) cos ax dx = (1 + cos a7t) $ 0 , 0 ( 2 ) 

Jo 


= (i + cosaTr)^-^- 


(-l)*-^ 


fc-l„2fc-l 


(l 2 - a 2 ) (3 2 -a 2 )... [(2k - l) 2 - a 2 ] 

[a > 0] WA 338(14) 


/ sin (2 sin x) cos[(2n + l)x] dx = 0 

Jo 

/ cos (zsinx) sinaxdx = —a (1 — cosa7t) s_ lo (2) 

Jo 


GW (334)(53b) 


= — a (1 — cos an) < + ^ 


(- 1 ) 


fe- 1 ,2 fc 


a^ •£— ( a 2 (2 2 — a 2 ) (4 2 — a 2 ) . . . [(2/c) 2 — a 2 ] 


[a > 0] 


/ cos (zsinx) sin2nxdx = 0 
Jo 

r 

/ cos (2 sin x) cos ax dx = — asina7t s_i >a (2) 

Jo 


WA 338(12) 
GW (334)(54a) 


= — asma7r < s 


E 


( — l) fc - 1 2 2fe 


^ a 2 (2 2 - a 2 ) (4 2 - a 2 ) . . . [(2/fc) 2 - a 2 ] 


[a > 0] WA 338(11) 

r 1 r n 

/ cos (2 sinx) cosnx dx = - / cos (2 sin x) cos nx dx 
Jo 2 J_ n 

nir / 2 

= [1 + (— 1)"] / cos (2 sin x) cos nx dx = [1 + (— 1)"] — J n (z) 

Jo 2 


r /2 1 7t (2n — 1)!! 

/ cos (2 sin x) cos 2 " x dx = — — — — -J n (z) [n = 0, 1, 2, . . .] 

Jo 2 2 " 

err/ 2 2 

/ sin (2 cos x) sin 2x dx = — (sin 2 — 2 cos 2 ) 

Jo 2 2 


GW (334)(54b) 
FI II 486, WA 35a 

LI (43)(15) 
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12. 8 


13. 

14. 

15. 11 

16. 


17. 7 


18. 

19. 

20 . 


21 . 


3.716 

1. 

2 . 


/ sin (z cos x) cos axdx= cos So, a i z ) = 7 cosec [J a ( z ) — J_ Q (z)] 

Jo 2 ’ 4 2 


7 r air r . . . , 

- , SeC . I E a(2) + E _ Q (z) 


(ITT v — -v 

= cos V2^77T- 


(-l) fc - 1 z 


k - 1 _2fc-l 


2 ^ (l 2 - a 2 ) (3 2 - a 2 ) . . . [(2* - l) 2 - a 2 ] 
[a > 0] 


f sin (z cos x) cos nx dx = - f sin (z cos x) cos nx dx = tt sin — J n (z ) 
Jo 2J-n 2 

r n/ 2 tt 

/ sin (zcosx) cos[(2n + l)x] dx = (— 1)"— / 2 n+i(^) 

Jo 2 

W 2 TT 

/ sin (a cos x) tan x dx = si (a) + — [a > 0] 

Jo 2 

J sin (z cos x) sin 2 " x dx = r^+^H„(z) 


[Re v > —\ 


/ cos (zcosx) cos ax dx = —a sin — s_i ja (z) 
Jo 2 


7 T fl7T r , > /\i TT CL7T r . . 

= 4 S6C ~2 + = 4 cosec ~2 ^ E “^ “ E ^ ( 


. di r I 1 ^ 

= _ asm 


(-l) fc - 1 z 2fc 


^ a 2 (2 2 - a 2 ) (4 2 -a 2 )... [(2 k) 

[a > 0] 


f cos (z cos x) cos nx dx = ^ f cos (z cos x) cos nxdx = tt cos J n (z) 
Jo 2 J_ n 2 

r 1 2 t r 

/ COS (zcosx) COS 2 nxdx = ( — l) n • — J2n(~) 

Jo 2 

J cos (zcosx) sin 2 " x dx = r^+^J I/ (z) 


J cos (z cos x) sin 2A1 x dx = ^0) r (^+0 J ^) 


[Re ^ | 


[Re n > 


t/2 


sin (a tan x) dx 


fV2 


cos (a tan x) dx 


\ [e a Ei(a) 


e a Ei(— a) 



[a > 0] (cf. 3.723 1) 
[a > 0] 


WA 339 
GW (334)(55b) 

WA 30(8) 

Bl (43)(17) 

WA 358(1) 

.(*)] 



WA 339 
GW (334)(56b) 

WA 30(9) 

WA 35, WH 

WH 

Bl (43)(1) 
Bl (43)(2) 
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f 7r /2 


t/2 


r 7r / 2 


r 7r / 2 


W 2 1 _ 

/ cos (a tan x ) tan xdx = — - [e a Ei(a) + e a Ei(— a)] 

Jo 2 


fl7r e- a 

2 

[a > 0] 

Bl (43)(7) 

1 - a _ a 

7re 

4 

[a > 0] 

Bl (43)(8) 

1 + CL _ 

-- — - — 7re ° 

4 

[a > 0] 

Bl (43)(9) 


[a > 0] 

Bl (43)(5) 


7. 


o f ' ■ , ^ ■ 2 , 2 — a 

8. / sm (a tan x) sin a; tan a: act = — - — 7te 

Jo 4 

W 2 n 

9. J sin 2 (a tan a:) dx = — (l — e _2a ) 

W 2 n 

10. J cos 2 (atanx) dx = — (l + e _2a ) 

W 2 7T _ 

11. J sin 2 (a tan x) cot 2 xdx = — (e _2 ° + 2a — l) 

/•tt/ 2 

12. / [1 — sec 2 x cos (tan x)] 

J o 


[a > 0] (cf. 3.723 5) 
[a > 0] 

[a > 0] (cf. 3.742 1) 

[a > 0] (cf. 3.742 3) 

[a > 0] 


tan x 


= C 


Bl (43)(6) 
Bl (43)(11) 

Bl (43)(3) 

Bl (43)(4) 

Bl (43)(19) 

Bl (51)(14) 


r /2 air 

13. / sin (a cot x) sin 2x dx = — e 

Jo 2 


[a > 0] (cf. 3.716 3) 


In general, formulas 3.716 remain valid if we replace tana; in the argument of the sine or cosine with 
cot a; if we also replace sin a; with cos a:, cos a; with sin a:, hence tana: with cot a:, cot a; with tan x, secx 
with cosec x, and cosec x with secx in the factors. Analogously, 
r * 1 2 dx r' 2 


3.717 


3.718 


sin (a cosec x) sin (a cot x) 


cosx 


f . , , . . . dx 7 r . 

/ sm (asecx) sm (atanx) = -sina a > 0 

J o ^ smx 2 

Bl (52) ( 1 1 , 12) 


r /2 . /* 7r /2 ^ 

1. J sin p — atanxj tan p_1 xdx = J cos p — atanxj tan p xdx = — e _a 



[p 2 < 1, p/0, a > 0] 

Bl (44)(5, 6) 

■tt/2 

sin (a tan x — vx) sin^ z xdx = 0 

i 

[Re v > 0, a > 0] 

NH 157(15) 

,7r / 2 . COS 1 " -1 X 7T 

sm (n tan x + vx) — : dx = — 

sm x 2 

[Re ^ > 0] 

Bl (51)(15) 



3.722 


Trigonometric and rational functions 


423 


4. 


5. 


6 . 


[ir/2 

/ cos (a tan a; — nx) cos 1 ^ 2 xdx = 
Jo 


r 0) 


[Re n > 1, a > 0] 

LO V 153(112), NT 157(14) 


cV 2 

/ cos (atanx + nx) cos 1 ' xdx = 2 _I ' _1 7re _a [Ren>— 1, a > 0] 

Jo 

r n / 2 na% Wi_v±i{2a) 

/ cos (a tan x — 7 x) cos 1 ' xdx = „ , , • ^ — 2 , . 

Jo 25+ 1 r(l+^) 


Bl (44)(4) 


7. 

3.719 

l . 6 

2 . 

3. 



a > 0, 

Re n > —1, 


EH 1 274(13)a 

/ 2 sm nx — sin (nx — a tan x) 
-cos” 

1 xdx = 

f 7r /2 

[n = 0, a > 0] , 


sm x 


\7r(l-e-“) 

[n =1, a > 0] 






LO V 153(114) 

sin (nx — z sin x) dx = 




WA 336(2) 

cos (nx — 2 sin x) dx = ir J n (z) 




WH 

cos (nx — 2 sin x) dx = n J„(z) 




WA 336(1) 


3.72-3.74 Combinations of trigonometric and rational functions 


3.721 

1 . 

2 . 

3. 8 



sin(ax) 

x 

sin(ax) 

x 

cos (ax) 
x 


dx = — sign a 
dx = — si (a) 
dx = — ci(a) 


FI II 645 
Bl 203(1) 
Bl 203(5) 


3.722 

1. 


2. 11 

3. 


I" 00 sin(ax) 

Jo x + (3 

r°° sin(ax) 

J- oo x + (3 

F 00 cos (ax) 

Jo x + (3 


dx = ci {a(3) sin(a/3) — cos(a/3) si (a/3) 

[|arg (3\ < 7 r, 

a > 0] 

dx = 7 re ia/3 

[a >0, Im [3 

>0] 

dx = — sin(a/3) si (a/3) — cos (a/3) ci (a/3) 

[|arg (3\ < 7 r, 

a > 0] 


Bl(16)(l), FI II 646a 


ET I 8(7), Bl(160)(2) 
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3.723 


4. 8 
5. 10 


6. 8 
7 to 


8. 11 

3.723 

l. 11 

2 . 


3. 


4. 

5. 11 

6 . 

7. 


9. 

10 . 

11 . 


j '°° cos (ax) 
-oo X + P 
!°° sin(ax) 

o P~ x 


dx = — iire lal3 [a > 0, Im (3 > 0] 

dx = sin(/3a) ci(/3a) — cos {(3a) [si(/3a) + 7t] 


I" 00 sin(ax) 
Loo (3 — X 


dx = — 7te 


,ia/3 


[a > 0, (3 not real and positive] 

FI II 646, Bl(161)(l) 

[a > 0, Im f3 > 0] 


cos(ax) _ _ cos i a p\ c i ( a (3) _|_ sin(a/3) [si(a/3) + 7t] 

[3 — x 


cos (ax) 

Loo P-x 

f 00 sin(ax) 
/ 3 2 + x 2 
f°° cos (ax) 

Jo P 2 + x 2 


dx = —ine™ 13 


r Q p + x 2 d *= 2 p [e _a ^Ei(a/3) - e“* Ei (-a/3)] 


2(3 


— a/3 


f°°x sin(ax) 7t_ a/3 

L ~w^ dx= 2 e 


[a > 0, / 3 not real and positive] 

ET I 8(8), Bl(161)(2)a 

[a > 0, Im (3 > 0] 

[a > 0, /3>0] ET I 65(14), Bl(160)(3) 

[a > 0, Re (3 > 0] 

FI II 741, 750, ET I 8(11), WH 

[a > 0, Re (3 > 0] 

FI II 741, 750, ET I 65(15), WH 


x sin(ax) 


— -rr C ~ a 0 


dx = 7te 


[a > 0, Re (3 > 0] 


7-00 P 2 + x 2 

[ dx = - ]- [e~ al3 Ei(a(3) + e af 3 Ei (-a/3)] [a > 0, (3 > 0] 

J 0 f3 z + x z 2 


/ — OO 

poo 


sm[a(6-x)l dx = n e -. c 
C z + X“ c 

cos[a(6 — x)] 7t 


dx = — e a °cos (a&) 


[a > 0, b > 0, c > 0] 
[a > 0, b > 0, c > 0] 


Bl (202)(10) 
Bl (160)(6) 
LI (202)(9) 
LI (202)(ll)a 


/ — OO 

r oo 


sin(ax) 1 

dx = — 


(3 2 — x 2 


/? L 


sin(a/3) ci(a/3) — cos (a (3) ^si (a/3) + 

[|arg/3|<7r, a > 0] Bl (161)(3) 

[a > 0, b > 0] Bl(161)(5), ET I 9(15) 


J cos(ax) 7t . 

w — 1 dx= li sm(ol) 

3 xsin(ax) , n 
b 2_ x 2 dx=--cos(ab) 

3 xcos(ax) , . „ „ r 7t 

—-5 5- dx = cos (a/3) ci (a/3) + sm (a/3) si (am + — . 

(3 Z + x z L 2 J 


>0] 


FI II 647, ET II 252(45) 


[|arg/3| < 7t, a > 0] 


Bl (161)(6) 
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12 . 

3.724 

1. 

2 . 

3. 

3.725 

1. 

2 . 

3. 


2 .' 


sin(ax) cos (ab) — 1 

dx = 7 r z 


c(x — b) 


[a > 0, b > 0] 


b + cx . . ( cq — b . , . , _„,/r Z77 

sm(ax) ax = j sm(ag) + ccosfag) 7te « 


/-oo P+ 2gx + x 2 


3 p + 2gx + x 2 

cos[(6 — l)f] — xcos(fcf) 
. 1 — 2x cos f + x 2 


\Vp-v 2 ) 

[a > 0, p > q 2 ] 

cos(ax) dx = ( ^ Cg cos (aq) + csin(ag) J Tre~ a '^ p ~ q2 

Wp-q 2 J 

[a > 0, p > q 2 ] 

cos (ax) dx = ire~ a Sln 1 sin (bt + a cos t) 

[a > 0, t 2 <ir 2 ] 


/•°° sin (ax) dx = , _ _ a/3 x 

lo x (P 2 + X 2 ) 2/3 2 1 ' 

f°° sin(ax) dx n 

L 7 ( 5 ^) = » (1 - cos(a!,)) 

f°° sin(ax) cos(&x) tt _ 

L -^rwr dx =w* e smh(o ' 3) 


= -^ 0,Scosh(! >« + 2i5 


[Re (3 > 0, a > 0] 

[a > 0] 

[0 < a < 6] 

[a > 6 > 0] 


3.726 

l. 11 


f°° xsin {ax) dx 

/ 0 6 3 ± b 2 x + bx 2 ± x 3 


ET II 252(44) 


Bl (202)(12) 

Bl (202)(13) 

Bl (202)(14) 

Bl (172)(1) 
Bl (172)(4) 


ET I 19(4) 


± 46 L 
ne~ ab — TTCOs(ab) 


afc Ei(a6) — e afc Ei(— ab) — 2 ci(a6) sin(a6) + 2 cos (ab) ^si (ab) 


7 r 

27J 


46 

[a > 0, & > 0; if the lower sign is taken, then the integral is a principal value integral] 

ET I 65(21)a, Bl(176)(10, 13) 

f°° x 2 sin(ax) dx 
/ 0 b 3 ± b 2 x + bx 2 ± x 3 


1 

4 L 


ab i 


’ Ei( — a6) — e a6 Ei(a&) + 2 ci(a&) sin(afe) — 2 cos (ab) ^si (ab) + — ^ 

±ir (e~ ab + cos (ab)) 

[a > 0, b > 0; if the lower sign is taken, then the integral is a principal value integral] 

ET I 66(22), Bl(176)(ll, 14) 
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3.727 


3.727 

1. 

2. 8 


3. 

4. 

5. 

6. 11 


7. 


9. 

10 . 

11 . 

12. 7 


cos(as) 7 t\/2 

as = „ exp 


b 4 + x 


4 6 3 


a6 


ab . a& 
cos — = + sm — = 

V2 V2 


J sin(as) 1 

b 4 — x 4 4 6 3 L 


[a > 0, 6 > 0] Bl(160)(25)a, ET I 9(19) 

2sin(afe) ci(ab) — 2 cos (ab) ^si(a&) + ^ 


J cos(ax) 


+e _ab Ei(a&) — e ob Ei(— a6) 


dx = — [e ab + sin(a6)] 

[a > 0, b > 0] 


[a > 0, b > 0] 


Bl (161)(12) 


’ssin(as) n 


b 4 + x 4 


’ssin(as) n 


dX = 2fo2 exp ' 


ab 


ab 


sm 


V2J V2 


dx = e ab — cos(a&)] 


(cf. 3.723 2 and 3.723 9) Bl (161)(16) 

Bl (160)(23)a 
Bl (161)(13) 


J x cos (ax) j 1 
b 4 ~x 4 dx= 4^ 


[a > 0, b > 0] 

[a > 0, b > 0] 

2 cos (ab) ci (ab) + 2sin(a6) ^si(a6) + ^ 

- e- ab Ei(a6) - e ab Ei(-a&) 

[a > 0, b > 0] (cf. 3.723 5 and 3.723 11) Bl (161)(17) 


5 x 2 cos(as) 


b 4 — x 4 


dx = 


r°° ~2 


x 2 cos (as) 
b 4 — x 4 


^exp ( ab )( 


ab 

ab \ 

— sin — -= I 


4 b 6XP 1, V2 J [ 

COS 

V2 

V2j 






[a > 0, 

6>0] 

1 

4 b 

2sin(a6) ci(a6) 

i) 




—2 cos (ab) (si(ab) + 

— e~ 

' ab El(a6) + e ob 

Ei(— ab) 




[a > 0, 

b> 0] 

7 r 

4b 

(sin(afe) - e _ab ) 



[a > 0, 

6 > 0] 


Bl (160)(26)a 


f°° s 3 sin(as) 


b 4 + x 4 


ab 


ab 


r°° ^.3 


sin(as) 


dx = — exp t= cos — = 

2 \ y/2j 

dx = \e~ ab — cos(a&)] 


[a > 0, b > 0] 
[a > 0, b > 0] 


Bl (161)(14) 
Bl (161)(18) 

Bl (160)(24) 

Bl (161)(15) 


r°° /y-3 


s 3 cos (as) dx 1 

b 4 — x 4 4 L 

+e _ab Ei(a&) + e ab Ei(— a6) 


2 cos (ab) ci (ab) + 2 sin (ab) ^si(afe) + ^ 

[a > 0, b > 0] 


Bl(161)(19) 
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13. 

14. 

3.728 

1 . 


2 . 


3. 


4. 


5. 

6 . 

7. 


9. 

3.729 

1 . 

2 . 

3. 

4. 


x 3 sin ax ire ab 

ax = 


I o (x 2 + b 2 ) 

„3 


x' J sm ax ire ab a 

ax = 


1 0 ( x 2 + b 2 f 


166 

mb’ " {3 + ' 3ab - aV) 










cos (ax) dx 

ir (/3e “ 7 — je a/3 ) 

[a > 0, 

Re/3 > 0, Re 7 > 0] 

(/ 3 2 + x 2 ) (7 2 + x 2 ) 

2/37 (/? 2 -7 2 ) 





Bl (175)(1) 

xsin(ax) dx 

7T (e- a/3 - e _ “ 7 ) 

[a > 0, 

Re/3 > 0, Re 7 > 0] 

(/3 2 + x 2 ) (j 2 + x 2 ) 

2 ( 7 2 - P 2 ) 





Bl (174)(1) 

x 2 cos (ax) dx 

ir (/3e _a/3 — 7e _ ° 7 ) 

[a > 0, 

Re/3 > 0, Re 7 > 0] 

(/3 2 + x 2 ) (7 2 + x 2 ) 

2 (/3 2 - 7 2 ) 





Bl (175)(2) 

x 3 sin(ax) dx 

7 t (/3 2 e _a/3 — 7 2 e _a7 ) 

[a > 0, 

Re/3 > 0, Re 7 > 0] 

(/ 3 2 + x 2 ) (7 2 + x 2 ) 

2 (/3 2 — 7 2 ) 





Bl (174)(2) 

cos (ax) dx 

7t (6sin(ac) — csin(a6)) 

[a > 0, 

b > 0, c > 0] 

Bl (175)(3) 

(b 2 — x 2 ) (c 2 — x 2 ) 

2&c (6 2 — c 2 ) 

xsin(ax) dx 

7t (cos(ab) — cos(ac)) 

[a > 0] 


Bl (174)(3) 

(b 2 — x 2 ) (c 2 — x 2 ) 

2 (6 2 - c 2 ) 


x 2 cos (ax) dx 

7t (csin(ac) — 6sin(a6)) 

[a > 0, 

b > 0, c > 0] 

Bl (175)(4) 

(b 2 — x 2 ) ( c 2 — x 2 ) 

2 ( b 2 - c 2 ) 

x 3 sin(ax) dx 

ir ( b 2 cos (ab) — c 2 cos(ac)) 

[a > 0, 

b > 0, c > 0] 

Bl (174)(4) 

(b 2 — x 2 ) ( c 2 — x 2 ) 

2 (& 2 - c 2 ) 

x sin ax 

7t e _ac — cos ba 

[a > 0, 

c > 0, b real] 


(b 2 - x 2 ) ( c 2 + x 2 ) dX 

2 a 2 + c 2 


cos (ax) dx 7t 

{b 2 + x 2 ) 2 “ 46 3 + 

ab)e~ ab 

[a > 0, 

b > 0] 

Bl (170)(7) 

xsin(ax)dx ir 

(l b 2 + x 2 ) 2 4 b 

ab 

[a > 0, 

b > 0] 

Bl (170)(3) 



cos (px) 


1 — x 2 
(1 + x 2 ) 2 



f°° x 3 sin(ax) dx 

Jo (b 2 + x 2 f 


\(2-ab)e~ ab 


Bl (43)(10)a 

[a > 0, b > 0] Bl (170)(4) 
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3.731 


3.731 

1. 

2 . 

3. 


4. 

3.732 

1. 


2 . 

3. 

4. 

3.733 

1 . 

2 . 


Notation: 2 A 2 = Vb 4 + c 2 + b 2 , 2 B 2 = \/b 4 + c 2 — & 2 , 

f 00 cos(ax) dx tt e~ aA (B cos(aB) + Asm(aB)) 


(x 2 + b 2 ) 2 + c 2 2c 


Vb 4 + c 2 


xsin(ax) dx tt _ nA . . _ 
tt = — e A sin(a.B) 


Jo ( x 2 + b 2 Y + c 2 2c 

F 00 (a; 2 + b 2 ) cos(ax) da; 7t e _aA (Acos(aB) — i?sin(a.B)) 
lo (x 2 + b 2 ) 2 + c 2 “2 


[a > 0, b > 0, c > 0] 
[a > 0, b > 0, c > 0] 


Vb 4 + c 2 


J x (a; 2 + & 2 ) sin(ax) dx n * 

V ' V ' = -e~ aA cos{aB) 


Jo (x 2 + b 2 ) + c 2 


[a > 0, b > 0, c > 0] 
[a > 0, b > 0, c > 0] 


Bl (176)(3) 
Bl (176)(1) 

Bl (176)(4) 
Bl (176)(2) 


V 2 + (7 — a;) 2 

/3 2 + (7 + x) 2 

1 

1 

I 

/3 2 + (7 ~ a;) 2 

(3 2 + (7 + x) 2 

7 + x 

7 — X 

P 2 + (7 + x) 2 

p 2 + (7 — a; ) 2 

7 + X 

7-x 


sin (ax) dx = -^e 0/3 sin (07) 
P 


/3 2 + (7 + x) 2 /3 2 + (7 -x) 2 J 


[a >0, Re /3 > 0, 7 + ifd is not real] 

ET I 65(16) 

cos(ax) dx = ^e _a/3 cos(a7) 

P 

[a > 0, |Im 7I < Re/3] ET I 8(13) 

sin(ax) dx = 7re _a/3 cos(a7) 

[a >0, Re /3 > 0, 7 + i/3 is not real] 

LI (175)(17) 

cos (ax) dx = Tre ~ a ' 3 sin(a7) 

[a > 0, |Ima| < Re/3] LI (176)(21) 


f°° cos (ax) dx 7r sin (t + ab sin t) 

L e + 2 t Vcos2t + >^ = 2P eXp (~ ai,COSt) ita2i 


>0, b > 0, |t| < 


Bl (176)(7) 


xsin(ax)dx n , , sin (ab sin t) 

= JT77 exp (—abcost) 


x 4 + 2b 2 x 2 cos 2t + b 4 2b 2 


sin 2 1 


a > 0, b > 0, |t| < — 


Bl(176)(5), ET I 66(23) 


3. 


x 2 cos(ax)dx 7T . , . sin (t — ab sin t) 

= — exp {—ab cost) 


x 4 + 2b 2 x 2 cos 2 1 + b 4 2b 


sin 2 1 


a > 0, b > 0, |i| < — 


Bl (176)(8) 
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4. 


5. 


3.734 

1. 

2 . 


3.735 

3.736 

1. 


2 . 


3. 

4. 


5. 


6 . 


x 3 sin(ox) dx 
t 4 + 2 b 2 x 2 cos 2 t + b 4 2 


7 r . , . sin (26 — afesin t) 

= — exp {—ab cost) - 


sin 2t 


f°° sin(ax) dx ir 

/ 0 x (a; 4 + 2 b 2 x 2 cos 2 1. + 6 4 ) 2 6 4 


1 — exp (— abcost) 


a > 0, 6 > 0, |f| < 


sin (2t + ab sin t) 
sin 2t 


a > 0, b > 0, |i| < — 


f°° sin (ax) dx 7 r 

/o a: (6 4 + a; 4 ) 26 4 


. . ab \ a6 

1 — exp 7= cos —7= 

' \/2 ; V2 


sinfaa;) da; 7r r „ „ h . , 

= — [2-e-“ b -cos(a6)] 


/o a; (6 4 — a; 4 ) 46 4 

sin(aa;) dx it 


I o a: (6 2 + a: 2 ) 2 26 4 [ 2 


1 - Je-“ b (2 + ab) 


[a > 0, 6 > 0] 

[a > 0, b > 0] 


[a > 0, b > 0] 


WH, 


cos (ax) dx it 


— ab~\ 


(6 2 + a: 2 ) (6 4 — a; 4 ) 

8 6 5 

a;sin(aa;) dx 

7T 

(6 2 + a; 2 ) (6 4 — a: 4 ) 

= w 

x 2 cos(ax) dx 

7 r 

(6 2 + x 2 ) (6 4 — a: 4 ) 

= 863 

x 3 sin(aa;) dx 

7T 

(6 2 + a; 2 ) (6 4 — a: 4 ) 

= 862 

a; 4 cos(aa;) dx 

7 r | 

(6 2 + a: 2 ) (6 4 — a: 4 ) 

= 86 1 

x 5 sin(ax) dx 

- - [( 

( b 2 + x 2 ) (6 4 — a: 4 ) 

“ 8 


[(1 + ab)e ab — cos(a6)] 


—ab~\ 


—ab 


— ab I 


— ab 


[a > 0, 

[a > 0, 
[a > 0, 

[a > 0, 

[a > 0, 

[a > 0, 


b > 0] 

b > 0] 
b > 0] 

b > 0] 

b > 0] 

b > 0] 


Bl (176)(6) 

Bl (176)(22) 

Bl (172)(7) 
Bl (172)(10) 

Bl (172)(22) 

Bl (176)(5) 

Bl (174)(5) 
Bl (175)(6) 

Bl (174)(6) 

Bl (175)(7) 


Bl (174)(7) 
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3.737 


3.737 

l. 8 


f°° cos (ax) dx ne ab (2 n — k — 2)! (2 ab) k 

lo (b 2 + x 2 ) n (2b) 2n ~ 1 (n — 1)! k\(n — k — 1)! 



' d”" 1 

/ e -aby/p\' 

2b 2n ~ 1 (n — 1)! 

dp™ -1 

{ Vp )\ 


' d”" 1 

/ e -abp \ 

2b 2n ~ 1 (n — 1)! 

dp™- 1 

l(i+p) n y 


p= i 


J p=l 


[a > 0, b > 0] GW(333)(67b), WA 209, WA 192 


2 . 


3. 


4. 

5. 

6 . 


3.738 

1. 


2 . 


a: sin (ax) dx nae a & E' (2n — k — 2)!(2a/3) 


=lE 

fc= 0 


fc!(n — k — 1)! 


= —e~ af} 


[n = 0, /? > 0] 

[a > 0, Re /3 > 0] 


GW (333)(66c) 


1 - 


= -<*/ 3 


/ o (a; 2 + /3 2 ) n+1 2 2n n\f3 2n 

7T 
2 

/'°° sin (ax) dx 

lo x (/3 2 + x 2 ) n+1 ~ W 2n+2 V 2«n! 

[a > 0, Re /3 > 0, F 0 (^) = 1, Ft ( 2 :) = 2 + 2, . . . ,F n (z) = (z + 2n)F n _i(z) — 2 ;F^_ 1 (^)] 

GW (333)(66e) 

/'°° a; sin(ax) dx 7ta 


: F n (a(3) 


lo ( b 2 + x 2 ) 3 16 & 3 

f°° x sin(ax) dx 7ta 


lo ( b 2 + x 2 ) 4 


96 b 5 


f°° x 3 sin ax 7te 

lo (x 2 + /3 2 )" +1 X ~ 2 2n n\f3 2n ~ 2 


(1 + ab)e~ ab 
(3 + 3a& + a 2 b 2 ) e~ ab 

2 n ~ 1 (2n — 3)!!(2 — /3a) 


[a > 0, b > 0] B I ( 170) (5) , ET I 67(35)a 
[a > 0, b > 0] Bl(170)(6), ET I 67(35)a 


—aft 


- £ — W* + 1) - 2(t + 1)0» + flV 


fc= 1 


fc!(n — fe — 1)! 


r°° x m 1 s i n ( a;r ) 
X 2n _|_ p2 n 


dx= — 


7T/J 


•m—2n 


2 n 


E 


X cos 


exp 

fc= 1 
(27c — 1)to7t 

2n 


(2k — 1)tt 

— a/3 sin 

2 n 

(2k — 1)7T 


+ a/3 cos 


2n 


[m is even] , a > 0, |arg/3| < — , 0 < m < 2n ET I 67(38) 


f°°x m 1 cos(ax) np m 2n 
l 0 x 2n +(3 2n dX= 2 n 


E ex p 


fc=i 


—a/3 sin 


( 2fc — 1)tt 
2 n 


x sm 


f (2k — l)m7r (2fc — 1)tt ) 

\ 2 n 2 n J 


[to is odd] , a > 0, |arg/?| < — , 0<TO<2n + l 


Bl(160)(29)a, ET I 10(29) 
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3.739 


f°° sin(ax) dx 

/ 0 x ( x 2 + 2 2 ) ( x 2 + 4 2 ) . . . ( x 2 + 4n 2 ) 


[a > 0, n > 0] 


>( 2n \ 2 (k—n)a , / -i \n f 


V « yj 

Ll(174)(8) 


f°° cos (ax) dx 

/ 0 (x 2 + l 2 ) ( x 2 + 3 2 ) . . . [x 2 + (2n + l) 2 ] 

(-!)» 7T 

( 2 n + 1 )! 2 2 "+ 1 
7r2 — 2n— 1 
( 2 n + 1 ) ( n !) 2 

Z'°° xsin (ax) dx 

/ 0 (x 2 + l 2 ) (x 2 + 3 2 ) . . . [x 2 + (2 n + l) 2 ] 


^(-l) fc ( 2n j J’ 1 )e (2fc - 2n - 1)o [a > 0, n > 0] 


[a = 0, n > 0] 

Bl(175)(8) 


^(-1 )" 

(2n + l)!2 2n+1 


^(_l)fc^ 2n + 1 'j ( 2n - 2k + i) e ( 2fc - 2nwl )° 

£•— n \ / 


Z 100 cos axdx 7T2 1 2 ' 

/ 0 (x 2 + 2 2 ) (x 2 + 4 2 ) . . . (x 2 + 4n 2 ) (2n)! 


ol-2n 


[a > 0, n > 0] 
\kif \ „~2ak 


[n > 1, a > 0] 


LI (174)(9) 


3.741 

1. 


sm(ax) sm(6x) , 1, f a + b 

dx = - In 

x 4 \ a — b 


[a > 0, b > 0, a ^ b\ 


dx= n 

2 

[a > b > 0] 

7 T 

" 4 

[a = 6 > 0] 

= 0 

[6 > a > 0] 

a7t 

dx=- 

[0 < a < 6] 

bn 


= T 

[0 < b < a] 


FI II 647 


FI II 645 


Bl (157)(1) 
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3.742 


3.742 

1. 


J sin(aa;) sin(6x) n 


dx= P - e" (a+b)/3 ) 


1. / [a > 0, b > 0, Re/3 > 0] 

Jo P + a: 2 4/3 V / 

= ^-e _0/3 sinh 6/3 [/3 > 0, a > b > 0] 

Zp 

= ^ 3 e ~ b(3 sinh a/3 [/3 > 0, b > a > 0] 

zp 

Bl(162)(l)a, GW(333)(71a) 

2. [ to = { e« Ei [«„ - 6)] + e-« Ei [«„ + 6)] ) 

- T e »» { e W Ei [- /3(a + b)] + e~ bl3 Ei \J)(b - a)]} 

*±P 

Bl (162)(3) 


= — e a ^sinh b(3 
Zp 

= ^ 3 e ~ b/3 sinh a/3 
Zp 


- — e^{e^Ei[-/3(a + 6)] + , 


■ COSM cos(te) dx = JL L-I--I0 + ,-WWl [a > 0, 6 > 0. Re/3>0] 

J o P + a; 4/3 L J 

= ^p e ~ al3 cos h b(i [/3 > 0, a > b > 0] 

= 7 ^j e ~ bl3 cosh a/3 [/3 > 0, b > a > 0] 

Bl(163)(l)a, GW(333)(71c) 

r ^W.o.W ^ i e „„ {e » E1 h „ ( „ + 1)] + e -w Ei wt _ } 

Jo p + X 4 

— -e _a ^ {e h/3 Ei [/3(a - 6)] + e- b/3 Ei [/3(a + 6)]} [a ^ 6] 


= — e a/3 cosh 6/3 
2/3 

= —^e~ bl3 cosh a/3 
2/3 


--e- 0/3 {e 6/3 Ei[/3(a-6)] 


[a = 6] 


Bl (163)(2) 


/ o x 2 + /3 2 


J sin(aa;) sin(6x) 
p 2 — a; 2 


J sin(aa;) cos(bx ) 
p 2 — x 2 


|e- 0/3 cosh(6/3) 

[0 < 6 < a] 

71 -2a/3 

4 

[0 < 6 = a] 

— '^ 2 e ~ bl3 sinh(a./3) 

[0 < a < 6] 

7T 

— cos(ap) sin(6p) 

2p 

[a > 6 > 0] 

7T 

— sm(2a») 

4p 

[a = 6 > 0] 

7 r 

— sin(ap) costbp) 

2p 

[6 > a > 0] 

7 r 

— — cos(ap) cos(bp ) 

[a > 6 > 0] 

7T /rt x 

— — cos(2ap) 

[a = 6 > 0] 

7T 

— sin(ap) sin(6p) 

[6 > a > 0] 


Bl (162)(4) 


Bl (166)(1) 


Bl (166)(2) 
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3.743 

1. 

2 . 

3. 

4. 

5. 6 


P 2 — 

9 ds = 

s z 

2p 

sin(ap) cos(6p) 


= 

7 T 

4 p 

sin(2ap) 


= 

7 r 
2^ 

cos(ap) sin(6p) 

sin(as) 

dx 

7T 

sinh(a/3) 

sin(6s) 

s 2 + /3 2 

2^ 

sinh(6/3) 

sin(as) 

x dx 

7T 

sinh(a/3) 

cos (6s) 

x 2 + (3 2 

_ 2 

cosh(6/3) 

cos (as) 

x dx 

7T 

cosh(a/3) 

sin(6s) 

x 2 + /3 2 

2 ' 

sinh(6/3) 

cos (as) 

dx 

7T 

cosh(a/3) 

cos (6s) 

x 2 + P 2 

2^ 

cosh (6/3) 


p V f°° sin(as) _ dx = Q 


sin x 6 2 — a: 2 


= — sinfo — 1)6 
b 


3.744 3 

3.745 3 

3.746 

1. 


I" 00 sin(as) 

J o cos (6s) 
Z 100 sin(as) 

J 0 COS (6s) 


dx it sinh(a/3) 

s (s 2 + /3 2 ) 2/3 2 cosh(6/3) 


s (c 2 — s 2 ) 



JJ sin (afes) 
k — 0 


7T 

2 


n ak 


fc= i 


2 . 



sin(as) 

x n+l 


n m 

dx sin (afcs) cos ( bjX ) 
fe=i j=i 


n 


|n«> 


[a > 6 > 0] 
[a = 6 > 0] 
[6 > a > 0] 


[0 < a < 6, 

R e/3 > 0] 

[0 < a < 6, 

Re/3 > 0] 

[0 < a < 6, 

Re/3 > 0] 

[0 < a < 6, 

Re/3 > 0] 

if 0 < a < 1 


if 1 < a < 2 

[6 real, 6/-7T ^ Z] 

[0 < a < 6, 

Rep > 0] 

[0 < a < 6, 

c > 0] 

n 

°o > E ak 

, a k > 0 


fc=i 

n m 

a > E m +E n 

fc=l 3=4 


Bl (166)(3) 

ET I 80(21) 
ET I 81(30) 
ET I 23(37) 
ET I 23(36) 


ET I 82(32) 
ET I 82(31) 

FI II 646 

WH 


3.747 

l. 7 


2 . 

3. 


r /2 s m 


dx = ( — 


smx 


(!)’ 


1 A 2 


E 


2fc— 1 


— 1 


T/2 xdx f 7T/2 (f - s) dx 


42 fc-i^ m _|_ 2k) 


= 2 G 


C(2fc) 


sms 


coss 


s dx 


I o (s 2 + 6 2 ) sin (as) 2sinh(a6) 


= 2irG — ^ C(3) 

[to = 2] LI (206)(2) 

Bl(204)(18), Bl(206)(l), GW(333)(32) 

[6 > 0] GW (333)(79c) 


4. f stansds = — 7rln2 Bl (218)(4) 

Jo 
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3.748 


5. 


6 . 


7. 


9. 

10 . 

11 . 

3.748 

1. 

2 . 

3. 

3.749 

1. 

2 . 

3. 


fir/2 

x tan xdx = oo 
o 

r /4 7t i 

x tan x dx = — — In 2 + - G = 0.1857845358 . . . 


r rr/2 ^ 

' 7T 

x cot xdx = —m2 
o 2 

r /4 7 r 1 

x cot xdx = — In 2 + - G = 0.7301810584 . . . 
d 8 2 

r /2 / 7T \ , 1 ft* /7T \ , 7T 

a; tan x dx = - / a; tan xdx = — in 2 

o ' 2 / 2 V 2 J 2 

f°° dx 7T 

tan ax — = — 
o ® 2 

r /2 XCOtX 7T 

dx = — in 2 

n cos 2x 4 


>0] 


t/4 


1 ( 4fc ~ 1) C(2fc) 

(to + 2k) 


x m tanxdx=-(0 

fe=i 


t/2 


x p cot xdx = ( — 




t/4 m , i /7t\™ / 2 m 

x cot x dx = - ( — > 

2 \4/ \ to 2—r 


C(2fc) 


fe=l 


4 2/c_1 (m + 2/c) 


5 xtan(ax) dx it 


I o x 2 + 6 2 e 2a6 + 1 


/»oo 


2ab 
c- 

xcot(ax)dx 7t 


/o x 2 + b 2 e 

f°° xtan(ax) dx 


/o 


6 2 — x 2 


2 ab 1 

x cot (ax) dx 
6 2 — x 2 


a > 0, 

6 > 0] 

a > 0, 

6 > 0] 


J x cosec (ax) dx 
6 2 — x 2 


= 00 


Bl (205)(2) 
Bl (204)(1) 

FI II 623 

Bl (204)(2) 
GW(333)(33b), Bl(218)(12) 
LO V 279(5) 
Bl (206)(12) 

LI (204)(5) 

LI (205)(7) 

LI (204)(6) 

GW (333)(79a) 
GW (333)(79b) 
Bl (161)(7, 8, 9) 


3.75 Combinations of trigonometric and algebraic functions 

3.751 

sin(ax) dx 


1. 


2 . 


/ o V x + ft 

f°° cos (ax) dx 
IQ y/x + ft 


7 r 

2a L 


7T 

2a L 


cos (a/3) — sin(a/3) + 2C (^y/affj sin(a/3) — 2 5 (^y/aft'j cos (aft) 

[a > 0, |arg/3| < 7t] ET I 65(12)a 

cos (aft) + sin (aft) —2 C (^y/aft^j cos (aft) — 2 S (^y/aft'j sin(a/3) 

[a > 0, |arg/5| < tt] 


ET I 8(9)a 
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sm aa: , [JT , . . . ... 

—j= dx = \ — [sm(au) + cos(aw)J 
V x — u V 2a 

5 cos(ax) [V • / m 

ax = \ — cos(att) — sin(au) 
\Jx — u V 2a 


[a > 0, u > 0] 


[a > 0, u > 0] 


ET I 65(13) 


ET I 8(10) 


3.752 


3in(ax) \/l — x 2 dx = 


(— l) fe a 2fe+1 
(2fc — l)!!(2fc + 3)!! 


2. / cos(ax)\/l — x 2 dx = — JAa) 

Jo 2 a 




[a > 0] 


Bl (149)(6) 
KU 65(6)a 


3.753 


f 1 sin(ax)dx ^ (— l) fc a 2fc+1 7t 

/ 0 TT^ = 4.|(2‘ + l)!f = 2 “ <a) 

f 1 cos(ax) dx 7t 

L Tf=F = 5 J " (a) 

j'°° sin(ax) dx n 

/. TF^T = 2 “ < “ ) 

/'°° cos(ax) 7T 

/ / „ > = -- y 0 (a) 


/l a/^ 2 — 1 ^ 

/' 1 xsin(ax) 7t 

L Vf^f dX= 2 Ma) 


Bl (149)(9) 


WA 30(7)a 


WA 200(14) 


WA 200(15) 


WA 30(6) 


3.754 


^«- i|w) _ LoW 


/'°° cos (ax) dx 
/o \//3 2 + x 2 


= Ko{a/3) 


xsin(ax) 
/(/3 2 + x 2 ) 2 


dx = a Ko(a/3) 


[a > 0, Re j3 > 0] 


[a > 0, Re j3 > 0] 


ET I 66(26) 


WA 191(1), GW(333)(78a 


[a > 0, Re f3 > 0] 


ET I 66(27) 


3.755 


r°° y \/ x 2 + (3 2 — (3 sin(ax) dx 
3 ^/x 2 + /3 2 


[a > 0] 


ET I 66(31) 


r°° Y ^ x 2 + (3 2 + (3 cos (ax) dx 
3 \Jx 2 + (3 2 


[a > 0, Re [3 > 0] 


ET I 10(25) 
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3.756 


3.756 

1. 

2 . 

3.757 

1. 11 

2. 11 


I" 00 sin(aa;) 

Jo x^- 1 


n 

sin (a k x) dx = 0 

k—2 



n 

cos (ax) cos ( akX ) dx 

fe = i 


0 


1 sin(ax) 


dx = 


5 cos(acc) 


dx = 



n 


a fe > 0, 

a > E a fc 

k—2 

ET 1 80(22) 

a fc > 0, 

n 

a >y^ a k 

k = 1 

ET 1 22(26) 

a > 0] 


Bl ( 177) (1) 

a > 0] 


Bl (177)(2) 


3.76-3.77 Combinations of trigonometric functions and powers 

3.761 


1. 


2. 8 


3. 


7. 


1 sin(ax) dx = ^ [ i.Fi(/x; n + 1; ia) — \Fi (/t; /x + 1; — ia)\ 

[a > 0, Re/i > — 1, /x ^ 0] 


1 sin a; dx = - e 5 v r(/x, iu) — e 2 l#i r(/x, — it 


[Re n < 1] 


1 sin(ax) 


dx = 


x 2 n (2 n — 1) ! 


E 

k = 1 


(2n — k — 1)! . 


n 2n—k 


sin + (fc — 1) ^ + (-1)" ci(a) 
[a > 0] 


ET I 68(2)a 


EH II 149(2) 


LI (203)(15) 


. f 00 o-i • , u r(/x) • V™ 

4. / sin(ax) dx = sin — — = 

Jo 2 

r rr (_1'| n +l L "‘ / 

5. 10 / x m sin(nx) dx = — ^T - E t -1 )* 

*7 0 ^ 7. n 


rW -:.f"- ’ rsec ‘? [a > 0; 0<|Re„|<ll 


2a^ r(l — /x) 


FI II 809a, Bl(150)(l) 


(to — 2fc)! 


(n7t)’ 


r i—2k 


/, \ Lm/2j m! Lw-2[f J -lj 

^ L > -m+ 1 


f 1 1 

6. 8 / x M_1 cos(ax) dx = — [ iFi(/x; /x + 1; ia) + iFi (/x; /x + 1; — m)] 

Jo “TO 

[a > 0, Re/x > 0] 

r°° i 

/ x^~ 1 cosxdx = - [e _ 2 v r(/z, iu)s + e 5 v T(/x, — m)] 

J U ^ 

[Re /z< 1] 


GW(333)(6) 


ET I 11(2) 


EH II 149(1) 
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8 . 

9. 8 

10 . 

11 . 

12 . 

3.762 

1. 

2 . 

3. 

3.763 

1. 


J cos (ax) , a 2n 
■ ax = 


r 2n+l 


( 2 «)! 


^-v (2 n — k)\ 

/ j n 2ii— k-\-l 


.k=l 


cos + (k — 1) ^ + (— 1)" +1 ci(a) 
[a > 0] 


LI (203)(16) 


T(n) fm 7t cosec ^ 


f u-i < \ > r(w ( l7T 

/ a;^ cos(ax) ax = cos — = 

Jo 2 


2aT r(l — /i) 


[a > 0, 0 < Re /x < 1] 


FI II 809a, Bl(150)(2) 


x m cos (nx) dx = 


(~i y 

^m+l 


L(m— 1)/2J 


£ (-T 


ml 


k—0 


(m — 2k — 1)! 


(n7r) 


m—2k— 1 


+(_l)K m+ i)/ 2 J 2[(m + j ) / 1 2] ~ m • m! 


r— = (§)"” + Hi) ' m/2j ( 2 i?j - ™) m! 


m— 1 


j + 1 


f>2n7r "_ v ~ ± n | / 

cos kxdx = — y ' ( . ) (2n7r) m-J cos J ' " 7T 
3 + 2 


GW (333)(7) 

GW (333)(9c) 
Bl (226)(2) 


d 1 r 

a:^ 1 sin(ax) sin(6a;) dx = - cos r(/x) |6 — a| -,i — (6 + a) -M 

[a > 0, b > 0, a^b, — 2 < Re /./ < 1] 

(for fi = 0, see 3.741 1, for fx = — 1, see 3.741 3) 

Bl(149)(7), ET I 321(40) 

a:^ 1 sin(aa;) cos(bx) dx = J sin ^ r(/x) (a + 6) _/i + |a — sign(a — &) 

[a > 0, b > 0, | Re /i| < 1] (for /i = 0 see 3.741 2) Bl(159)(8)a, ET I 321(41) 

x cos(aa;) cos(bx) dx = J cos T(fx) (a + b )~ M + |a — 

[a > 0, 6 > 0, 0 < Re /j < 1] 

ET I 20(17) 


J sin(aa;) sin(6x) sin(ca;) , 1 ^7r . r i 

— 1 — — ±—L 1 — L dx = | cos — r(l-z/)|(c+a-&f -(c + a + by 1 

— |c — a + b I" -1 sign(a — 6 — c) + |c— a — sign(a + b — c) j 
[c > 0, 0 < Re v < 4, v ± 1, 2, 3, a > b > 0] GW(333)(26a)a, ET I 79(13) 
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1 sin(aa;) sin(6a;) sin(c;r) 


dx = 0 

7 T 

= 8 
7T 

= 4 


[c < a — b and c> a + b] 

[c= a — b and c = a + b] 

[a — b<c<a + b] 

[a> b > 0, c > 0] 


FI II 645 


1 sin(a;r) sin(6x) sinfcad , 1. , 

— - — ^ — -dx= -(c + a + 6)ln(c + a + 6) 


— -(c + a — b) ln(c + a — b) — - \c — a — b\ In |c — a — b\ 
x sign(a + b — c) + ^|c — a + b\ In |c — a + b\ sign(a — b — c) 


1 sin(ax) sin(6x) sin(c;r) irbc 

3 dx = 

x 6 2 


irbc 7r (a — b — c) 2 
~~2 8 


[a > b > 0, c > 0] Bl(157)(8)a, ET I 79(11) 

[0 < c < a — b and c> a + b] 

[ a — b<c<a + b } 

[a > b > 0, c > 0] Bl(157)(20), ET I 79(12) 


3.764 


1. J x p sin (ax + b) dx = ^ +1 T(1 + p) cos (b + [a > 0, — 1 < p < 0] 

2. J x p cos(ax + b) dx = T(1 + p) sin (b + 


GW (333)(30a) 


3.765 

l. 10 


2 . 


3.766 

l. 10 


[a > 0, -1 < p < 0] GW (333)(30b) 


sin ax 


dx 


1 0 x v {x + b) 

= a 1+ "&cos Y r (-1 - v ) 1 F 2 ^1; i+^ + ^l sign(a) 

7t cosec(m') sin (ab) 


„ / V V 1 n 0 \ , s TT1S 

-a T(-u) 1 F 2 ( 1; 1+ 2’ 1+ 2 ; ~4 a b J si S n ( a ) sin 

[Ima= 0, — l<Rei><2, arg&^7r] MC 


c °s(ax) dx= r(l^ V) [ e iaP T ^ ia/3 j + e -iaf3 T ^_ ia/3 j ] 


'(x + fi) 


2/3 v 


[a > 0, |R.e zx| < 1, |arg/3| < 7t] 

ET II 221(52) 


f°° x p 1 sin ax 


1 + x 2 


dx 


= -a 2 M r (n - 2) 1 F 2 ( 1; TT ) si S n ( a ) sin TT + T sec TT sinh (°) 


2 ’ 2 ’ 4 y ~°“ v ' 2 ' 2 2 

[Im a = 0, — 1 < Re /i < 3] 


MC 
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2 . 


3.“ 


4} 


r °° x 11 1 COS (ax) , 7T Iff , 

= dx= — cosec — cosh a 

3 1 + a: 2 2 2 

+ 2 C ° S r ^ ^ 6XP a + * 7r ( 1 “ ^)1 "K 1 _ ^ a ) “ e ° 7(1 - A6 a)} 


[a > 0, 0 < Re /x < 3] ET I 319(24) 


r°o a ,2M+l si n ( aa; ) dx 7T 2 

t 2 b 2 — = - 2 6 sec(AtTr) sinh(o 6 ) 

sin(/i7r) 


+ 0 2 „ p (2^) [ i-Fi(l; 1 — 2/z; ab) + iFi (1; 1 — 2^t; — ab)] 


2a 2 ^ 


11 x 2a * +1 cos(ax) dx = _tt 2 ( M+ i) 


+ b 2 


cosec 


cos 


[(/*+§)■ 


^+2 )?r 


2a' 


2 (A‘+2 




+ iFi ( 1; 1 — 2 ( n + - ) ; — ab 


3.767 

1. 

2 . 

3. 

4. 

3.768 


r°°x@ 1 sin 


(ax - 


77 ./3-2 p -o 7 


7 2 + 


dx — ~2' e 


r°o X 13 COS 


(«•'•- 1 ) 

7 2 + a; 2 


da; = - 7 / 3 - 1 e -°T' 
2 


a >0, -§ < Re /a < 1] ET II 220(39) 


cosh(ab) 


1.FT ( 1; 1 — 2 ( fj, + - ) ; ab 


a >0, -1 < Re d<\\ ET 11 221(56) 


[a >0, Re 7 > 0, 0 < Re (3 < 2] 

Bl (160)(20) 

[a > 0, Re 7 > 0, |Re /3\ < 1] 

Bl (160)(21) 


roo x 13 1 sin ^aa: — 7) 


poo x 13 cos 


x 2 — b 2 

(™-¥) 


dx = 7^ 2 cos (ab—-^^) [a > 0, b > 0, 0<Re/3<2] 


c 2 — b 2 


2 J 


tt(3\ 


dx=~—b l3 1 sin ( ab — J [a > 0, b > 0, \/3\ < 1] 


Bl (161)(11) 


GW (333)(82) 


i / \u - i • / \ , r(/x) . / n 7r \ 

1 . / (x — wr sin ox) dx = sin aw H 

Ju a» v 2 ; 

„ r, \ 1 1 1 / \ , r(u) / l ITT \ 

2 . (x — wr cos(ax) dx = cos aw H 

Ju a? \ 2 J 

3 . 11 [ (1 - x) 1 / sin(ax) dx= - - C v {a) = a~ v ~ 1/2 s v+1/2 , 172 (a) 

Jo a a 

[a > 0, Re ^ > — 1] ET I ll(3)a 


[a > 0, 0 < Re /./ < 1] ET II 203(19) 

[a > 0, 0 < Re n < 1] ET II 204(24) 
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Here C u (a) is the Young’s function given by: 


\ qV 


(- 1 ) 


n qV-\- 2n 


~ f(JTT) [ lFl(1; V + 1; ia) + lFl (1; 17 + 1; ~ la)] ~ ^ I> + 2n + 1) ' 


4. 


9. 


10 . 


(1 — x) v cos (ax) dx= -a v 1 •[ exp 


-(i/7t — 2a) 


7 (zz + 1, — ia) 


exp 


--(i/7t-2a) 


7 (v + 1, ia) 


= r(v + i)J2 


n— 0 


(-a 2 )" 

I> + 2 + 2n) 


[a > 0, Re v > —1] 


ET I ll(3)a 


r u 

5. / x !y_1 (a — x) M_1 sin(acc) dx = — — — B(/z, zz) [ \Fi{v\ /z + zz; iau) — iFi (zz; /z + zz; — ic 

J o 2z 


[a > 0, Re n > 0, Rezz>-1, v± 0] ET II 189(26) 


r u u* l+, '~ 1 

6. / aT _1 (zz — x) M_1 cos(ax) dx = B(yx, zz) [ 1 Fi{v, H + zz; iau) + iFi (zz; H + zz; — iau)] 

Jo 2 


[a > 0, Re n > 0, Re v > 0] 

ET II 189(32) 


7. J x M 1 (u-xY 1 sin(ax) dx = y/n (^Y ' sin y T(/i) J^_ 1/2 ( 

[Re /.i > 0] 

nOO 

8. / a; /i_1 (a: — zz) M_1 sin(ax) dx 

J U 


ET II 189(25) 


fQ'-Y,,, 


au 

cos J 1/2 -/x 


(?) 


• aU V 

- sm Y Y i/2— n 


(?) 


a > 0, 0 < Re /z < |] ET II 203(20) 


x^ l {u — xY 1 cos(ax) dx = v?t ( — 


u\^~ 2 au 


au tv \ t /aw\ 

cos Y r (w (^yJ 

[R e /i > 0] 


ET II 189(31) 


J x » 1 (x-uY 1 cos(ax) dx = — ^ * r (d) sin y - fi-M (y) 


sin — J i_„ ( — ) — cos — Y i_„ ( — 


2 * 


-M 


(?) 


a > 0, 0 < Re /z < |] ET II 204(25) 


11. 3 J x u i (l — xY 1 sin(ax) dx = — - B(/x, zz) [ \Fi{v\ v + /z; ia) — iFi (zz; v + /z; — ia)\ 

[Re /.z > 0, Re zz > —1, v Y 0] 

ET I 68 (5)a, ET I 317(5) 

f 1 1 

12. 3 / x" _1 (l — x)^ 1 cos(ax) dx = - B(^z, zz) [ iFi(zz; v + /z; ia) + (rz; iz + /z; — za)] 

do 2 

[Re /z > 0, Re zz > 0] 


ET I 11(5) 
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13. I a M (l — a) M sin(2aa) dx = + 1) J n +\ ( a ) sin a 


[a > 0, Re/i > —1] 


14. [ a^(l — a) M cos(2 ax) dx = — ^ . T(fi + 1) J , i (a) cos a 

Jo (2a) M+ 3 2 


3.769 


[(/? + * 2 ;) " — (/3 — * 2 ;) " sin(aa) dx = — 


[a > 0, Ren > —1] 


ET I 68(4) 


ET I 11(4) 


7 Tia v - 1 e- af3 


[a > 0, Re (3 > 0, Re v > 0] 


ET I 70(15) 


POO 

2. / [(/3 + fa) - " + ((3 — fa) - "] cos(aa) dx = 

Jo 


7 ra"- 1 e-“ /3 


[a > 0, Re f3 > 0, Re v > 0] 


ET I 13(19) 


3. f x [(/3 + ix)~ v + (/3 — fa) - "] sin(aa) dx = . . e _a/3 

J o ^ M 

[a > 0, Re (3 > 0, Re v > 0] 


ET I 70(16) 

4. fa 2 " [(/? - fa') - " - (/3 + fa)""] sin(aa) dx = ^n^Tra"- 2 ""^-^ i^ 2 "- 1 (a/3) 

20 1 W 

[a >0, Re (3 > 0, 0 < 2n < Re ^ 

ET I 70(17) 

r°° f— ii™ 

5. / a 2 ™ [(/3 + fa) - " + (/3 — fa) - "] cos(aa) da = (2n)!7ra"- 2 ™~ 1 e~ a ^ L 2 n 2n l (a(3) 

Jo 1 W 

[a >0, Re (3 > 0, 0 < 2 n < Re v] 

ET I 13(20) 

f°° r i (— 1'l™+ 1 

6. / a 2 ™ +1 (/? + fa) - " + {(3 — fa) - " sin(aa)da= — (2n + l)!7ra"- 2 ™- 2 e- a ^ ^ 2 n+i _2 ( a /^) 

20 L - 1 r(i/) 

[a > 0, Re (3> 0, -1 < 2?i + 1 < Re i/] ET I 70(18) 

r°° r -| f_11n+l 

7. / a 2 ™ +1 (/? + fa) - " — (/? — fa) - " cos(aa)da= — — (2n + l)!7ra" -2 ™- 2 e- a/3 L 2 “^"- 2 (a/?) 

20 L J 1 (^) 

[a >0, R.e f3 > 0, 0 < 2 n <Reu- 1] ET I 13(21) 


3.771 

1 . J (/3 2 + a 2 )" 2 sin(aa)da = ^ r ^ ^ - L I/ (a/3)] 


a > 0, Re/3 > 0, Rei/<|, i/ ^ . . .] EH II 38a, ET I 68(6) 
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2 . 


3. 


4. 


6 . 


7. 


9. 


10 . 


J (/3 2 + x 2 )" 2 cos(ax) dx = -j= ^ cos(7 tv)T K^ I/ (a/3) 


a > 0, Re [3 > 0, Re v < 


WA 191(l)a, GW(333)(78)t 


( m 2 — x 2 )^ 1 sin(ax)dx 

a 2 u+ 2 i/-in / 1\ ( 13 1 a 2 u 2 \ 

~2 U B [^ U+ 2j lF2 ( i/+ 2 ; 2 ,M + i/+ 2 ; 

[Re/z>0, Rei/>-|] ET II 189(29) 


X 


■ 2u 1 (u 2 — x 2 )^ 1 cos(ax) dx = \ u 2 ^+ 21 ' 2 B({i, v) (v-, ^ // + r/; — 


/■<*> _i 1 

5. 7 / a; (a; 2 + 0 2 Y 2 sxniax) dx= —=f3 

Jo V7T 


„2 , / 9 2\ 1/ 2 ^ cos ^71- r ( ^ ^ ) AT ;y+ 1 (a/ 3 ) 


= V^/? 


7r \ a 


2 ’ 4 

[Re /i > 0, Re v > 0] 

1' 

2 


ET II 190(35) 



iT^+ita/?) 


r(§-*) 

[a > 0, Re (3 > 0, Re r/ < 0] ET I 69(11) 


J (u 2 — x 2 y 2 sin(aa;) da; = ^ T ^ ^ H„(cm) 

[a > 0, u > 0, Rei/>— |] 

ET I 69(7)“ WA 358(l)a 

J (x 2 — u 2 y 2 sin(aa;) dx = ^ T ^ ^ J_ v (au) 

[a >0, u> 0, |Re u\ < \\ 

EH II 81(12)a, ET I 69(8), WA 187(3)a 

J ( u 2 — x 2 ) v 2 cos (ax) dx = T ^ J^(au) 

\a > 0, u > 0, Re^>— il 

ET I 11(8) 

J (a : 2 — u 2 )" 2 cos(ax) dx = — ^ — ^ T ^ Y _ v (au) 

[a >0, u > 0, |Re v\ < \\ 

WA 187(4)a, EH II 82(13)a, ET I 11(9) 

J x ( u 2 — x 2 y 2 sin(aa;) dx = ^~ u T (^v + ^ J v+ i(au) 

[a > 0, u > 0, Re^>— |] 


ET I 69(9) 
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11 . 


12 . 


x ( x 2 — u 2 ) u 2 sin(aa;) dx = ^~ u (— r (i> + ^ ) Y _ v _\(au) 


[a > 0, u > 0, — \ < Re v < 0] 

ET I 69(10) 


f U i/ — 

/ x (u 2 — x 2 ) 2 cos(aa;) dx = s^ l/ _i' )v+ i(au) 

Jo a v 


1 / 1 


= 2r + 2' w 


2v+l 


Ft F ( 2 u 


1 


-V u UJ r ^ + 2j H - iM 

[a > 0, u > 0, Ret' > — |] ET I 12(10) 


13. 


/ 2 2 \<'~ 1 / 2 , x , (2u\' ( 1\ . . 

/ x (x — u ) cos(ax) dx I — I T I z/ + - I J_ 1/ _i(aw) 

[a > 0, u > 0, 0 < Re v < ±] ET I 12(11) 


3.772 


/2/3\ " „ ( 1 


/»00 

1. J {x 2 + 2/3x) v 1 2 sin(aa;)cZa;= J T ^z/ + [J_ I/ (a/3) cos(a/3) + Y_ u (a/3) sin(a/3)] 

[a > 0, |arg/3|<7r, |>Rez/>— §] ET I 69(12) 


/>00 

2. / (x 2 + 2/?x) ^ 1 2 cos (ax) dx 

Jo 


= r ( u + \ ) [Y -v( a (3) cos(a(3) - J_„(a/3) sin(a/3)] 


[a > 0, Re //| < y ET I 12(13) 

f^ u 1/2 2 u\^ { 1 \ 

3. / (2 ux — x 2 ) sin(ax) dx = yfn [ — j T ( v + - j sin(aw) J^(au) 

[a > 0, u > 0, Rez/>— |] 

~ET I 69(13)a 

4. f [x 2 — 2 ux) 1 ' 1 ^ 2 sin(ax) dx = Y— [ — J r f v + - J {J _ v (au) cos(aw) — Y _ v (au) sin(au)] 

J 2u ^ \ ® / \ ^ / 

[a > 0, it>0, |Rei/| < |] ET I 70(14) 


n2u 1/2 f 2u \ u f ^ ' 

5. J (2ux — x 2 ) cos(ax) dx = \[F ( — J r ( v + - ) J u (au) cos(au) 


a > 0, u > 0, Re z/ > — | 


ET I 12(4) 


6. / (x 2 — 2ux) cos (ax) dx 

J2u 


= — ( — J T [ v -\- i ) [J- v (au) sin (au) + Y - v (au) cos(aii)] 

2 V a / V 2 / 


a > 0, u > 0, |Rei/| < ^ ET I 12(12) 
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3.773 

l. 8 


2. fc 


3. 


4. 


5. 


6 .' 


3.774 

1. 


/ o {x 2 + (3 2 Y +1 


sin(aa;) dx 

= 1^-2 » a B(l + v,n-v) iF 2 ^+ 1 ; v+l-n, 

V™ 2 ^- 2ly+1 I>-/x) / 3 „ /3 2 a 2 

+ 4 ^- +1 r (/x- 1/+ |) lF2 ( /Z + 1; m-^+ 2^-^ + 1; - t - 


2 r(// + i) 


/o2z/ — 2/4 — 1 y'-'i 2 1 

P <-*13 


a 2 (3 2 


2> 5>° 


[a > 0, Re /? > 0, -1 < Rei/ < Re/i + 1] ET I 71(28)a, ET II 234(17) 


r 00 x 2m+1 sm(ax) , (-1)"+™ 7r d n 

■ dX = ; • — — 

2 dz n 


n\ 


1 0 + £ 2 )” +1 
f°° x 2m+1 sin(aa:) dx (— l) m+1 y / 7r d 2m+1 


^m e -a^ 


[a > 0, 0 < m < n, |arg 2 | < 7 r] 

ET I 68(39) 


/ 0 (^2 + ^ 2 )"+! 2 n /3" T (n + |) da 2m+1 


[a n K n (a(3)\ 


[a > 0, Re [3 > 0, — 1 < to < n\ 

ET I 67(37) 


f°° x 2 " cos(ax) dx I r2 „_ 2 h-i 
J o ( s 2 + f3 2 f +1 2 


_ -ft'* 1 ' z !' i B(r/+-,/x-^+-) 1 F 2 ( V + V - n + -, 


1 1 (3 2 a 2 
2’ 2’ 4 


^o 2 *- 2 ^ 1 T ( 1 / - m - |) / 1 1 3 /3 2 a 2 \ 

4,-+i r(/i- z/ + 1) lF2 ^ + + ) 


2 r(/x + 1 ) 


a2v— 2 / 4 — 1 ^ 21 

P ^13 


a 2 /3 2 


d v 2,0,0 


r °° ^ 2m cos(ax) rfx = ^ m+ra 7 T <d 


Jo (z + x 2 ) n+1 

x 2m cos(ax) dx (— l) m y / 7 r 


[a > 0, Re/3 > 0, -§ < Rer/ < Re/i + l] ET I 14(29)a, ET II 235(19) 

(z m ~ 


2 • n! ck" 


[a > 0, n + 1 > m > 0, |arg z| < 7 t] 

ET I 10(28) 


j 2 m 


Jo ( ( g 2 + a .2)"+3 2 n /3 n r(n+i) da 2m 


sin(ax) dx 


{a n K n (a(3)} 


Jo Vx 2 + b 2 (; x + Vx 2 + b 2 ) U b" sin(r/ 7 r) 


[a > 0, Re (3 > 0, 0 < m < n + 5 ] 

ET I 14(28) 


//7T 'i % 

sin — I v {ab) + - J „{iab) - - J v {—iab) 
[a > 0, b > 0, Re v > —1] 


ET I 70(19) 
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2 . 


3. 


4. 


5. 


2 . 


3. 


4. 


f°° cos(ax’) dx ir 

lo Vx 2 + b 2 (x + yfx 2 + b 2 ) " b " sin(^Tr) 


- J „(iab) + - J „(—iab) - cos I v {ab) 
[a > 0, b > 0, Re v > —1] 


ET I 12(15) 


r°° (x + yjx 2 + (3 2 ^ 
lo \Jx (x 2 + (3 2 ) 

r°° (-\/x 2 + (3 2 - x ^ 


' a/3' 


' a/3 N 


sin {ax)dx= xl—F I y \ K , + » I — 


[a > 0, Re (3 > 0, Re v < |] 

ET I 71(23) 


/ o yfx (x 2 + /3 2 ) 


'a/3 N 


a/3 N 


cos(ax) dx = \/— /?"/ i + ¥ ( — ) K_i_, ( — 


4 + 2 V 2 J 4 2 V 2 

[a > 0, Re /3 > 0, Re v > — |] 


ET I 12(17) 


(p + \/x 2 + P 2 ) x j2 f 2, v ' 

7 -sin (ax)dx= -T ( -- - ) W, i (a/3) M_» i (a/3) 


/o a;" + 2 ^/x 2 + (3 2 


/3 \ a \4 2 


la > 0, Re (3 > 0, Re v < §1 

ET I 71(27) 


6 . 

3.775 

1. 


((3 + sjx 2 + fl 2 ) i /i u \ 

TTfT ?“ ( “ )4 = ss r (i " 2) »Vjto» 


[a > 0, Re (3 > 0, Re v < |] 

ET I 12(18) 


^■\/x 2 + /3 2 + xj — ( \J x 2 + /3 2 — 
yfx 2 + /3 2 

(^TW + x) + (^\/ x 2 + /3 2 — x'j 
y/x 2 + (3 2 

(x + yfx 2 — U 2 ) ^ + (x — y/x 2 — U 2 ) 1 


sin(ax) da; = 2/3" sin — K v {aP) 


[a > 0, Re/3 > 0, |Re^| < 1] 

ET I 70(20) 


Z27T 


cos(ax) dx = 2/3" cos — K„{a(3) 


[a > 0, Re/3 > 0, |Re xv| < 1] 

ET I 13(22) 


yfx 2 — 


(x + y/x 2 — u 2 ) V + (x — y/x 2 — U 2 ) 1 
yj X 2 — u 2 


1 / 7T # Z/7T 

sin(ax) da; = 7r«" J u (au ) cos — Y U (au) sin — 


[a > 0, u > 0, | Re z/| < 1] 


ET I 70(22) 


cos(ax) dx = — 7 ru" ^(au) cos — + J U (au) sin — ^ 
[a > 0, u > 0, | Re v\ < 1] 


ET I 13(25) 



446 


Trigonometric Functions 
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5. 


6 . 


7. 


9. 


10 . 


11 . 


■(x + iy/u 2 - x 2 ) u + (x-iy/u 2 - x 2 Y tt „ z^tt t r m 

— sm(ax) dx = —u cosec — 


a/w 2 ^ 


2 2 
[a > 0, u > 0] 


ET I 70(21) 


(x + iy/u 2 - x 2 ) v + (x - iy/u 2 - x 2 ) " 7r vn rT . . _ . , n 

cos(ax) ax = —u sec — [i u {au) + J_ 1/ (au)J 


y/u 2 — x 2 


2 2 
[a > 0, u > 0, |Re v\ < 1] 


ET I 13(24) 


(x + y/x 2 — u 2 ) V + (x — y/x 2 — u 2 ) V 

sin(ax) dx 


y/x (x 2 — u 2 ) 

In r\ 3 r T (au\ ( au\ f au\ ( au\ 

Y { 2 ) aU [ l/ l/4+^/2 (y J Yl/i-v/l (y ) + J l/4-!//2 y Y J Y 1/A+v/2 [ y J 


a > 0, u > 0, | Re i/| < |] ET I 71(25) 


(x + y/x 2 — U 2 ) ^ + (x — yjx 2 — u 2 ) 1 
^/x (a ; 2 — m 2 ) 


cos(ax) dx 



(f)r w (=) 


a > 0, u > 0, IRez'j < | ET I 13(26) 


- k / 3 i/ Yv{(3a) sin ^/3a — y ^ + J„{(3a) cos Jj3a — y^ 

[a > 0, |arg/3| < n, |Rez/| < 1] ET I 71(26) 


(x + (3 + y/x 2 +~2 ~/3x^ + + /3 — y/x 2 + 2/3x ^ 


y/x 2 + 2 (3x 


cos (ax) dx 


nfl 1 ' J v (/3a ) sin ^/3a — y ^ — Y u {j3a ) cos ^/3a — y ^ 

[a > 0, |arg/3| < 7t, |Rez/| < 1] ET I 13(23) 


(•\/2u + x + iy/2u — x) Av + (y/2u + x — iy/2u — x) 4l/ 


-\/4w 2 x — x 3 


cos (ax) dx 


3.776 

1. 

2 . 


r oo 2 


a 2 (6 + x) 2 +p(p+ 1) . 


/ o (6 + x)p + 2 

F 00 a 2 (b + x) 2 + p(p + 1) 
Jo (6 + ®) p + 2 


sin (ax) dx = — 
v ; bP 


cos (ax) dx = 


&P+ 1 


= (4u)^y| W au) d_ Iy _i /4 (au) 

[a > 0, u > 0] ET I 14(27) 

[a > 0, b > 0, p > 0] Bl (170)(1) 

[a > 0, b > 0, p > 0] Bl (170)(2) 



3.784 


Rational and trigonometric functions 
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3.78-3.81 Rational functions of x and of trigonometric functions 


3.781 


sin x 1 \ dx i 


x 1 + x ) x 


1 \ dx 


1 + x ) x 


- = -C 


(cf. 3.784 4 and 3.781 2) Bl (173)(7) 


Bl (173)(8) 


3.782 


1 1 — COS X 


dx = C + In u 


GW (333)(31) 


1 1 — cos ax an 
^ dx = — 


[a > 0] 


Bl (158)(1) 


1 — cos ax sin ab 

— r— dx = 7T— 

, x(x — b) b 


[a > 0, b real, 6^0] ET II 253(48) 


3.783 


cos x — 1 1 ] dx 1^,3 

~ ^ . c - = nC~- 


2(l + x)J a: 2 4 


1 \ dx 


1 + x 2 ) x 


— = -C 


Bl (173)(19) 


EH I 17, Bl(273)(21) 


3.784 


cos ax — cos bx 6 

ar = In — 

x a 

J a sin bx — b sin ax a 

s dx = ab m - 


[a > 0, b > 0] FI II 635, GW(333)(20) 


[a > 0, b > 0] 


FI II 647 


J cos ax — cos , (b — o)tt 

2 dx = 3 

x z 2 


[a > 0, b> 0] Bl(158)(12), FI II 645 


' sm x — x cos x 


dx = 1 


Bl (158)(3) 


J cos ax — cos bx , 1 


Jo x ( x + P) 


dx = — |^ci(a/3) cos a/3 + si(a/3) sin a/3 — ci(6/3) cos 6/3 — si (6/3) sin 6/3 + In -J 

[a > 0, 6 > 0, |arg/3|<7t] ET II 221(49) 


J cos ax + x sin ax 


GW (333)(73) 


sm ax — ax cos ax n 2 ■ 

5 dx = —a sign a 

x A 4 

"cosax — cos bx n [(6 — a)/3 + e~ b/3 — e~ al3 ] 
— — n ax = 


/ o x 2 (x 2 + /3 2 ) 


LI (158)(5) 


[a > 0, 6 > 0, |arg/3| < 7t] 

Bl(173)(20)a, ET II 222(59) 
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Trigonometric Functions 


3.785 


3.785 

3.786 

1. 


3.787 

1. 


3.788 

3.789 
3.791 


/ cos mx 7 r 

/o 1 + a 2 T n (x) 2n\Jl + a 2 


g m sin u sinh 0 ( cos q g j n u (.Qg^ ^ _|_ gi n ft cos u S inh 0) 


[w = (2k — 1) 7t/ (2n) , <j> = arcsinh(l/a), f3 = m cos u cosh 0, 0 < |a| < 1] 


(1 — cos ax) cos 6x 
x 


lx = — afc In 6^ 

bk> o, = 0 

FI II 649 

fe=i 

fc=i 


6 b 2 — a 2 a a + b 

dx = - in — -z F — in 

2 b 2 2 a- b 

[a > 0, b > 0] 

ET 1 81(29) 

b 

[a > 0, b > 0, a / 

FI II 647 

dx = —(a — b) 

[a < 6 < 0] 


= 0 

[0 < a < b] 



(cos a — cos nax) sin mx 7t 

ax = — (cos a — 1) 

x 2 

ir 

= — cos a 


f sin 2 ax — sm 2 bx 1 1 a 

ax = - In — 

o x 2 b 

f°° x 3 — sin 3 x 13 
t ax = —7 r 


(3 — 4 sm 2 ax) sm 2 ax 1 

dx = - In 2 

x 2 


r /2 a \ , , 7t 

/ cot x ax = m — 

/o / 2 

f 7 ’’/ 2 4x 2 COS X + (7T — x)x 


dx — 7i In 2 


/ >7r ^ 2 xdx 
/ 0 1 + sin x 

f n xcosx , 

/ 1 : « 

/ 0 1 + srnx 

7' 7r /^ o'* rna o* 


— = In 2 

x 

dx = 7r In 2 — 4 G 


/ 0 1 + sin x 


dx = 7r In 2 — 2 G 


[to > na > 0] 
[na > to] 

[a > 0, b > 0] 


[a real, a ^ 0] 


ET I 20(16) 


Bl(155)(7) 
GW (333)(20b) 

Bl (158)(6) 

HBI (155)(6) 

GW (333)(61)a 
LI (206)(10) 

GW (333)(55a) 
GW (333)(55c) 
GW (333)(55b) 
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'(§-*)' 


T»7r/2 / 7T _ 


1 — sin x 


T ^ 2 x 2 dx 


dx = 2 


(§"*)' 


1 — sin x 


■ dx = 7T In 2 + 4 G = 5.8414484669 . . . 


x dx 7 r 

— — = — - +tt In 2 + 4G= 3.3740473667... 

1 — cos x 4 


Bl(207)(3), GW(333)(56c 


Bl (207)(3) 


1 — cos x 


= 47 r In 2 


r /2 x p+1 dx / 7 T\P +1 /7T\P. f 2 ^ 1 

n 1 — cos x _ V2 ) + ( 2 ) (p+1) 1 »'^4 2fe - 1 (iD + 2fc) C( ^ 


r /2 xdx 7t 

/ t = - - In 2 

/o 1 + cos x 2 

r /2 x sin xdx n , „ „ „ 

/ = — In 2 + 2 G 

/n 1 — COS X 2 


p 4 2fe_1 (p + 2fc) 

[P > 0] 


' x sin x dx 
1 — cos x 


= 27t In 2 


Bl (219)(1) 


LI (207)(4) 


GW (333)(55a) 


GW (333)(56a 


GW (333)(56b) 


X — sm X 7T 

dx = — 

1 — cos x 2 


x — sm x 
1 — cos x 


dx = 2 


GW (333)(57a 


3.792 


/ ' x sm x , 7T „ ^ 

/ dx = — — In 2 + 2 G 

/o 1 + cos x 2 


1 — 2a cos x + a 2 1 — a 2 


x cos x dx 7t 

l + 2asinx + a 2 2 a 


= £ln(l + a)- £(-!)* 


[a 2 < 1] 
a 2k 

(2k + l) 2 

[a 2 < 1] 


/’ 7r x sin xdx 7t 

o l — 2a cos x + a 2 = a ^ + ^ 

7T, / 1 

= - In ( 1+ - 


x sm xdx 27t 

- = — In(l — a) 

1 — 2 a cos x + a 2 a 

= — In f 1 - - 
a \ a 


r27T x sin nxdx 2 tt 

1 — 2a cos x + a 2 1 — a 2 


[a 2 <1, a ^ 0] 
[a 2 < 1] 

[a 2 <1, a ^ 0] 
[a 2 > 1] 


- a n ) ln(l -a) + J2 


n — 1 _ b. u 

v — a K - a K 


a 2 < 1, a ^ 0] 


GW (333)(55b) 


FI II 485 


LI (241)(2) 


Bl (221)(2) 


Bl (223)(4) 


Bl (223)(5) 
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Trigonometric Functions 


3.792 


sin x dx 7t 1 + a 

1 — 2 a cos x + a 2 x 4a 1 — a 


f°° sin bx dx n 1 + a — 2a\ b ' i+1 

/ 0 1— 2a cos a; + o 2 x 2 (1 — a 2 ) (1 — a) 


7T 1 + a - a b - a b+1 
2 (1 — a 2 ) (1 — a) 


[a real, a ^ 0, 1] 

GW (333)(62b) 

[MO, 1,2,...] 

[6 = 1,2,...]; [0 < a < 1] 

ET I 81(26) 


sin x cos bx dx n 

1 — 2a cos x + a 2 x 2(1 — a) 


2aMz) a ' 4° 


’] [MO, 1,2,...] 

" b +*a b ~ 1 [b = 1,2,3,...]; 

[0 < a < 1, b > 0] ; (for b = 0, see 3.792 6) ET I 19(5) 


f°° (1 — a cos a;) sin for dx it 1 — M +1 

/ o 1 — 2a cos x + a 2 x 2 1 — a 

7t 1 — a b na b 

~ 2 ' 1 - a + 4 


[M 1,2,3,...] 

[6 = 1, 2,3, . . .] 

[0 < a < 1, b > 0] 


7 r 

1 + ae _h/3 




2/3(1- 

a 2 ) 1 — ae -h/3 






[a 2 

< 1, 

6> 0] 

an 

sin 6/3 




(3 (1 — a 2 ) 1 — 2a cos 6/3 + 





[a 2 

< 1, 

6 > 0] 

7 r 

e -/3bc _ a c 




2 (1 — ae~ b d) (1 — ae b/3 ) 





[a 2 

< 1, 

6 > 0, 

7 r 1 

2 e 6 / 3 - 

a 

[a 2 

< 1, 

6 > 0] 

7T 1 

2a ae b/3 


[a 2 

> 1, 

6 > 0] 


f°° sin bcx x dx it a c — cos /36c 

/o 1 — 2a cos bx + a 2 /3 2 — x 2 2 1 — 2a cos ) 3b + a 2 


r°° 1 — a cos bx dx n e b 

n 1 — 2a cos bx + a 2 1 + x 2 2 e b — a 


a 2 < 1, b > 0] 


ET I 82(33) 


Bl (192)(1) 


Bl (193)(1) 


Bl (192)(2) 


[a 2 < 1, b > 0, c > 0] Bl (193)(5) 

I " 00 cos bcx dx tt (l - a 2 )sin/36c + 2a c+1 sin/16 

/o 1 — 2a cos bx + a 2 (3 2 — x 2 2/3 (1 — a 2 ) 1 — 2a cos f3b + a 2 

[a 2 < 1, b > 0, c > 0] Bl (193)(9) 


FI II 719 
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17. 


18. 


19. 


20 . 


3.793 

l. 3 


2 . 

3.794 

l. 3 


2 . 


3. 3 


r°° cos bx dx _ 7t (eP /3b + ae & b ) 

/o 1 — 2 a cos x + a 2 x 2 + (3 2 2/3 (1 — a 2 ) (e@ — a) 


dx 


[0 < 6 < 1, |a| < 1, Re /3 > 0] 

ET I 21(21) 


sin bx sin x 
1 — 2 a cos x + a 2 x 2 + (3 2 


7 r sinh 5/3 

2/3 e@ — a 


[0 < b < 1] 


4/3 (aeP — 1) L 

7T 

4/3 (ae _/3 — 1) L 

f°° (cos x — a) cos bx dx 7t cosli 0b 

l 0 1 — 2 a cos x + a 2 x 2 + (3 2 2/3 (e^ — a) 

sin x dx tana; 


a m e f3(m+l-b) _ e (l — b)/3 


a ... e -(m+l-6)/3 _ e -(l-b)/3 


[to < 6 < TO + 1] 

[0 < a < 1, Re /3 > 0] ET I 81(27) 

[0 < 5 < 1, |a| < 1, Re /3 > 0] 

ET I 21(23) 


dx 


I o (1 — 2a cos 2a; + a 2 ) n+1 % Jo (1 — 2a cos 2a; + a 2 ) n+1 % 


2 k 


f°° tana: dx i r 

lo (1 — 2a cos 4a; + a 2 ) n+1 x ~ 2 (1 - a 2 f n+1 ^ ^ 

Bl (187)(14) 


mi 


f> 27T 


sin nx — a sin[(n + l)x] 
1 — 2a cos x + a 2 


x dx = — 27ta" 


ln(l — a) + 


r cos nx — a cos[(n + l)a;] 
1 — 2a cos x + a 2 


x dx = 2n a" 


^ ka k 
fe= l 

[|a| < 1] 
[a 2 < 1] 


Bl (223)(9) 
Bl (223)(13) 


xdx 7t 2 4 FF a 2k+1 

- 


) o l + a 2 + 2acosa; 2 (1 — a 2 ) (1 — a 2 ) (2k + l) 2 


f x sin nx 2i r 

/ t — ; dx = , 

/ o liacosa; V 1 - a 2 


x In 


(Tl) 

2\fT±~a 


[a 2 < 1] 

(l + y/1 — a 2 )" — (l — >/l — a 2 ) 1 


VT-Fa + Vl — a ' n — k 


yF (Tl) fc (1 + V 7 ! - a 2 ) fc - (1 - V 7 ! - a 2 )* 


o2tt 


x cos nx 


dx = 


2ir 2 ( 1 — a/ 1 — a 2 


/o liacosa; Fl - a 2 




[a 2 < 1] 
[a 2 < 1] 


Bl (223)(2) 
Bl (223)(3) 
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3.795 


3.795 


3.796 


3.797 


x sin xdx tt a + \J a 2 — b 2 

I o a + 6cosa: b 2(a — b) 

f 2 ^ x sin xdx 2tt a + V a 2 — b 2 

I o a + bcosx b 2 (a + 6) 


a±6cos2a; x 2 \J a 2 — b 2 


r°° (b 2 + c 2 + x 2 ) x sin ax — (b 2 — c 2 — x 2 ) csinh ac 
l-oo I* 2 + (b — c) 2 ] [x 2 + (b + c) 2 } (cos ax + cosh ac) 


[a > |6| > 0] 

[a > |6| > 0] 

[a 2 > b 2 ) 

[a 2 < b 2 } 


e ab + 1 
[a > 0] 


/ ' 2 cos x dz sin x , 7t , „ _ 

/ ; xdx = =Ft In 2 - G 

J 0 cos x =F sin x 4 

r /4 COS X — sill X , 7T 1 ^ 

/ xdx = -ln2 G 

J 0 cos x + sm x 4 2 


/*7i74 . . i 2 

1(7 T \ lin 7r 7r7r 1 n 

/ - — x tan a; tan x dx = - m 2 + — + — In 2 

Jo \ 4 / 2 32 4 8 


r /4 (f - x) tan x dx _ _tt ^ 1 ^ 

0 cos 2a: 8 2 

r /4 j-xt&nx 7T 1 

n cos 2x 8 2 


[c > 6 > 0] 
[b > c > 0] 


GW (333)(53a) 


GW (333)(53b) 


Bl (181)(1) 


Bl (202)(18) 


Bl (207)(8, 9) 


Bl (204)(23) 


Bl (204)(8) 


Bl (204)(19) 


Bl (204)(20) 


3.798 


f°° tan x dx 7t 

Jo a + b cos 2a: x 2 \/ a 2 - b 2 

= 0 

f°° tan x dx n 

Jo a + b cos 4a; x 2\/ a 2 - b 2 


[0 < b < a] 
[0 < a < b] 


[0 < b < a] 
[0 < a < b] 


Bl (181)(2) 


Bl (181)(3) 


3.799 


Jo (sin x + a cos x) 


a tt In a 
1 + a 2 2 ~ l + o 2 


Bl (208)(5) 



3.812 
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1 , 1 + a 7 r 1 — a 

tt In — =- H 7 — 


(cos x + a sin x) 2 1 + a 2 y /2 4 (1 + a) (1 + a 2 ) 

[a > 0] 


acosx + b 2 27t 2 (a — b) 


I o (a + 6cosx) 


T.X 2, dx = — In z 

2 b a+Va 2 - b 2 


[a > |6| > 0] 


Bl (204)(24) 
GW (333)(58a) 


3.811 


1 — COS <1 COS X 1 — COS £2 COS X 


ti + h h - h , 1 + tan y 
= 7 r cosec cosec in 

2 2 l+ta»| 


X dx 7T 

/ t 7 = - In 2 + G 

/ 0 (cos x ± sin x) sin x 4 

r/ 4 xdx 7t 

/„ (co s . t + s m»') s m :c = “8 1,,2+G 

= — ln2 

/o (cos x + sm x) cos x 8 

/ >7r ^ 4 sinx xdx tt , „ 7t 1 „ 

/ = --ln2+ - - -In 2 

/ 0 sm x + cos x cos 2 x 8 4 2 


(cf. 3.794 4 ) 


Bl (222)(5) 


Bl (208))(16, 17) 


Bl (204)(29) 


Bl (204)(28) 


Bl (204)(30) 


3.812 


f* x sin xdx tt b 

/ , 7— = —7= arctan \ - 

/ o a + b cos 2 x y/ab V a 

7 T , Vo + v /^6 

= — , In == 


2 \J —ab y/a — y/—b 


I " 71 / 2 x sin 2 xdx tt 1 + Vl + a 

/ o 1 + a cos 2 x a 2 

/’ 7r / 2 x sin 2x dx tt 2 (l + a — \/l + a) 

/o 1 + a sin 2 x a 2 


[a > 0, 6 > 0] 

[a > — b > 0] 


[a > — 1, a ^ 0] 


[a > — 1 , a ^ 0] 


GW (333)(60a) 


Bl (207)(10) 


Bl (207)(2) 


a 2 - cos 2 x 2aJ a 2 - 1 


= divergent 


x sin xdx tt 1 + a 

a 2 — cos 2 x 2a 1 — a 


[a 2 > 1] 

[principal value for 0 < a 2 < l] 


[a = 0] 


Bl (219)(10) 


[0 < a < 1] divergent if a = 0 


Bl (219)(13) 
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3.813 


x sin 2x dx 


a z — cos z x 


■ = 7tln {4 (l — a 2 ) } 

= 27tln 2 ^1 — a 2 + a\J a 1 — 1^ 
= divergent 


/ / a; sin a: da; v-^ sin(2fc + l)t 

/ — o — = —2 cosec t > — — ■ — 7^— 

Jo cos 2 t — sin 2 x ~L (2fc + l) 2 


x sin x dx 
1 — cos 2 t sin 2 ; 

x cos x dx 
cos 2 t — cos 2 x 


= 7r(7r — 2t) cosec 2< 


= 4 cosec t ^ 


sin(2fc + l)f 
(2fc + l) 2 


f K x sin xdx 7t . „ . 

/ 9 — = -(tt- 2t)cott 

/o tan 2 f + cos 2 x 2 v 

f°° x (a cos x + b) sin xdx t 

/ 77 x = 2an In cos - + nbt tan t 

/ n cot t + cos- x 2 


f w x sin x cos x , , „ „ a — 1 

/ — dx = -tt In 2 + In 1 + V 

/ 0 a — sin x V a 


r r / 2 

/ In (a — sin 2 x) dx = — 7t In 2 + i7t In arccos -\/o 
a 0 

,tt/2 

PV / In (|a — sin 2 x|) dx = — 7tln2 
do 

/■rr/2 

PV / In (|a — cos 2 x|) dx = — 7tln2 
do 


3.813 


[principal value for 0 < a 2 < l] 
[a 2 > 1] 


[M = i] 


[0 < a < 1] 


[0 < a < 1] 


[0 < a < 1] 


Bl (219)(19) 


Bl (207)(1) 


Bl (219)(12) 


Bl (219)(17) 


Bl (219)(14) 


Bl (219)(18) 


xdx 1 f 2v x dx tt 2 

) 0 a 2 cos 2 x + b 2 sin 2 x 4 J Q a 2 cos 2 x + b 2 sin 2 x 2 ab 

[a > 0, & > 0] GW (333)(36) 

f°° 1 dx 7rsinh(2ad) (3 7 2 

/o /3 2 sin 2 ax + 7 2 cos 2 ax x 2 + d 2 4d (/3 2 sinh 2 (ad) — 7 2 cosh 2 (ad)) .7 P sinh(2ad) 

[ arg — < 7 r, Re d > 0, a > o] 


sin x dx 


/ 0 x (a 2 sin 2 x + d 2 cos 2 x) 2 ad 

f°° sin 2 x dx 7t 

/o x (a 2 cos 2 x + d 2 sin 2 x) 2d(a + b ) 


[ad > 0] 


GW(333)(81), ET II 222(63) 
Bl (181)(8) 


4. 


[a > 0, b > 0] 


Bl (181)(11) 



3.814 


Rational and trigonometric functions 
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5. 

6 . 

7. 


9. 

10 . 

11 . 

3.814 

1. 

2 . 

3. 

4. 

5. 


6 . 

7. 


9 . 


7t a + b 

lo a 2 cos 2 x + b 2 sin 2 x a 2 — b 2 2b 

27 r a + b 

In ■ 


f 7r / 2 x sin 2x dx 
'■ cos 2 x + b 2 , 
x sin 2x dx 

I o a 2 cos 2 x + b 2 sin 2 x a 2 — b 2 2 a 
I" 00 sin 2a: dx n 

I o a 2 cos 2 x + b 2 sin 2 x x a(a + b) 
sin 2ax x dx 


a > 0, 

b > 0, 

a^b\ 

GW (333)(52a) 

a > 0, 

b > 0, 

a^b\ 

GW (333)(52b) 

a > 0, 

b > 0] 


Bl (182)(3) 


I o /3 2 sin 2 ax + 7 2 cos 2 ax x 2 + S 2 2 (/3 2 sinh 2 (a<5) — 7 2 cosh 2 (a<5)) 


/3 — 7 
P + 7 


— e 


—2a8 


a > 0, 

p 

arg - 

<7 r, Re 5 > 0 

. 

7 

. 


ET II 222(64), GW(333)(80) 




(1 — cos a:) sin a: 
a 2 cos 2 x + b 2 sin 2 x 
sin x cos 2 x 
a 2 cos 2 x + b 2 sin 2 x 
sin 3 x 

a 2 cos 2 x + b 2 sin 2 x 


dx 

x 

dx 

x 

dx 

x 


7 T 

2 b(a + b) 

7 r 

2a(a + 6) 

7T 2 
2b a + b 


+ 2 


(1 — a; cot x) dx 7 r 


sin 2 x 


f 7r ^ 4 xtanxdx 7t 7t 1, „ 

/ t = --ln2+ - - -ln2 

/ 0 (sin x + cos at) cos a: 8 4 2 


Z 100 tana: da: 

/o a 2 cos 2 x + b 2 sin 2 x x 
f' K / 2 x cot x dx 

I o a 2 cos 2 x + b 2 sin 2 x 2a 2 b 

r n / 2 — a;) tana; dx 1 y ir — a;) tana; dx 
I o a 2 cos 2 a: + b 2 sin 2 x 2 


7T 

2a6 


7t a + b 
in ■ 


o a 2 cos 2 x + b 2 sin 2 x 
7 t a + b 

= w' n — 




sin 2 x tan x dx n 


a 2 cos 2 x + b 2 sin 2 x 

X 

2 b(a + b) 

tanx 

dx 

7 r 


a 2 cos 2 2x + b 2 sin 2 2x 

X 

2 ab 


sin 2 2x tan x 

dx 

7T 

i 

a 2 cos 2 2x + b 2 sin 2 2x 

X 

= 2 b ' 

a + b 

cos 2 2x tan x 

dx 

7 r 

1 

a 2 cos 2 2x + b 2 sin 2 2x 

X 

2 a 

a + b 


a > 0, 

b > 0] 

Bl (182)(7)a 

a > 0, 

b > 0] 

Bl (182)(4) 

a > 0, 

b > 0] 

Bl (182)(1) 



Bl (206)(9) 


Bl (204)(30) 

a > 0, b > 0] 

Bl (181)(9) 

a > 0, b > 0] 

LI (208)(20) 


a > 0, 

b > 0] 

GW (333)(59) 

a > 0, 

b > 0] 

Bl (182)(6) 

a > 0, 

b > 0] 

Bl (181)(10)a 

a > 0, 

b > 0] 

Bl (182)(2)a 

a > 0, 

b > 0] 

Bl (182)(5)a 
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3.815 


2 . 


3. 


4. 


3.816 

1. 

2. 7 


3. 


it 


10. 

f°° sin 2 x cos x 

dx 


7 r a 

[a > 0, 

b> 0] 

Bl (186)(12)a 

Jo a 2 cos 2 2x 4- 6 2 sin 2 2x x cos 4x 

86 a 2 + 6 2 

11. 

Z 100 sin x 

dx 

7 r 

b 2 -a 2 

[a > 0, 

6 > 0] 

Bl (186)(4)a 

Jo a 2 cos 2 x + b 2 sin 2 x 

x cos 2x 

2 ab 

b 2 + a 2 

12. 

f°° sin x cos x 

dx 

7 T 

b 

[a > 0, 

6 > 0] 

Bl (186)(7)a 

Jo a 2 cos 2 x + b 2 sin 2 x 

x cos 2x 

2 a 

a 2 + 6 2 

13. 

[°° sin x cos 2 x 

dx 

7 r 

b 2 

[a > 0, 

6 > 0] 

Bl (186)(8)a 

Jo o? cos 2 x + b 2 sin 2 x 

x cos 2x 

2 ab 

a 2 + 6 2 

14. 

/ sin x 

dx 

7 r 

a 

[a > 0, 

6 > 0] 

Bl (186)(10) 

Jo a 2 cos 2 x + 6 2 sin 2 x 

x cos 2x 

_ 26 

a 2 + b 2 

15. 

F 00 1 — cos x 

dx 

7T 


[a > 0, 

6 > 0] 

Bl (186)(3)a 

Jo a 2 cos 2 x + b 2 sin 2 x 

xsinx 

2 ab 


3.815 

|' 7r//2 xsin2xdx 







1. 


7 r 

, f 1 + VI + 6 VT + 



7o (l + a sin 2 x) (l + 6 sin 2 x) 

a — b 

1 1 + VTT 

a yjl + b ) 



f 7r /2 


x sin 2x dx 


In 


[a > 0, b > 0] 

(l + \/l 4“ fi) VI 4“ (l 


/o (l + a sin 2 x) (1 + 6 cos 2 x) a + ab+b 1 + y/l + 


r 7r/2 


x sin 2x dx 


In 


(1 + a cos 2 x) (1 + 6 cos 2 x) a — b 1 + Vl + b 


[a > 0, b > 0] 


[a > 0, b > 0] 


(cf. 3.812 3) 

Bl (208)(22) 


(cf. 3.812 2 and 3) 
Bl (208)(24) 


(cf. 3.812 2) 

Bl (208)(23) 


r ir/2 


x sin 2 xdx 


2tt 


t i 

cos — 


In 


(l — sin 2 t icos 2 x) (l — sin 2 t 2 cos 2 x) cos 2 t\ — cos 2 t 2 cos ^2 


[— 7T < t\ < 7T, — 7T < t 2 < 7t] 


x 2 sin 2x o v a 2 1 — a 

dx = 77 — T~2 TV 

a (a 2 — 1) 


x 2 dx = — In 


/ o (a 2 — cos 2 x) * 

r n (a 2 — 1 — sin 2 x) cos x 2 ^ tt 
/ o (a 2 — cos 2 xY 
f n a cos2x — sin 2 x 

/ 2 X 

io (o + sin 2 x) 


[a > 1] 


Bl (208)(21) 


LI (220)(9) 


1 — a 


1 H - CL 


a 2 > 1] (cf. 3.812 5) Bl (220)(12) 


: dx = — 27tln [2 (—a + \fa\J a + l)] 


a < — 1 and a > 0. When a > 0, can write y/ay/ a + 1 as \J a(a + 1). 


LI (220)(10) 
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4. 11 



a cos 2x + sin 2 x 

/ ■ 2 \ 2 

[a — sm x) 

\a < 0 and a > 1. When a > 1, can write \fa\J a + 1 as \J a(a + 1). 


a; 2 dx = 27tln [2 (a — \fa\/ a + l)] 


(cf. 3.812 6) 

LI (220)(11) 


3.817 

1 . 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


3.818 

1 . 


2 . 

3 . 

4 . 

5 . 















sinx 

dx 

7 t a 2 + b 2 

[ab > 

(a 2 cos 2 x + b 2 sin 2 x ) 2 

X 

4 a 3 b 3 

sin x cos x 

dx 

7 r 

[ ab > 

(a 2 cos 2 x + b 2 sin 2 x ) 2 

X 

4 a 3 b 

sin 3 x 

dx 

7 r 

[ab > 

(a 2 cos 2 x + b 2 sin 2 x) 2 

X 

4afr 3 

sin x cos 2 x 

dx 

7 r 

[ab > 

(a 2 cos 2 x + b 2 sin 2 x) 2 

X 

4a 3 6 

tanx 

dx 

7t a 2 + fe 2 

[a& > 

(a 2 cos 2 x + b 2 sin 2 x ) 2 

X 

4 a 3 6 3 

tanx 

dx 

7t a 2 + b 2 

[ab > 

(a 2 cos 2 2 x + b 2 sin 2 2 x) 

2 'V 

~ 4 a 3 b 3 

sin 2 x tan x 

dx 

7 r 

[ab > 

(a 2 cos 2 x + b 2 sin 2 x) ~ 

X 

4a6 3 

tan x cos 2 2 x 

dx 

7 r 

[ab > 

(a 2 cos 2 2 x + b 2 sin 2 2 x) 

2 X 

" 4a 3 b 


sinx 


dx 

7T 

3a 4 + 2 a 2 fo 2 

+ 36 4 

a 2 cos 2 x + b 2 sin 2 x\ 

> 3 ' 

X 

16 

a 5 b 5 

[a& > 

sin x cos x 


dx 

7T 

a 2 + 3b 2 

[a 6 > 

a 2 cos 2 x + b 2 sin 2 x' 

i 5 ' 

X 

16 

a 5 b 3 

sin x cos 2 x 


dx 

7T 

a 2 + 3b 2 

[06 > 

a 2 cos 2 x + b 2 sin 2 x 

f' 

X 

16 

a 5 b 3 

sin 3 x 


dx 

7T 

3 a 2 + b 2 

[ab > 

a 2 cos 2 x + b 2 sin 2 x 

7' 

X 

16 

a 3 b 5 

sin 3 x cos x 


dx 


7 r 3a 2 + & 2 

[ab > 

a 2 cos 2 2 x + b 2 sin 2 2 x) 

3 X 

i 

64 a 3 6 5 


0 ] 

0 ] 

0 ] 

0 ] 

0 ] 

0 ] 

0 ] 

0 ] 


0 ] 

0 ] 

0 ] 

0 ] 

0 ] 


Bl (181)(12) 
Bl (182)(8) 
Bl (181)(15) 
Bl (182)(9) 
Bl (181)(13) 
Bl (181)(14) 
Bl (182)(11) 
Bl (182)(10) 


Bl (181)(16) 
Bl (182)(13) 

Bl (182)(14) 

LI (181)(19) 

Bl (182)(17) 
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3.819 


6 . 


7. 


9. 


tana: 


dx 7t 3a 4 + 2 a 2 b 2 + 3 b 4 


' o (a 2 cos 2 x + b 2 sin 2 x ) " 


x 16 


a 5 b 5 


sin 2 x tan x dx tt 3o 2 + b 2 

(a 2 cos 2 a: + b 2 sin 2 x ) 3 x 16 a3 ^ 5 

tana; da; 7t 3a 4 + 2a 2 6 2 + 36 4 


[ab > 0] 
[ab > 0] 


'0 (a 2 cos 2 2a; + b 2 sin 2 2a;) 3 x 16 


a 5 b 5 


tan x cos 2 2a: 


dx 7t a 2 + 3 b 2 


>o (o 2 cos 2 2a; + 6 2 sin 2 2a;) 3 x 16 fl5 ^ 3 


[ab > 0] 
[ab > 0] 


Bl (181)(17) 
Bl (182)(16) 


Bl (181)(18) 
Bl (182)(15) 


3.819 

1 . 


2 . 


3. 


4. 


5. 

6 . 

7. 


9 . 











sinx 


dx 

7 r 

5o 6 + 3a 4 & 2 + 3a 2 6 4 + 5 b 6 

a 2 cos 2 x + b 2 sin 2 x] 

4 

1 

X 

= 32 ' 

a 7 b 7 





[ab > 0] 

sin x cos x 


dx 

7 r 

a 4 + 2 a 2 b 2 + 5 b A 

a 2 cos 2 x + b 2 sin 2 x ) 

~4 ' 
1 

X 

= 32 ' 

a 7 b 5 





[ab > 0] 

sin x cos 2 x 


dx 

7 r 

a 4 + 2 a 2 b 2 + 5 b 4 

a 2 cos 2 x + b 2 sin 2 x ) 

~4 ' 
1 

X 

= 32 ' 

a 7 b 5 





[ab > 0] 

sin 3 x 


dx 

7 r 

5a 4 + a 2 b 2 + b 4 

a 2 cos 2 x + b 2 sin 2 a;] 

~4 ' 
1 

X 

= 32 ' 

a 5 b 7 


sin 3 x cos x 


dx 

7 r 

a 2 + b 2 

(a 2 cos 2 x + b 2 sin 2 a;) 

4 

1 

X 

“ 32 ' 

a 5 b 5 

sin x cos 3 x 


dx 

7 r 

a 2 + 5 b 2 

(a 2 cos 2 x + b 2 sin 2 a;) 

~4 * 
1 

X 

= 32 ' 

a 7 b 3 

sin 3 x cos 2 x 


dx 

7 r 

a 2 + b 2 

(a 2 cos 2 x + b 2 sin 2 a;) 

”4 ‘ 
1 

X 

_ 32 ' 

a 5 b 5 

sin x cos 4 x 


dx 

7 r 

a 2 + 5 b 2 

(a 2 cos 2 x + b 2 sin 2 a;) 

~4 ‘ 
1 

X 

= 32 ' 

a 7 b 3 

sin 5 x 


dx 

7 r 

5 a 2 + b 2 

(a 2 cos 2 x + b 2 sin 2 x) 

~4 ‘ 
1 

X 

= 32 ' 

a 3 b 7 


Bl (181)(20) 


Bl (182)(18) 


Bl (182)(19) 


[ab > 0] 

Bl (181)(23) 

[ab > 0] 

Bl (182)(26) 

[ab > 0] 

Bl (182)(23) 

[ab > 0] 

Bl (182)(27) 

[ab > 0] 

Bl (182)(24) 

[ab > 0] 

Bl (181)(24) 



3.821 
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10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 


sm x cos x 


dx 


>o ( a 2 cos 2 2x + b 2 sin 2 2x) x 


7 r 5a 4 + 2 a 2 b 2 + b 4 

128 ^b 7 


[ab > 0] 


sin 5 x cos 3 x 


dx 


7 r 5a 2 + b 2 


I o (a 2 cos 2 2x + b 2 sin 2 2x) x 512 


z 3 b 7 


[ab > 0] 


sin x tan x 


dx 


7r 5a 4 + 2 a 2 b 2 + b 4 


/o (a 2 cos 2 x + b 2 sin 2 x ) 4 x 


32 


1 5 b 7 


[ab > 0] 


Bl (182)(22) 
Bl (182)(30) 


Bl (182)(21) 


sin x tan x 


dx 


'0 (a 2 cos 2 x + b 2 sin 2 x) x 


7 r 5a 2 + b 2 
32 ' a 3 b 7 


[ab > 0] 


Bl (182)(29) 



cos 2 2a; tan x 
( a 2 cos 2 2a; + b 2 sin 2 2a;) 4 




sin 3 4a; tan x 

( a 2 cos 2 2a; + b 2 sin 2 2a;) 4 

cos 4 2a; tan x 
( a 2 cos 2 2x + b 2 sin 2 2a;) 4 


dx 

7 r 

a 4 + 2a 2 6 2 + 56 4 


X 

32 

a 7 b 5 

[ab > 0] 

Bl (182)(29) 

dx 

7T 

a 2 + 6 2 

[ab > 0] 

Bl (182)(28) 

X 

8 ' 

a 5 b 5 

dx 

7 r 

a 2 + 5 b 2 

[ab > 0] 

Bl (182)(25) 

X 

32 

a 7 b 3 


3.82-3.83 Powers of trigonometric functions combined with other powers 


3.821 

1. 

2 . 


3. 11 


4. 

5. 


x sin p x dx = 


7t 2 r(p+ 1) 


2 p +1 


r (f + 1 ) 


. n j 71-2 ( 2m ~ 1)" 2 

a; sm xdx= — ■ — — — t —. — r 

2 (2m)!! 


= (- 1 ) 


r+1 


(2m)!! 
(2m + 1)!! 


[p > -1] Bl(218)(7), LO V 121(71) 


[n = 2m] 

[n = 2 m + 1] 

[r is a natural number] GW (333)(8c) 


r 77/2 


x cos” xdx = 


i t 2 (n — 1)!! 1 

8" (n)!! 2^ 

7t (n — 1)!! 1 

2 (n ) ! ! 


m— i 

e O 


k—0,m—k odd 

771— 1 


l 

(n — 2fc) 2 


in— 1 


EQ 


fc= o 


(n - 2k) 2 


[n = 2m] 

[?z = 2m. — 1] 


GW (333)(9b) 


x cos 2m xdx = 


7 r 2 ( 2 ?n — 1 )!! 

Y (2m)!! 


a; cos 2r ” xdx = 



(2m — 1)!! 
(2m)!! 


Bl (218)(10) 
Bl (226)(3) 
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3.822 


I °—dx=^- \ K 1’ =2 ^b( P - P -\ 

Jo x 2 r (2±i) V2’ 27 

[p is a fraction with odd numerator and denominator] LO V 278, FI II 808 


I" 00 sin 2 " +1 x (2n — 1)!! n 

0 x ~~ (2nj» ‘ 2 


f°° sin 2ra X 


dx — oo 


Bl (151)(4) 


Bl (151)(3) 


/»00 • 2 

f sin ax a7r 
— dx = — 

D * 2 

f°°sin 2m a;r , (2m — 3)!! air 

7 dX = — — TT • — — 


(2m -2)!! 2 


r°° sin 2m+1 ax , (2m-3)» ^a 2 ir 

Ts dx = ’ (2m + 1) — 


(2m)!! 


LO V 307, 312, FI II 632 


GW (333)(14b) 


GW (333)(14d) 


p f°° sin p 1 x 


cos x dx 


P(P ~ 1) 


r»oo • n— 2 

' sir x 


(m — l)(m — 2) 7 0 aT 


f 00 sin 2 " pa; 


[p > m — 1 > 0] 

2 pOO • n 

P / Slid x 1 

7 7 T 7 TCT / n dx \p>m— 1>1 

(to— l)(m — 2)J 0 x m ~ 2 

GW (333)(17) 


Bl (177)(5) 


’ sin 2 " +1 px—— - — [jL Vf-1) A 

sm PX ^x 2^ 2 p^ ij 


2n + 1 \ 1 


a + k + 1 J \/2k + 1 


Bl (177)(7) 


3.822 


3.823 


3.824 


n(r> — ti 7 7r / 2 m-i r n/z 

/ x p cos m xdx = - pyp - ; / x p_2 cos 171 a; da; + / x p cos m - 2 xdx 

Jo fn Jo ™ Jo 


[to >1, p > 1] 


■ 1/2 cos 2 " +1 fe')dx - — 2n+1 ^ 1 

cos (pxj ct.r 9 2 „ t / ~ 2^ l „ , fc , 1 ) . /o 77 


2 2 " V 2P ^ \n + k + lj y/2k + 1 


GW (333)(9a) 


Bl (177)(8) 


1 sin 2 axdx = — 


r(p) cos ^ 

2M+ i a M 


[a >0, — 2 < Re p < 0] 


ET I 319(15), GW(333)(19c)a 


[ sin ax n , _ 2 a8 \ 

l rf ) 

F 00 cos 2 ax , n - —‘ 2 nft\ 

l +++ <fa = ;S< 1 + e M ) 


[a > 0, Re [3 > 0] 


[a > 0, Re [3 > 0] 


Bl (160)(10) 


Bl (160)(11) 
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3. 7 


4. 7 


5. 7 


6. 7 


7. 


9. 

10 . 


sm x 


dx (-l) m 7T 


a 2 + x 2 2 2m + 1 2 


£ i 2 2m sinh 2m a-2^(-l)* 


k—0 


2 m 


sinh[2(m — k)a\ 


sin 2m+1 x- 


dx (— 1) 


m—1 


2m+l 

s (2m+l)a \ ( -] \k 


,2 + x 2 2 2m+2 a 


E (- 1 )' 


a > 0] 

2 to + 1 


Bl (160)(12) 


fe= o 


e” 2tea Ei[(2A:-2m-l)a] 


+ e -( 2 m+i)a J2 (-l) fc - 1 ^ 2m fc + Me 2fca Ei[(2m+l-2fc)a]| 

k—0 ' ' ) 


sin 2m+1 x X 


dx 


2 _|_ x 2 2 2m + 1 


0 — (2m+l)o 


E(-D 


k—0 


[a > 0] 

m+k (2m + 1 

k 


Bl (160)(14) 


J1 ka 


|arg a\ < 


to = 0 , 1 , 2 , . . . 


cos 2m x 


dx 


7T / 2 TO 


a 2 + a; 2 2 2m+1 a V to / 2 2m ' \ m + k 

k— 1 


E 


2 to . 


— 2ka 


>0] 


2m+l dx 7 r \ ^ 

cos + a;^ ^ 2^ 


a 2 + x 2 2 2m+ 1 a V rn + k + 1 

k = 1 


2TO + 1 ^ e _( 2 fc+l)a 


cos 2m+1 a;- 


a; dx 
a 2 + x 2 


e -(2m+l)a 2 ^1 ( 2 TO + 1 


o2m+2 

fc=0 

e (2m+l)a 2m+l / 2m+ l 


2 2m+2 


E 

/c— 0 


/o 


oo 2 

COS ax 7T . 

7 dx = — sin 2 ab 

b 2 - x 2 46 


[a > 0] 

e 2feo Ei[(2m — 2k+ l)a] 

e ~2ka Ei[(2/c — 2?n — l)a] 

[a > 0, 6 > 0] 


Bl (160)(16) 


Bl (160)(17) 


Bl (160)(18) 
Bl (161)(10) 




sin ax cos 2 bx 
f 3 2 + x 2 


dx= — 


X _ I e - 2 («+*>)/3 _|_ g- 26 / 3 _ I e 2 ( b -°)/ 3 _ g- 2 ®/ 3 


8/3 

= — [1 - e _4a/3 l 

16/3 L J 


7T 

8/3 


l _ Ig-^a+b)/ 3 _|_ g -2b/3 _ IgZO-b)/ 3 _ e ~2a/3 


[a > 6] 
[a = 6] 
[a < 6] 


[a > 0, 6 > 0] , (cf. 3.824 1 and 3) Bl (162)(6) 
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3.825 


11 . 


/ x sm 2 ax cos 2 6x , 7t 

/ ^ o dx = — 

2e~ 2a0 + e ~ 2 (. a + b )P _|_ e 2(b-a)0 

/ o /3 2 + x 2 8 




e~ 4a0 + 2e~ 2a0 ' 


7 T 
8 


2e~ 2a 0 + e~ 2 ( a+b ^ 0 — e 2 ( a ~ b ) 0 


[a > 0] 
[a = b] 
[a < b] 


LI (162)(5) 


3.825 

1. 


2 . 


3. 3 


4. 3 


3.826 

1. 

2 . 

3.827 

l. 8 


2. 8 
3. 

4. 8 

5. 

6 . 


sin 2 ax dx 7t (6 — c + ce 2ab - be 2ac ) 


/ 0 (6 2 + x 2 ) (c 2 + x 2 ) 


4 be ( b 2 — c 2 ) 


cos 2 ax dx 7 1 (6 — c + be 2ac - ce 2ab ) 


/ o ( b 2 + x 2 ) ( c 2 + x 2 ) 


Abe (V 2 — c 2 ) 


f°° sin 2 ax dx 7t (c sin 2 ab — b sin 2ac) 

/o (6 2 — x 2 ) (c 2 — x 2 ) 46c (6 2 — c 2 ) 


cos 2 ax dx 7t (6 sin 2ac — c sin 2a6) 


/ o (6 2 — x 2 ) (c 2 — x 2 ) 46c (6 2 — c 2 ) 


sin 2 ax dx 7t 


r 2 (6 2 + x 2 ) 46 2 


2a~Ul^e- 2ab ) 


sin 2 ax dx n 


/0 x 2 (6 2 — x 2 ) 46 2 V 2a b sm2ab ) 


/o 


00 sin 3 ax 3 - 3" 1 ^ un 

dx = a cos — 11 - i/ 

x 1 ' 4 2 K ’ 


f°° sin 3 ax 7t 

/ o x 4 

[°° sin 3 ax 3 

/ „ — dx=-ain3 

2 4 


/o 


x^ 


f°° sin 3 ax 


dx = 


/o 


x° 


/o 


oo • 4 

sin ax air 

— dx = — 

2 4 


x^ 


00 sin 4 ax 


dx = a 2 In 2 


a > 0, 

6 > 0, 

c> 0] 

Bl (174)(15) 

a > 0, 

6 > 0, 

c> 0] 

Bl (175)(14) 

a > 0, 

6 > 0, 

c > 0, 

6^c] 

LI (174)(16) 

a > 0, 

6 > 0, 

c > 0, 

6^c] 

LI (175)(15) 

a > 0, 

6 > 0] 


Bl (172)(13) 

a > 0, 

6 > 0] 


Bll (172)(14) 


[a < Re v < 4, v ^ 1, 2, 3] 

GW (333)(19f) 
LO V 277 

Bl (156)(2) 

BI(156)(7)a,LO V 312 

[a > 0] Bl (156)(3) 

Bl (156)(8) 
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7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

3.828 

1 * 

2. 8 

3. 8 

4. 8 

5. 8 
6 . 


00 sin 4 ax 

dx = 

a 3 7r 

[a > 0] 

Bl(156)(ll), LO V 312 

X 4 

~ 3~ 

00 sin 5 ax 

dx = 

—a (3 ln 3 — ln 5) 


Bl (156)(4) 

X 2 


°° sin 5 ax 

dx = 

5 2 

- —a 7r 

32 

[a > 0] 

Bl (156)(9) 

x 3 

00 sin 5 ax 

dx = 

-^a 3 (25 ln 5 — 27 ln 3) 

96 


Bl (156)(12) 

X 4 


00 sin 5 ax 

dx = 

115 4 

[a > 0] 

Bl(156)(13), LO V 312 

X 5 

CL 7T 

384 

00 sin 6 ax 

dx = 

3 

TO 0 " 

[a > 0] 

Bl (156)(5) 

X 2 

00 sin 6 ax 

dx = 

^a 2 (81n2 — 31n3) 


Bl (156)(10) 

X 3 


00 sin 6 ax 

dx = 

^a 4 (27 ln 3 — 32 ln 2) 


Bl (156)(14) 

X 5 


00 sin 6 ax 

dx = 

11 5 
— a 5 7 t 

40 

[a > 0] 

LO V 312 

X 6 


In 3.828 1-21 the restrictions a>0, 6>0, c>0 apply. 

I a + b 


to 


J sin ax sin bx 1 

ax = — In 

x 2 


a — b 


r ■ ■ h dx 1 . / n 

/ smassmte^- = -jrminla, b) 
Jo x z 2 


r °° sin 2 ax sin bx 


dx= ^ 
4 

7T 


= 0 


sin 2 axcosbx 1, 4a 2 — b 2 

/ o x 4 b 2 

f 00 sin 2 axcos2bx 1 

/ ~ dx = -7rmax(0, a — b) 

Jo x 2 

/'°°sin2aa;cos 2 bx 7 r 

/ dx = — 

Jo x 2 

0 3 

= — 7T 
8 
7T 

4 


[ayf 6] 

[5 < 2a] 
[5 = 2a] 
[5 > 2a] 

[2a yf b] 


[a > b } 
[a = b] 
[a < b] 


FI II 647 
Bl (157)(1) 


Bl (151)(10) 
Bl (151)(12) 


Bl (151)(9) 
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3.828 


„o f sin 2 ax sin bx sin cx , n , , . . 

7. 8 / ~ dx = — (6 — 2 a — c — 2a — b — c + 2c) 

,/n £ 2 16 


[a > 0, 0 < c < b] 


Bl(157)(9)a 


f°° sin 2 ax sin bx sin cx 1 
dx = - In 


( b + c) 2 (2a — b + c)(2a + b — c) 


( 6 — c) 2 (2a + b + c)(2a — b — c) 

[b ^ c, 2 a + c ^ 6, 2a + b ^ c, 2 a ^ b + c] 


9. 


po o *2 • 2 i 

f sm axsm bx 


dx= —a 
4 


[0 < a < b] 
[0 < 6 < a] 


10. 8 


II . 8 


12 . 


/»oo • 2 • 2 l 

/ sm a# sin bx 

lo x 4 

f°° sin 2 ax cos 2 bx 


dx = -7t min (a 2 , 6 2 ) [3 max(a, 6) — min(a, b )] 


/o 


x * 


dx = - 7 r [a + max(0, a — 6)] 


/o ® 


sin 8 aa; sin 3 bx a 3 Tr 

dx = 

4 2 

= — [8a 3 — 9(a — 6) 3 ] [a < 36 < 3a] 


%TT 


(a 2 - b 2 ) 


[b > a] 
[a < 

[36 < a] 


poo _• 3 


13. 


14. 


10 


sin ax cos bx 


dx= 0 


16 

7T 


[6 > 3a] 

[6 = 3a] 

[3a > 6 > a] 

[6 = a] 

[a > 6] 

[a > 0, 6 > 0] 


f sin 3 ax cos 36a: , 3. , 

- dx = — a In 81 — 2(a — 36) ln(a — 36) + 2(a — 6) ln(a — 6) 

n x z 16 


16 

7T 


+ 2(a + 6) In (a -F 6) — 2(a -F 36) ln(a -F 3) 


ET I 79(15) 

LI (152)(2) 

Bl (157)(3) 
Bl (157)(27) 

Bl (157)(6) 

Bl (157)(28) 
LI (157)(28) 


Bl (151)(15) 


[Im a = 0, Im 6 = 0] 


MC 



3.828 
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15. 


to 


x° 


16. 


00 sin 3 ax cos bx , 7 r - 9 , 

5 dx = - (3a 2 - b 2 ) 

6 8 

7 xb 2 

= l < 3 “^» 2 

= 0 


r °°sin 3 aa;sin6a; , &7t , 9 l9N 

da; = — (9a 2 - b 2 ) 

t a; 4 24 v ’ 

7T 


[5 < a] 

[a = b] 

[a < b < 3a] 

[3a < b } 

[a > 0, b > 0] Bl(157)(19), ET I 19(10) 

[0 < b < a] 


= -[24a 3 -(3a-&) 3 ] 

7ta 3 


17. 


18. 


o oo • 3 • 2 i 

' sin ax sin bx n 
dx= — 

3 X 8 

57T 

= 32 
37T 

= 16 
37T 

= 32 

= 0 

r 00 sin 2 ax cos 3 bx , 1 

dx= — In 

t x 16 


[0 < a < b < 3a] 
[0 < 3a < 5] 

[2b > 3a] 

[2b = 3a] 

[3a > 2b > a] 

[2b = a] 

[a > 26] 

[a > 0 , 6 > 0 ] 

(2a + 6) 3 (6 - 2a) 3 (2a + 36)(36 - 2a) 


ET I 79(16) 


96 s 


[2a 7 ^ 6 , 2 a 7 ! 36] 


Bl (151)(14) 


Bl (151)(13) 


19. 


11 


r»oo -2 • 2 j -2 

' sin ax sin bx sin cx 


dx 


= — ( 4 sign(c) — 2 sign(26 + c) + 2 sign(26 — c) + sign(2a — 2b + c) — sign(2a — 2b — c) 
oz 


20 . 


+ 2 sign( 2 a — c) + sign( 2 a + 26 + c) — sign( 2 a + 26 — c) — 2 sign( 2 a + c) 

y 

[Ima = 0, Im 6 = 0, Imc = 0] MC 

r °° sin 2 ax sin 2 bx sin 2cx dx 


x * 

a — 6 — c 


ln4(a — 6 — c ) 2 — 


2 a + b + c ,/ , . , n 2 , a + „t 2 


16 


- In4(a + b + c ) 2 + 


16 


16 

a — 6 + c 1 , x o a H- c , >2 & — c / \2 

In 4(a — b + cY -\ In 4(a + cY In 4(a — cY 

16 8 8 

H — In 4(6 + c) 2 — - — - In 4(6 — c) 2 cln 2c 

8 8 2 


ln4(a + b — c) z 


[a > 0, 6 > 0, c > 0] Bl (157)(10) 
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f°° sin 2 ax sin 3 bx 3b 2 ir 
5 ax = — — — 


12 

6 b 2 — (36 — 2 a) 2 
32 ' 


[ 2 a > 36 ] 

[ 2 a = 36 ] 

[36 > 2 a > 6] 
[6 > 2a] 


3.829 

1. 

2 . 

3.831 


roo n • n \(n-l)/2} 

C X n - sin X TT v-^ / .w, /n\. 

„ = £ (-DTJI"- 24 ) 


f°° sin 2 " ax - sin 2 " bx (2 n — 1)!! 6 


dx = — — In - 
(2n)!! a 


f°° cos 2 " act — cos 2 " bx 


dx = 1 — 


(2n — 1) ! ! 1 6 


3.832 


f cos 2 +1 ax — cos 2m+1 bx ,6 

ax — m - 

0 x a 

C°° cos’" ax cos max — cos 1 " bx cos mbx 

n x 


^ 2 P-1 . J Tt ^ ^( 2± f ±i )-V’( 2 =f ±i ) 

;rcos^ isinaiaa; = — —lip) . f , . . 7 xrt — 

o/i 4-1 xl/ rr/4-a4-l\ -r» / v— a-fl\ 


Bl (157)(18) 

GW (333)(63) 
Bl (158) (T, 8) 


[ab > 0, 

n = 1,2,...] 

FI II 651 

[a6 > 0, 

« = 0,1,...] 

FI II 651 

[a6 > 0, 

m = 0, 1, . . .] 

FI II 

In- 

a 



[ab > 0, 

m = 0, 1, . . .] 

LI ( 155 )( 8 ) 


2P+1 p ^ p+a+l ^ p a+1 ^ 

[p > 0, — (p + 1) < a <p+l] 


Bl (205)(6) 


sin 2l " +1 x sin 2 mx 


pOO 

/ sin 2m_1 x sin[(2m — l)x] 

Jo 

POO 

/ sin 2m_1 x sin[(2m + l)x] 

Jo 


dx (-l) m 7 r r , _ 2o \ 2m -.1 • , 

~ = — 7 — — . — (1 — e ) -1 sinha 

a 2 + x 2 2 2m+1 a L' 1 ' \ 


[a > 0 , to = 0 , 1 . . . .] 

Bl (162)(17) 

dx _ (-l) m+1 n , 1 

’ 1 a 2 + x 2 2 2m a 1 ' 


[a > 0 , to = 1 , 2 , . . .] 

Bl (162)(11) 



[a > 0 , to = 1 , 2 , . . .] 

Bl (162)(12) 




3.832 
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5 . 

6. 3 

7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 
16. 3 
17 . 

18. 3 


pOO 

/ sin 2m+1 x sin[ 3 ( 2 ra + l)x] 
Jo 


dX ( 1)m7r e- 3 ( 2m+1 )°sinh 2m+1 a 


a 2 + x 2 


2 a 


sin 2m a;sin[(2m, — l)a;] 


:dx ( l) m 7r 


sin“ m xsin(2mx) 


a 2 + x 2 2 2m+1 
xdx (— l) m 7 r 


sin 2m x sin[(2m + 2)x] 


a 2 + x 2 2 2m+1 

xdx (— l) m 7 r 


[a > 0] 

(l — e ~ 2a ) 2m — (l + e -2a ) 

[a >0, to = 0, 1, . . .] 
(l — e _2a ) 2m _ i 


[a >0, to = 0, 1, . . .] 


a 2 + x 2 2 2m+1 


e ~ 2a (l _ e ~ 2a ) 


2m 


[a >0, to = 0, 1, . . .] 


’ . 2 m ■ . xdx (— l) m 7T _ Amn . 2m 

sin a; sin 4 mx^ 77 = e 4 sinn a 


a 2 + x z 


. 2 m dx (2m — 3 )!! 7t 

Sin X COS X = — rrr ■ — 

a; 2 (2m)!! 2 


sin“ m a:cos[(2?n — l)x\ 


dx (— l) r 


pOO 

/ sin 2m x cos(2mx) 
Jo 


a 2 + x 2 2 2m a 
dx ( — l) m 7T 


[a >0, to = 1 , 2, . . .] 
[to = 1 , 2 ,...] 

(1-e- 2a ) 2m_ 1 - il 


sinh ( 


a 2 + x 2 2 2m + 1 a 


(l-e~ 2a y 


[a >0, to = 1, 2, . . .] 


[a >0, to = 0, 1, . . .] 


pO O 

/ sin 2m :rcos[(2?7i + 2)x] 
Jo 1 


dx (-l) m 7 T 


2 a 


,2 + x 2 2 2m+1 C 


(1 - e~ 2a ) 


, 2m 


* sin 2m x cos 4 mx , ^ e“ 4ma sinh 2m a 

a- + x- 


2 a 


‘ ■ 2 m+i dx (2m -1)! 

sm + x cos x — = 


x (2m + 2)! 


7T 

2 


' . 2 m-n dx (2m — 3 )!! 7 r 

Sin X COS X — 7- = — rr • - 

a; 3 (2 to)!! 2 


sin 2m 1 a:cos[(2m — l)x] „ „ 

a 2 + x 2 


xdx (— l) m 7T 


2 2r 


[a >0, to = 0, 1, . . .] 

[a > 0 , to = 0 , 1 , . . .] 
[ to . = 0 , 1 ,...] 

[ to . = 1 , 2 ,...] 

[to = 1 , 2 , ... , a > 0 ] 


. 2 m+l o Xd x 

/ sm + x cos 2mx^ »= — —7 — „ — 

/ o a 2 + a; 2 2 2m + 2 


|e“ [(l-e" 2a ) 


_ 2 n \ 2 m + 1 


- 1 


— e 


[to = 0, 1, ... , a > 0] 


Bl (162)(18) 

Bl (162)(13) 

Bl (162)(14) 

Bl (162)(15) 

Bl (162)(16) 
GW (333)(15a) 

Bl (162)(25) 

Bl (162)(26) 

Bl (162)(27) 

Bl (162)(28) 
GW (333)(15) 

GW (333)(15b) 

Bl (162)(23) 

Bl (162)(29) 
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3.832 


19. 


20 . 


21 . 


22 . 

23. 

24. 

25. 

26. 3 

27. 11 
28. 

29. 

30. 

31. 


f°° . 2m — 1 r/o i\ i X( ^ X ( l) m 7T _ 2 

/ sin 2 1 xcos[(2to + l)ar] — 

Jo 


v 2m— 1 


‘ a 2 + x 2 


2 2n 


(1 -e~ 2a Y 

[to = 1,2, , a > 0] 


/»oo 

/ sin 2l7l+1 xcos[2(2to + l)x] 

Jo 


xdx _ (-l) m 7r _ e - 2 ( 2m +l)a sinh 2 m +l a 


r dx 


1 


cos x sm uix 


a 2 + x 2 2 m+l a 


f°° „ . xdx 

cos sx sin nsx 


a 2 + x 2 2"+i L 

X dx 7T 


a 2 + x 2 2 

[to = 0, 1, ... , a > 0] 

m 

Ei(2jfeo) - e 2feo Ei(-2jfeo)] 

k= 1 

[a > 0] 

77 f (l + e~ 2as ) n — ll 


[5 > 0, Re a > 0, n > 0] 


cos sxsmnsx- 


a * — x * 


= * (2- - 


cos as cos nas 


) 


fOO 

/ cos 777-1 x sin[(m + l)x] 

Jo 


Xdx 7T _o„ /„ n„\ 

= 20 (1 + e 2a ) 

Om V / 


[?t = 0, 1, . . .] 

m— 1 


cos 171 x sin [(to + l)x] 


a 2 + x 2 2 m 

x dx 7T 


[a >0, to = 1, 2, . . .] 


a 2 + x 2 2 m +! 


e _a (l + e~ 2a )' 


m • r / -i \ 1 x dx 7T 

cos xsm (to — 1)x — = — cosha 

LV ’ J a 2 + x 2 2 m 


/ >(=5C T (It 7T 

/ cos m x sin(3TOx) : , = - e - 3mo cosh 771 a 

/ 0 a 2 + x 2 2 


[to — 0,1,..., a > 0] 
(l + e~ 2a ) m ~ 1 — 1 

[to = 0, 1, ... , a > 0] 
[a >0, to = 1, 2, . . .] 


f°° n dx 

cos sx cos nxs 


a 2 + x 2 2 n+1 a 


(l + e~ 2as Y 


.. dx 1 r 

cos sx cos nsx— - = — cos as sm nas 


a 2 — x 2 2a 


[n = 0, 1, . . .] 
[n = 0, 1, . . .] 


/»oo 

/ cos m_1 xcos[(to + l)x] 
do 


cos 171 X cos [(to. — l)x]- 


dx 


v m— 1 


a 2 + x 2 2 m a 

dx 7T 


; 2 + x 2 2 m+1 c 


e _2a (l + e~ 2a )' 

[to = 1,2,..., a > 0] 
(l + e - 2 “) m - (l- e - 2a ) 

[to = 0, 1, ... , a > 0] 


Bl (162)(24) 

Bl (162)(30) 

Bl (162)(8) 

Bl (163)(9) 

Bl (166)(10) 

Bl (163)(6) 

Bl (163)(10) 

Bl (163)(7) 
Bl (163)(11) 

Bl (163)(16) 

Bl (163)(14) 

Bl (163)(15) 
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32. 


33. 


f m r / . . -1 dx 7t 

/ cos a; cos (to + l)x = +1 

I o a z + x 2 2 m+i a 


dx 

x q 9-1jo 

p(p - 1) 


poo 


e"° (l + e _2o ) m 

[to. = 0, 1, ... , a > 0] 
+ 1 r°° sin p+1 ; 
o 


/•OO • V— 1 I /»oo • P+1 

„ p / sir a; , p + 1 / sir T x , r 

snr x cos x — = / ; — ax / ; — ax p > a — 1 ; 

Jo x q ~ l q-iJo x q ~ l 


l)(q-2)J 0 

(p+ 1 ) 2 r 

(q — 1)(? — 2) Jo 


sin p 2 x cos x 


sin x cos x- 


dx 

x«— 2 

dx 

x q-2 


\p> q- 1 ; 


34. 


2m o • dx f°° 2m— i n ■ dx tt f 2 m. 

cos x cos 2nx sm x — x = / cos x cos 2nx sin — x = 


x ' 2 2m+1 V to + n 


35. 

36. 

37. 


„ . , dx TT 

cos p ax sm ox cos x — = — 
x 2 


cos p ax sin pax cos x— = ^ , (2 P — 1) 

x 2P+ 1 v ’ 


f°° dx -fj pt \ . , . 7T 
J 2 | || cos pfe afcX J sin ox sin x = — 


[5 > ap, p > —1] 

[p > -1] 
n 

b > y^afcpfc. a fc > 0, 


u=i 


fc=i 


3.833 

l. 10 


’ . 2m+l 2n dx . 2m+1 2 n-1 ^ (2m - l)!!(2n - 1)!! 

sin + XCOS X — = / sin + x cos x — = — ; ; — — — 7T 


x 2 m+n+1 (TO + n)! 


1 / 1 1 
= 2 B ( m+ 2’ n+ 2 


2 . 


’ . 2m+i o 27 i—i o 2 dx TT (2to - l)!!(2n - 1)!! 
sin + 2x cos 2x cos x — = — 


x 2 (2TO + 2n)!! 


3.834 

1 . 


,°o sin 2m+l x 

dx 

(— l) m 7r(l + a) 4m f 

1 — a 

/ 0 1 — 2a cos x + a 2 

X 

22m+2^2m+l j 

1 H - CL 


2m 


- Ei- 1 ) 1 


fc =0 


4a 


(1 + a) 2 

N 7^ i] 


Bl (163)(17) 

•o] 

> 1 ] 

GW (333)(18) 

) 

Bl (152)(5, 6) 
Bl (153)(12) 

Bl (153)(2) 

Pk > 0 

Bl (157)(15) 

Bl (151)(24, 25) 

GW (333)(24) 
LI (152)(4) 


GW (333)(62a) 
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3.835 


2 . 


3.835 

1. 

2 . 

3.836 

1. 


2 . 


it 


3. 


4. 


f°° sin 2m+1 x cos" x dx 
I o (1 — 2a cos x + a 2 ) p x 


E 

k - 0 


(-l) fc (2w + 2 n - 2k + l)!!(2m + 2 k- 1)!! 


2" +1 (2m + n+ 1)!(1 + a) 2 P 
x F (m + n — k + - , p; 2m + n + 2; 


f°° cos 2m x cos 2 mx sin x dx n b 2m 1 

/o a 2 cos 2 x + b 2 sin 2 x x 2 a(a + b) 2m 


to 


00 cos 2m 1 x cos 2 mx sin x dx tt b 2m 1 
a 2 cos 2 x + b 2 sin 2 x 


x 2 a(a + b) 2m 


(1 + a) 2 
[a ^ ±1] 


[ab > 0] 
[ab > 0] 


sin a; \ sin mx x 

n® = — 

x ) x 2 


sma; \ mr 

cos mx dx = — — > 

2 n ^ 
fe= o 

= 0 
7T 

= 4 


sin x \ . dx tt 

sin nx cos x — = — 

x 1 x 2 




[m > n] 

(— l) fc (n + to — 2fc)" -1 
fc!(n — fc)! 


fc!(n — fc)! 

GW (333)(62) 

Bl (182)(31)a 
LI (182)(32)a 

LI (159)(12) 

[0 < to < n] 

[to > n > 2] 

[to = n = 1] 

Gl(159)(14), ET I 20(11) 


[n > 1] 


Bl (159)(20) 


smx\ sm (anx) , tt 

1 dx = — 

x 2 


|_in(l+a)J 

E (-i>‘Q( n+ “ n - 2 *)' 


k - 0 


[all real a, n > 1] 


ET I 20(11) 


5. I n (b) = - 


sm a: 


s L r J 

cos bxdx= n (2" -1 n!) 1 ^(— ( n ~ b — 2h) n ~ 1 


k - o 


6. 11 

3.837 

1. 

2 . 


Tt.J o V x 

where 0 < b < n, n > 1, r = (n — 6)/2, and [rj is the largest integer contained in r 

LO V 340(14) 

\ n 
sm x \ 

cos anx dx = 0 [a < — 1 or a > 1, n> 2; for n = 1 see 3.741 2] 


t /2 _2 


a; 2 dx 


= 7t In 2 


/o sm x 
/ >7r ^ 4 x 2 dx 

/o sin 2 x 16 4 


= - — + - In 2 + G = 0.8435118417 . . . 


Bl (206)(9) 
Bl (204)(10) 
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3. 

4. 


5. 

6 . 

7. 


9. 

10. 3 

II. 3 

3.838 

1. 

2 . 

3. 

4. 

3.839 

l. 11 

2 . 


/ 4 x 2 dx 

7 r 2 

— 

— — H- 

COS 2 X 

16 

V 4 t p+ i 


2 dx 

= -( 

sin x 



In 2 — G 




T /^ COS X 7T^ 

2 — dx = 1- 4 G = 1.1964612764 . . . 

' ' z ~ 4 


/o sm x 
r /2 x 3 cos x 


I o sm x 


dx =-W + 2 7rln2 


cos 2nx . dx 

sir x — = 0 

cos x x m 

"cos 2 nx . 9 „,-i dx 

sm 2n+i x — =0 

cos x x m 

xdx 1 


/ o cosaxcos[a(l — x)] a 
/' 7r xsin(2n + l)x , 1 


= - cosec a • In sec a 


smx 

x sin 2 nx 
sin x 


dx = ^7T 2 


dx = —4 ^^(2 k — 1) 


-2 


[p > 0] 


m - 1 

n > — - — , to > 0 
to - 2 

n > — - — , to > 0 


7 r 

a< 2 


[n = 0, 1, 2, . . .] 
[«= 1,2,3,...] 


fc = l 


r /2 xco S P 1 X 

o sin p+1 x 
f ir / 4 xsin p_1 x 


, 7T 7tp 

ax = — sec — 

2 p 2 


COSP+ 1 x ‘ 4p 2p P \ 2 


r^xsin 2 ”*" 1 ® 

n COS 2m+1 X 


7T 1 T * 1 1 1^-1 

dx = - — (1 — cos to7t) + - — V 
8to 2m ' 


[P < !] 

[P > - 1 ] 
(- 1 )* 


2m ' 2m — 2k — 1 

k—0 


r /4 x sin 2m x 


dx = 


1 


cos 2m + 2 x 2(2 to + 1) 


(L + (_i r -il n2 +y 


(-1)* 


A:— 0 


m — k 


/*7r/4 _ _2 i 

2 t 7T 7T 1 

x tan xdx = — — - In 2 

0 4 32 2 

r /4 3 , 7T 1 7T, „ 1 

x tan xdx = 1 — In 2 G 

0 4 2 8 2 

f>r/4 x 2 ^ an 1 7T 7T 2 

3r i c =-l„2- J + - 


(cf. 3.839 1) 


GW (333)(35a) 

LI (204)(14) 
Bl (206)(7) 

Bl (206)(8) 
Bl (180)(16) 
Bl (180)(17) 
Bl (149)(20) 

Bl (206)(13)a 
LI (204)(15) 
Bl (204)(17) 

Bl (204)(16) 

Bl (204)(3) 
Bl (204)(7) 


3. 


o 


COS 2 X 


Bl (204)(13) 
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3.841 


4. 

5. 

6 . 


7. 


9. 

10 . 


r7r / 4 x 2 tan 2 x 


r 7r / 2 


x cos p x tan xdx = 


, 1 /„ 7T 7T 7T 2 

c7ar = — ( 1 In 2 1 

3 \ 4 2 16 

7t r(p + 1) 


G 


2P +1 p 


(IV 


r/2 , s i»^c„.^=T- 2 ^B^ +I P + 1 


2p p 


. on dx n (2?x — 1) ! ! 

sin 2 tan# — = — 


2 2 

5 dx 7T 

cos r 2 tan ox — = — 
2 2 

J cos[(2n — 1 ) 2 ] ^ sin 2 

cos 2 


(2n)H 


2n 


(cf. 3.839 2) 

b > - 1 ] 


C?2 = ( — 1) 


o2n 1 
i-l_ 

(2 n)! 


c ?2 ir rir r 

tan p 2 ^ ~ = — sec — tanh pq 

q z + x z 2q 2 


[p > -1] 


[* > -1] 


2 2n ~\\B 2n \ 


[r 2 < 1] 


Bl (204)(12) 
Bl (205)(3) 

Bl (206)(11) 
GW (333)(16) 

Bl (151)(26) 

Bl (180)(15) 

Bl (160)(19) 


3.84 Integrals containing 


\/l — k 2 sin 2 


x, VI - k 2 cos 2 x, and similar expressions 


Notation: k' = a/1 — k 2 

3.841 


1. 

2 . 

3. 

4. 


F 00 / dx 

/ sin 2 V 1 — fc 2 sin 2 2 — = E(k) 

Jo x 

/»oo 

/ sinx Vi-fc 2 

Jo 


' cos^ x- 


= £(fc) 


F 00 / d2 

/ tan 2 a/ 1 — fc 2 sin 2 2 — = E(k) 

Jo x 

/ tan 2 V 1 — fc 2 cos 2 2 — 1 = -E(fc) 
do ^ 


Bl (154)(8) 
Bl (154)(20) 
Bl (154)(9) 
Bl (154)(21) 


3.842 

l. 11 


sin 2 dx 
1 0 Vl + sin 2 2 x 


tan 2 dx 

Vl + sin 2 2 x 

sin 2 c ?2 

a/ 1 + cos 2 2 £ 



tan 2 d 2 
a/ 1 + cos 2 2 2 ; 



2 cos 2 d 2 
V sin 2 2 — sin 2 u 


7t 

2 


In (1 + cos w) 


— = ItT f — = ) « 1.3110287771 
V2 Va/2 ) 

Bl (183)(4, 5, 9, 10) 


2 . 


Bl (226)(4) 



3.844 
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sin x dx r 
^1 — fc 2 sin 2 x x J o 


tan x dx 


o yl — fc 2 sin 2 x x 

j‘°° sin a; dx j' 00 tan a; dx 
o Vl — fc 2 cos 2 x x J 0 y/i — fc 2 cos 2 x x 

Bl (183)(12, 13, 21, 22) 


["*' x sin x cos x , 1 r 

/ /, M a <fa= 2p[- rf + 2E ( t) l 

/o V 1 — fc 2 sin x 

/' 7r / 2 x sin x cos x , 1 , 

/ /I ,9 2 ^=^k-2-E(fc)] 

/o yl — k 2 cos 2 x 2fc 2 


/'“ x sin x dx 7rsin 2 § 

/o cos 2 x\/ sin 2 a — sin 2 x cos- a 


x sin x dx 


cos a + \/l — sin 2 a sin 2 (3 
2 cos /? cos 2 § 


/o (l — sin 2 a sin 2 x) \J sin 2 /3 — sin 2 x 2 cos a\/l — sin 2 a sin 2 (3 


3.843 

1. 


f°° / ; dx 

/ tan xv 1 — fc 2 sin 2 2x— = Elk) 
Jo x 

f°° / dx 

/ tan xv 1 — fc 2 cos 2 2x — = Elk) 
Jo x 


tanx dx f c 
Jo s/l + sin 2 2x x Jo 


3.844 

1. 


tanx 

dx 

pOO 

\/ 1 — fc 2 sin 2 2x x 

Jo 

sin x cos x 

dx 

z fc 2 

y/l — fc 2 COS 2 X 

X 

sin x cos 2 x 

dx 

= — \ 

Vl — fc 2 cos 2 X 

X 

fc 2 

sin x cos 3 x 

dx 

l 

's/I — fc 2 cos 2 X 

X 

“ 3fc4 

sin x cos 4 x 

dx 

1 

Vl — fc 2 cos 2 X 

X 

" 3fc4 

sin 3 x cos x 

dx 

1 

Vl — fc 2 cos 2 X 

X 

” 3F 

sin 3 x cos 2 x 

dx 

1 

Vl — fc 2 cos 2 X 

X 

“ 3F 


tanx dx 1 ^ f 1 
X 1 + cos 2 2x x ~ y/2 \V2 


tanx dx . . 

— = ^(*0 


1.3110287771 


[(2 + fc 2 ) K(fc) - 2 (1 + fc 2 ) E{k)] 


Bl (211)(1) 
Bl (214)(1) 

LO III 284 

LO III 284 

Bl (154)(10) 
Bl (154)(22) 

Bl (183)(6, 11) 
Bl (183)(14, 23) 

Bl (185)(20) 
Bl (185)(21) 
Bl (185)(22) 
Bl (185)(23) 
Bl (185)(24) 


6 . 


o 


Bl (185)(25) 
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3.845 


7. 


sin 2 x tan x dx 1 


3.845 

l. 11 


2 . 


3. 


it 


li 


3.846 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


— = 72 [E(k)-k' 2 K(k)\ 


I o Vl — k 2 cos 2 a; £ k 2 

*■)*<*)] 


sin x cos x 

dx 

y/l + COS 2 X 

x 

sin x cos 2 x 

dx 

Vl + cos 2 X 

X 

sin 2 xtanx 

dx 

Vl + COS 2 X 

X 

sin x cos x 

dx 

\/l — k 2 sin 2 

x x 

sin x cos 2 x 

dx 


•ft 

-ff 


i* # 

2 l 2 


1* f 

2 l 2 






- £; 


'x/2 N 


0.5990701174 


0.5990701174 


0.7119586598 


! sin 2 x x k 2 


sin x cos 3 a; dx 1 


\/l — k 2 sin 2 x 

X 

3 k 4 

sin x cos 4 x 

dx 

1 

\/l — k 2 sin 2 x 

X 

3 k 4 

sin 3 x cos x 

dx 

1 

\/l — k 2 sin 2 x 

X 

3fc 4 

sin 3 x cos 2 x 

dx 

1 

\/l — k 2 sin 2 x 

X 

3 k 4 

sin 2 x tan x 

dx 

— U 

\/l — k 2 sin 2 x 

X 

k 2 [ 

sin 4 x tan x 

dx 

1 

\/l — k 2 sin 2 x 

X 

3 k 4 


[(l + k ,2 )E(k)-2k ,2 K{k)] 


3.847 1 


sin x cos x dx 


x/T 


+ sin x 


x/r 


ax r- 
= V2 


+ sin x 


k 4)- e 4 
\ 2 2 


3.848 

1. 

2 . 


sin 3 x cos x 

dx 

i 

y/l — k 2 sin 2 2x 

X 

~ 4fc2 

cos 2 2x tan x 

dx 

= JL r 

\/l — k 2 sin 2 2x 

X 

k 2 1 


[K(k) - £?(*)] 


l/2 


Bl (184)(16) 
Bl (184)(18) 

Bl (185)(6) 
Bl (185)(7) 

BU (184)(8) 

Bl (185)(9) 
Bl (185)(10) 
Bl (185)(11) 
Bl (185)(12) 
Bl (185)(13) 
Bl (185)(14) 
Bl (184)(9) 
Bl (184)(11) 

« 0.7119586598 
Bl (185) (3, 4) 

Bl (185)(15) 
Bl (184)(12) 
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3.849 


r&sk ■ f =w [< 2 ^ - 3t2) ** *<*> - 2 (t ' 2 - *"> E(t >] 


r rrr, • f = sf ^ ^ - ^ ,2 *w] 

/o vl-rsm 2x x ^ 


sin 3 x cos x dx 1 

/l — A: 2 cos 2 2a; x 4 k 2 


[. E(k ) - fc' 2 K(/c)] 


cos 2 2a; tan x dx 1 

, = = 7^ K Ji - £? jfe 

\/l — k 2 cos 2 2x a; /c 2 


Z 100 cos 4 2xtanx dx 1 r . , _.,. n 

l 71 — k-coti 2 2x • T = 5? K J ‘ + * > - 2 ^ + ‘ ’ E(t) l 


y 00 sin 3 x cos x dx 1 ^ ^ t/2^ R ^ \/2 

Jo Vl + COS 2 2x ’ a: " 2^ y 2 J ^ 2 , 

y 00 sin 3 x cos x dx \/2 ^ jp ( \/2^ ^ ^ \/2 

Jo sjl + sin 2 2x x ® \ 2 I 1 2 


I" 00 cos 2 2xtanx dx /o tc ( ^ 
>o \Jl + sin 2 2x x \ 2 


: 0.1779896649 


: 0.1497675293 


0.7119586598 


Bl (184)(13) 


Bl (184)(17) 


Bl (185)(26) 


Bl (184)(19) 


Bl (184)(20) 


Bl (185)(8) 


Bl (185)(5) 


Bl (184)(7) 


3.85-3.88 Trigonometric functions of more complicated arguments combined with 
powers 


3.851 


5. I sin K) co = 


2^) + v®™(s + j)} 

[a > 0, b > 0] , (cf. 3.691 7) 

ET I 23(3)a 


3.852 


5 sin (ax 2 ) fa tt 

dx —\ —— 


[a > 0] 


Bl (177)(10)a 


sin (ax 2 ) cos (&x 2 ) ^ J ^ (^Va + b + V a — b^j [c 


/!(' 


> b > 0] 


= 2 V ™ 


[b = a > 0] 


\\[l (y^Tb-vb^) 


[b > a > 0] , (cf. 3.852 1) Bl (177)(23) 


5 sin 2 (a 2 x 2 ) 2y/Tr o 

dx = ——a 


[a > 0] 


GW (333)(19e 
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3.853 


r °° sin 3 (a 2 x 2 ) a In, 

dx = - J - 3 - 


4 to 

5. 

6 . 

3.853 

1. 

2 . 

3. 


4. 




[im a 2 = 0] 


/»oo 

l < 


dx 1 


t UX -L / Vi 

sin x — x cos x — r = - \ — 

) x 4 3V 2 


cos x — 


1 + X 2 J X 


+ = -i c 


MC 

Bl (178)(8) 
Bl (173)(22) 


^ ~p 2 f|_ .J d x = 0 \/2sin (aft 2 + 0 C (ftaft) - v^cos (aft 2 + 05 (ftaft) - sin (aft 2 ) 

[a > 0, Re ft > 0} ET II 219(33)a 

^ ^ ^ n cos (aft 2 ) — y/2 cos (aft 2 + 0 C (ftaft) — \/2sin (aft 2 + 05 (ftaft) 


, it 

ft 2 + x 2 3 2ft L 


[a > 0, Re ft > 0] 


ET II 221(51)a 


f°° x 2 sin 


in (aa: 2 ) 
ft 2 + x 2 


dx 


ftn 

~2 L 
1 

~2 V 2a 


sin (aft 2 ) — \/2sin (aft 2 + 0 C (ftaft) + \/2cos (aft 2 +05 (ftaft) 


POO ~2 


x“ cos (ax 2 ) ^ 1 fT ftn 

ft 2 +x 2 dX= 2 V 2a ~ T~ 


[a > 0, Re ft > 0] 
| cos (aft 2 ) — v^cos (aft 2 + ?r 


ET II 219(32)a 


t/2 sin (aft 2 + 05 (ftaft)^ 


ET II 221(50)a 


3.854 

1. 

2 . 

3. 


(cos (ax 2 ) — sin (ax 2 )) 


dx ne 


— ab 2 


x 4 + b 4 2 b 3 V2 


(cos (ax 2 ) + sin (ax 2 )) 
(cos (ax 2 ) + sin (ax 2 )) 


2U x 2 dx ne afe2 


£ 4 + b 4 2bft2 


„—ab 2 


(x 4 + 6 4 ) 2 4-\/26 3 


a + nm 


[a > 0, Re ft > 0] 

[a > 0, b > 0] 

LI (178)(ll)a, Bl (168)(25) 
[a > 0, 6 > 0] LI (178)(12) 

1 


2b 2 

[a > 0, b > 0] 


/»oo 

4. / (cos (aa; 2 ) — sin (ax 2 )) 

Jo 


v 4 dx 


„ — ab 2 


(x 4 + b 4 ) 2 \ft2b \2b 2 


[a > 0, b > 0] 


LI (178)(14) 


Bl (178)(15) 
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3.855 

1. 

2 . 

3. 

4. 


5. 

6 . 



Re/3 > 0] 
Re/3 > 0] 


ET I 66(28) 
ET I 9(22) 
ET I 66(29) 

ET I 66(30) 
ET I 9(23) 

ET I 10(24) 


3.856 

1. 


2 . 


3. 


4. 


5. 


' 2 V 2^ i_3 \ 2 ) *+* \ 2 


\Tfi 4 + x 4 


3 7 r 

R ev <2' l ar §^l < 4 


ET I 71(23) 


. /|^ 7 (if) K , + Ji£ 

Jo s/W+x* 2 V 2 M J5 \ 2 ) 2 


(V/? 4 + - ^ 2 ) 

r//3 4 + X 4 


3 7 r 

Rez/<-, |arg/3| < — 


ET I 12(16) 


cos (a 2 ® 2 ) C \ J-/3 2 '' I_i + , 


a 2 /3 2 


7C 


a 2 /3 2 


sm a x 


2 ” 2 ) dx 


2 V 2 ^3 + 2 \ 2 J “*“5 y 2 

3 7T 

Re ^ > — - , |arg/3| < - 


sinh r ^ ^ a 2 /? 2 


ET I 12(17) 


'o * / /^4 _|_ -7*4 4 / -r*2 _|_ * / /-?4 _j_ -^4 V2/3 2 


\//3 4 + X 4 \Jx 2 + (3 4 + : 


K n 


|arg/3| < - 


ET I 66(32) 


cos (a 2 x 2 ) dx 


sinh T ^ f « 2 / 3 2 


^//3 4 + a ; 4 ^x 2 + \//3 4 + a; 4 ^ _ 




|arg/3| < - 


ET I 10(27) 
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3.857 


3.857 


r°° y VP +x 4 + x 
D \//3 4 + X 4 


sin (a 2 x 2 ) dx = — -j=e 2 Iq 


7 r a 2 0 2 f a 2 j3 2 

ut 2 0 v~ 


|arg/3| 


ET I 67(33) 


L Sin |" 2) ^ o(ac)«nab 

Ri = \J c 2 + (b — x 2 ) 2 , i ?2 = \J c 2 + (b + x 2 ) 2 , a > 0, c > 0 ET I 67(34) 

f 0 f5^\/f^ COS ( ° x2) ^ = 2^ g ° ( °‘ !) CTal ' 

i?i = J c 2 + {b — x 2 ) 2 , i ?2 = J c 2 + {b + x 2 ) 2 , a > 0, c > 0 ET I 10(26) 


3.858 


+ (x 2 - 


■ sin ( a 2 x 2 ) dx 


u 2v J ut 


Fi * 


+ Ji_rr 


[Re ^ < |] ET I 71(25) 


+ (x 2 - 


cos (a 2 x 2 ) dx 


4 V a 


u 2 " J 


3.859 


3.861 


l H* 2 ') 


-* + n 2 r-'-H 2 2 r-* + n 2 n 

[Re v < |] ET I 13(26) 


1 dx 1 

1 + x 2n+1 x 2 n 


Bl (173)(24) 


I" sin 2 " +1 (ax 2 ) ^ = ± TV-l)*" 1 f + . 1> )(2fc - l) m ~l 

/o V ' x 2m 2 2n - m + 2 ( 2 w- 1)!! ^ \n + kj y 

the + sign is taken when to = 0 (mod 4) or m = 1 (mod 4), 

the — sign is taken when m = 2 (mod 4) or to = 3 (mod 4) \ J 


2 . r sl „-K)^=± 

do a 


v / ^a m "3 

2 2n - 2m +i(2m - 1)!! 




the + sign is taken when to = 0 (mod 4) or to = 3 (mod 4),1 , v 

the — sign is taken when to = 2 (mod 4) or to = 1 (mod 4) a ’ 


poo / • 2 \ 71 

3.862 / ; cos (ax 2 \/n) + sin (ax 2 ^)] t ** 


7= y ( — l) fc ( ) (n — 2/c + a^/n) 1 

(2n-l)!!^^; 


a > \fn > 0] 


Bl (178)(9) 
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3.863 

1. 


2 . 


3.864 

1. 

2 . 


3.865 

1. 


2 . 


3. 


4. 


3.866 

1. 


2 . 


f°° 7t fW 

/ x 2 cos (aa; 4 ) sin (2 bx 2 ) dx = — — y — 

Jo 8 V a 

f 00 9 7T fb 3~ 

/ a: 2 cos (aa; 4 ) cos (26a; 2 ) dx = — — \ — 

Jo 8 V a 


■ . / 6 2 7t \ / 6 2 \ / 6 2 n\ T fb 2 ' 

sin — J _ i — + cos — J a — 

\2a 8/ 4 \2a J \2a 8/ 4 \2a, 


[a > 0, 6 > 0] 


ET I 25(22) 

. . b 2 7t \ / 6 2 \ / fr 2 tt \ / 6 2 \ 

sin - — I- — J_s — + cos - — I- — J_i — 

2 a 8/ 4 \ 2 a J \ 2a 8/ 4 \ 2 a J 


[a > 0, 6 > 0] 


ET I 25(23) 


) b dx 7 r 

sin — sin ax — = — Yq ( 2V ab ) + Kq ( 2V ab ) 
x x 2 

b dx 7 r 

cos — cosax — = — — Y 0 ( 2Vab) + K 0 ( 2Vab) 
x x 2 


[a > 0, 6 > 0] 


[a > 0, 6 > 0] 


WA 204(3)a 


WA 204(4)a, ET I 24 (12) 


(u 2 — x 2 )^ 1 . a 
x' 2 i J ' Sm a; 


- 




[a > 0, u > 0, 0 < Re /x < 1] 

ET II 189(30) 


’ (x — u) 


i 9 sin — dx = \ —a 2 ^ V (iY) sin J 

J u x 2 » x V u 2 u 5 V2uJ 

[a > 0, u > 0, Re fj, > 0] 

l - 'X 1 m l dx = - l 2 r(0 


ET II 203(21) 


[a > 0, u > 0, 0 < Re /a < 1] 

ET II 190(36) 


- 9/Aer— 1 


’ (x — u) 


x 2 fi 


cos — dx = 11 T(fj,) cos J 1 (t-) 

x V u 2 u ^~9. \2uJ 

[a > 0, u > 0, Re /x > 0] 


ET II 204(26) 


/*oo y2 \ A 4 

/ x^ 1 sin — sin (a 2 a;) dx = j ( - J cosec [J p (2a6) — J _^{2ab) + I-^{2ab) — I M (2a6)] 

Jo ^ 4 \a/ 2 

[a > 0, 6 > 0, |Re /x| < 1] 

ET I 322(42) 

/»00 7 2 / 1\ [A 

/ a:^ 1 sin — cos (a 2 a;) dx = j ( - J sec [J^(2ab) + J-^(2ab) + I^ab) — 7_ M (2a6)] 

Jo 2 ; 4 \a/ 2 

[a > 0, 6 > 0, |Re /x| < 1] 


ET I 322(43) 
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3.867 


3. 

3.867 

1. 

2 . 

3.868 

1. 

2 . 

3. 

4. 

3.869 

1 . 

2 . 

3.871 

1. 

2 . 

3. 


,oo T 2 7 T / b \ ^ 

/ x M_1 cos — cos ( a 2 x ) dx = j ( - J cosec [J_ p (2a6) — J ll (2ab) + /_ M (2a6) — / /i (2a6)] 
Jo x 4 \a J 2 


cos ax — cos - 1 f°° cos ax — cos - 

1 - dX ° 2 1 1-s* 


cos ax + cos “ 1 f°° cos ax + cos “ 

~ dx = - / 


1 + x 2 


1 + X 2 


f°° . ( 2 6 2 \ dx 

J sin ^a x + — J — = 7 r Jo(2ao) 

Z 100 / 2 & 2 \ rfa; 

J cos x + — J — — = — 7t Y o(2a6) 


, 2 d 2 \ dx 

sm a x — = 0 


f°° f 2 6 2 \ dx „ r , ,, 

J cos ^ a 2 x — — J — = 2 K 0 {2ab) 


r °° / b\ xdx 7 r / b 

sm[ax ~i WT^ = 2 e,ip {- al} -e 


roo/ b\ dx 7 r / b 

cos ( ax ) — 77 = 777 , exp -a/3 - - 


[a > 0, 

&>0, 

Re/t < 1] 

ET 1 322(44) 

7T . 

— sin a 



[a > 0] 


GW (334)(7a) 

r- 



[a > 0] 


GW (334)(7b) 

[a > 0, 

&>0] 



GW (334)(lla), WA 200(16) 

[a > 0, 

&>0] 

GW (334)(lla) 

[a > 0, 

6 > 0] 

GW (334)(llb) 

[a > 0, 

6 > 0] 

GW (334)(llb) 


[a > 0, b > 0, Re (3 > 0] 


ET II 220(42) 


x J /3 2 + x 2 2/3 


13 


[a > 0, b > 0, Re (3 > 0] 


ET II 222(58) 


poo 

/ 6 2 \ 
a x H 


/ x^ 1 sin 

dx = 7 

/ 0 

V xj\ 



Jn(2ab) cos ^ - Y^(2ab) sin 

[a > 0, b > 0, Re/i < 1] 


ET I 319(17) 


x M 1 cos 


x M 1 sin 


b 2 

a | x H 

x 


b 2 

a | x 

x 


dx = —7 


Jfj,(2ab) sin ^ + F p (2a6) cos ^ 

[a > 0, b > 0, | Re // 1 < 1] 


ET I 321(35) 


dx = 26 M K IJi (2ab) sin ^ [a > 0, b > 0, |Re /u| < 1] 


ET I 319(16) 



3.874 
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x M 1 cos a ( x 


dx = 2 7T M (2a6) cos 


[a > 0, b > 0, | Re (i\ < 1] 


ET I 321(36) 


3.872 


\ f 1 \i . r / ni dx 

sm a \ x H — sin a x ^ 

V x J J \ x J \ 1 — x z 

1 Z 100 . r / 1\1 . [ / 1 \1 dx 7t . 

= - / sm a [ x H — sm a a; ^ = — — sm 2a 

2 In V X J V x ) 1 — x 2 4 


Bl ( 149) ( 15) , GW (334)(8a) 


/ n / n dx 

cos a iH — cos a x ~ 

V x ) \ \ i/J 1 + r 

1 /-oo 


1 / ( M / 1\ dx 7t _ 2o 

- / cos a x H — cos a x ^ = — e 

2jn \ x \ x 1 + x 2 4 


3.873 

1. 


[a > 0] 

[ sin cos b 2 x 2 ^ Isin(2a6) + cos(2 ab) + e^ 2ab l 

do X 2 x 2 \\[2a L J 

[a > 0, 6 > 0] 

[ cos cos 6 2 x 2 -^ = — |cos(2afe) — sin(2afe) + e~ 2ah l 
do * x 2 4V2a 

[a > 0, b > 0] 


GW (334)(8b) 


ET I 24(15) 


ET I 24(16) 


3.874 

1. 


sin a 2 x 2 — 


cos ( a 2 x 2 — 


dx 

A • 

— — sm 
2b 

X 2 

dx 

X 2 

\Ztt 

~2b C ° S 

dx 

ydr ( 

X 2 

2 y/2b 

dx 


X 2 

2V2b C 


[a > 0, b > 0] 

E 

j) [« > 0, b > 0] 


Bl (179)(6)a, GW(334)(10a) 


Gl (179)(8)a, GW(334)(10a) 
[a > 0, b > 0] GW (335)(10b) 

[a > 0, b > 0] GW (334)(10b) 


’ . ( b\~ dx \ph r 

sm ax — = — — 

\ x J x 2 4 b 

( b\" dx \/27 r 

cos ax — = — — 

V x / x 2 4 b 


[a > 0, b > 0] 
[a > 0, b > 0] 


GW (334)(10b) 
Bl (179)(13)a 
Bl (179)(14)a 
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3.875 


3.875 

1. 

2 . 

3. 6 

3.876 


2 . 


4. 


5. fc 


J x sin ( p\/x 2 — it 2 ) 


x 2 + a 2 


cos bxdx = — exp {^—py/ a 2 + u 2 ^ cosh ab 

[0 < b < p] 

(by/ 1 u 2 — a 2 ^ 


x sm (py/x 2 - u 2 ) 7 r 

- - - — cosbxdx=—e ^ cos 

a 2 + x 2 -u 2 2 


/o (a 2 + x 2 ) 3/2 2 a 


[0 < b < p, a > 0] 
[0 < p < b, a > 0] 


f°°sm (py/x 2 + a 2 ) 7 t / /-= \ 

1. / — - cos bx dx= — J 0 { ay/p 2 — b 2 ) 0<&<p 

Jo Vx 2 + a 2 2 VP ) 1 n 


= 0 


5 cos (py/x 2 + a 2 ) 7 r , , 

— cos bx ax= — — r o 1 flvP — cr 


V* 2 + ' 


= iT n ( a\/b 2 - p 2 


[b > p > 0] 
[a > 0] 

) [0 < b < p\ 

[b > p > 0] 
a > 0] 


3 . r~(^ cl6l , fc 

j q x H - c 2 c V / 

r°° sin (py/ x 2 + a 2 


I o (a: 2 + c 2 ) Va; 2 + a 2 


cos bx dx = 


[c > 0, b > p] 

7 r e _bo sin (py/a 2 - c 2 ) 

- [c + a] 


2c Va 2 - c 2 


_ 7T -6aP 
2 a 


r°°COS (pV® 2 + a 2 ) 7T — a b 

- - cos bx dx = — e 

n x 2 + a 2 2 a 


R x cos (py/ x 2 + a 2 ) 7 r 

6. 6 / V , 0 7 sin bx dx = -e~ ab 

Jo x 2 + a 2 2 

f u cos ( py/u 2 — a; 2 ) 7t / r— -\ 

7. / — - cos bx dx = - Jo (uy/b 2 +p 2 ) 

F 00 cos (py/x 2 — u 2 ) 

J u y/x 2 - u 2 


[c= aj 

[6 > p, c > 0] 

[6 > p > 0; a > 0] 

[a > 0, & > p > 0] 


cos bxdx= K o ( «v p 2 — 6 2 
n 

~ ~2 


[0 < b < |p|] 


Y o ( uy/b 2 - p 2 ) [6 > |j?|] 


ET I 27(39) 

ET I 27(38) 
ET I 26(29) 


ET I 26(30) 

ET I 26(34) 

ET I 26(33) 

ET I 26(31)a 
ET I 27(35)a 

ET I 85(29)a 

ET I 28(42) 


ET I 28(43) 
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3.877 

1. 


2 . 


3. 


3.879 

3.881 


1 sin ( p\Ju 2 — a: 2 ) 


cos bxdx = \ J 


( u 2 — x 2 ) 

5 sin ( p\Jx 2 — u 2 ) 


7 r 3 p 


* L2 


(\A 2 + p 2 ~b^j J i | ( \Jb 2 +p 2 + b^j 


3 L2 

[6 > 0, p > 0] 


ET I 27(40) 


cos bxdx = — \ —— J 


3. 

4. 

3.878 

1. 

2 . 


[x 2 — u 2 ) 

1 COS (pVu 2 — X 2 ) 


ir 3 p 


* L2 


- \Jb 2 - p 2 ^ Z i 7; (b+ \A 2 - p 2 ) 


[b > p > 0] 


ET I 27(41) 


cos bxdx = \ —— J 


( u “ — x 2 ) 

J cos (pV x 2 — u 2 ) 

) o\3 

J — u z ) 


7 T 3 p 


■3 L2 


(\/p 2 + b 2 - b'j J_ i ^ (a/p 2 + 6 2 + 


cos bx dx = —\ — — J 


ir 3 p 


'J L2 


[« > 0, p > 0] 

Y 


(b- \Jb 2 -p 2 ) 

[b > p > 0] 


u 

* L2 


ET I 28(44) 

(b + \Jb 2 -p 2 ^ 

ET I 28(45) 


[Fflj , 

yjx 4 + a 4 2 V V 2 / "J 


r a 2 


(p- \/p 2 - 6 2 ) 

[p > 6 > 0] 


r a 2 


, 2_ b 2 

ET I 26(32) 


cos (p\Zx A + a 4 ) 2 

. cos bx dx 


Vx 4 + a 4 


‘ cos (p-\At 4 — a: 4 ) 
•\/m 4 — £ 4 



a 

y 


(p - Vp 2 - b 2 ) Y i \{p+ Vp 2 - b 2 ) 


[a > 0, p > 6 > 0] 

(Vp 2 + b 2 -p'j J_ i 
[p > 0, b > 0] 


sm aat 


p dx 7T 


x 2p 

r /2 7 r 

1. J xsm(ata,nx) dx = —e a [C+ ln2a — e 2a Ei(— 2a)] 


[a > 0, p > 0] 


n 2 Jy2 

ET I 27(36) 

(Vp 2 + 6 2 +p) 

ET I 28(46) 

GW (334)(6) 



[a > 0] 

Bl (205)(9) 

-It 1 --) 

[a > 0] 

Bl (151)(6) 

•T-ft 1 --) 

[a > 0] 

Bl (151)(19) 
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3.882 


4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

3.882 

1. 

2 . 

3 . 


, . dx 7T 

/ cos (a tan x) sm x — = — e 
Jo x 2 

. / . . dx 1 + a 

/ sm ( a tan x) sm 2x — = — - — 7te 

Jo x 2 

Z" 00 / . . o dx 1 — a 

/ cosiatanxism x — = ne 

Jo x 4 

/°° . , . x 2 dx 1 + a 

/ sm (a tan x) tan — cos x — = — - — 7te 

Jo 2x4 

/’’"J 2 / s xdx 7T . . 

/ cos (a tan x) = ha( — a) 

Jo ' sm 2x 4 


f 7r /2 


sin (a cot x) 


sin 2 x 


2a 


/ x cos (a tan x) tan xdx = e~ a \ C+ In 2a - 

Jo 4 L 

J 00 . , dx TT _ n 

/ cos (a tan xj tan x — — —e 
Jo x 2 

F 00 . . . 2 d x 1 — a 

/ cos (a tan x) sm x tan x — = 7te 

Jo 16 

F 00 . . . 2 Jx 7T 

/ sm (a tan x) tan x — = — e 

Jo x 2 

F 00 „ , Jx 7t 

/ cos (a tan 2x) tan x — = — e 
Jo x 2 

F 00 . . . 2 r. dx 1 + a 

/ sm (a tan 2x) cos 2xtanx — = 7te 

Jo x 4 

F 00 . . „ , dx 7t _ 

/ sm (a tan 2x) tan x tan 2x — = — e 

Jo x 2 

F 00 . . . dx 7T , _ . 

/ sm (a tan 2x) tan x cot 2x — = — (1 — e j 
Jo x 2 


[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 

e 2a Ei(— 2a)] 
[a > 0] 
[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 


/ sin (a tan 2 x) J ^ Texp (— atanh b) — e a l 

/ o (r + x z 2 

[a > 0, b > 0] 

cioc 7T 

/ cos (a tan 2 x) cos x — ^ = — [cosh 6 exp (—a tanh 6) — e~ a sinh 6] 

/q 0 H - X ZD 

[a > 0, b > 0] 
exp (—atanh b) 

[a > 0, b > 0] 


x dx 


7 r 


/ cos (a tan 2 x) cosec 2x,„ „ — „ . , 

/ o v ' b 2 + x 2 2 sinh 26 


Bl (151)(20) 
Bl (152)(11) 
Bl (151)(23) 
Bl (152)(13) 
Bl (206)(15) 
LI (206)(14) 

Bl (205)(10) 
Bl (151)(21) 

Bl (152)(15) 

Bl (152)(9) 

Bl (151)(22) 

Bl (152)(13) 

Bl (152)(10) 

Bl (180)(6) 


Bl (160)(22) 

Bl (163)(3) 


Bl (191)(10) 
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/»00 

4. / cos (a tan 2 x) tan x 

Jo 


x dx 


b 2 + x 2 2 cosh b 


e a cosh b — exp (—a tanh b) sinh b ] 


5. 11 / cos (atan 2 x) cotx—^ — 2 = — [cotli b exp (— a tanh 6) — e ~ a ] 

Jo b 2 + x 2 2 


6 . 

3.883 

1. 


cos (atan 2 a;) cot 2cc ^ ^ 2 = ^ [ c °th26exp (— atanhfe) — e “] 


[a > 0, 6 > 0] 

6) - e"“] 

[a > 0, b > 0] 
nh b) — e~ a ] 

[a > 0, b > 0] 


dx 


an 


Jo C ° S(alnX) (l + x)> “2 sinh atr 


2. f x ^ 1 sin (/3 In x) rfx = — 

Jo 

3. f x^- 1 cos (/?lna;) dx = 

Jo 


u 


fi 2 + fa 2 

t* 


f3 2 + 1± 2 


[Re n > |Im / 
[Re n > |Im / 


3.884 1 


sm a\J \x 
x — b 


sign xdx = n exp a\/|— b\^ + exp ^—ay/\b 


[a > 0, Im b 0] 


Bl (163)(4) 

Bl (163)(5) 

Bl (191)(11) 

Bl (404)(4) 
ET I 319(19) 
ET I 321(38) 

ET II 253(46) 


3.89-3.91 Trigonometric functions and exponentials 


3.891 

1. 


f* 2"7T 


e lmx sin nx dx= 0 


= m 


2 . 


: cos nxdx= 0 


Jo 


= n 
= 27T 


[to 7^ n; or m = n = 0] 

[ffl=n / 0] 


[to. ^ n] 

[m = n/ 0] 
[m = n = 0] 


3.892 

l. 11 [ e l/3x sin v ~ 1 xdx = 


7re 8/3 2 




[Re v > -1] NH 158, EH I 12(29) 


2. / e i0x cos"- 1 x dx = 


|I/-1_.T> I V + P + 1 ^-/3+l 


2"“ i/B 


[Re 1/ > — 1] 


GW (335)(19) 
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3.893 


f 71 '/ 2 . 1 

e *2/3® s j n 2 M x cos 2iy x dx = ^ 0fi+2v+1 { ex P [*tt (P — v ~ |)] B (/3 — \i — v, 2 v + 1) 

x F (—2/1, P — n — i/\l + P — n + u\ —1) + exp [in (p + |)] 

x B(/3 — /x — v, 2p + 1) F {—2v, P — p — v\ 1 + p + p — v\ — 1) | 

[Re p > — ^ , Rez/>— |] EH I 80(6) 

r e i2/3x gin 2 M ^ cos 2 , ^ = tt exp [injp - v)] F(- 2v, p - p - v, 1 + p + p - i/; -1) 


4^ + "(2p + 1) B(1 - /? + p + v, 1 + (3 + p - i/) 


EH I 80(8) 


W 2 

5. / e i i^+ v ) x sin 71-1 x cos u ~ 1 x dx = e ip ^ B(p, i/) 

Jo 

= 2 M+^-i elM7 J ’( 1 - + i; -i) + - ^(1 - + 


[Re p > 0, Re v > 0] EH I 80(7) 


3.893 


f°° _ 1 

1. / e pa; sin(gx + A) dx = ^ (geos A + psin A) [Rep > 0] 

Jo p 2 + q 2 


r°° 1 

2. 8 / e px cos (qx + A) dx = —5 » (pcos A — gsin A) [Rep > 0] 

Jo p- +q ‘ 


/»oo 

3. / e - * cos 4 cos (7 — x sin t) dx = 1 

Jo 


Bl (261)(3) 


Bl (261)(4) 


Bl (261)(7) 


f°° e sin aa: 


*- R< {sK 2 5 i -4)-* 


b — a . p 
2b ~ l 2 b 


[Re P > 0, b ^ 0] GW (335)(15) 


r°° e 2pa: sin[(2n + l)a;] 1 


dx=J- + Y.^Z 

' r)" -I- 


> g pa: gi n 2nx 


dx = 2 p 


2 p 2 -— ' p 2 + fc 2 

/c— 1 


p 2 + (2fc + l) 2 


[Rep > 0] 


[Rep > 0] 


Bl (267)(15) 


GW (335)(15c) 


, f e -^ n+1) ^ - ^5, + (-ml 


[p > 0] 


3.894 


3.895 


e-px g in 2m x dx — 


/M , 1 " inxj 2nT(v+l)P™(P) 

+ V/3 2 — 1 cos x e dx = — — — — 

J T(ra + m + l) 

[Re p > 0] 

(2 to )! 

P{P 2 + 2 2 ) (P 2 + 4 2 ) • • • [/3 2 + (2m) 2 ] 

[Re P > 0] 


LI (267)(16) 


ET I 157(15) 


FI II 615, WA 620a 
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2 . 


3. 


10 


10 


4. 


5. 


10 


6. 5 


7. 


10 


9 .' 


-vx ■ 2m , (2m)! (1 — e~ p7T ) 

/ o p (p 2 + 2 2 ) (p 2 + 4 2 ) • • • [p 2 + (2m) 2 ] 

,tt/2 


GW (335)(4a) 


e - p:r sin ^ m % dx 


/o 


(2m)! 

p (p 2 + 2 2 ) (p 2 + 4 2 ) • • • [p 2 + (2m) 2 ] 


x < 1 — e 2 




,2 P 2 (p 2 + 2 2 ) 


P 2 (p 2 + 2 2 ) • • • [p 2 + (2m — 2) 2 


4! 


(2?ro)! 


[ e~ 0x sin 2m+1 xdx = (2m + 1)! 

Jo (/3 2 + l 2 ) (/3 2 + 3 2 ) • • • [/3 2 + (2m. + l) 2 ] 


[Re/3 > 0] 


(2m. + 1)! (1 + e~ p7T ) 


/ p~ px sin 2m+1 rdr = 

I o (p 2 + l 2 ) (p 2 + 3 2 ) • • • [p 2 + (2?n + l) 2 ] 

,tt/2 


Bl (270)(4) 

FI II 615, WA 620a 
GW (335)(4b) 


e -px g in ^ m +i x dx 


/o 


(2m + 1)! 

(p 2 + l 2 ) (p 2 + 3 2 ) • • • [p 2 + (2m + l) 2 ] 

p 2 + l 2 (p 2 + l 2 ) (p 2 + 3 2 ) • • • [p 2 + (2m - l) 2 ] 


x < 1 — pe s 7 " 1 + 


3! 


(2m. + 1)! 


Bl (270)(5) 


[ e~ px cos 2m x dx = (2m)\ 

/o ' p (p 2 + 2 2 ) • • • [p 2 + (2m) 2 ] 


P 2 (p 2 + 2 2 ) • • • [p 2 + (2m — 2) 2 


(2m)! 


[p > 0] 


Bl (262)(3) 


t 7r /2 


e- px cos 2m xdx 


(2m)! 


p (p 2 + 2 2 ) • • • [p 2 + (2m) 2 ] 

P 2 P 2 (p 2 + 2 2 ) 
+ 2 ! + 


x < — e 


P 2 (p 2 + 2 2 ) • • • [p 2 + (2m. — 2) 2 


4! 


(2m)! 


Bl (270)(6) 


e~ px cos 2m+1 x dx 


(2m. + l)!p 


(p 2 + l 2 ) (p 2 + 3 2 ) • • • [p 2 + (2m + l) 2 ] 


x n + 


+ l 2 (p 2 + l 2 ) (p 2 + 3 2 ) (p 2 + l 2 ) (p 2 + 3 2 ) • • • [p 2 + (2m. - l) 2 


3! 


5! 


(2m. + 1)! 


[p > 0] 


Bl (262)(4) 
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3.896 


10. 11 / e~ px cos 2m+1 x dx 


(2 to + 1)! 

( p 2 + l 2 ) (p 2 + 3 2 ) • • • [ p 2 + (2m + l) 2 ] 
f _p” I" p 2 + l 2 (p 2 + 1) ( p 2 + 3 2 ) 

X<^e p 2 + p 1+— + ---+ A — 77T - 


■ p 2 + (2m — l) 2 | 

^ Ji 

Bl (270)(7) 


dx= 4TlL e ;(W«n, rt 

( cos bx J a(n + l) 

7 / i 


b+na+i/3 \ / b+na— i/3 

7^7 ±(-ir 77 


[a > 0, b > 0, Re (3 > 0] 


' -ax 2 7 a 2 + 2 m 2 

e cos mat dx = — — 


a (a 2 + 4m 2 ) 


e oa: cos mi cos nx dx = 


e ax sin rot cos nx dx = 


a (a 2 + m 2 + n 2 ) 

(a 2 + (m — n) 2 ) (a 2 + (m + ?t) 2 ) 
m (a 2 + m 2 — n 2 ) 

(a 2 + (m — rc) 2 ) (a 2 + (m + n) 2 ) 


r -ax ■ 2 7 2m 

/ e sm mi ax = . „ — 77 

/o a (a 2 + 4m 2 ) 


[a > 0] 


e oa: sin rot sin nx dx = 


2amn 


[a 2 + (m — n) 2 ] [a 2 + (m + ?i) 2 ] 


DW61 (861.06) 


DW61 (861.15) 


DW61 (861.14) 


DW61 (861.10) 


DW61 (861.13) 


3.896 


/ OO / — 2 

_ 2 2 a/7T p 

e q x sin[p(x + A)] dx = e sinpA 

-OO 5 

[°° _ 2 2 ^7t _ p 2 

2. e qx cos[p(x + A)] dx = — e ^ cospX 

3 - i e "“' sinta ,, x = i exp (-y iFi ( M ; i 

6 / 3 6 2 A 

-2^ 1jFi \ ’ 2 ’ ~4a) 

by, 1 / 6 2 A fe_1 

~ o7, (Ob - IV! \ ~ 9rj / 


2a 7^ (2fc- 1)!! V 2a 


e cos bx dx = - , f% exp f — 7- 
2V/3 V 4/3 


[a > 0 ] 


[Re /3 > 0] 


Bl (269)(2) 


Bl (269)(3) 


ET I 73(18) 


FI II 720 


Bl (263)(2) 
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3.897 

l. 8 


2 . 


3.898 

1. 


2 . 


3. 8 

3.899 

l. 7 

2 . 


3. 


3.911 

1. 

2 . 

3. 11 


e-^-T sin fa d* =-!,/? (exp < 7 “ 


4\I3( V 

(7 + ib) 2 |\, / 7 + ^ 


2 ^ /J 


exp 


4/3 


V 2v^ 


e 7:r cos bxdx = -J — ( exp 


1 Fir \ Oy — ib) 

4 V ^ I 6XP 4/3 


[Re/3 > 0] 




+ exp 


(7 + i&) 2 


l_$fl+* 

V 2 v / /3 


[Re/3 > 0] 


D -tf* 2 • . , , 1 /F j (<»-i>) 2 (°-+<0 2 

e M sm ax sm ox ax =-./—< e 4 f — e 4 f 

4 V /3 l 


3 -fl® 2 , , 1 Fk f (°- b ) 2 (°+b) 2 

e M cos ax cos ox ax =-,/—< e 4 ' 3 + e w 

4 V /3 l 


[Re/3 > 0] 


—vx 2 -2 7 1 /tF / w 

e ^ sm axdx = - w — ( 1 — 

4 




[Re/3 > 0] 
[Rep > 0] 


’ e p * sin[(2 n+l)x] , 
ax = 


sm x 


7>-(T 


e p x CO s[(4n + l)x] y^7r 

ax = 


cosx 


e _p:r dx 


k=l 
2 n 


[p > 0 ] 




fc =0 


[p > 0] 


p ( X ^2, / yt 2N 

/o 1 - 2acosx + a 2 “ 1 _ a 2 |2 + ^ a exp V 4p y 


= ^rrU + E a_fcex P 


fe=l 


[a 2 <1, p > 0] 
[a 2 >1, p > 0] 


sin ax 1 

ax = 


g/3* _)_ 1 2a 2/3sinh^ t 

sin ax 7t f na\ 1 

—5 ax = — coth — — — 

e@ x — 1 2/3 V /3 y 2a 


sm ax 


. -e x / 2 dx = -7rtanh(a7t) 

/ 0 e*-l 2 v ; 


[a > 0, Re /3 > 0] 
[a > 0, Re /3 > 0] 
[a > 0 ] 


ET I 74(27) 

ET I 15(16) 

Bl (263)(4) 

Bl (263)(5) 
Bl (263)(6) 

Bl (267)(17) 

Bl (267)(18) 
El (266)(1) 

LI (266)(1) 

Bl (264)(1) 
Bl (264)(2), WH 
ET I 73(13) 
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3.912 


4. 


5. 


6 . 


3.912 


. n— 1 

smflx __ , 7r 1 7 r a 

: e cfa; = - - — + — — - - > -= — 

— 1 -T r> 2 4- 


1 — e - 


2 2a ' e 2 ™ - 1 


fc=i 


[a > 0] 


sin ax 1 

ax = 


g/3® _ e 7 :c 2 i(/3 — 7 ) 


, . (3 + ia\ , ( /3 — ia 


P-'yJ ' V/3-7 


sin acccfa; i . , . _ . . , , . ... 

e /?g (g-x _ i) = 2 ^ + *°) " ^ ~ za)] 


[Re/3 > 0, Re 7 > 0] 
[Re/3 > -1] 


1 . / e _/3a: (l — e~ lx Y sin axdx = ~ — 

Jo 27 




7 7 V 7 

[Re /3 > 0, Re 7 > 0, Re ^ > 0, 


a : 


2 . 


fix — 7X )" cos axdx= — 

v ' 27 




7 7 V 7 

[Re /3 > 0, Re 7 > 0, Re v > 0, a 


3.913 


1. J 2 e i/3 * cos" x (/3 2 e“ + j/V*')'* dx = 


2. 11 / e _iMa: cos p x (a 2 e ix + b 2 e~ ix Y dx 


n 2^1 (-/t, 2 _ f^2 ;1 +2+l^2 

2 > + 1 )B( I + f + t-|, a -f + t 

[Re v > — 1, \v\ > |/3|] 


u+fi+v . -j ii—is—u . or 


7Tb 2 " 2 Ft (~U, 1 + j, 

^+i) B L^i±^£,i + H±^ 


^Jlv 771 7 ,, u—fl—u . -t , 11— v+u, , b 2 \ 

Tta 2 Fi 5 ; 1 + ^ 

[R,e /./, > — 1] 


3.914 


1. [ e d\Zi 2 +x 2 QQsbxdx = 1 2 jjfi ('y\/p 2 + 

7o sJW+V V V / 


[Re/3 > 0, Re 7 > 0] 


2 . J Vl 2 + x2e f3 Vr+x 2 CQg ^ ^ = ^7 ^ (-y^ 4 ) + ~ Ki ( 7 A) 

U = V/3 2 + & 2 


Bl (264)(8) 

GW (335)(8) 
ET 73(15) 

0] ET I 73(17) 

0] ET I 15(10) 



EH I 81(ll)a 

[for a 2 < b 2 ] 

[for b 2 < a 2 ] 

ET I 122(31)a 

ET I 16(26) 
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3. 


4. 


5. 


6 . 

7. 


9. 

10 . 

3.915 

1. 

2 . 

3. 3 

4 . 


[ ( 7 2 + a; 2 ) e-'Vr^* 2 cos bx dx 

Jo 


3/3 7 2 , v ^ , ( 6/3 7 , 8/3 3 7 , /3 3 7 3 \ „ , „ 

^ 42 “ + ) K oh A ) + ^-^ 3 - + ^ 45 - + ^ 43 “ ) KiOfA) 

A= \/ (3 2 + b 2 


r°° p-Py/i 2 + x2 / \ 

/ — cos bxdx = K 0 \^\J fi 2 + b 2 ) [Re/3 > 0, Re 7 > 0, b > 0] 

•to v 7 2 + x 2 v > 


ET I 16(27) 


/ 0 \/3 ( 7 2 + a; 2 ) 3/2 7 2 + ; 


e /3 V / o ,2+a:2 cos bxdx = \J (3 2 + b 2 K 1 ^ 7 \/ /3 2 + b 2 ^ 


J xe d\/i 2 +x 2 s [nbxdx = ^ ( 7 \//3 2 + b 2 ^ 

( x\J~i 2 + x 2 e~ l3 '/' y2+x2 sinbxdx 
Jo 


(6.726(4)) 
ET I 175(35) 


I 6 7 2 4&/3 2 7 2 ^ ^ , / 26 7 8 6/? 2 7 6/3 2 7 3 

= 7^T + ^44-) ^0(7 ^)+ + — + — 


A" 1 ( 7 A) 


A= \J (3 2 + b 2 

3^,2 ^«3„,4 


jf (7 + *’> e~^ xsMx= (.!« + ^ + MV) KohA) 

/ O/l /IS?,«3_, QJ.fl-,3 o^fl3„,3 


246/3 7 48&/3 3 7 36/3 7 3 86/? 3 7 

A 5 + A 7 A 3 + /4 5 

A=^(3 2 + b 2 


r 00 xe~ l 3 V'i 2 + x2 -yh / . \ 

l Mx = d wtW k J iVw ^) 

l ( w + TTe) e - ,v7g ” h < l » = | K « (^vT^TP) 


2 

a 


f e lf3 cos x cos nx dx = i n tt J n (/ 3 ) 

Jo 

j ^ e i/3 sin * cos 2 " z dz = v^F Q ) r (^ + ^ ) J, (/3) 
cosx sin^zd® = V^r (|) T (V+ 0 M/?) 


[Re ^ > -5] 
[Re ^ > -5] 


K 1 ( 7 /4) 

ET I 75(36) 
(6.726(3)) 

GW (337)(15c) 
EH II 81(2) 
EH II 81(6) 
GW (337)(15b) 
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3.916 


5. 

3.916 

1 . 

2 . 

3. 

4. 

5. 

3.917 

1 . 

2 . 

3.918 

1 . 

2 . 

3. 


J e z P cosx s i n 2v x d x — r (^+ ^ JAP) [Rez^— |] WA 34(2), WA 60(6) 


r/ 2 .-p 2 ta„x Sin |Vc^ 


sin 2x 


dx = 


^ - j 


^ - 2 


NT 33(18)a 


r' 2 exp (-plan a;) tte = _l e „ PEi( } 
/o sin 2 a; + a cos 2x + a 2 


r e ^-” Mx 1 dx = _l e -»EiM 

/q sin 2 a; + a cos 2 a; — a 2 


[p > 0] , (cf. 3552 4 and 6 ) 

Bl (273)(11) 

[p > 0] , (cf. 3.552 4 and 6 ) 

Bl (273)(12) 


/•tt /2 


exp (— p tan a;) sin 2 a; dx 


) 0 (1 — a 2 ) — 2 a 2 cos 2 a; — (1 + a 2 ) cos 2 2 a: 

r /2 exp (— p cot x) sin 2x dx 

l Q (1 — a 2 ) + 2 a 2 cos 2 a; — (1 + a 2 ) cos 2 2 a: 


-- [e _ap Ei(ap) + e ap Ei(— ap)] 
\p > 0 ] 

[e _ap Ei(ap) + e ap Ei(— ap)] 
\p > 0 ] 


Bl (273)(13) 


Bl (273)(14) 


t/2 


e~20 cot X cos ^-i/2 x sin-^ +1 ) X sin 


ctt/2 


e -2/3 cot x cos „- 1/2 x sin -(^+l)x cos 


/?- 


P~ 


V ~ 2 X 


<il= 2(W r (‘ / + 7 l J " (/S) 


[Re v > — \ 


WA 186(7) 


V ~2 ]X 


dx= Wiy r {' /+1 2 ] YM 


[Re v > — \ 


WA 186(8) 


f 7 ’’/ 2 COS p X 


iT,(p-vx)- 2f}cotx dx= l _l /X( 2 / 3 )-^ r (p+ 1 )lT (£ 2 1 (/ 3 ) 

2 Y 2 (3 

[£ = 1,2, 7 = (— 1) £+1 , Re/3 > 0, Re p > -l] GW (337)(16) 




/ o sm ^ x 


[Re/?>0, Re/i>— 1] 

= -IM ™" r( " + 11 


WH 


[Re /3 > 0, Rep > -1] GW (337)(17b) 
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3.919 


1. 


f K ^ 2 sin 2 nx 


dx 


= (- 1 ) 


t -i 2n ~ 1 

4(2n+ 1) 


2 . 


/o sin 2 ” +2 x exp (27t cot x) - 1 

f' 71 / 2 sin 2 nx dx . , n _j n 

lo sin 2 ” +2 x exp (7t cot a;) — 1 2n + 1 


Bl (275)(6), LI (275)(6) 
Bl (275)(7), LI (275)(7) 


3.92 Trigonometric functions of more complicated arguments combined with 
exponentials 


3.921 6 


1 . / e 1X cos ax 2 (cos 721 - sin yx) dx = * — exp ( - — ) 

Jo V 8 a \ 2a) 


2 . 


3. 


10 


10 


[a > 0, Re 7 > |Ini 7 |] 


/*7r/4 00 

/ n-p 

'0 „= 1 


tan 2n x 

n 


-5- 1 


t/2 


exp 


-E- si 

' n 


sin 2 " x 


t/2 


exp 


-E- 

' n. 


cos 2 " X 


7T 

4 


ET I 26(28) 


3.922 

1. 


2 . 


e 0x2 sin ax 2 dx = 


1 


V 8 V (3 2 + a 2 


2\J (3 2 + a 2 


7 1 /I a 

sin I - arctan — 

2 p 


[Re/3 > 0, a > 0] FI II 750, Bl (263)(8) 


/°°e -^ 2 cos ax 2 dx = \ f° e “^ 2 cos ax 2 dz = 

Jo ^ J —00 V 8 y p + a 


2\Jj3 2 + a 2 


7t /I a 

cos I - arctan — 
2 p 


[Re /3 > 0, a > 0] FI II 750, Bl (263)(9) 


[In formulas 3.922 3 and 4, a > 0, b > 0, Re /? > 0, and 
b 2 


A = 


R = W- 


4 (a 2 + /3 2 ) ’ 

If a is complex, then Re /3 > |Ima|. 




3 . 


_ /R-r 2 . 9 

e H sm ax cos 


bxdx= — 2 e A/3 (-B sin Tla — C cos Aa) 

" V r H - & 


2 \//3 2 + a 2 


exp 


/36 2 \ . f 1 a a & 2 

"4 (/3 2 + a 2 ) J Sm { 2 arCtan /3 ~ 4(/3 2 + a 2 ) 

LI (263)(10), GW (337)(5) 
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3.923 


4. 


— 2 
e ^ cosax < 


1 

/ *■ , 

2 \ 

/ /3 2 + a 2 


^ , 


exp 


/ 3b 2 


4(/3 2 + a 2 ) 


1 a ab 2 

cos - 4(/J2 + (i2) 

LI (263)(11), GW (337)(5) 


3.923 


/ OO 

exp [— (ax 2 + 26a: + c)] sin (pa; 2 + 2gx + r) dx 

-OO 


7r a (b 2 — ac) — (aq 2 — 2bpq + cp 2 ) 

exp — 


(/a 2 + p 2 a 2 +P 2 

f 1 p p(q 2 — pr) — ( b 2 p — 2abq + a 2 r ) 

x sin < - arctan 

) 2 a 


[a > 0] 


a 2 + p 2 j 

GW (337)(3), Bl (296)(6) 


/ OO 

exp [— (ax 2 + 2bx + c)] cos (px 2 + 2qx + r) da; 

-OO 


7t a (b 2 — ac) — (aq 2 — 2 bpq + cp 2 ) 

exp 


a 2 +P 2 

f 1 p p (q 2 — pr) — ( b 2 p — 2 abq + a 2 r) 

x cos < - arctan 

I 2 n r.2 _ 1 _ rP 


[a > 0] 


a 2 + p 2 

GW (337)(3), Bl (269)(7) 


3.924 

1. 

2 . 


e P x sin bx 2 dx = 


7T / b 


4V 2 0 


7 r / b 


exp - 


fe 2 

Vs/?, 


e ^ cos foe 2 da; = — W — exp (——)/_ i f — 


4 V 2/3 


6 2 


8/3 


6 2 


.8/3, 


[Re/3 > 0, 6 > 0] 


[Re/3 > 0, 6 > 0] 


ET 73(22) 


ET I 15(12) 


3.925 

1. 


3 2 ^ ,00 2 / 7 F 

e - ^ sin 2a 2 a; 2 dx = - e - ^ sin 2a 2 a; 2 da: = — — e~ 2ap (cos 2ap + sin 2ap) 

2 J — 00 4 a 

[a > 0, b > 0] 


Bl (268)(12) 


2. / e ^ cos 2a 2 x 2 dx = / e ^cos2 a 2 x 2 dx = e 2ap (cos 2ap — sin 2ap) 

Jn 2./_„ 4a 


[a > 0, b > 0] 


Bl (268)(13) 
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3.926 Notation: 


' a 2 + /3 2 + /3 


'a 2 + /3 2 - /3 


— (/3x 2 -I-^L) • 2 t 1 

e T ?isinat ax = - , — 


2 V a 2 + (3 2 6 2u ^i vcos ( 2v Vl) + usin ( 2v Vl)} 


[Re/3 > 0, Re 7 > 0] Bl (268)(14) 


e ) cos ax 2 da; = ^ J 2 ^ 2 u v^ [w cos ^Uy^) — t; sin ( 2 n v / 7 )] 


[Re/3 > 0, Re 7 > 0] Bl (268)(15) 


3.927 [ e * sin 2 — dx = a arctan — + - In ^ [a > 0, p > 0[ LI (268)(4) 

Jo a; p 4 p 2 + 4a 2 

3.928 

1 . J exp — ^p 2 x 2 + sin ^a 2 x 2 + dx = ’^’L e - 2rscos ( A + B ) sin{A + 2rssin(A + B)} 

Bl (268)( 

2 . J exp — ^p 2 x 2 + cos ^a 2 x 2 + — ^ dx = ^L e ~ 2rscos ( A + B ) cos {A + 2rssin(A + B)} 


Bl (268)(22) 


3.929 


fO° 2 1 

/ e~ x cos (p\fx) + pe~ x sin pa; dx 
Jo L - 1 


Bl (268)(23) 


LI (268)(3) 


1 a 2 


Notation: For the formulas in 3.928: a 2 +p 2 > 0, r = \/a 4 + p 4 , s = v/6 4 + g 4 , 7l = - arctan — and 

2 p z 


1 b 2 
B = - arctan — . 

2 q 2 


3.93 Trigonometric and exponential functions of trigonometric functions 


3.931 


f r/2 

1. / e ~pcosx sin (p S i n a;) dx = Ei(— p) — ci(p) 

Jo 

P7T />0 

2 . / e _p cos * sin (p sin a;) dx = — e _pcosx sin (psina;) dx = — 2 shi(p) 

Jo J-TT 

r r / 2 

3. / e _pcosx cos(psina;) da; = — si(p) 

Jo 

ft/ 2 i /- 27r 

4. / e~ pcosx cos(psinx) dx = - e ~ pcosx cos (psin a;) dx = n 

Jo 2 Jo 


NT 13(27) 


GW (337)(llb) 


NT 13(26) 


GW (337)(lla) 


3.932 


/ e p cos x sin (p sin a;) sin mx dx = - / e p cos x sin (p sin a;) sin ?na; dx = — ■ — - 
I o 2 J 0 2 ?n! 


Bl (277)(7), GW (337)(13a) 
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r 1 [ 2V ■ 7t p 

2. / e P cos x cos (p g j n cos mx ( p x = _ I g P cos x cog (p g j n x j CO g mx ^ x __ _ . 

./n 2./n 


3.933 / e pcosx sin (p sin a;) cosec xdx = 7t sinh p 

Jo 

3.934 

1. f e pcosx sin (p sin x) tan ^ dx = n (1 — e p ) 

Jo 2 

2. /" gP cos x gj n gj n x ) co ^ dx = 7T (e p — 1) 

Jo 2 

n— 1 

gP cos x cos ^gj n LLTTTTL dx = tt 


3.935 

3.936 

1. 

2 . 

3. 


sin2nx , J p 2fc+1 


since 


fc =0 


(2fc + l)! 


b > o] 


/»27T 


e P cos x cog g - n x _ mx ^ d x = 2 e p cos x cos (p sin x — mx) dx = 


/>2tt 


p2tt 


nsinx • / x , 27 ip m . TO 7T 

e p sin (p cos x + mx) dx = — sin 

to ! 2 

nsinx / X , 2np m TO7T 

e p cos (p cos x + mx) dx = — cos — - 


\p > 0] 
[p > 0] 


2 to ! 

Bl (277)(8), GW (337)(13b) 
Bl (278)(1) 


Bl (271)(8) 
Bl (272)(5) 

LI (278)(3) 

2t ip m 

to ! 

Bl (277)(9), GW (337)(14a) 
GW (337)(14b) 

GW (337)(14b) 

WH 

EH II 137(2) 


p2ir 

4. / e cosx sin ( mx — sin x) dx = 0 
Jo 

PIT 

5. / e P cosx cos (ax + (3 sin x) dx = (3~ a sin(a7t) 7 (a, /?) 

Jo 

3.937 Notation: In formulas 3.937 1 and 2, (b— p) 2 + (a+q) 2 > 0, to = 0, 1, 2, . . . , A = p 2 —q 2 +a 2 — b 2 , 
B = 2 (pq + ab), C = p 2 + q 2 — a 2 — b 2 , and D = 2 (ap + bq). 

p2tt 

l. 11 / exp (pcosx + gsinx) sin (acosx + frsinx — mx) dx 

Jo 

= in [(6 - p) 2 + (a + q) 2 ] ~ f { (A + iB) m / 2 I m (VC - %D ) — (.A — 7 m (v'C+Id) } 

GW (337)(9b) 

p2n 

2. / exp (p cos x + g sin x) cos (a cos x + b sin x — mx) dx 

Jo 

= tt [(& - p) 2 + (a + q) 2 ] {(A + iB )? l m (V<7 - w) + (A - »S)¥ / TO (v'C+Id) } 

GW (337)(9a) 

„ I' 2 ”’ , . . . 27t / 2 i\ m . ( q\ 

3. / exp (p cos x + q sm x) sin to cos x — p sin x + mx) dx = — - (p + q ) — sin to arctan - 

Jo ml 2 \ p/ 

GW (337)(12) 
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f 2n I \ / • . 27T , 2 2 \ m ( q\ 

4. / exp (p cos x + q sin x) cos (q cos x — p sin x + mx) dx = — - [p + q ) — cos m arctan - 

Jo m\ 2 V P) 


GW (337)(12) 


3.938 


/* 7T 00 

1. / e r(cospa:+cos 9X) sin (r sin p®) sin (r sin qx) dx=^Y] 

Jo 2 fe = i 


1 


r(pfc + 1) T{qk + 1) 


Jp+q)k 


2 . 

3.939 

1. 

2. 3 

3. 


f e r(co S px+cos qx) cos ( r sinpa .) cos ( r sin gz) da; = | ( 2 + ^ 

V fc=i 


r*0+<?)& 


r(pfc + 1) r(<?/c + 1) 


sm rx 


I o 1 — 2p r cos rx + p- 


2 r 


sm 


(gsin a;) dx = 


vr ^ (pq) kr 


2 pr ' r(/cr + 1) 


/ e 9 cos * 1 — prC0Sra cos (g sin a;) dx = - 

I o 1 - 2p r cos ra; + p 2r v ' 2 


f 7r / 2 e p co s2 ® C0S (psi n 2a;) da; 7t f q — 1 

q 2 ry» _i — n 2 oin^ 


2 +E 


[r > 0, 0 < p < 1] 

(pq) kr 


T(kr + 1) 


fc= l 

[r > 0, 0 < p < 1] 


= — exp p 
o cos 2 x + q 2 sin x 2 q \ q + 1 


Bl (277)(14) 


Bl (277)(15) 


Bl (278)(15) 

Bl (278)(16) 
Bl (273)(8) 


3.94-3.97 Combinations involving trigonometric functions, exponentials, and powers 

3.941 

r°° /7 x n 

1. / e~ px siwqx — = arctan - [p > 0] 

x p 


/ 0 


2 . 

3.942 

1. 

2 . 

3.943 

3.944 

1. 


.... dx 

e p cos ga; — = oo 


e px cospx 


e px cospx 


x 


dx 


7T 


6 4 + a: 4 46 2 

xdx 7T 


= TIT ex P 

— bp 


b 4 — a: 4 4& 2 


/•°° -a* r n , da: 1 , 

/ e p (1 — cos a®) — = - In 
ao a: 2 


Bl (365)(1) 
Bl (365)(2) 


(-bpV 2) 

[p > 0, b > 0] 

Bl (386)(6)a 

sin bp 

[p > 0, b > 0] 

Bl (386)(7)a 

a 2 + (3 2 

P 2 

[Re/3 > 0] 

Bl (367)(6) 


x p 1 e ,3x sin Sx dx = - {(3 + id) ^ 7 [p, (/3 + iS) u] — - ((3 — id) M 7 [p,, ((3 — i8) u\ 

[Re /a > — 1] 


ET I 318(8) 
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2 . 


3. 


4. 


5. 


li 


/ a; M x e sin Sx dx = - (/3 + iS) M T [/z, (/? + iS) u] — - (/3 — iS) M T [/i, (/3 — iS) u] 

J u * 2 

[Re/3 > |Ini(5|] ET I 318(9) 

r u i i 

/ x ,J ‘~ 1 e~ l3x cos Sx dx =-(/? + z<5) _M 7 [/z, (/3 + z<5) u\ + -((3 — i8)~ M 7 [/z, (/3 — z<5) zz] 

Jo 2 2 

[Re /z >0] ET I 320(28) 

/■OO 1 1 

/ x ,J '~ 1 e~ l3x cos Sxdx = - (/3 + id ) _M T [/z, (/3 + z<5) zz] + - (/ 3 — z<5) _M T [/z, (/3 — «<5) zz] 

a it 2 2 

[Re/3 > |Im<5|] ET I 320(29) 

r(/z) / <T 

777 sin u arctan — 

(/3 2 + d 2 )^ 2 V 0, 


1 e ^ sin da; da; = 


[Re/z > —1, Re/3 > |Im <5|] 

FI II 812, Bl (361)(9) 


6 . 


7. 


i e & x cosSxdx = 


r(M) 


(5 2 + /3 2 )f 


cos ^/z arctan — 


[Re/z > 0. Re/3 > |Imd|] 

FI II 812, Bl (361)(10) 


/»oo 

/ a; M_1 exp (— aa; cost) sin (ax sin t) dx = r(/z)a _M sin(/zt) 

Jo 


Re^t > — 1, a > 0, |f| < 


2 J 

EH I 13(36) 


/»oo 

/ a;^ -1 exp (—aa; cost) cos (aa; sin t) da: = r(/z)a _M cos(/zi) 

Jo 


Re^t > — 1, a > 0, |t| < — j 


9. 

10 . 

11 . 


= 1 r 7t 

ajP-ig 9* gin (extant) dx = — T (p) cos p t sin pt |t| < — , q > 0 


/ a; p_1 e _9X cos (qzrtant) dx = — r(p) cos p (t) cospi 

Jo 


1*1 < 2 ’ «>0 


EH I 13(35) 
LO V 288(16) 

LO V 288(15) 


f°° / a \ n + 1 

x n e ~ l3x sin bxdx= n\ ' 


(3 2 + b 2 ) 


£ ^‘(aVi) (I 


0<2fc<n 


2fe+l 


= (-i) r 


9" 


a/3" V^ 2 + /3 2 


[Re/3 > 0, 6 > 0] GW (336)(3), ET I 72(3) 
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12 . 


e (-«■( 


n+l\ kb' 

2fc J 


2k 


= (- l) n — _ 

t ' O On. 


d n ( (3 


d(3 n \b 2 + (3 2 


[Re /3 > 0, b > 0] GW (336)(4), ET I 14(5) 


13. / a;"- 1 / 2 e- /3x sin6a;dx= (— 1)"W-— , . 

Jo ’ \j 2 d{3 n \ s/W+W 


7 r d" 


' 2 + b 2 - (3 


14. / x r ‘ 

Jo 


- 1/2 e~ px coabxdx = (-l) n n 


[Re/3 > 0, 6 > 0] 

2TP + /?\ 


ET I 72(6) 


2 d/3- ^ J 

[Re (3 > 0, 6 > 0] 


ET I 15(6) 


3.945 

1. 


POO 

l < 


e sin ax — e 1X sin 


dx 


sin bx) — 

/ rr*V 


= r(l - r) \ ( b 2 + 7 2 ) r —J - sin 


(r — 1) arctan — — (a 2 + /3 2 ) r sin 

[Re/3 > 0, Re 7 > 0 , r < 2, r ^ 1] Bl(371)(6) 


/ 1 \ 

(r — 1 ) arctan — 


2 . 


pOO 

l < 


e /3x cos ax — e 1X cos 


dx 


;bx) — 

/ /v»r 


= r ( 1 - r) \ (a 2 + (3 2 ) cos 


/ i \ U 

(r — 1 ) arctan — 


- (6 2 + 7 2 ) r ~Y L cos 


(r — 1 ) arctan — 

tJ 

[Re/3 >0, Re 7 > 0, r < 2, r ^ 1] Bl (371)(7) 


7 00 dx 

3. / (ae -/3x sin bx — be~ JX sin ax) 2 = ab 

Jo x 


1 a 2 + 7 2 7 7 (3 (3' 

- * n ts 777 H — arccot — arccot — 

2 + (3 Z a a b b 

[Re/3 > 0, Re 7 > 0] Bl (368)(22) 


3.946 

1. 


2 . 


3.947 


—to • 2 m+i ' J,Jb ( — l)” 1 \ " , ,..k( 2to + 1 \ (2m — 2k + l)a 

P Q,T ’ — -^-E(-l) t ) arctan >- 


dx 

e *■" sin '"’ 1 ‘ ar — = 


x 2 2m \ k J 

k = 0 v 7 


-px ■ 2m dx (— l) m + 1 ^ 

e p sur ax — = x 


x 2 2ri 


[to = 0, 1, ... , p > 0] GW (336)(9a) 
E (-l) fc In [; p 2 + (2m - 2fc)V] - In V 

[to = 1,2,..., p > 0] GW (336)(9b) 


i r -px . • dx 1 

1. / e sin 7 X sin ax — = — In 

Jo x 4 


dx 1 (3 2 + (a + 7) 2 


/3 2 + (a - 7) 2 


[Re/3 > |Im 7 I , a > 0] Bl (365)(5) 
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3.948 


2 . 


f°° - px . ■ u dx \ a + b \ , /| a + & h |«-6| / |a — fo| 

/ e ^ sinarcsinocc— ?r = — - — arctan — arctan 

Jo X 2 2 \ V ) 2 V P 

r,2 I M2 


+ P h y P 2 + (a-6) 


4 \p 2 + (a + 6) 2 / 

[p>0, for p = 0 see 3.741 3] Bl (368)(1), FI II 744 


3. 1 


-nr ■ , dx a + b a — b 

e p sin ax cos bx — = arctan F arctan 

x p p 


[a > 0, p > 0] 


GW (336)(10b) 


3.948 

l. 11 


2 . 


3. 


4. 


5. 


dx a br 

/ e -/3x (sin ax — sin bx) — = arctan — — arctan — 

Jo x p P 


[Re P > 0], (cf. 3.951 2) 


Bl (367)(7) 


P dr 1 

/ e~ l3x (cos ax — cos bx) — = - In 
Jo x 2 


dx 1 , b 2 + P 2 
a 2 + P 2 


[Re P > 0], (cf. 3.951 3) 

Bl (367)(8), FI II 748a 


-8xi . . dx P a 2 + P 2 b 

/ e ' (cos ax — cos bx) = — In —5 -r + 0 arctan — — a arctan 

J 0 x 2 2 b- + P 2 P 


pOO 

/ e~ 0x (; 

Jo 


[Rep > 0] 

26 p p 2 + 4a 2 


P' x I'sin 2 ax — sin 2 bx) = a arctan — — 6 arctan — — - In ■ 

x 2 p p 4 p 2 + Ab 2 


f°° _ Bx /2 1 . \ J x , 2a 26 p 

/ e M (cos ax — cos bx) — = —a arctan F 6 arctan | — in 

Jo x P P 4 


[p > 0] 

26 , p , p 2 + 4a 2 

p 2 _|_ 46 2 


[p > 0] 


Bl (368)(20) 


Bl (368)(25) 


Bl (368)(26) 


3.949 

1. 


2J 


3. 


_ . . dx 1 a + 6 + c 1 a + 6 — c 1 a — 6 + c 

e 1 sin ax sin bx sin cx — = — - arctan F — arctan F - arctan 

x A p A p A p 

1 —a + 6 + c 

+ - arctan 

4 p 

[p > 0] Bl (365)(11) 


, 2 . , d x 1 6 1 

e 1 sm ax sm bx — = - arctan - 

x 2 p 2 


1 2pb 

- arctan 


7 r 
s— 


2 p 2 +Aa 2 -b 2 2 

1 for p 2 + 4a 2 — b 2 < 0 
0 for p 2 + 4a 2 — 6 2 > 0 


s = 


Bl (365)(8) 


e pa; sin 2 ax cos bx — = - In 
x 8 


dx _ 1 [p 2 + (2a + 6) 2 ] [p 2 + (2a - 6) 2 


(p 2 + b 2 ) 1 


[p > 0] 


Bl (365)(9) 
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4. 8 


5. 


3.951 

1 . 

2 . 

3. 

4. 11 


5. 

6 . 


7. 


9. 


10 . 

11 . 


. o . dx 1 a 1 

e F sin ax cos bx — = - arctan — I- - 
x 2 p 2 


1 2 pa 7 r 

- arctan ,. — ^ ,. + s — 

2 p 2 + Ab 2 — a 2 2 


f 1 for p 2 + 4 & 2 — a 2 < 0 
1 0 for p 2 + 4& 2 — a 2 > 0 


f°° -px -2 . . dx l p 2 + (b + c) 2 

Jo X 8 p 2 + (6 - c) 2 

4 [p 2 + (2a - b + c) 2 ] p 2 + (2a + b - c) 2 

[p 2 + (2a + b + c) 2 ] [p 2 + (2a — b — c) 2 ] 
r„ ^ m 


Bl (365)(10) 


16 


r°° dx 

/ (l — e _a: )cosx — = In V2 

Jo x 


r°° g-7* _ g— /3x 


g— 7X _ g— /3a: 


r°° g — _ g— /3a: 


sin bx dx = arctan 


{P-7)b 
b 2 + P'y 


[Re p > 0. R.e7>0] 


[Re/3>0, Re7>0] 


cos bx dx = - In ^ + ^ 

2 b 2 + 7 2 

. , 6 6 2 + /3 2 b b 

sm bxax = - In — + p arctan — — 7 arctan — 

2 b z + 7 p 7 


— 5-- — 7 cos bx dx = — 7777 cosech 2 ^ 

e@ x - 1 2b 2 2 (3 2 (3 


1 


1 


1 


cos &x dx = In b — - [ijj(ib) + ijj(—ib)] 


e x — l x 


1 1 — cos ax dx a 1 1 — e a 

- In 


e 2nx _l x 4 2 


a 


nOO 

L < 


-dx --YX \ dx 1 a 2 + 7 2 

e px - e 1X cos ax) — = - In -7— 

’ x 2 /3 2 


[Re/3>0, Re 7 > 0] 
[Re/3 > 0] 

] 

[b> 0 ] 

[a > 0] 

[Re/3 > 0, Re 7 > 0] 


J cos px — e px dx 7 t 


6 4 + x 4 x 


1 


= W exp ' ~« bp ^ ) sin ( d b P^ 


[p > 0] 


COS X 


e x - 1 


ae y — 


x J 


^ dx = 


■ sm ax 


\ dx a a 2 + q 2 a 

) — = — In - h q arctan a 


J x 


[P > 0, q > 0] 


FI II 745 
Bl (367)(3) 
Bl (367)(4) 

Bl (368)(21)a 
ET I 15(18) 

ET I 15(9) 
Bl (387)(10) 

Bl (367)(10) 

Bl (390)(6) 
NT 65(8) 

Bl (368)(24) 
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3.952 


00 x 2m sin bx . \m 

— dx = (-1) TtTT 


o e*-l 
f°° x 2m+1 cos bx 
n e* — 1 


<96 2m 2 


JcothfeTr-^ [6>0] 


dx = (-l) r 


d 2m+1 \i r 


9& 2m + 1 2 


coth bn — 


[ 6 > 0 ] 


f°° x 2m sin6xdx <9 2 

g(2n+l)ca; g(2n— l)cx ' 2 ^^2 


7T bn 

— tanh > 


f°° x 2m+1 cos 6x dx 

g(2n+l)cx g(2n— l)cx 


= (-i) r 


db 2m [4c 2c ^ 6 2 + (2 k - l) 2 

[6>0] 

<9 2m+1 f 7T . for A b 


f°° x 2m sin bx dx <9 2 

e (2n-2)cx _ ^ ' dfr 


u n uji v u 

c)6 2m + 1 4^ tanh 2^ “ ^ b 2 + {2k - 1 ) V 

[ 6 > 0 ] 

7T 67T 1 6 

— coth nr “2^ K 2 i roM 2„2 


<96 2m [4c 2c 26 6 2 + (2fc) 2 c 2 J 

[6 > 0, c > 0] 


r°° x 2m+1 cos 6x dx 

g2ncx g(2n— 2)cx 


= (-i)’ 


, <9 2m+1 7T , bn 1 ^ 6 

db 2m +! 4c 2c 26 b 2 + (2 k) 2 c 2 

[6 > 0, c > 0] 


’ cosox — cos 6x dx 1 cos ^ 2 p lA. 6 2 + (2fc — l) 2 p 2 

g(2m+l)px _ e {2m-l)px ~ ~ 2 H cogh ^ “ 2 ^ H O 2 + (2 k - 1) V 

2 /' 


b > o] 


F 00 cos ax — cos bx dx 1 a s i R h 2 p 1 ^ 6 2 + 4 k 2 p 2 

/ 0 g2mpx — e (2m—2)px x 2 6 sinh 2 a 2 + Ak 2 p 2 

[p > 0] 

F 00 sin x sin bx dx 1, (6 + 1) sinh [(6 — lWl r , 9 , 

/ i_ oa , •T = 7 ln Li .JLi J 


20. 

f°° sin x sin bx 

dx 

Jo l~e* 


X ‘ 

21. 

f°° sin 2 ax 

dx 

1 , 

Jo l-e" 


= - In 

3.952 

X 

4 


—n r • 7 /l ^ 

xe ^ sm ax dx = » exp — r 


xe p x cos ax dx = — V 

9 71 2 zt 71 S 


1 a (— l) k k\ ( a 


2 p 2 4 p 3 (2fc+ 1)! 


[a > 0] 


GW (336)(15a) 

GW (336)(15b) 

GW (336)(14a) 

2^2 

GW (336)(14b) 

GW (336)(14c) 

GW (336)(14d) 

GW (336)(16a) 

GW (336)(16b) 
LO V 305 

LO V 306, Bl (387)(5) 

Bl (362)(1) 

Bl (362)(2) 
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3. si vaxix = ^ g- t- 1 )^ ( “) 

J o v 8p 5 ^(2fc+i)iVpy 


4. 


6. 


7. 


to 


9. 


2k+l 


>0] 


f°° 2 —p 2 x 2 , r-^-P 2 ~ 0,2 f 0,2 ^ 

/ x e 1 cos ax ax = V 7r — — ex P — — ^ 
Jo 8 p 5 V 4 P ) 


^ 6XP 

5. f x 3 e~ p x sin ax dx = a 7 exp 

Jo 


16p" 


4 p 1 


a 


_ 2 2 . dx a-v/tr ^ (— 

e p sm ax — = „ 

x 2p ^ k\ (2k + 1) \2p 


2 k 


— = -$ — 

2p 


Bl (362)(4) 
Bl (362)(5) 

Bl (362)(6) 

Bl (365)(21) 


°x p - 1 e-^sin 1 xdx=^^T^-±^ 


p | i_ M. 3 . T 2 

1jFi ' 2’ 2’ 4/3 


i/r^r(f)e--/« ,F, (-£ + i; g) 


[Re /3 > 0, Re/z > — 1] ET I 318(10) 

/z i 1 1 a 2 
2’ 2’ 4/3 

[Re /3 > 0, Re /z > 0, a > 0] 


ET I 320(30) 


nOO 

/ x 2n e~ 02x \osaxdx= (-l) r 

To 

= (-l) r 


2n+1^2n+l 

\Zn 


exp ( - 
a 


m 


2n+l 


exp 


a 

w 
2 




PV2 


4/3- 


( 2/3 


|arg/3| < a > 0 


WH, ET I 15(13) 


/»oo 

10. / a; 2 "+ 1 e -/3 2 ^ 2 s inaa;(/x= (-l) r 

Jo 

= (-l) r 


7 r 

3 T7T7P ex P 


2n+|^2n+2 


8/3 s 


2 I £»2n+l 


/3\/2 


(2/3) 


2n+2 


exp 


4/3- 


-TP) — 


q I H2n+ 1 


V 2/3 


|arg/3| < — , a > 0 


WH, ET I 74(23) 


3.953 

1. 


c /i-l e - 7 x-/3x 2 sinaa , rfa . 


2(2/3) ■ 


■ exp 


7 2 -a 2 

8/3 


r (M) <1 exp ( 


4/3 


7 — za 

TP 


exp 


zary 

P" 


D I 7+U T 

TP 7 


[Re /z > -1, Re/3 > 0, a > 0] ET I 318(11) 


2 . 


1 e 7a: ,3a: cosaxdx 


2(2/3) < 


exp 


7 2 -a 2 

8/3 


r(/z) exp 


_ia7\ /7-m\ 


4/3/ “"W W 


exp 


za7 

4T 


i/ , t+77 

Tp; 


[Re /z > 0, Re/3 > 0, a > 0] ET I 16(18) 
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3.954 


--YX-3X 2 ■ J iV* \, ■ r (7 — ia) 2 ] L x. ( 1 ~ '*' a 

8^1 L 4/3 J L V 2v^ 


— (7 + ia) exp — 


(7 + ia ) 2 


4. / xe 

Jo 


JX 9x cosaxdx= — 




[ 4/3 

(7 — ia) exp — 


7 + ia 
2v^ 


+ (7 + ia) exp 


(7 + ia) 2 


[Re /3 > 0, 

a > 0 ] 

_,o)2 [i *( 

'7 — ia 

4(3 [ 

, 2\//J 

1 * 

V 2^ , 

\U + 

)J/ + : 

[Re /3 > 0, 

a > 0 ] 


ET I 74(28) 


ET I 16(17) 


3.954 

nOO 

1 11 / c~f ix 


e 13x2 sin ax ^^ 2 = -j e ^ | 2 sinh aj + e 7 “$( 7\//3 - ttTs ) ^ e 7 “ 4- ( 7 \//3 + 7^73 


v' v " 2 V/ 3 ; V ,v ' 2 V3A 

[Re (3 > 0, Re 7 > 0, a > 0] 

ET I 74(26)a 


e p cos ax - 


7 2 + x s 


= — e ^ 7 2 cosh 07 — e 70 $ (ly/p — e 7 ° $ + 

4 7 L V 2V/3 ) \ 


[Re (3 > 0, Re 7 > 0, a > 0] 


3.955 

3.956 

3.957 

1. 


3. 2 / 7 f \ ft ^2 

/ x v e~^ cos ]^/3x — ix — J dx = J — e _T H„(/3) [Rez/>— 1] 

Z 100 -x 2 /o . s . dx /—e — 1 

/ e (2xcosx — sini sinx— = V 71 " 

Jo x 2 V 2e 


ET I 15(15) 
EH II 120(4) 
Bl (369)(19) 


/■oo _ /-/3 2 \ 

/ x ^ -1 exp ( ) sinaxdx 

/o V 4x / 

= -^/3 ^a -2 
2^ 


/3 M a 2 exp Z-/t 7 rJ ^/3e" \/a^ — exp ^Z-/i 7 tJ ^/3e 

[Re /3 > 0, Re /x < 1, a > 0] ET I 318(12) 


D - / -/3 2 \ 

x M_1 exp ( ) cos axdx 

V 4x / 


= ^j/ 3 M a 2 exp ^--^-/X 7 r j (/Je^Va) + exp Q/X 7 t 


(/3e- Ti / 4 


[Re /3 > 0, Re/i < 1, a > 0] ET I 320(32)a 


3.958 

1. 


- c ) Eli 


(n — 2k)\k\ 


/-» x “ e "("’ +tot *> sta( f* + « ) ' fc =-(^) \/! exp ( L £ 7 L ' c ) 

x |‘(n-«) t „_ 2t . Vsin (g_ 9+ ,.) 


GW (37)(lb) 
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2 . 


, 2 \ fb 2 _ „2 \ L"/2J 

/ + ** +c )cos(pi + ? )<ii= ' / -e| V 7 

Too v 



(n — 2k)\k\ 


f pb 7T . 

^ C0S (.2S- ,+ T 

[a > 0] 


GW (337)(la) 


3.959 


3.961 


2 . 


«oo / — oo / 2 7 2 \ 

f xe- p2x2 tan ax dx= ^V(-l) fc feexp ) 

io P fc=1 \ V J 


[p > 0] 


1 . J exp (y—j3\/ 7 2 + x 2 ^j sin ax ^ X ^ x 


a'y 


2 + x 2 \Ja 2 + P 2 


Ki (l\Za 2 + /3 2 ) 


exp 


-fiV"/ 2 + X 2 


cos ax 


dx 

1/7 2 + x 2 


(r\/a 2 + /3 2 ) 


Bl (362)(15) 


[Re/3>0, Re 7 > 0, a > 0] 


ET I 75(36) 


[Re/3>0, Re 7 > 0, a > 0] 


ET I 17(27) 


3.962 


1. 


2 . 


+ x 2 — 7 exp {^-~P\/ 7 2 + x 2 ^j 


sji 2 + x 2 


sin axdx = \ j — 


a exp ^—7-/ a 2 + /3 2 ^j 


^ P 2 + a 2 \J P + \/ a 2 + P 2 
[Re/3>0, Re 7 > 0, a > 0] 


ET I 75(38) 


xexp (—P\/j 2 + x 2 ^ 


cos axdx = \ — 


I . UllV U/ll/ I I 

0 V7 2 + x 2 y -J^ 2 x 2 — 7 ’ v 0,2 


+ yj a 2 + P 2 


■ exp 


-74/a 2 +/3 2 


[Re/3 > 0, Re7>0, a > 0] 


ET I 17(29) 


3.963 

. f°° tan 2 t sinx rfx a/tt 

1. / e _t j = \- 

J 0 cos 2 xx 2 

r dr 1 

2 . / e- ptanx '— ^ = -[ci(p)sinp-cospsi(p)] 

7 0 cos 2 x p 

l"*! 2 9 Rr 3 

3. 8 / xe- tan * sin 4x^7 = — ^ 

Jo cos® x 2 

r -7r /2 fir,, 

4. 8 / xe" tan "sin 3 2x^7 = 2^ 


Bl (391)(1) 

[p > 0] (cf. 3.339) Bl (396)(3) 

Bl (396)(5) 
Bl (396)(6) 
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3.964 


3.964 

1. 

2 . 

3. 8 

3.965 

1. 

2 . 

3.966 

1. 

2 . 

3. 

4. 

5. 3 

6. 6 

3.967 

1. 

2 . 


r* 7r /2 


— p tan x P ® m % COS X 


xe 


r /2 ^_ _ ptan 2 x p - cos 2 x 


dx = — sinpsi(p) — ci(p) cos p 

[p > 0] 




J o cos 4 x cot x 4y V 

J 0 cos b x cot x 8p y p 


— 8x • 9 • n i ft I ^ 

xe ' sinai sin pxdx=—\ —^e 2a 

4 V 2a 3 


/*oo 

/ xe~^ x cos ax 2 cos /3a dx = 

Jo 


8 / 7T _P^ 

— a P 2a 

4V2 a 3 


[p > 0] 
[p > 0] 


|arg/3| < -, a > 0 


> 0, Re/3 > |Im/3|] 


b > 0] 
b > 0] 


/*oo 

/ xe~ px cos (2a; 2 + pa) da = 0 
Jo 

J xe~ px cos (2a 2 — pa) da = ex P ]|-p 2 ^ 

/»oo 

/ x 2 e~ px [sin (2a 2 + pa) + cos (2a 2 + pa)] da = 0 b > 0] 

Jo 

J x 2 e~ px [sin (2a 2 — pa) — cos (2a 2 — pa)] da = (2 — p 2 ) exp ^-p 2 ^ 


a M x e x cos (a + ax 2 ) dx = 


e “ rw „ 

' a 


(2a)' 


f 00 -x . ( 2 \ t e4 “ r(/t) . P7T 

/ a^ e sm (a + aa ) da = sin^£)_„ 

do (2a) 2 4 


[Re p > 0, a > 0] 
1 


p 2 


_ p* 

e T* cosa~a~ 



[Rep > —1, a > 0] 

[Re /3 > 0, a > 0] 

ET I 75(30)a 

[Re /3 > 0, a > 0] 


LI (396)(4) 
Bl (396)(7) 

Bl (396)(8) 

ET I 84(17) 
ET 26(27) 

Bl (361)(16) 
Bl (361)(17) 
Bl (361)(18) 
Bl (361)(19) 

ET I 321(37) 

ET I 319(18) 

, Bl(369)(3)a 


Bl (369)(4), ET I 16(20) 
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3. 


/ x 2 e cos ax 2 dx = — , 

/o 4 y (a 2 + /3 2 ) 


3 a 

cos - arctan — 
3 V 2 /3 


[Re/3 > 0] 


ET I 14(3)a 


3.968 

1. 


2 . 


e 0x2 sin ax 4 dx = - 


7T //3 


/■°° _3 X = 4 , 7t [p 

/ e M cosax dx=—\ — 

Jo 8 V a 


//3 2 \ //3 2 \ tt //3 2 \ . (f3 2 \^n 

4 \8 a) \8a/ 8 4 \8a/ \ 8a / 8 

[Re /3 > 0, a > 0] ET I 75(34) 

P 2 \.^(P 2 , ^' 2 \ A3 2 


ET I 16(24) 


Ji — sin — + - - Y 

8a) V 8a 8 


8a ) C ° S V 8a 7 ' 8 


[Re /3 > 0, a > 0] 


3.969 

1. 

2 . 


[2pxcos (2pqx 3 ) + q sin (2 pgx 3 )] dx = — 
[2pxsin (2pqx 3 ) — q cos (2pgx 3 )] dx = 0 


Bl (363)(7) 
Bl (363)(8) 


3.971 

and B 

1. 


Notation: In formulas 3.971 1 and 2, p > 0, q > 0, r = \J a? + p 2 , s = \Jb 2 + q 2 , A = arctan 


2 . 


arctan -. 

9 


i “ p (-^ - 1) s “ (° i2 + ?) $ = y__j xp (- pi2 - 1) sin (“ 2 + s) 

_ r „ t A I DM r A I o 


b \ dx 


= exp [—2 rs cos(A + B)] sin [A + 2 rs sin(A + B)\ 

2s 

Bl (369)(16, 17) 


L exp ( 


b \ dx 1 

~P X ~ TT ) cos I ax + ^ ^ = 2 


f exp( 

J — OO ' 


b \ dx 

~P X ~ TT cos +^ h2 


— OO 

7T 


2s 


X“ / \ X‘/ x x 

exp [— 2rs cos(A + £?)] cos [A + 2 rs sin(A + B)] 

Bl (369)(15, 18) 


3.972 

1. 


exp 


-fiVl 4 + x 4 


dx 


sm ax 


1/7 4 + x 4 

= ./?/ 


1/4 


r 

2 


(V/5 2 + a 2 - K 1/4 (V/3 2 + a 2 + 


Re/3>0, |arg7| < — , a>0 


ET I 75(37) 


2 . 


exp 


-PVi 4 + £ 4 


dx 


cos ax 


■\/7 4 + x 4 




-1/4 


r 

2 


A" 


1/4 


21 

4 


Re/3>0, | arg 7 1 < — , a>0 


ET I 17(28) 
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3.973 


3.973 

1. 

2 . 


3 . 


4 . 

5 . 


6 . 


3.974 

1. 


2 . 


3 . 


4 . 


5 . 


6 . 


Z * 00 dx 7 r 

/ exp (p cos ax) sin (p sin ax) — = — (e p — 1) [p > 0 , a > 0 ] 

Jo x 2 

f exp (p cos ax) sin (p sin ax + bx) — — 77 = — exp (— c6 + pe~ ac ) 

Jo + x^ 2 

[a > 0 , b > 0 , c > 0 , 

Z * 00 dx 7 r 

/ exp (p cos ax) cos (p sin ax + bx) „ = — exp (— cb + pe~ ac ) 

Jo + x^ 2 c v ' 

[a > 0 , b > 0 , c > 0 , 

/*°° cZx 7 T 

/ exp (p cos x) sin (p sin x + nx) — = -e p [p > 0 ] 

Jo x 2 

r°° dx 

/ exp (p cos x) sin (p sin x) cos nx — 

Jo x 


dx p U 7T 7t 

nl ' 4 + 2 


y ^ 

^ As! 

/c=n+l 

[p > 0] 

k , 


f°° , x , ■ x . rfa; n ^ p k p n TT 

/ exp (pcos x) cos (psm x) sin nx — = — > — H r — 

Jo x 2 ■ 4 —' fc! n! 4 

u fe =0 


[p > 0] 


/ exp (p cos ax) sin (p sin ax) cosec ax „ „ 

/o 0^ + x z 


dx tt [e p — exp (pe ab )] 


/ [1 — exp (p cos ax) cos (p sin ax)l cosec ax 

/o 0 + x 2 


/ exp (p cos ax) sin (p sin ax + ax) cosec ax „ „ 

/ 0 0" + x 2 


26 sinh a6 
[a > 0, 6 > 0, p > 0] 

x dx 7t [e p — exp (pe _ab )] 

2 sinh ab 
[a > 0, 6 > 0, p > 0] 

dx ir \e p - exp (pe~ ab — ab)] 


/ exp (p cos ax) cos (p sin ax + ax) cosec ax „ „ 
/ 0 + x z 


26 sinh ab 
[a > 0 , 6 > 0 , p > 0 ] 

xdx 7 r [e p — exp (pe _ab — a 6 )] 


2 sinh a6 

[a > 0, 6 > 0, p > 0] 


exp (p cos ax) sin (p sin ax) — = — [1 — exp (p cos ab) cos (p sin a6)] 

b z — x z 2 


exp (p cos ax) cos (p sin ax) 2 = — exp (p cos a6) sin (p sin ab) 


[p > 0, a > 0] 

6) sin (p sin ab) 

[a > 0, 6 > 0, p > 0] 


WH, FI II 725 

p > 0] 

Bl (372)(3) 

p > 0] 

Bl (372)(4) 
Bl (366)(2) 

LI (366)(3) 

LI (366)(4) 

Bl (391)(4) 

Bl (391)(5) 

Bl (391)(6) 

Bl (391)(7) 

Bl (378)(1) 


Bl (378)(2) 
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7. 


9. 

10 . 

3.975 

1. 

2 . 

3.976 


exp (pcos ax) sin (psin ax) tan ax 2 = ^ ' tanh ab [exp (pe ab ) — e p ] 


[a > 0, b > 0, p > 0] Bl (372)(14) 


J exp (pcos ax) sin (psin ax) cot ax ^ 2 .2 = 2 b co ^ [ eP ~ ex P ( P e ah )] 

[a > 0, b > 0, p > 0] Bl (372)(15) 

7j- 

exp (p cos ax) sin (p sin ax) cosec ax — = — cosec ab [e p — exp ( p cos ab) cos ( p sin ab)] 


[1 — exp (p cos ax) cos (p sin ax) ] cosec ax — — — - = — — exp (p cos ab) sin (p sin ab) cosec ab 


[a > 0, b > 0, p > 0] Bl (391)(12) 

7T 

- — exp (p cos ab) sin (p sin ab) cosec ab 
[a > 0, b > 0, p > 0] Bl (391)(13) 


iP 


00 sin ( (3 arctan ^ 


/° (yy 2 _|_ x 2 ) 2 

f'°° sin (/? arctan x) dx 
'0 (1 + x 2 ) 


dx 1 x 1 7 1 ^ 

= SW7)-o- 


e 2,rl - 1 2 


£ - 2,ra + l 2(/3 — 1) 2/3 [Re/3 > 1] 


4 7 /3 2(/3 - 1) 

[Re/3 > 1, Re 7 > 0] WH, ET I 26(7) 

C(^) ro„ a ^ 11 EH I 33(13) 


I (l + x 2 )^ 2 e px cos [2px + (2/3 — 1) arctan x] dx = sin 7t/3r(/3) 
/o 2pP 

[Re /3 > 0, p > 0] 


WH 


3.98-3.99 Combinations of trigonometric and hyperbolic functions 

3.981 


1. 

2 . 

3. 

4. 

5. 


sm ax , 7t , a7t r _ „ . 

. , , dx = — tanh — Re /3 > 0, a > 0 

sinh/3x 2/3 2/3 L J 


/ sm ax 7t an 1 

/„ ^i dx = -^ Unh 2j3~2j3 


cos ax 7T a7t 

— — — dx = — sech — 
cosh /3x 2/3 2/3 




(3 + ai 

4/3 


- 


Bl (264)(16) 


/3 — ai 
4/3 

[Re/3 >0, a > 0] 

GW (335)(12), ET I 88(1) 

[Re/3 > 0, all real a] Bl (264)(14) 


’ . sinh fix n 

sm ax — — dx = 


sinh — 

7 


sinh 7 x ~~ 2 7 cosh ^ + cos ^ 2 7 




/3 + 7 + ia 
27 


- 


/3 + 7 — ia 


27 


sm 


7T/3 


sinh /3x 7t — ~ 

cos ax — dx = 7. 

smh 7 x 2 7 cosh — + cos ^ 
7 7 


[|Re/3| < Re 7, a > 0] 
[ | Re /3 1 < Re 7] 


ET I 88(5) 
Bl (265)(7) 
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3.982 


6 . 


7. 


9. 


10 . 


11 . 


it 


12. 11 

3.982 

1. 

2 . 


3. 


li 


sm ax 


sinh fix j 7 r sin ff s i R ^ if 


cos ax 


cosh 7X 
sinh fix 


dx = — 


7 cosh — + cos — 

7 7 


[|Re/3| < Re 7, a > 0] Bl (265)(2) 


dx= — 


cosh 'yx 47 

- fp 


*P 


37 — fi + ia 


47 

37 + fi + ia 
47 


■ip 


37 — fi — ia 


47 


- ip 


37 + fi — ia 
47 


2-7T sin — 
7 

cos ^ + cosh *2 
7 7 


/ . cosh ,3 a; 7t 

/ sm ax — dx = — 

/ 0 smh 72; 

/'°° . cosh/32; , « 

/ sm ax — dx = - — 

/ 0 cosh 72; 47 

- ip 


sinh — 

7 

27 cosh — + cos ^ 
7 7 


[|Re/3| < Re 7, a > 0] ET I 31(13) 

[|Re/3| < Re 7, a > 0] Bl (265)(4) 


ip 


37 + fi + ia 
47 

37 — /? — ai 
47 


- ip 


37 + fi — ai 
47 


' ip 


37 — fi + ia 
47 


27tZ sinh — 
7 

cosh — + cos ^ 

7 7 


[|Re/3| < Re 7, a > 0] 


ET I 88(6) 


cosh fix 7 r 

cos ax dx = — 


cos ff cosh §f 


cosh 72; 


7 cosh — + cos 

7 7 


t/2 


cos 2m x cosh fix dx = 


(3ir 
1 

(2m)! sinh 


[|Re/3| < Re 7, all real a] Bl (265)(6) 


fi (, 3 2 + 2 2 ) . . . [fi 2 + (2m) 2 ] 


LM 0] 


f7r/2 2m+i , o J (2m + 1)! cosh ^ 

cos x cosh fix dx = 77-7 — — —7 7-7 77 —77 

0 M (/3 2 + l 2 ) (fi 2 + 3 2 ) . . . [/3 2 + (2m + l) 2 ] 


cos ax 


dx = 


air 


1 0 cosh 2 fix 2fi 2 sinh 

r 2/3 


[Re fi > 0, a > 0] 


WA 620a 

WA 620a 

Bl (264)(16) 


sm ax 


sinh fix * (° sin % cosh - fi cos ff sinh §f ) 

dx = 


COSh 2 7 X 7 2 ^ cosh ryr _ cos 


r°° sin 2 x cos ax 7r 
• dx = — 


1 0 sinh hx 


CL - b 2 


2a 


4 I _ g— 7r(a+2) _ g— 7ra _ g— 7r(a— 2) 


[|Re/?| < 2 Re 7, a > 0] 
a- 2 1 

= J («) 


ET I 88(9) 


1 1 7 r 

/(0) = - (7rcotli7r — 1) , I(± 2) = - + — (coth27r — cotli7r) 
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3.983 

l. 6 


2 . 

3. 3 

4. 


5. 


/'°° cos ax dx 
I o b cosh f3x + c 


7rsin arccosh 
PVc 2 — b 2 sinh ^ 
7tsinh arccos 
PVb 2 — c 2 sinh ^ 



cos ax dx 
cosh (3x + cos 7 



cos ax dx 
cosh x — cosh b 


7 r sinh ^ 

/ 3 sin 7 sinh ^ 

sin ab 

— 7 r coth a 7 t . 

smh b 


cos ax dx 


1 + 2 cosh 




[c > b > 0 ] 


[& > c > 0 ] 

[Re f3 > 0, a > 0] 

GW (335)(13a) 

\n Re (3 < Im (3"f, a > 0] 

Bl (267)(3) 

[a > 0 , b > 0 ] 

ET 1 30(8) 

[a > 0 ] 

ET 1 30(9) 


/'°° sin ax sinh fix 
I o cosh 72 : + cos <5 


dx = 



j^sin 

I'Co' 

1 

-23 

sinh 


— sin 


sinh 

'*(*-*)' 

} 

7 sin S | 

fcosh ^ - cos 

\ 7 7 ) 

1 


[ 7 rRe 7 > |R.e 7 < 5 | , |Re/3| < Re 7 , a > 0] Bl (267)(2) 


6 . 



cos ax cosh (3x 
cosh 7 X + cos b 


dx = 



j^cos 

f (tt- b ) 

cosh 

|P ’ 

+ 

^23 

— COS 

fo+ & ) 

cosh 


} 

7 sin b | 

fcosh ^ - cos 

1 


[|Re/3| < Re 7 , 0 < b < n, a < 0] 

Bl (267)(6) 


7. 


cos ax dx 


(j3 + \J fi 2 — 1 cosh x^ 


v+\ 


T(u + 1 


ai)e av 


Q a J(P) 

r (^ + i) 


[Re^> — 1, |arg(/3 + 1)| < 7t, a > 0] 

ET I 30(10) 


3.984 

1 . 6 

2. 6 
3. 8 

4. 

5. 


lim 

++ 

lim 

ell. 


f°° sin ax sinh cx cosh ab 

dx = 7T- 


r oo 


cosh x + cos b 
cos ax cosh cx 
□ cosh x + cos b 
sin ax sinh " 


sinh ( 


dx = — 7 t cot b 


sinh ab 
sinh an 


cosh x + cos (3 


dx = 


n sinh a(3 
2 sin | cosh a 7 t 


cos ax cosh )fx 

dx = 


7TCOS ^ 


cosh (3x + cosh 7 
J sin ax sinh / 3x 


dx = 


2/3 cosh cosh ^ 
an 


cosh 2/3x + cos 2ax 4 (a 2 + /3 2 ) 


[ 6 < 7t, a real] 

Bl (267)(1) 

[0 < \b < 7 T, a real] 

Bl (267)(5) 

[Re/3 < n, a > 0] 

ET 1 80(10) 

[7rRe/3 > Im (/? 7 ) ] 

ET 1 31(16) 

[a > 0, Re (3 > 0] 

Bl (267)(7) 
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3.985 


6 . 


7T 


cos ax cosh /3x 


■ dx = 


(3tt 


) o cosh 2/3x + cos 2 ax 4 (a 2 + /3 2 ) 

f°° sinh 2 ^** x cosh 2e_2 " +1 x 1 , . . . 

1 2 3 . 2 xe dx= 2Fi(e,H\v\P) 


[Re (3 > 0, a > 0] 


/ o (cosh 2 x — P sinh 2 x ) 4 


3.985 

1. 


F 00 cos ax dx 2 U 2 /it ai \ ^ ^ at 

/o cosh 1 ' fix - /3I» U + W V2 2/3 


[Re it > Re p > 0] 

[Re (3 > 0, Re ^ > 0, a > 


cos ax dx 


4"- 1 t ra 


n 


cosh 2 " f3x 2(2 n - l)!/3 2 sinh ^ ^ V 4 /? 2 

7ta (a 2 + 2 2 (3 2 ) ( a 2 + 4 2 /? 2 ) • • • [a 2 + (2n — 2) 2 /3 2 ] 


a7t 


2(2 n — l)!/3 " sinh — 


cos ax dx 


7t2 


2n— 1 


/o cosh^" +i /3x (2n)!/3cosh — 


a 

I/3 2 


2 [3 

2k -1 


[n >2, a > 0] 

21 


7 t ( a 2 + /3 2 ) (a 2 + 3 2 /? 2 ) • • • a 2 + (2n — l) 2 /3 2 
2(2n)!/3 2 " +1 cosh^ 


[Re (3 > 0, n = 0, 1, ... , all real a] 


3.986 

1. 

2 . 

3. 

4. 3 

3.987 


nOO 


sin (3x sin 7X 7t sinh sinh 
dx = — ■ 


1 0 cosh dx 

f°° sin ax cos /3x 

/ 0 sinh 7X 


d COSh |7T + COSh ?7T 


dx = 


7t sinh — 

7 


27 ^cosh ^ + cosh 


I" 00 cos (3x cos 7X 7t cosh cosh 
lo cosh dx ‘ r d cosh ^ + cosh ^ 


sin 2 /3x 


dx = 


(3 (3—1/3 coth (3 — 1 


0 sinh 2 7tx 7t (e 2 ^ 3 - 1) 27t 


27T 


f 00 1 

1. / sin ax (1 — tanh/3x) dx = 

do a 

/*°° 7T d'K 

2. / sin ax (coth ,3x — 1) dx = — coth — — 

do 2p 2(3 


2(3 sinh 

a7t 1 

a 


[|Im(/3 + 7)| < Red] 
[|Im(a + /3)| < Re 7] 

[|Im(/3 + 7)| < Red] 

[|Im/?| < tt] 

[Re (3 > 0] 

[Re (3 > 0] 


Bl (267)(8) 

EH I 115(12) 

0] 

ET I 30(5) 

ET I 30(3) 

ET I 30(4) 

Bl (264)(19) 
LI (264)(20) 

Bl (264)(21) 

EH I 44(3) 

ET I 88(4)a 
ET I 88(3) 
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3.988 

1. 


2 . 


3. 

3.989 

1. 

2 . 

3. 

4. 

5. 


6 . 


3.991 

1. 

2. 11 


f^ 2 cos ax sinh (26 cos x) , 7t /— T r 

/ -j= dx = -Virbl« + i (b) I_a + i (b) 

J 0 y/cOSX 2 2+4 W 2+4 


I" 77 / 2 cos ax cosh (2&cosx) , 7r /— 

/ . dx = — V7rola_i 

J 0 v'c.osx 2 2 4 


[a > 0] 


1 (b)Ial(b) 


cos ax 


dx 71 P -k+i. 0 . (cos b) 


I o V cosh x cos b \/2 cosh a7t 


[a > 0] 

[a > 0, b > 0] 


sm sin bx tt xb 2 , nb 

— dx = — sm — r cosech — 

smh ax 2 a 4 a z 2 a 


1,00 cos sin bx . 7t cosh g — cos go 


sinh r 


dx = 


4 a 2 


2 a sinh g 


r*00 _• X 


cosh : 


dx — — 


a 2 ir 1 

4 y/2 


2 cosh g 


Jo cosh x 

f°° sin (7 rax 2 ) cos bx 
Jo cosh 7TX 


dx = — ■ 


4 ' v^2 


2 cosh f 


[a > 0, b > 0] 
[a > 0, b > 0] 


dx = — exp — (fc + |) 6] sin (fc+|) 7ta 


fc =0 


-^E ex p 


/c— 0 


b (k + g 


a 

sin 


^ _ jj_ + (fc+ g 2 7T 

4 47ta a 

[a > 0, b > 0] 


J cos (nax 2 ) cosbx . 

v ' -dx=2^(-l) exp 


Jo cosh 7 rx 


fc=0 


/ n 



7, i\ 2 


) b 

COS 

7 + 2j na 




k—0 


b(k+\) 


COS 


tt _ + (k + \y K 

4 47ta a 

[a > 0, b > 0] 


. 1 a .( n a 2 

sm 7tx sm ax coth 7 rx ax = - tanh - sm — I 

4 47t 


2 • 1 a 

cos 7tx sm ax coth 7 rx ax = - tanh — 

2 2 


, 7t a 2 \ 
1 - cos - + — 

4 47t / 


ET I 37(66) 

ET I 37(67) 
ET I 30(7) 

ET I 93(44) 
ET I 93(45) 

ET I 36(54) 

ET I 36(55) 

ET I 36(56) 

ET I 36(57) 

ET I 93(42) 
ET I 93(43) 
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3.992 


3.992 

1. 


2 . 


3.993 

3.994 

1. 


2 . 


3. 


4. 


5. 


6 . 


7. 

3.995 

1. 


2 . 


f°° sin ttx 2 cos ax 


0 1 + 2 cosh [ —=itx 

.73 


dx = — v 7 3 + 


cos (js ~ If) 

4 cosh + — 2 

73 


f°° cos 7tx 2 cos ax , „ s ' n (12 4-k) 

ax =1 


0 1 + 2 cosh ( -—=7ix 

.73 


a 


4 cosh — — — 2 

73 


00 sin 2 x + cos x 2 , sin 2 a + cos a 2 

cos ax dx = 


/ 0 cosh (y/nx) 

f°° sin (2a cosh x) cos 6x 
/ 0 7 cosh x 

f°° cos (2a cosh x) cos bx 
1 0 7 cosh x 

f°° sin (2a sinh x) sin bx 
Jo 7 sinh x 

f°° cos (2a sinh x) sin bx 
Jo 7 sinh x 

f°° sin (2a sinh x) cos bx 
Jo 7 sinh x 

f°° cos (2a sinh x) cos bx 
Jo 7 sinh x 


2 cosh (T^ra) 


dx = — tv ait 
4 


dx = — - V a7t 
4 


dx = — 7™ 
2 


dx = — y/na 
2 


dx = 


dx = 


/7ra 


sin (a cosh x) sin (a sinh x) -r-r — = — sin a 


sinh x 2 


J i,ib( a) Y i_ib (a) + J i_ib (a) Y 1 , it (a) 
[a > 0, & > 0] 

J_i,ib(a) Y _i_tb(a) + J_i_ib(a ) F_i 

4 -1 " 2 ' 7 4 2 v 7 4 2 v 7 4 

[a > 0, b > 0] 

I i_ib (a) K _i,ib(a) — I i,ib( a) K i_ib (a) 

4 2 v 7 4 ' 2 v 7 4 ' 2 v 7 4 2 v 7 

[a > 0, & > 0] 

I_i_ib(a) K _ 1 , ib (a) — I _ 1 , ib (a) K_i_ 

4 2 v 7 4 ' 2 v 7 4 -1 " 2 x 7 4 

[a > 0, b > 0] 

I i_ib(a) K i,ib(a) + I ij_ib(a) K i_ib(a) 

4 2 4 ' 2 4 -1 " 2 4 2 

[a > 0, b > 0] 

I_i_ib(a) K _i,ib(a) + I _ 1 1 it (7 iT_ 1 _ ( 

4 s'* ' 4 I" 2 v x 4“r 2 42 ' 

[a > 0, b > 0] 

[a > 0] 


r /2 sin (2a cos 2 x) cosh (a sin 2x) 7t 2 ac 

7i dx = — — sin 

0 b 2 cos 2 x + c 2 sin x 2oc b + c 


T / 2 cos (2a cos 2 x) cosh (a sin 2x) it 2 ac 

- dx = — — cos ■ 


b 2 cos 2 x + c 2 sin 2 x 


2 be b + c 


[b > 0, c > 0] 


[b > 0, c > 0] 


ET I 37(60) 


ET I 37(61) 


ET I 37(58) 


ET I 37(62) 



ET I 37(63) 


ET I 93(47) 



ET I 93(48) 

ET I 37(64) 

a) 

ET I 37(65) 
Bl (264)(22) 

Bl (273)(9) 

Bl (273)(10) 
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3.996 

1. 


/*°° /?7T 

/ sin (asinhx) smhflxdx = sin K p{a) [|Re/3| < 1, a > 0] 

Jo 2 

,oo ^7T 

2. / cos (asinhx) cosh/fodx = cos K p(a) [|Re/?| < 1, a > 0] 

Jo 2 

/»7t/2 

3. J cos (a sin x) cosh (/? cos x) dx = — Jq y\/ a 2 — /3 2 J 

/■°° 7T 

4. / sin (a cosh x — |/37t) cosh/3xdx = — J p(a) [|Re/3| < 1, a > 0] 

Jo 2 

f°° t r 

/ cos (a cosh x — i/?7r) cosh /3x dx = — — Y p (a) [|Re/3| <1, a > 0] 

Jo 2 


5. 

3.997 

1. 

2 . 

3. 


4. 


r /2 /- / 2 

/ sin" a; sinh (/3 cos x) dx = I — ) T 
/o 2 \ p 


v + l 


sin 1 " x cosh (/? cos x) dx = \Jtt ( — ] T 


prr/2 


dx 


= 


v + l 


(- 1 )* 


L S (/3) 

[Re z/ > —1] 

im 

[Re v > — 1] 


/ o cosh (tan x) cos xv 7 sin 2x fc=0 

tan 9 x dx r(g) 

/ o cosh (tan x) + cos A sin 2x sin A 


y/W+\ 

fc _ 1 sin kX 


£(-D 


fe=i 


k* 


[9>0] 


EH II 82(26) 
WA 202(13) 

MO 40 
WA 199(12) 
WA 199(13) 


EH II 38(53) 

WH 

Bl (276)(13) 

Bl (275)(20) 
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4.111 


powers 


4.11-4.12 Combinations involving trigonometric and hyperbolic functions and 

7T d 2m / , (ITT 


4.111 

1. 


3. 


sm ax 2m 


J o smhfix 


. x 2m dx = (-iy 


2/3 ' da 2m V tanh 2/3 


[Re /3 > 0] (cf. 3.981 1) 


cos ax 2m+1 , , 7t d 2m+1 ( an \ 

. - „ ■ x 2m+L dx = ( — l) m — — - — — ~ — -r tanh — 

sinh/3x 2(3 da 2m+1 \ 2(3 ) 


GW (336)(17a) 


[R,e (3 > 0] (cf. 3.981 1) 


GW (336)(17b) 


sin ax 2m+1 


J o cosh (3x 


X 2m+1 dx = (-1) 


m+1 ^ d 2 ^ 1 ( 1 


2(3 ' da 2m + x l cosh 


[R.e (3 > 0] (cf. 3.981 3) 


GW (336)(18b) 


4. 


5. 


6 . 


7. 


4.112 


cos “ .**><!* = (- i)”tL. 32 


/ o cosh / 3x 


2 (3 ' da 2m ^cosh|f 


0 sin 2 ax i r 2 s i n ^ “f 1 

x — ; — — ax = 


J o cosh fix 4/3 2 cos ^ 2 — 

ft 

f°° cos 2 ax it 2 1 

Jo W'cosh 2 — 

ft 

f°° sin ax dx 


J o cosh / 3x x 


( 7Ta \ 7T 

= 2 arctan ( ex P ^ ^ 


/»oo 

1. / (a; 2 + /3 2 ) 

Jo 

2. f x (x 2 + 4/3 2 ) — 

ao si 


,2 , cosox ,. _ 2/3 3 

/jr rvi KjjtAy q 

cosh — cosh 1 a/? 

2(3 

|2N cos ax 6/3 4 

' dx = 


sinh — cosh a(3 
2(3 


[Re (3 > 0] 

(cf. 3.981 3) 

GW (336)(18a) 

[R.e (3 > 0, 

a > 0] 

Bl (364)(6)a 

[R.e (3 > 0, 

a > 0] 

Bl (364)(l)a 

[R.e (3 > 0, 

a > 0] 


Bl (387)(1), ET 1 89(13), LI (298)(17) 

[R.e (3 > 0, 

a > 0] 

ET 1 32(19) 

[R.e (3 > 0, 

a > 0] 

ET 1 32(20) 
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4.113 

1. 


2 . 


3. 

4. 

5. 

6 . 

7. 


9. 


10. 1 


sin ax 

dx 

sinh 7tx 

x 2 + /3 2 

sin ax 

dx 

sinh 7tx 

x 2 + m 2 

sin ax 

dx 

sinh 7rx 

1 + x 2 

sin ax 

dx 

sinh —a: 
2 

1 + x 2 

sin ax 

dx 

sinh —x 
4 

1 + x 2 

sin ax 

x dx 

cosh —x 
4 

1 + x 2 

cos ax 

x dx 

sinh 7rx 

1 + X 2 

cos ax 

x dx 

sinh —x 

1 + X 2 

cos ax 

dx 

COSh 7TX 

x 2 + /3 2 

cos ax 

dx 

cosh 7ta; 

x 2 + (m 


1 7te _a/3 


1 


2-Fi (l) ~/3; 1 /?; ~ e “) + 2-FT (l) /3; l + P ■ — e “)] 


2/3' 

1 

2/3 2 2/3 sin 7t/3 


1 t re“ a/3 ^ (— l) fe e _afe 


fe=i 


2m 


2m. ' m — k 

k-l 

i d” 1 - 1 r (i + z ) m - x , 

-T- T 2 ln(l + 2 ) 

2m! dz m ~ 1 z 


k 2 -(3 2 

[Re/3 > 0, /3yf 0,1,2, a > 0] ET I 90(18) 

In (1 + e~ a ) 


L ^ f -\\k^—ka 

9 m ^ 


0 —ma 1 — 


2m. 


>0] 


sin aa; dx 


a 

2 ~ ~2 


cosh a + sinh a In ^2 cosh 


ET I 89(17) 
GW (336)(21b) 


7t 

Y 


= — sinh a — cosh a arctan (sinh a) 

Y>Z 


GW (336)(21a) 


y/2 


In 


\/2 2 cosh a — \/2 


V2 cosh a arctan 


V2 


2 sinh a 


[a > 0] 


7t sinh a 2 cosh a + \/2 r - 

—=e H =— In = — v 2 cosh a arctan 

sj 2 ^2 cosh a- V 2 


1 a 


[a > 0] 

) 

[a > 0] 


LI (389)(1) 

1 'j 

-\/2 sinh a J 

Bl (388)(1) 


7T 

2 e 


a 


>0] 


Bl (389)(14), ET I 32(24) 


Bl (389)(11) 


o~ a P 


E 


(_ l ) fc e -( A + 1 / 2 ) 0 


[Re /3 > 0, a > 0] 

( — 1 )m e -af) + 1 ) ~ (_ 1 )fc e -(fc+ 1/2)0 

" =0 (fe+s) 2 -/3 2 


2/3 2 


fc= 


[Re /3 > 0, a > 0] 


ET I 32(26) 


ET I 32(25) 
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4.114 


11 . 


12 . 


13. 


f cosaa; dx „ , a r „ / -*\ /“m 

— • = 2 cosh e arctan (e 2 ) + e arctan (e 2 ) 

n cosh nx 1 + x z 2 


cos aa: dx 


cosh | a; 1 + a; 2 


[a > 0] 

= ae _a + cosh a In (l + e~ 2a ) [ a > 0] 


ET I 32(21) 
Bl (388)(6) 


cos ax dx 7r _ 2 smh a 

— . _ • = —7= e H 7= — arctan 

cosh | a: 1 + a: 2 ^2 V2 


1 


cosh a 2 cosh a + V 2 
\/2 sinh a 7 \/2 2 cosh a — \J 2 


[a > 0] 


Bl (388)(5) 


4.114 

1. 

2 . 


f°° sin ax sinh (3x 
I q x sinh 7a; 

f°° cos ax sinh /3x 


1 /3-7T a7r 

dx = arctan tan — tanh — 

27 27 


1 _ cosh + sin 


/3n 

27 


/o * cosh 7a: 2 ln cosh - sin 


[|Re/3| < Re 7, a > 0] Bl (387)(6)a 
[ | Re /3 1 < Re 7] ET I 33(34) 


4.115 

1. 


2 . 


3. 


4. 


5 . 


f°°xsmax sinh (dx ^ ne ab sin b/3 _|_ 

/ n x 2 + b 2 sinh ttx 2 sin bn ^ 

k—1 


k ke afc sin k/3 
k 2 - 6 2 

[0 < Re (3 < 7r, a > 0, 6 > 0] 

Bl (389)(23) 


isinai smh Bx , 1 , . „ . 1 . , . r . „ _ _ 9 „ n 

— 7 • — 7 dx= -e (a sin (3 — (3 cos /?) smh a sin /3 ln [1 + 2e cos/3 + e 1 

x 2 + 1 smh nx 2 2 L 1 


+ cosh a cos (3 arctan 


sin (3 

e a + cos (3 

[ | Re /3 1 < 7t, a > 0] 


LI (389)(10) 


5 x sin ax sinh (3x 
x<2 + 1 sinh ^ x 


dx 


7t . n 1 - . , , cosli a + sm fi 

= — e sm [3 + - cos p smh a in — ; — - 

2 2 cosh a — sm p 


■ n 1 ( C0S /3 

— sm p cosh a arctan — 
\ smh a 


|Re/3| < — , a > 0 


Bl (389)(8) 


cos ax sinh Bx , n e ab sin b/3 „ . . 

■ dx = - • ^ + 2J(-1)* 


r,—ak 


sin k(3 


l 0 x 2 + b 2 sinh 7ta: 2b sin bn 


k = 1 


k 2 — b 2 

[0 < lie (3 < n, a > 0, b > 0] 


Bl (389)(22) 

f°° cosax sinh Bx , 1 , . _ .. 1 , . ,, _ 9 „s 

/ — ^ dx= -e (asm/3 — /3cos/3) + - coshasm/31n (l + 2e cos/3 + e ) 

/n x z + 1 smh nx 2 2 y ' 

• i a *. sin ^ 

— smh a cos p arctan - 

e a + cos (3 

[|Re/3| < 7r, a > 0, b > 0] Bl (389)(20)a 
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6 . 


7. 


9. 


10 . 


11 . 


12 . 


13. 


1 cos ax sinh [3x 


X 2 + 1 

sin ax 

77 u 

smh —x 

2 

sinh /?x 

2 1 

* + 4 

cosh irx 

sin ax 

cosh jx 

x 2 + (3 2 

sinh nx 

sin ax 

cosh j3x 

X 2 + 1 

sinh 7ta: 

sin ax 

cosh j3x 

a; 2 + 1 

7 T 

smh —x 

2 

x cos ax 

cosh /3a; 

x 2 + b 2 

sinh nx 

x cos ax 

cosh /3a: 

X 2 + 1 

sinh nx 

x cos ax 

cosh /3a: 


dx = 


n _ n . 1 , cosha + sm/3 

— e snip cosh a cos 3 m — 

2 2 cosh a — sm /3 


7 r 


+ sinh a sin (3 arctan 


cos /3 
sinh a 


|Re (3 1 < — , a>0, 6 > 0 


Bl (389)(18) 


P 


dx= e 2 | a sin : 

2 

, a (3 sin /3 

+ cosh - cos — arctan - 

2 2 1 + e~ a cos (3 


f3 cos — sinh ^ sin En (l + 2e a cos (3 + e 2a ) 


dx = 


1 7t e a/3 cos/?7 i 1 ^ fc _ 1 e afc cosfc7 


2/3 2 2/3 sin (3tt 


[ | Re /? | < 7t, a > 0] 

OO 

E(-d 


ET I 91(26) 


fc= l 


k 2 - (3 2 

[0 < Re/3, |R.e 7I < 7t, a > 0] 

Bl (389)(21) 


dx=--e a (acos/3 + /3sin/3) + - sinhacos/31n (l + 2e a cos/3 + e 2a ) 


+ cosh a sin / 3 arctan 


sin /3 


e a + cos (3 

[|Re/3| < 7r, a > 0] ET I 91(25), LI (389)(9) 


7t _ 1 . . cosha + sm/3 , . , cos/3 

— — e cos/3+-sinhasm/3m — ; — -+cosh acos/3 arctan 

2 2 cosh a — sm (3 


| Re /3| < — , a > 0 


dx = — 


7 r e ab cos 6/3 
2 sin 67 t 


V( i) fc fce cosk P 

^ fc 2 — 6 2 


fe=i 


[|Re/3| < 7t, a > 0] 


sinh a 
Bl (389)(7) 

Bl (389)(24) 


1 


dx= “(a cos /3 + /3 sin /3) 

— ^ ^ cosh a cos / 3 In [l + 2e -a cos /3 + e -2a ] 

. 1 . sin/3 

+ sinh a sm 3 arctan 

e a + cos /3 

[|Re/3| < 7t, a > 0] 


Bl (389)(19) 


/ 0 x 2 + 1 sinh —a; 

2 


dx = 


, 7t _ 1 . cosha + sm/3 

— 1 + — e cos [3 + - cosh a sm p in — ; — - 

2 2 cosh a — sm p 

■ 1 rt COS/3 

+ smh a cos p arctan — 


sinh a 


7 r 


|Re /3| < — , a > 0 


Bl (389)(17) 
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4.116 


14. 


cos ax cosh /3x , _ . . . e 

| 1 • dx = ae cos p + pe sin p + smh a sin p arctan 


1 sin 2/3 


/ 0 a ; 2 + 1 cosh — x 

+ - cosh a cos /? In (l + 2e~ 2a cos 2/3 + e _4a ) 

7 r 


1 + e _2a cos 2/3 


|Re/3| < — , a > 0 


ET I 34(37) 


4.116 

l . 6 

2 . 


x cos 2 ax tanh x dx 



dx an 

cos ax tanh pa; — = in coth — 
x 4/3 


the integral is divergent Bl (364)(2) 

[Re/3 > 0, a > 0] Bl (387)(8) 


4.117 

1 . 


2 . 

3. 

4. 

5. 


6 . 


sin ax nx 

^ — 9 tanh — dx = a cosh a — smh a in (2 smh a) 


>0] 


Sin ax 7TX 7 T 0 . _ _ .. CL / 

77 tanh — ax = — — e + smh a In coth - + 2 cosh a arctan ( e ) 

1 + x 2 4 2 2 

sin ax _ , a _ n . _ _ , _ nX , ^ 

-coth 7 rxdx=-e — smh a In (1 — e ) a >0 

1 + x 2 2 v ' 


sm ax 7 r a 

77 coth — x ax = smh a in coth — 

1 + x 2 2 2 


>0] 


x cos ax 7T „ / _ 2n \ 

— tanh —xdx = —ae — cosh a in ( 1 — e ) 

1 + x 2 2 v ' 


>0] 


x cos ax 7t 7r a . . . 

— tanh — x dx e + cosh a in coth — h 2 smh a arctan ( e ) 

1 + x 2 4 2 2 

[a > 0 ] 


Bl (388)(3) 
Bl (388)(4) 

Bl (389)(5) 

Bl (389)(6) 

Bl (388)(7) 

Bl (388)(8) 


7. 


9. 


4.118 s 

4.119 


’xcosax , , a ,, 1 . _ . 

s- coth 7tx dx = e cosh a in ( 1 — e ) 

1 + x 2 2 2 v ; 

J x cos ax 7 r , a . „ n 

— 5 - coth — x dx = — 1 + cosh a in coth - a > 0 

1 + x 2 2 2 


Bl (389)(15)a, ET I 33(31)a 
Bl (389)(12) 


x cos ax , f , tr _ a . , _ N 

s- coth — x ax = — 2 H — e + cosh a in coth — h 2 smh a arctan ( e ) 

1 + x 2 4 2 2 v ' 

[a > 0 ] 


noo 

/ x sm ax 

7T 1 , 

71 

1 \ 

1 2 — = 

— i — | 

. -7tacoth 

-7ta — 1 

/o cosh x 

2 sinh ^ 7 ra 

V2 

2 J 


f 1 — cos px dx , / , P 7T \ 

/ • — = In cosh — 

Jo smh qx x \ 2q J 


Bl (389)(13) 
ET I 89(14) 
Bl (387)(2)a 
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4.121 


air bn 

f°° sin ax — sin bx dx 6Xp 2/3 6XP 28 

/ ' — = 2 arctan — 7 — — 

/ o cosh px x 1 (a + o) 7 t 

+ 6XP 2/3 


&7T 

) 7 7 cosh — — 

cosax — cos bx dx 23 

• — In — 

sinh (3x x cosh — 


[Re/3 > 0] 


[Re/3 > 0] 


GW (336)(19b) 


GW (336)(19a 


4.122 


• r. T' 7r 

/'°° cos /3 a; sin 7a; dx s o<3 

/ --r • — = arctan 

/n coshoo: x , P 7t 

u cosh — 

2d 

f°° . 2 cosh px dx 1, cosh 2a7t + cos /37t 

/ sin ax — — • — = - in 

/ o sinh x x 4 1 + cos /37t 


[Re 5 > |Im/3| + |Im ^y|] ET I 93(46)a 


[|Re/3| < 1] 


Bl (387)(7) 


4.123 


cosh ax + cos x x 2 — n 


xdx 11 

, 7T = arctan 


xdx a 1 

t ~ = - rr — arctan - 


cosh ax — cos x x 2 — n 2 1 + a 


f sm 2a; xdx 11 + 2a 2 1 

/ — — • — n = — ■ — ^ arctan - 

/ o cosh 2ax — cos 2x x z — n~ 2a 1 + a z a 

j'°° cosh aa; sin x xdx —1 

/ 0 cosh 2ax — cos 2 a; x 2 — 7t 2 2 a (1 + a 2 ) 


Bl (390)(1) 


Bl (390)(2) 


Bl (390)(4) 


LI (390)(3) 


/ 0 cosh 7ta; + cos 7t/3 x 2 + 7 2 27 (cos 771 + cos (3n) 


a -(2k+l-/3)a 


c -(2fc+l+/3)o 


sinh Pn =( ( 7 2 — ( 27 c + 1 — / 3 ) 2 7 2 — (2fc + 1 + / 3 ) 2 J 

[0 < Re /3 < 1, Re 7 > 0, a > 0] ET I 33(27) 


f sm aa; sinh 6a; , T(p) 

/ ^ x v dx = p sm 

/ 0 cos 2 ax + cosh 2bx ( a 2 _|_ 52) 2 


OO 

arctan — ^ 


(2fc + 1 )p 


[P > 0] 


Bl (364)(8) 


2 sin sinh ^ _ 1 ‘< 9 $! (2 | g) 

cos 7ta; + cosh 7ta; 4 


2 = 0 , q=e~ 


ET I 93(49) 



522 


Trigonometric Functions 


4.124 


4.124 

1. 

2 . 

4.125 

1. 

2 . 

3. 


f 1 cos px cosh (qV 1 - a: 2 ) tt / ^ 

X — 

/ cos ax cosh V^(a 2 -x 2 ) ■ . X = T/o ( , 

vu z — x z 1 \\J a 1 - (3 Z 


MO (40) 
ET I 34(38) 


. , , . , , , . . „ dx 

/ smh (a sm x) cos (a cos x) sin x sin 2nx — = 
do a; 


dx _ (-l) 71 -^ 2 ”- 1 7T 
(2n — 1)! 8 


1 + 


2n{2n + 1) 


LI (367)(14) 


f°° , . . , . , . dx 

/ cosh (asm x) cos (a cos x) smxcos(2n — l)x — = 

Jo x 


dx (-1 )"- 1 a 2 ("- 1 ) 7r 

[2(n — 1)]! 8 


1 - 


2n{2n — 1)_ 

LI (367)(15) 


f°° . w . , . , n dx tt ^ (-1 ) k a 2k+1 (-l)"a 2n+1 3 tt 

/ sinh (a sm x) cos (a cos x) cos x cos 2nx — = — > 1 

do x 2 , 


4.126 

1. 

2 . 

3. 

4. 


fc _ +i (2*+!)! (2n + l)! 

(- l )"-^ 2 "- 1 7 T 
(2n — 1)! 8 


sin (a cos 6x) sinh (a sin bx) * = 1L r cos ( a cos fr c ) C osh ( a s j n fr c ) — 1 ] 

c z — x z 2 

[b> 0] 

sin (a cos bx) cosh (a sin bx) = -p- cos (a cos be) sinh (a sin be) 

c z — x z 2c 


LI (367)(21) 


cos (a cos bx) sinh (a sin bx) ^ 2 = ^ [a cos 6c — sin (a cos 6c) cosh (a sin 6c)] 


dx 7T 

cos (a cos 6x) cosh (a sin 6x) ~ = — — sin (a cos be) sinh (a sin be) 

c z — x z 2c 


[6 > 0, c > 0] 
sin (a co; 

[6 > 0 ] 

s be) sin! 

[6 > 0 ] 


Bl (381)(2) 


Bl (381)(1) 


Bl (381)(4) 


Bl (381)(3) 


4.13 Combinations of trigonometric and hyperbolic functions and exponentials 


4.131 

1. 


sin ax sinh 1 ' 7 xe ^ dx = - 


.i-O' + Dj r ( t lH r ( 


p I fj — v'y+ai 
1 2 7 


2 ^+ 2 7 |r( /3+ ^~ at + 1) r ( /3+ ^; +ai + 1) 

[Re v > —2, Re 7 > 0, |Re( 7 ^)| < R.e/3] ET I 91(30)a 
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/»00 

2. / cos ax sinh*' ^xe~^ x dx = 

Jo 


!> + !)/ r(fc==a) r (2=5*4) 


2^+2^ p ^ /3+7^ — ai + 1 ^ r ^/ 1 +TT+ri _|_ 

[Rez, > —1, Re 7 > 0, |Re(7^)| < Re/3] 


3. 


4. 


O ~0X 


sm ax 


dx=^2 


2 a 


I o ' sinh 7 x a 2 + [/? + (2fc - 1)7] 

1 

27/ [ T V 2 t 

f°° sin ax , it , air 1 
' ' dx — - coth — 


7' 3+ I + “V»( /?+ 2 T 7 ~'° 


[Re/3 > |Re 7I] 


sinh : 


2 a 


4.132 

1. 


2 . 


3. 


4. 


5. 


J sin ax sinh f3x 

e'yx _ 1 


dx= — 


sinh 


2na 


1 sin ax cosh j3x 

e ix _ 1 


J sin ax cosh j3x 


dx = — 


dx = 


2 (a 2 + (3 2 ) 27 cosh ^ - cos ^ 

if,//3 .a \ , ( fi .a 

- — //>(-+ t- + 1 - ( *- + l 

27 L V7 7 / \7 7 

[Re 7 > |Re/3|,a > 0] 

a 7t sinh ^ 


2 (a 2 + /3 2 ) 27 cosh ^ - cos ^ 


[Re 7 > |Re/3|] Bl (265)(5)a 


sinh — cos — 

7 7 


e 7X + 1 2 (a 2 + /3 2 ) 7 cosh — - cos ^ 


[Re 7 > |Re/3|] 


J cos arc sinh fix (3 

■ dx = 


sm 


2tt0 


eix - 1 


J cos ax sinh j3x 
e 7 * + 1 


2 (a 2 + f3 2 ) 27 cosh — - cos ^ 

7 7 


[Re 7 > |Re/3|] 


dx = — 


P 


sin ^ cosh ^ 

7 7 


2 (a 2 + /3 2 ) 7 cosh ^ - cos ^ 


[Re 7 > |Re/3|] 


4.133 

1. 11 

2. 11 


/■°° / x 1 \ 

J sin ax sinh (3x exp ( — — J dx = yTFyexp [7 (/3 2 — a 2 )] sin(2a/?7) 


[Re 7 > 0] 


J cos ax cosh /3x exp dx = yTryexp [7 (/3 2 — a 2 )] cos(2a/?7) 


ET I 34(40)a 

Bl (264)(9)a 
ET I 91(28) 

ET I 91(29) 

ET I 92(33) 

, ET I 92(34) 

ET I 92(35) 

LI (265)(8) 

ET I 34(39) 

ET I 92(37) 


[Re 7 > 0] 


ET I 35(41) 
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4.134 


4.134 

,<X> 2 

1. / e~P x (cosh x — cos x) dx 

Jo 

fOO 2 

2. / e~ 3x (cosh x — cos x) dx 

Jo 



[Re /? > 0] 
[Re (3 > 0] 


ME 24 

ME 24 


4.135 

1. 

2 . 


J sin ax 2 cosh 27 xe /3x dx = J 


1 J 7T 2 

a 2 + /3 : 


2 _u R2 eX P 


Pi 2 , „ 

'a 2 + /3 2 Sm 

[Re /3 > 0] 


cry 2 1 a 


LI (268)(7) 


J cos ax 2 cosh 27 xe /3a: dx = ^ y 


1 J 7t 2 


a 2 + /3 2 


exp 


/3 7 2 


cos 


a 2 + /3 2 
[Re /3 > 0] 


a7 2 1 


+ - arctan — 


a 2 + P 2 2 P 


LI (268)(8) 


4.136 

1. 


2 . 


3. 


4. 


4.137 

1. 


2 . 


3. 


/■°° , . ,2 . 2 L —Bx i j \/2tt / 1 \ 1 

/ (smh x + sm x e ' dx = — = 1 1 I — cosh — 

Jo V ' 4v^ 3 8/3 

[Re p > 0] 

/■°° , . u2 • 2t -fe 4 7 \/2tT r / i \ . , 1 

/ smh x — sm x e ' dx = — = 1 1 I — smh — 

J o V ' 4v^ 1 V®/?/ 8/3 

[Re P > 0] 

f°° , , 2 2t -to 4 j V^TT _ / 1 \ 1 

/ cosh x + cos x e ' dx = — — 1 i — cosh — - 

Jo { ’ 4^ V8 PJ 8/3 

[Re p > 0] 

( . 2 2t -to 4 V^TT r / 1 \ . , 1 

Jo ’ 4y / /3 V8JJ 8/3 

[Re P > 0] 


sin2x 2 sinh2x 2 e 3x dx = — , J _ 1 f 4^ cos ^ 71 


^128 P 


2 -3V/3J A/? 4, 

[Re P > 0] 


sin2x 2 cosh2x 2 e l3x dx = — , ^ J \ ( 4^ cos ( 4 — 4 


</l28/? 2 4 W V/3 4 y 

[Re P > 0] 


cos 2x 2 sinh 2x 2 e l3x dx = — . ^ J i f 4^ sin f 4 — ^ 


{/128/3 2 1 V/Jy \P 4 y 

[Re p > 0] 


ME 24 


ME 24 


ME 24 


ME 24 


Ml 32 


Ml 32 


Ml 32 
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4. 


4.138 


cos 2a; z cosh 2x 2 e @ x dx = — . J _ i | — | sin 

r/128/3 2 1 


^) si "G + T 

[Re/3 > 0] 


/* OO ^ / i \ / i \ 

1. / (sin 2 2a: cosh 2a; 2 + cos 2a; 2 sinh 2a; 2 ) e~ l3x dx = — . J i ( — ) cos ( — ) 

Jo V ' </32^2 i \0j \0J 

[Re/3 > 0] 


2. / (sin 2 2a; cosh 2a; 2 — cos 2a; 2 sinh 2a; 2 ) e~ l3x dx = — . J i I — ) sin ( — ) 

Jo </32^2 s \0j \pj 

[Re/3 > 0] 


3. f (cos 2 2a: cosh 2a; 2 + sin 2a; 2 sinh 2a; 2 ) e l3x dx = — . J i ( — | cos ( — | 

Jo V _I \Pj \PJ 


V32/3 2 ' 1 
[Re/3 > 0] 


/»00 

4. / (cos 2 2x cosh 2a; 2 — sin 2a; 2 sinh 2a; 2 ) dx = 

Jo 


^32/3 2 ' 3 
[Re/3 > 0] 


1 \ . (\ 




4.14 Combinations of trigonometric and hyperbolic functions, exponentials, 
powers 


4.141 


, f°° _ 0X 2 . i nr ( i . n 

Jo 4 V /3 3 \ 2/3 2/3 y 


2 . 


3. 


[Re/3 > 0] 


3 -0X 2 • r a 1 ( 1 .1 

a:e H sinh x cos xdx = - . / — cos — - — sin — - 
4 A/ /3 3 V 2/3 2/3 


[Re/3 > 0] 


f°° 2 -flcr 2 v. , 1 fF/ 1 1.1 

/ xe^ cosh x cos xdx = - , / — - cos — sin — 

/ o 4 V /3 3 V 2/3 P 2/3 


[Re/3 > 0] 


, Z 100 2 fix ' 2 . , • , 1 HT ( . 1 1 

4. / x e 1 sinh a: sin a; ax = - . / — =■ sin — + — cos — 

Jo 4\/ /3 3 V 2/3 /3 2/3 y 


[Re/3 > 0] 


Ml 32 

Ml 32 

Ml 32 

Ml 32 

Ml 32 

and 

Ml 32 

Ml 32 

Ml 32 

Ml 32 
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4.142 


4.142 


/ 2 1 Pk~ 1 

1. / xe _l3x (sinh a; + sin a;) dx = ~ cosh — [Re/3>01 

Jo 2 V /3 3 4/3 1 

2 i nr i 

2. / xe _l3x (sinh a; — sin a:) dx = sinh — [Re/3>01 

7o 2 V /3 3 4p 

l*o o 2 ^ l~7T~ { 11 i \ 

3. / x 2 e~ l3x (cosh x + cos a;) dx = - . / — ( cosh — H sinh — - j 

Jo 2\l p 3 \ 4/3 2/3 4/3 J 

[Re P > 0] 

, f°° 2 _ 3x 2 . , . , i nr/., i i , i \ 

Jo 2\ P 3 \ 4/3 2/3 4/37 

[Re P > 0] 


ME 24 


ME 24 


ME 24 


ME 24 


4.143 


, f°° -3x 2 / , • • , X , 1 HF 1 

1. / xe M (coshaisma; + smhaicosa;) dx = — . / — cos — 

Jo 2p y p 2 p 

[Re/? > 0] 

2. j xe-P x (cosh a; sin x — sinh a; cos x) dx = P sin 1- 

Jo 2/3 Y P 2/3 

[Re P > 0] 


Ml 32 


Ml 32 


a: 2 V 2 


. .... [°° . , 2 da; / 7t 7ta 

4.144 / e sinh a; cosaa:^- = r/— e 8 — 

Jo 

4.145 




>0] 


ET I 35(44) 


1 . J xe P x cosh ( 2 aa; sin t) sin ( 2 aa: cos /) (3a; = 3 ex P (y~~/3 cos cos ~ ~p s * n 


[Re /3 > 0] Bl (363)(5) 


2. J xe ^ x sinh (2ax sin t) cos (2 ax cos t) dx = ^ ex P ~p C0S s * n (/ ~ 

[Re /3 > 0] Bl (363)(6) 


4.146 


IP 


to 


e sinh ax sin bxdx = - J — exp 

2 y p 


1 [ tt ( a 2 — b 2 \ . ab 


sm ■ 


4/3 J 2/3 


[Re P>0] 


2 . 8 /V^coshozcoekr <&=*./? ^ ^ “ 4 

Jo 


2 V /3 6XP V 4/3 


COS 


2/3 

[Re P > 0] 
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3 . 


4 . 


5 . 


6. 


D _g x 2 . a Fk ( a 2 . a 2 \ 

xe ' cosh ax sin ax ax = — . / — cos — + sin — I 


4/3 V/H 2/3 2/3; 

[Re/3 > 0] 


D / / 9 9 \ 

-Bx 2 • 1 7 a n I a ■ a \ 

xe smh ax cos ax ax = — . - cos — — sin — I 


4/3 V /3 \ 2/3 2/3; 


[Re/3 > 0] 


2 —Bx 2 1 (. a 2 a 2 a 2 

xe^ cosh act sin axax = - , / — sin — - 3 — - cos — 

4 V /3 3 V 2/3 /3 2/3 


[Re/3 > 0] 

3 2 —Bx 2 U , 1 nr / a 2 a 2 . a 2 \ 

xe^ cosh acc cos axax = - . / — cos — -sin — - 

4 V /3 3 V 2/3 /3 2/3/ 

[Re/3 > 0] 


4. 2-4. 4 Logarithmic Functions 

4.21 Logarithmic functions 


4.211 

1. 

2 . 



= ^00 



dx 

- — = li u 

Im 


4.212 

1 . 7 

2 . 

3. 7 

4 . 

5. 8 

6 . 

7 . 


f 1 dx 
Jo a + In x 


= e“° Ei(o) 


f 1 dx 
Jo a- In x 


-e a Ei(— a) 


dx 


/o (a + In x) 
f 1 dx 
lo (a — In x ) 2 
/'' lnaiiia: 

/o (a + In x) 2 
f [ \wxdx 

1 0 (a — In a;) 2 
/' e In x dx 

1 1 (1 + lnx) 2 


_I +e - a Ei(a) 

- +e a Ei(-a) 
a 

1 + (1 — a)e _a Ei(a) 
1 + (1 + a)e a Ei(— a) 



[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 


Bl (33)(9) 

FI III 653, FI II 606 

Bl (31)(4) 
Bl (31)(5) 
Bl (31)(14) 
Bl (31)(16) 
Bl (31)(15) 
Bl (31)(17) 
Bl (33)(10) 
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4.213 


8. 7 


9. 


f 1 dx 

Jo (a + In x) n 


f 1 dx 

Jo (a -In a;)" 


1 1 

7 Ei(o) - — $> - k - 1 )\a k ~ n 

[a > 0] 

(_ I'm ( -I \w— 1 

J TV e ° Ei(— a) + 5>- k - 1)!(— a) fe_n 

(«-!)! (ra-1)!; S 

[a > 0, n odd] 


Bl (31))(22) 


Bl (31)(23) 


(lns) r 


dx, it is convenient to make the substitution x = e 


In integrals of the form I 

i [a" + (In x) n \ 

Results 4.212 3, 4.212 5, and 4.212 8 [for n > 1] and 4.213 6, 4.213 8 below are divergent but may 
be considered to be valid if defined as follows: 

n—1 


ra f{z)dz 
lo (z^zoY 


1 

(«- 1 )! 


d 

dzo 


PV 


ra m 

1 0 Z- Zo 


dz 


where a > zq > 0, ra = 1, 2, 3, . . . and PV indicates the Cauchy principal value. 


4.213 

1. 

2. 7 


dx 


I o a 2 + (lnx) 

[' — ^ 
lo a 2 — (Ins ) 2 


3. 

4. 7 


f [ In xdx 
lo a 2 + (lns) 2 
f 1 In xdx 
lo a 2 — (Ins) 2 


- [ci(a) sin a — si(a) cos a) 

[a > 0] 


Bl (31)(6) 

^ [e _a Ei(a) - e a Ei(-a)] 

[a > 0] , 

(cf. 4.212 1 and 2) 

Bl (31)(8) 

ci(a) cos a + si(a) sin a 

[a > 0] 


Bl (31)(7) 

— - [e _a Ei(a) +e a Ei(— a)] 

[a > 0] , 

(cf. 4.212 1 and 2) 



Bl (31)(9) 


5. 

6. 8 

7 . 


dx 


a 2 + (In x) * 


1 2 


dx 


2 2 — (lns)^ 


' In xdx 


a 2 + (lns)^ 


In x dx 


i 2 — (lns)^ 


1 

2 a 8 


[ci(a) sin a — si(a) cos a] 


1 

2a 2 


[ci(a) cos a + si (a) sin a] 


[a > 0] 
is divergent 


— [ci(a) sin a — si(a) cos a] 
2 a 


1 

2 a 2 


[a > 0] 
is divergent 


LI (31)(18) 


Bl (31)(19) 
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4.214 

1. 



dx 

a 4 — (In a:) 4 


2 . 



In x dx 
a 4 — (In a;) 4 


f 1 (In a;) 2 dx 
Jo a 4 — (In a;) 4 

I" 1 (In a;) 3 dx 

Jo a 4 — (In a;) 4 


— — g e a Ei(— a) — e a Ei(a) — 2ci(a) sin a + 2si(a) cos a 


[a > 0] 


— — ^ [e a Ei(— a) + e -a Ei(a) — 2 ci(a) cos a — 2 si(a) sin a] 

[a > 0] 

— J- [e a Ei(— a) — e“°Ei(a) + 2 ci(a) sin a — 2 si(a) cos a] 

[a > 0] 


— - [e a Ei(— a) + e a Ei(a) + 2 ci(a) cos a + 2 si(a) sin a] 

[a > 0] 


4.215 

1. 

2 . 


3. 

4. 


4.216 

1. 

2 .* 


i / i\»~ 1 

In 

lo \ x 
rl dx 


dx = r(/z) 


( ln 7 

r( M ) 

j'J 

dx = lT 

dx 

ii 

< 

41 



/ e 

dx 

\J (In x ) 2 - 1 

/e 

dx 


cosec /X7r 


= ^o(l) 


[R.e /j > 0] 
[Re n < 1] 


Bl (31)(10) 

Bl (31)(H) 

Bl (31)(12) 

Bl (31)(13) 

FI II 778 

Bl (31)(1) 

Bl (32)(1) 
Bl (32)(3) 

GW (32)(2) 


4.22 Logarithms of more complicated arguments 


4.221 

1. 

2 . 


/ In x ln(l — x) dx = 2 

Jo 

/ In x ln(l + x) dx = 2 

Jo 


6 


12 


- 2 In 2 


Bl (30)(7) 
Bl (30)(8) 
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4.222 


nl 1 — ax dx z. In ( 1 + k) 

In r = - > a k — K — 

1 — a In a; z ' *■’ 


[a < 1] 


Bl (31)(3) 


4.222 


[°° , a 2 + x 2 „ 

/„ 1,1 dx = (a-b), 

a 2 + x 2 a a 

I lnxln b 2 + x 2 dX = n ( b - a ) +7rln bb 


[a > 0, b > 0] 


[a > 0, b > 0] 


3. J In x In ^1 + dx = irb (In b — 1) [fo > 0] 

4. f In (l + a 2 x 2 ) In fl H — 77 dx = 2i r + ln(l + ab ) — b 

Jo V x ) Y a 


[a > 0, b > 0] 


5. J In (a 2 + x 2 ) In ^1 + dx = 2 tt [(a + b) ln(a + b) — a In a — b] 

[a > 0, b > 0] 

6 . J In ^1 H — — ^ In ^1 H — - ^ dx = 27t [(a + b) ln(a + b) — alna — 61n6] 


In a 2 H — 77 In ( H — tt dx = 2 tt 


1 + ab 


[a > 0, b > 0] 


ln(l + ab) — blnb 


GW (322)(20) 


Bl (33)(1) 


Bl (33)(2) 


Bl (33)(3) 


Bl (33)(4) 


Bl (33)(5) 


[a > 0, b > 0] 


Bl (33)(7) 


r *" (i + “> * - 1 ^ Ei ( - h) ■ + 1 


[b > 0, an integer] 


4.223 


r°° tt 2 

1. J In (1 + e~ x ) dx= — 

r°° tt 2 

2. / In (l — e x ) dx = - 

Jo 6 

r°° .jr'i +2 

3. / In (l + 2e~ x cost + e~ x ) dx = — — 

Jo 6 2 


4.224 


1. J lnsinxdx = L — uj — L ^ — ^ 

/' 7T//4 7T 1 

2. / In sin x dx = — — In 2 — - G 

Jo 4 2 


Bl (256)(10) 


Bl (256)(11) 


Bl (256)(18) 


LO III 186(15) 


Bl (285)(1) 
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1 r 7 r 

In sin x dx = - / In sin x dx = In 2 


nu 

4. / In cos x dx = — L(u) 

Jo 


r /A 7 r 1 

In cos x dx = — — In 2 + - G 


6. / In cos x dx = — — In 2 

Jo 2 

7. f (lnsina;) 2 dx = ^ (ln2) 2 + 

Jo 2 [ 12 

pk /2 r 2 ' 

8. / (In cos x) 2 dx = — (ln2) 2 + — 

Jo 2 [ 12 

9. 8 f In (a + b cos x) dx = ir In ° - 

Jo 2 

/* 7T 

10. / In (1 rfc sinx) dx = — 7tln2 ± 4G 

Jo 


[a > |6| > 0] 


6 fc A (-l) r 


In (1 + a sin x) dx = — ln- + 2G + 2 — — [a > 0] 

A A K ATI JL 

k = 1 n= 1 

= -|ln2 + 2G [a = 1] 


[a 2 < 1] 


12. J In (1 + acosx) dx = 7tln ^ ^ a ^ [a 2 < l] 

, 2 f 27t In + for a 2 < 1 

12(1) / In (1 + acosx) 2 dx = < y 2 J 

° l f ln X for « 2 > 1 

10 r 72 , o . 2 v , ^ 2 2fe (A:!) 2 / 2a V 

13. / In (l + 2a sin a; + a 2 ) dx = } — — — , —77 7 

Jo V ' £-'(2 fc+l)-( 2fc + l)!! \l+a 2 J 


27tln ( 1 + ^ 0,2 j for a 2 < 1 


for a 2 > 1 


In (a 2 — 2abcosx + b 2 ) dx = 2n7tln [max (|a|, |fe|)] 


/»n 7r 

15. 8 / In (l — 2a cos a; + a 2 ) dcc= 0 

Jo 


= n.7r In a 2 


a 2 < 1] 


[ab > 0] 
[a 2 < 1] 
[a 2 > 1] 


4.225 


r /A 7t 1 

1. / In (cos x — sin x) dx = In 2 G 

Jo 8 2 


FI II 629,643 


LO III 184(10) 


Bl (286)(1) 


Bl 306(1) 


Bl (305)(19) 


Bl (306)(14) 


GW (322)(15) 


GW (322)(16a 


Bl (330)(1) 


Bl (308)(24) 


FI II 142, 163, 688 


GW (322)(9b) 
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4.226 


7T 1 

dx = In 2 H — G 

8 2 


r i r 

2. / In (cos x + sin x) dx = — / In (cos x + sin x) 

J o 2 J 0 

f 2n 1 + a/1 - a 1 2 * - b 2 

3. / In (1 + asinx + bcosx) dx = 27tln 

Jo 2 

[a 2 + b 2 < 1] 

4. / In (l + a 2 + 6 2 + 2a sin a; + 26 cos x) dx= 0 [a 2 + fe 2 < l] 

= 27tln (a 2 + b 2 ) [a 2 + b 2 > l] 


GW (322)(9a) 


Bl (332)(2) 


Bl (322)(3) 


4.226 


f V 2 2 

1. / In (a 2 — sin 2 x) dx= — 27tln2 

Jo 

„ . a + v 


5. 


6 . 


[a 2 < 1] 


CL H - CL^ — 1 

= 27t In = 27t (arccosh a — In 2) [a > 1] 


FI II 644, 687 


r' 1 r/2 ]_ r* /-7r/2 

2. / In (l + asin 2 x) dx = - / In (l + asin 2 x) dx = / In (l + acos 2 x) dx 

Jo 2 Jo Jo 

1 f 77 . / 2 \ 7 . 1 + v^l + a 

= - / In (1 + a cos xj dx = tt m 

2 Jo 2 

[a > -1] Bl (308)(15), GW(322)(12) 

3. J In (l — sin 2 a sin 2 x) dx = (tt — 26) In cot ^ + 2tt In ^ sin aj — ^ In 2 

+ L{9 + tt) — L{9 — u) + L — 2uj 


7t 7T 

cot fc 1 = cos a tan tt; — 7t < a < 7t, < u< — , 

~ ~ 2 ~ ~ 21 


LO III 287 


,tt/2 

4. / In [l — cos 2 x (sin 2 a — sin 2 /3 sin 2 x)] dx = tt In 

Jo 


1 

1 2^i 

/ A a 

— 1 

cos — + \ 

/cos 4 — 

2 

( 2 1 

/ 2 


[a > /3 > 0] 


/? 2 P 

— cos^ — 

2 2 

y 

LO III 283 


In [ 1 — ) dx = —u In sin 2 a — — a-\-ii) + L (— — a — 11 ) 

V sin a J V2 / V 2 / 


7 r 

— — a — u 
2 

7T 7T i • i i • i 

— — < u < — , |smtt| < |sina| 


t * 7r /2 


In (a 2 cos 2 x + 6 2 sin 2 x) dx = ^ f In (a 2 cos 2 x + 6 2 sin 2 x) dx = tt In 

2 Jo 

[a > 0, b > 0] 


a + b 


LO III 287 


GW (322)(13) 



4.227 
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7. 


2 . 


6 . 


7. 


10 . 


11 . 


12. 11 


r /2 , 1 + sin t cos 2 x , , 1 + sin o , tt — * 

■ax — 7T In 7 = 7T 111 cot — - — 


In 


1 — sin t cos 2 x 


t 

C °s- 


7 r 

N < 2 


4.227 


1 . J In tana ',dx = L(u) + L — L ^ — ^ 


r rr/ 4 


In tan xdx = — fj? In tan x dx = — G 


r lz 7 t 

3. / In ( a tan x) dx = — In a 

Jo 2 

pit / 4 00 /_i \i 

4. 7 / (In tan a;)” dx = n!(— 1)” 

ao n 


k - o 

1 /7r\ ra + 1 


(2k + l) n+1 


r n/2 


W 2 


7t/4 


/•'r/ 4 It 

8. J (In tana:) 4 dx = — n 5 

r 4 7t 

9. / In (1 + tan a;) dx = — In 2 

ao ° 


/ 7T \ n +l 

(2) |£ "' 

00 / 1 \ /c 

(In tan a:) 2 ™ dx = 2(2n)lg = (|) 

(lntana:) 2 ™ 4 " 1 da: = 0 


[a > 0] 


[n even] 


2n+l 




<2n\ 


(In tan a:) 2 da; = — 


ri 2 


In (1 + tan x) dx = — In 2 + G 


/* 7r / 4 


.rr/2 


7T 

In (1 — tan a;) da; = — In 2 — G 

(In (1 — tan a:)) 2 dx = — In 2 — 2 G 

[ k/4 n 

13. / I 11 ( 1 + cot a:) da: = — I 11 2 

ao ° 

/ >7r / 4 7T 

14. / In (cot x — 1) dx = — In 2 

ao ° 


G 


LO III 283 

LO III 186(16) 

Bl (286)(11) 

Bl (307)(2) 


Bl (286)(21) 
Bl (307)(15) 

Bl (307)(14) 
Bl (286)(16) 
Bl (286)(19) 
Bl (287)(1) 
Bl (308)(9) 
Bl (287)(2) 
Bl (308)(10) 
Bl (287)(3) 
Bl (287)(4) 
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Logarithmic Functions 


4.228 


15. 

16. 11 

17. 

4.228 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

4.229 

1. 

2. 11 


r'* i 7T 

/ In (tan x + cot x ) dx = - / In (tan x + cot x) dx = — In 2 

Jo 2 J 0 2 

W 4 2 1 W 2 2 7t 

/ (In (cot x — tanx)) dx = - / (In (cot x — tan x) ) dx = — In 2 
Jo 2 J 0 2 


/»7t/2 /*7T 

/ In (a 2 + b 2 tan 2 x) dx = - / In (o 2 + 6 2 tan 2 x) dx = ir ln(o + 6) 
Jo 2 J 0 

[a > 0, b > 0] 


Bl (287)(5), Bl (308)(11) 


Bl (287)(6), Bl (308)(12) 


GW (322)(17) 


LO III 290 


J In ^sin t sin x + V 1 — cos 2 t sin 2 x^ dx = ^ In 2 — 2 L (^j — 2 L 
J In ^cos x + \/ cos 2 x — cos 2 dx = — ^ — i — ^ In cos t + ^ L(u + ip) — ^ L(u — ip) — L(ip) 


sm u 7t 

cos = 0 < u < t < — 

sm t 2 


J In ^cos x + \/ cos 2 x — cos 2 dx = — — tj In cos t 


LO III 290 
LO III 285 


In ■ 


sin 2 u — sin 2 x 

t . 

1 t 

, dx = 7r In 

tan - sm u + 

\/ tan 2 - sin 2 u + 1 

sin 2 it — sin 2 x 

2 

V 2 


[t> 0, 

«>0] 


T / 4 (-l) fc 


Vln cot x dx = — - 


2 ^ vW+lp 


r /4 dx _ (_!)* 

lo Vln cot x 


fc =0 


V2fc + 1 


LO III 283 
Bl (297)(9) 

Bl (304)(24) 


Z 7r / 4 / x 1 r n /‘ i / x 7T 

/ In (^\/tan x + V cot xj dx = - / In (^\/tanx + V cot xj dx = — In 2 + 

Bl (287)(7), Bl (308)(22) 

r 7r / 4 . / x i r 71 / 2 


t /2 




J In 2 ^Vcot x — V tan x^ dx = — J In 2 ^\/cot x — \/tanx^ 


dx — — In 2 — G 
4 


Bl (287)(8), Bl (308)(23) 


j" In ^ln — ) dx = — C 
r 1 


fOO -U 

PV / r, v = P V / T du : 

m u 


/o 


dx 

In In — 


—0.154479 


FI II 807 


Bl (31)(2) 


/o 
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Logarithms and rational functions 
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3. 

4. 11 

5. 7 

6 . 

7. 



( C + 2 In 2) Vtt 


Bl (32)(4) 


In In 


In 


m- i 


dx = ip(lJi) T(/i) 


[Re ji > 0] 


Bl (30)(10) 


If the integrand contains (lnln-), it is convenient to make the substitution In - = u so that 


x = e 
/■l 


/ In (a + lnx) dx = In a — e a Ei(a) 

Jo 

/ In (a — In x) dx = In a — e a Ei(— a) 
Jo 

r */ 2 n f T (-) \ 

/ In In tan x dx = — In [ — ryv- V2tt ) 

J tt/4 2 \r(j) / 


a > 0] 

Bl (30)(5) 

a > 0] 

Bl (30)(6) 


Bl (308)(28) 


4.23 Combinations of logarithms and rational functions 


4.231 

1. 

2 . 

3. 

4. 

5. 11 

6 . 

7. 7 


9. 

10 . 


f 1 lnx , 7t 2 

/ o 1 x 12 

f 1 lnx , 7t 2 

/ t dx = — 

1 — x 6 


/o 


rl xlnx 7t 2 


1 — X 


In x dx In a 

(x + a) 2 a 


rl lnx 


(l + x) : 


dx = — In 2 


In x 


dx 


r (n — g) 

o (a 2 + b 2 x 2 ) n 4(n — l)!a 2ra_1 6 


2 In 


2& 


In x dx 7 x a 

■ m — 


a 2 + 6 2 x 2 2 ab b 


I 2 , 2 dx= n hi Pd 

/o g 2 + x 2 


lnpx 
f + x 2 
In x dx 
i 2 — b 2 x 2 


7 T 

2g 


4a & 


[0 < a] 


c- ./.(n-l) 

[a > 0, 6 > 0] 

[a6 > 0] 

[P > 0, q > 0] 
[ab > 0] 


FI II 483a 

FI II 714 

Bl (108)(7) 
Bl (108)(9) 
Bl (139)(1) 
Bl (111)(1) 

LI (139)(3) 
Bl (135)(6) 

Bl (135)(4) 
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Logarithmic Functions 


4.232 


11 . 

12 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. * 

20 . * 

4.232 

1. 

2 . 


3. 

4.233 

1. 3 

2. 3 
3 . 11 
4 . 3 


f a In xdx 7tln a G 


dx = — 


In x 

1 + X x 


3 x 2 + a 2 4a a 

rl In a; 

3 1 + x 2 J1 

rl ln xdx 7r 2 

3 1 — a; 2 = ~~8" 
rl a; In a 7t 2 

, TT^ dx = ~m 

rl a In a 7t 2 


dx = -G 


[a > 0 ] 


In a 


1 - x 2n+2 


Jo (1 — x 2 Y 


dx — — 


(n + 1 )tt 2 ^ ii-t + l 

8 + ^ (2k - l ) 2 


/o 


1 1 + (-l) n a n+1 (n+l)7r 2 ^ k n — k + 1 

In a A dx = -- — 73 ^ > y (-l) A 

l 


(1 + a ) 5 


12 


k 2 


r 1 1 _ r n+ 1 

In x dx = — 

3 ( 1 -a ) 2 

rl alna , „ 7t 2 

dx = - 1 + — 

-) 1 -|- x 2 


r (1 — a) In a n 2 

— dx = 1 — 

3 1 + a 6 


(n + l)7t 2 . x—' n — k+1 


E 

?:= i 


k 2 


GW (324)(7b) 
FI II 482, 614 
Bl (108)(11) 
GW (324)(7b) 

Bl (111)(5) 
Bl (111)(2) 
Bl (111)(3) 


r v In a dx 
lu (x + u){x + v) 

f°° In a dx 
Jo (a + /3)(a + 7 ) 


In uv 
2(v — u) 


In 


( u + v)' x 


(In/?) -(In 7 ) 
2(/?-7) 


4mu 

2 


F 00 In a dx 7t 2 + (lna) 2 
J o a + aa — 1 2 (a + l) 


Bl (145)(32) 


[|arg/3| < at, |arg7|<7t] 

ET II 218(24) 

[a > 0] Bl (140)(10) 



In a dx 
1 + a + a 2 



In a dx 
1 — a + a 2 



a In a dx 
1 + a + a 2 



a In a dx 
1 — a + a 2 


2 

9 

1 

3 


1 

6 



= -0.7813024129... 

= -1.17195361934... 

= -0.15766014917. 

= -0.3118211319... 


LI (113)(1) 
LI (113)(2) 
LI (113)(2) 
LI (113)(4) 
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f°° \nxdx tin a 

/ o x 2 + 2 xa cos t + a 2 a sin t 


[a > 0, 0 < t < tt] GW (324)(13c) 


4.234 


r °° In xdx G 7t 
i (1 + x 2 ) 2 “ 2" _ 8 

nl xlnxdx 1 , „ 

2 = — — In 2 

3 (1 + a ; 2 ) 2 4 


Bl (144)(18)a 


Bl (Hl)(4) 


/ 0 (1-x 2 ) 2 


In x dx = 0 


Bl (142)(2)a 


/ o (1 + x 2 ) 


2 In x dx = — — 


f x 2 In x dx 7t 2 

/o (4 ~ a: 2 ) (4 + ^ 4 ) 16 (2 + \/2) 

/'°° In a; da; &7t a 

/o (a 2 + & 2 a; 2 ) (1 + a; 2 ) 2a ( b 2 — a 2 ) b 


In a: da; 


7 1 /I 

— —77 - In a + 6 In b 


v 2 + a 2 1 + b 2 x 2 2 (1 — a 2 b 2 ) 


f°° x 2 In xdx an b 

/ 0 (a 2 + b 2 x 2 ) (1 + x 2 ) 2b ( b 2 — a 2 ) n a 


[ab > 0] 


[a > 0, b > 0] 
[ab > 0] 


Bl (142)(l)a 


Bl (112)(21) 


Bl (317)(16)a 


LI (140)(12) 


LI (140)(12), Bl (317)(15)a 


4.235 


, (1 — X)x n 2 7t 2 2 7T 

In x — 7, dx = — - — 7 tan — 

1 - a; 2 ™ 4n 2 2 n 


[n > 1] 


(l — a; 2 ) a; m_1 7t 2 sin (^±1) Ttsin (^) 

In x 4— dx= 9 ” / n S 

l-x 2n An 2 sin 2 ( |f) sin 2 ( ■ ^ tt) 


(1 - a; 2 ) x n ~ 3 


n 2 / /l ' 

dx = — r tan ( — 
4 n z \ru 


r 1 , a; m_1 + x n ~ m ~ 1 , tt 2 

In x dx = r- 

3 1 - x n n 2 sin 2 (^7t) 


[n > to] 


Bl (135)(10) 


LI (135)(12) 


Bl (135)(11) 


Bl (108)(15) 


4.236 


rl ( 1 + (p — 1) In x a; In a: 

3 \ l — x + (l- x ) 2 


| x p 1 da; = — 1 + ip' (p) 


[p > 0] 


rl I" 1 x In x 1 7t 2 

, + dx = n- 1 


Bl (lll)(6)a, GW (326)(13) 


GW (326)(13a) 
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4.241 


4.24 Combinations of logarithms and algebraic functions 


4.241 


f 1 x 2n In x ^ — (2 n ~ 1)!! \ 

J 0 (2 n)!! 2 k ) 


f 1 x 2n+1 In x (2n)U 

n t = 

o v 7 !^ 2 (2n + l)!! 


2n + 1 / -i \ k 


Bl (118)(5)a 


Bl (118)(5)a 


S. J Q x 2n \pY-~3? 1 In x dx = • 2 ( E 


( 2 n — 1 )!! (-!)*" 1 1 


t 2n+1 \/l — x 2 In x dx = 


(2n + 3)!! 


In2+ ^ 


k 2 n + 2 


2ra+l / . 


— In 2 


(~l) fc 1 

k 2n + 3 


5. J In a; • \] (l - x 2 ) 2n 1 dx = - j' 7t [V>( n + 1) + C + In 4] 


2_inx^ = _x ln2 _i G 
\/l — a; 2 4 2 


„ f [ In xdx 7T 

7. / . = — — In 2 

Jo V 7 ! — x 2 2 


f 00 In a; da; 

1 1 x 2 Vx 2 — 


= 1 - In 2 


LI (117)(4), GW (324)(53a) 


Bl (117)(5), GW (324)(53b) 
Bl (117)(3) 


Bl (145)(1) 


FI II 614, 643 


Bl (144)(17) 


9 1 7 <1 '*70 

— x 2 In x dx = — — -m2 

8 4 


Bl (117)(1), GW (324)(53c) 


10. / x-\/l — x 2 In x dx = | In 2 — | 


Bl (117)(2) 


f 1 In a; da; \/27r /!' 


Jo \/x(l - x 2 ) 8 [ V 4 / 


GW (324)(54a) 


4.242 


r°° In xdx 


Jo \J (a 2 + x 2 ) (x 2 + b 2 ) 


f b In xdx 


_ l_ K ( Va 2 - b 2 


[a > b > 0] 


Jo \J ( a 2 + x 2 ) ( b 2 — x 2 ) 2-v 7 a 2 + b 2 [ \ Va 2 + b 2 


In ab — J-K ( ° 

2 V Va 2 + b 2 


[a > 0, b > 0] 


BY (800.04) 


BY (800.02) 
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3. 

4. 

5. 

6 . 

4.243 

4.244 

1. 

2 . 

3. 

4.245 

1. 

2 . 

4.246 

4.247 

1. 6 

2. 6 


r°° In xdx _ 1 

L sj(x 2 + a 2 ) ~ 2Va 2 + b 2 


K [ ° ) In ab+^xf b 

Va 2 + b 2 J 2 Wa. 2 + b 2 

[a > 0, b > 0] 


In x dx 


to \j (a 2 - x 2 ) (b 2 - x 2 ) 2 a 


K ( b -)lnab--K(^-ZE 

V a ) 2 \ a 


[a > b > 0] 


In x dx 


l b yV - x 2 ) (x 2 - b 2 ) 2a 
r°° In xdx _ 1 

I a y/( x 2 - a 2 ) (x^H 2 ) “ 2a 


f 1 a; In a: , 7r , „ 

/ 7 dx = In 2 

/o 8 


= ±*(7^ lno6 


, 6 \ 7t / \/ a 2 -b 2 

K [ - \ \nab + — K \ 


[a > b > 0] 


In x dx 


1 


rl 5 


l 3 


'° \J x(l — x 2 ) 2 

f 1 In xdx 7 r 

/o v'l - X 3 ~ 3v / 3l ln3+ 3v / 3j 

f 1 x In xdx 7T / 7T 


( In 3 + 


7T \ 


o f/(l — a;3) 2 3-\/3 \3-\/3 


— In 3 


f 1 x 4n+1 In x _ (2n — 1)!! tt HH N 

lo vHH (2 n)H ‘ 8 l ^ k 


\k=l 


f 1 x 4 ”+ 3 In x (2n)!! / 

to vHH 4 • (2n + 1)!! y ^ 


HO* 

fc 


f (l — x 2 ) 2 lnx dx = — 

Jo 


(2 n — 1)!! 7r 
(2n)!! ' 4 


21n2 + 5Z r 


fc=i 


B I 1 1 

f>1 lnx 71 \2n’2n 

: dx = — 


/o 




,2n 


In x dx 


8n sin — 
7tB 


TT 

2 n 
1 1 
2n’ 2n 


[n > 1] 


/o i/x 1 *- 1 (1 - x 2 ) 


8 sin 


2?t 


BY (800.06) 

BY (800.01) 
BY (800.03) 

BY (800.05) 
GW (324)(56b) 

GW (324)(54b) 

Bl (118)(7) 
Bl (118)(8) 

GW (324)(56a) 

GW (324)(56c) 

GW (324)(55) 

GW (324)(54c)a 

GW (324)(54) 
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4.251 


4.25 Combinations of logarithms and powers 


4.251 

1. 


2 . 

3. 10 

4. 

5. 11 

6. 11 


f°° x M 1 In a: 7 r/? M 1 

ax = — (In p — n cot /nr ) 


/o 


P + x 


sin fjTT 


f 1 lnx , ( 7t \ 

/ ax = 7 ra p cot /j,tt in a 2 

J 0 a — x \ sin pir ) 


/ 0 a - £ 

r' x^Hnx 

I 0 x + 1 

f 1 / -1 111 X 


/o 


1 — X 


dx = ^(/i) 

dx = = -C ( 2 ,/t) 


rl x 2ri 


In x- dx = - — + 

1 + x 12 ^ 


(- 1 ) 


fc-i 


12 


fe=i 


fc 2 


1-1 a; 2 ™ -1 


2 2n-l 


lnl — ^ 
fc=l 


[|arg/3| < 7 t, 0 < Re/t < 1] 

Bl (135)(1) 

[a > 0, 0 < Re /t < 1] ET I 314(5) 

[Re /z > 0] GW (324)(6), ET I 314(3) 

[Re /i > 0] Bl (108)(8) 

Bl (108)(4) 

Bl (108)(5) 


4.252 

1. 


t ,At 1 In x 


/ 0 (z + /3)(x + 7) 


dx = -, r— [/3 M 1 In /3 — 7 ^ 1 In 7 — 7 tcot /X 7 t (/3 M 1 — 7 ^ 1 )1 

(7 — p) sm pn L J 

[|arg/3| < 7t, |arg 7 | < 7t, 0 < Re/t < 2, p ^ 1] Bl (140)(9)a, ET 314(6) 


2 . 


3. 


4. 


/■oo x /j. 1 ] n x C J X 71- 

/o (x + /?) (x - 1) (P + 1) sin 2 At7t 


7 r — 1 (sin/x7tln/3 — 7rcosAt7r)] 


; p 1 In x 

dx = 

7 r 2 

2 p 71- 

1 — X 2 

- T c° 

2 

jM-t l na; 

dx = 

(1 - a i)a M-2 7r 

[x + a) 2 

sin /i7r 


[|arg/ 3 |< 7 t, 0<Re/t<2, /t/ 1] 

Bl (140)(11) 

[0 < p < 2] (see also 4.254 2) 


In a — 7T COt /77T + 


1 


[|arga|< 7 t 0<Re/x<2 (p ^ 1 )] 

GW (324)(13b) 


4.253 


l. fc 


x M 1 (1 — x r Y 1 lnxdx = -2 B ^ — 


[Re At >0, Re ^ > 0, r > 0] 

GW (324)(3b)a, Bl (107)(5)a 


2 . 


f 1 x p 1 7T 

/ 7 r — — m x ax = cosec pn 

I 0 (l-x)P +1 P 


[0 < p < 1] 


bi (319)(10)a 



4.255 


Logarithms and powers 


541 


3. 

4. 11 
5. 

6. 7 

7. 7 


r °° (x — u) p 1 ln xdx 


= u p A B(A — /x, /z) [lnu 


In x 


dx In a fp p\ 
— = ^ B {2'2) 


a 2 + x 2 J x 2 aP 


r°° ^ 

/ (x — l) p_1 In xdx = — cosec tt p 

J l P 

r°° dx i 

/ lnz 7 i-rr = (lno-C-^M)) 

7 0 (a + x)^ +1 pa» K 


+ ip(X) - ip{\ - n)\ 

[0 < Re p < Re A] 
[a > 0, p > 0] 

[-1 < p < 0] 

[Re fi > 0, «^0, 


ET II 203(18) 
Bl (140)(6) 

Bl (289)(12)a 


|arga| < tt] 

NT 68(7) 


/ °° In x — y 

I o ( a + x ) n+ 2 


r ( In a + 2 In 2 — 2 

(2n — l)a n_ 2 V ^ 


1 


2k - 1 


fc= l 
[|arga| < tt, 


n = 1, 2, . . .] Bl (142)(5) 


4.254 

1. 

2 . 

3. 


4. 3 

5. 

6 . 


r 1 x p 1 lnx 

Jo 1 - x q 


dx = - — ip' 
q 2 



f 00 x p ~ 1 lnx 

Jo 1 ~x q 


dx = — 


TT~ 

2 ■ 2F 
q sin — 

<7 


r°° In a; dx 

Jo x q - 1 x p 


2 ■ 2 P 1 

q sin tt 

q 


f 1 x p 7 lnx 

Jo l + x q 




[°°: r^lnx i t 2 q 

Jo "TT^ 

q 

f 1 x q ~ 1 lnx tt 2 

Jo 1 - x 2q X 8 q 2 


4.255 

1. 


2 . 

3. 


Inx 


lnx 


(! — x 2 ) 


-p- 2 


1 + x 2p 


(l + x 2 ) 


-p- 2 


In x 


1 — x 2p 
l-x p , 


1 — X 2 




\p > 0, q > 0] 

[0 < p < q] 

[P < 1, 

p + q> l] 

\p > o, 

q> 0] 

[0 < p < q] 

[9>0] 


[P > !] 


\P > !] 

\p < 1] 



GW (324)(5) 
Bl (135)(8) 

Bl (140)(2) 

GW (324)(7) 

Bl (135)(7) 

Bl (108)(12) 

Bl (108)(13) 

Bl (108)(14) 
Bl (140)(3) 
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4.256 


4.256 


4.257 

1. 


2 . 

3. 

4. 


5. 


rl 1 x p 1 dx 
In — - 


= 4b (£,!!?) 

V n n / 


— x n ) 


n-m n* vn n 




fl + TO 


[Re /.x > 0] 


LI (118)(12) 


X 

oo a: 1 ' In - da; 

Jo (x + P)(x + 'j) 


7^ In ^ + 7t (/?" — 7") cot ^7t 


sin 7777(7 — /J) 


In a; In 


dx 





[|arg/3| 

< tt, arg7 <7t, Re < 1] 

ET II 219(30) 

*=0 

X 



[q>0] 

Bl (140)(4)a 

dx 

= 0 


[q>0] 

Bl (140)(4)a 

q 2 + X 2 



47t 2 + (In a) 2 

In a 

[a > 0] 

(for a = 1 see 4.261 5) 

-a) 

6(a — 1) 



f°° x x p dx 7t 2 [(a p + 1) In a — 2 tt (a p — 1) cotp7t] 

In a; In — - — 


a (x — 1) (x — a) 


(a — 1) sin 2 pn 


[p 2 <1, a > 0] 


Bl (141)(5) 


Bl (141)(6) 


4.26-4.27 Combinations involving powers of the logarithm and other powers 


4.261 

l. 7 

2 . 

3. 

4. 

5. 

6 . 

7. 


8. 11 


(In a;) 2 


dx 


1 + 2x cos t + x 2 


t (tt 2 - t 2 ) 
6 sin t 


rl (In a;) 2 dx 1 f°° (In a;) 2 dx 107t 3 

3 a; 2 — a; + 1 2 J 0 x 2 -x+l 81a/3 

rl (In a;) 2 dx 1 f°° (In a;) 2 dx 8n 3 

o 


l 0 x 2 + x + 1 2 


(In a;) 2 


(lna;)^ 


dx 


r 2 + a: + 1 8lV3 
7 r 2 + (In a) 2 


In a 


(In a;) 2 


(x — l)(x + a) 
dx 2 2 
(1 - x) 2 = 3 n ~ 

dx 7 r 3 


3(1 + a) 


1 + a: 2 


16 


[0 < t < tt] 


>0] 


n \2 1 + x 1 

(lM) tree's 


/, x2 1 + X 

(In x) - — : 7 dx = 


,2 I"* 


( lna 0 Z f — Z e dx = 
1 — x° 


0 1+ X‘ 

8V3tt 3 + 351C(3) 
486 


3\/2 

1 kf 7 


Bl (113)(7) 
GW (324)(16c) 
GW (324)(16b) 

Bl (141)(1) 
Bl (139)(4) 
Bl (109)(3) 
Bl (109)(5), Bl (135)(13) 
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9. 

10 . 

II. 7 


12. 7 


13. 11 


14. 


15. 

16. 


17. 7 


18. 

19. 

20. 7 


21 . 




(In 2 ) 2 + — 1 
V ’ 12 


2 x M_1 7T 3 (2 - sin 2 ^tt) 

(mx) ax = 


1 + x 

f 1 n \2 X n dx 
/ o 1 + X 


sm fl'K 


°° / i \n+/c / q n 

= 2 £^+=(-W+< 3 >+ 2 E 


[0 < Re fj, < 1] 

(-l)E 


k=r 


k 3 


/c=l 

[n = 0,1,...] 


(In a?) 


2 a: 11 dx 


oo 1 / n i 

= 2 E a- 4- 113 = 2 ( “ E P 


1 — X ' (ft + 1) 

/c=n 


fc=l 


/0 


1 „ 2 n °° 1 7 ” 

(-) 2 ^4= 2 Et^=jC( 2 )- 2 E 

fc=l 


1-x 2 “^(2/c + l) 3 4' 


[n = 0, 1, . . .] 
1 

(2ft - l) 3 

[n = 0, 1, . . .] 


Bl (118)(13) 
ET I 315(10) 

Bl (109)(1) 

Bl (109)(2) 

Bl (109)(4) 


(lnx) 2 9 E E { 1 = 7r ^ n ^. — { 7T 2 — t 2 + 2tt cot pn [7rcotp7r + t cot(l — p)t)} 


x 2 +2x cos 1+1 sin t sin pit 


fl „ ^.2 n 

(In x) 


2 x 2n dx (2n — 1)!! I 7r 2 ^ (— 1) A 


>o 


vT^ 2 • (2n)!! 12 


n \ -v 

12 + 


fc=l 


ft 2 


[0 < t < 7T, 0 < p < 2, p ^ 1] 

GW (324)(17) 

2 ' 


~ n ( iU- 

+‘» 2 


.fc=l 


GW (324)(60a) 


2 x 2n+1 dx (2 n)!! j 7r 2 2 ^ 1 (— 1) 


/o (lnx) VT^ (2n + l)!! i 12 E 


k = 1 


A: 2 


‘2n+l 

E 

. k = 1 


(-i) A 


+ In 2 


f (lnx) 2 x M X (1 — x) v 1 dx = B(p, Z 2 
Jo 


1 Tl - ) - 1 ^ 

O 2 ?) 2 n Ea ^ = 2(n + l)C(3) -2^ 


- + p)] 2 + /(p) - 'ip'iv + +)} 

[Re p > 0, Re v > 0] 
n — k + 1 


(1-x) 2 


fc=l 


A: 3 


r (to-) 2 * = 1(„ + 1) C(3) - 2 £ " - * ■ + 1 


_ 1 n — k + 1 
k 3 


GW (324)(60b) 

ET I 315(11) 
LI (111)(8) 

LI (1 1 1) (7) 


(1 - x 2 ) z 


(lnx) 2 x p 1 (1 — x r ) 9 1 dx = E B f- 


fc=i 


(2ft - l) 3 


[n = 0, 1, . . .] 

(;■«) (;) - *' (; + «) + [* (?) - * (? + «) 


LI (111)(9) 

2 ' 


\p > 0, q > 0, r > 0] GW (324)(8a) 
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4.262 


4.262 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

4.263 

l. 8 


2 . 

3. 


4.264 

1. 

2 . 


/' /, ,3 dx 7 4 

/ o ’ l + x 120 


(In a;) 3 


dx 7T 4 


1 - a: 15 


n \ 3 dx = r 2 + ( lna ) 2 

/ 0 * (x + a)(x— 1) 4(a+l) 


f 1 (In xf^^ = (~l ) n+1 

Jo J l+x 


— -e'y ( ~ 1)A 
, 120 to( fc+1 ) 4 


3 x n dx tt 4 ^-4 1 

3 (ln:r) r^ = -i5 + 6 g^riF 

nl n t 3 x2n dx 71-4 I r V' 1 

, (ln:r) T3^ = -T6+ 6 ^ (2^1)4 


fc= 0 


[a > 0] 

[n= 1,2,...] 

[n= 1,2,...] 
[n= 1,2,...] 


3 1- x n+1 (n + 1 )tt 4 

(In x) — — dx = — - 


n — k + 1 


(l-xf 


15 


nl 1 + (-l) n x n+1 7(n + l)7r 4 + 1 


(lllir ~ ' (l + x)l dX = - 120 


+ 6 S k 4 

n 

+ 6^(-l)* 


k = 1 
_4 


f 1 n ^3 i * 2n+2 

/o (1-x 2 ) 2 


dx = — 


(n + 1)7 

KT" 




k = 1 


n — k + 1 

(2& — l) 4 




r n ,4 dx hi « 

/ ( ln x ) 7 Tv — , — 7 = 

/ 0 (x-l)(x + a) 


7r 2 + (In a) 2 77 r 2 + 3 (In a) 2 


15(1 + a) 


[a > 0] 


( ln;r ) 1 , „. 2 


dx 5ir 5 

l + x 2 64 

4 dx t ( 7T 2 - t 2 ) (77t 2 — 3i 2 ) 


/ (In x) 

/o 1 + 2x cos t + x 2 


30 sin t 


< 7 r] 



dx 

l + x 



(lnx) 5 


dx 

1 — x 


31tt 6 

252 

8tt 6 

"63" 


Bl (109)(9) 
Bl (109)(11) 

Bl (141)(2) 
Bl (109)(10) 

Bl (109)(12) 

Bl (109)(14) 
Bl (111)(11) 
Bl (111)(10) 
Bl (111)(12) 


Bl (141)(3) 
Bl (109)(17) 

Bl (113)(8) 

Bl (109)(20) 
Bl (109)(21) 
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3. 

4.265 

4.266 

1. 

2 . 

4.267 

1. 

2 . 

3. 8 


4. 


5. 


6 . 


it 


7. 


9. 


10 . 


r n dx 

lo nX ( x — !)(* + a ) 


n 2 + (In a) 2 37 t 2 + (In a) 


6(1 + a) 


>0] 


(In x) 


dx 6I7 r 7 


/u 1 + x 2 

f 1 n dx 

L (lnl) TT+ 
iX 


1 — X 


256 

127tt 8 

240 

8tt 8 

T5~ 


f 1 1 — x dx 2 
/o 1 + x In x 7 r 

7 1 (1 — a;) 2 dx i r 

/ o = in — 

/o 1 + x 2 In x 4 

f 1 a-*) 2 


dx 


li n TTIX 2 In -t* 

' o 1 + 2x cos 1- or m x 

n 

i + , „ {r(^)} 2 r(^)r(A) 


sin 


+ V(-D fc sin In 1 V 2n V 2n )*■ \2n) 

(^)s ' V ’* 7 {r(¥)}+( ! ?‘?)r(+^ ! ) 


»»(+) 


L|(n-l)J 
£ (- 1 ) 1 


fe=l 


sin hl { r (^±l)} 2r (^) r (^) 

\ n J r r ( fc+1 )] 2 r ( w ~ fc ) r ( ra - fc + 2 ) 

[to < n] 


1 — X 

1 

dx 

In 2 

1 + x 

1 + x 2 

lnx 

“ 2~ 

1 — X 

x 2 

dx 

- In 2V ^ 

1 + x 

1 + x 2 

lnx 

7 r 




lnx 


k = l 


k (P 
k 


[p > 1] 


1 — x p \ di 

p : = lnT(p + 1) 

/ o \ 1 — x / in x 


fl ,j,p— 1 _ T q— 1 


lnx 


dx = In - 


/ o 111 Q 

r 1 xp - 1 ~ x ^- 1 dx = r(§)r(g±^) 

/ o lux i + x r(|)r(2±i) 

/*oo 


[p > 0, q > 0] 
[p > 0, q > 0] 


nl x p_1 - x~P 


dx = — 


1 / ,00 x p_1 - x~ p 


) o (1 + x) In x 2 7 0 (1 + x) In x 


(•“?) 


dx = In ( tan — 


[0 < p < 1] 


Bl (141)(4) 
Bl (109)(25) 

Bl (109)(28) 
Bl (109)(29) 

Bl (127)(3) 
Bl (128)(2) 


[to + n is odd] 

[to + n is even] 

Bl (130)(3) 
Bl (130)(16) 

Bl (130)(17) 

Bl (123)(2) 

GW (326)(10) 
FI II 647 

FI II 186 

FI II 816 



546 


Logarithmic Functions 


4.267 


11 . 

12 . 

13. 


14. 


15. 


16. 


17. 

18. 


19. 

20 . 

21 . 


22 . 


( x p — x q ) x r 1 = In 


dx 


In x 


r 1 x p — x q dx 
I q (1 — ax) n x In x 


= £ 

k - 0 


p + r 
r + q 

n + k — 1 
k 


ki P + k 

a k In 


q + k 


[r > 0, p > 0, q > 0] LI (123)(5) 

[p> 0, q > 0, a 2 < 1] Bl (130)(15) 


f ^ /7fr 

/ (a* - 1) (a* - 1) ^ = In 
Jo x 

f 1 x p -x q 1 + x 2n+1 


p + q+ 1 
(p + l)(q + l) 


1+ X 


x In x 


dx = In 


[P>~ 1, 9>-l, P + <?>-l] 

GW (324)(19b) 

r (f +n + 1 ) r (2±i+n) r (£±i) r (f) 


Bl (127)(7) 


1 x p - x q 1 - x r 


1 — X 


In a: 


dx = In 


r(l + n + I )r(^ + „)r(i±2)r(|) 

[p > o, g > 0] 

r(g + l)T(p + r + l) 
r(p + l)T(g + r + l) 

\p > — 1, q > — 1, p + r> — 1, g + r>— 1] GW (324)(23) 


r 1 a + _1 — a : 9-1 
Jo (1 + a: r ) In a: 


dx = In 


p + r 
2r 
q + r 
2 r 


r(+ 


rl 1 — a: 2p 29 a: 9 1 dx qir 

— o = In tan — 

3 1 + a: 2p In x 4 p 

dx = In (tan — cot — 
V 2 r 2r 

p7T 


/o (1 + x r ) In x 


[p > 0, q > 0, r > 0] GW (324)(21) 

[0 < q < p] Bl (128)(6) 

[0 < p < r, 0 < q < r] 

GW (324)(22), Bl (143)(2) 


sm ■ 


l 0 (1 — x r ) In x 


dx = In 


rl x p ~ x — a: 9-1 1 — a; 2 


1 — x 


.2 n 


In a; 


dx = In 




[0 < p < r, 0 < q < r\ 
[P > 0, q > 0] 


Bl (143)(4) 

Bl (128)(11) 


rl x p 1 — x q 1 1 + a: 2 
3 1 + a; 2 ( 2n +i) In a: 


dx = In 



f°° x p ~ x — x q ~ 1 1 + x 2 


1 + a: 2 ( 2ra+1 ) In x 


[p > 0, q > 0] Bl (128)(7) 

dx = In i tan „f" „ ■ tan +±+L . cot J’ . cot +±+L 1 
4(2n + 1) 4(2n + 1) 4(2n + 1) 4(2n + 1) J 

[0 < p < 4n, 0 < q < 4n] Bl (143)(5) 
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23. 


27. 


28. 


30. 


v p 1 — x q 1 1 — X 2 


1 — X 2 


In x 


dx = In 


• P^T . (q+2)7T 

sm — • sm ' - 
2 n 2n 

qir (p+ 2)n 

sm — • sm — 

2 n 2 n 


[0 < p < 2 n, 0 < q < 2 n] Bl (143)(6) 


24. [ (1 - x p ) (1 - x q ) 

Jo 

25 - f! {1 - xPni ~ Xq) (l-x)lnx 

Jo V 1 x ) in x 


x r 1 dx (p + q + r)r 
In x ( p + r) (q + r ) 

x r_1 dx T(p + r)r(g + r) 

= In 


[p > 0, q > 0, r > 0] 


Bl (123)(8) 


r(p+ q + r) r(r) 

[r > 0, r + p> 0, r + q > 0, r + p + q> 0] FI II 815a 


26. /‘ (1 - *-) (1 - *») (1 - XT = 1„ (P + ?+l)h + '-+l)('- + P+l) 

Jo \n.x (p+ q + r + l)(p + l)(g + l)(r + ] 


+ 1) 

[p > — 1, q > — 1, r > — 1, p+g>— 1, p + r>— 1, g + r>— 1, p + <7 + r> — 1] 

GW (324)(19c) 


f (1 - x p ) (1 - X 9 ) (1 - x r ) 
Jo 


dx 


= In 


T(p + 1) T(q + 1) T(r + 1) T{p + q + r + 1) 


/ o (1 — x) In x T(p+q+ 1) T(p + r+ 1) T(q + r + 1) 

[p > — 1, q > — 1, r > — 1, p+q>—l, p + r>— 1, q + r > —1, p + q + r>— 1] 


FI II 815 


f (1 - x p ) (1 - x q ) (1 - x r ) 
Jo 


In a; 


= In 


(j> + q + s) (p + r + s) (q + r + s)s 
(p + s)(q + s)(r + s)(p + q + r + s) 

\p > 0, q > 0, r > 0, s > 0] 

Bl (123)(10) 


29. [ (l-x p ){l~x q ) 

Jo 


r(E±g)r(a±g) 

(i — x r ) in x x “r(^)r( £± 2±^) 


= In 


[p > 0, q > 0, r > 0, s > 0] 

GW (324)(23a) 


/»00 

/ (1 - x p ) (1 - x q ) 

Jo 


V s 1 dx 


(1 — x p+ i+ 2s ) lnx J 0 


= 2 [ (l~x p ){l- x q ) 
Jo 


c s_1 dx 


= 2 In [ sin 


(1 — x p+q+2s ) Inx 

( P + s)ir \ 

— cosec — 

p + q + 2s p + q+2s J 


S 7T 


31. f0~ x p ) (1 - x q ) (1 - x r ) 

Jo 


= In 


[s > 0, s + p>0, s + p+g>0] GW (324)(23b)a 
T(p + s) T(q + s) r(r + s) T(p + q + r + s) 


(1 — x) In x T(p + q + s)4T(p + r + s) T(q + r + s) T(s) 

[p > 0, q > 0, r > 0, s > 0] * Bl (127)(11) 


r 1 „ r> / P±£l r ( 9±£l r ( r ( P±9±£±£l 

32 (1- r p ) (1 - r q ) (1 - r r i — — = In 1 { 1 1 ’ 1 * ’ 1 > L 

7o X (1 — ar*) lnx r (2±f±») T (2±r±2) T (2±p) T (f ) 

[p > 0, q > 0, r > 0, s > 0, t > 0] * GW (324)(23b) 


*In 4.267.31 the restrictions can be somewhat weakened by writing, for example, s>0, p + s>0, q + s > 0, r + s>0, 
p + q , + s>0, p + r + s>0, g + r + s>0, p + q , + r + s>0, in 4.267 31 and 32. 
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4.268 


33. 

34. 

35. 

36. 

37. 

38. 


1 r x p - x p+q 


dx T(p + q + l) 

-q > = ln 


1 — x j lux T(p + 1) 


— X 

x — 1 


— x(n — 1) 


dx 

x ln x 


= InTO) 


[p>-l, p + g>-l] Bl (127)(19) 
[Re n > 0] WH, Bl (127)(18) 


1 'l - x - (1 - ^ a - **) 1 _g_ = — In {B(p, g)} 


1 ( xP - 1 xPi - 1 


1 — x J a; ln a: 

1 1 


dx 

1 — x 1 — x q x{l — x) ' x (1 — x q ) J ln x 


[P> 0, q > 0] 
= qlnp 

[p > 0] 


Bl (130)(18) 


Bl (130)(20) 


1 r x q ~ 1 x pq ~ 1 


1 — x 1 — x p 1 — x p 


rl (1 — x p ) (1 - x q ) - (1 - xf 


p 1 X p ~ l - ^AxP- 1 ] dx = l -^ ln(27t) + I M - ; ) hip 


ln x 2 

\p > o, q > o] 


dx = lnB(p, q ) 


J o x(l — x) \nx 

396 /^- i )”£=|:(„- t ) ( - i) "-‘ ta( ** +i) 


[P > 0, q > 0] 


Bl (130)(22) 
GW (324)(24) 


[n > 0, pn > — 1] 

GW (324)(19d), Bl (123)(12)a 


40. 


r 1 n __ r p\ n ,j T RL 

/ — = l) fc_1 lnT[(n — k)p + 1] [n > 1, pn > -1] Bl (127)(12) 

J o 1_a: lna: fe=0 


«1 rl n 

41. J (x p -l) n x q ~ 1 ^=Y^(- 1 ) k ( n k ) ]:a [q+(n-k)p] 


[n > 0, q > 0, pn > —q] 


r 1 7 n 

42. 6 / (1 — a? p ) ra x 9 ~ 1 ^ =E(-l) fc ~ 1 lnr[(»-fc)P+g] 

7o (1 — a;) lna; ^ 

[n >1, q > 0, pn > — q\ 


Bl (123)(12) 


Bl (127)(13) 


43- 10 f 1 - 1)” (a: 9 - l) m " ) £(-l) 


/o 


lna; 


k 1 "" ) ln[r + (to — fc)g + (?i — j)p] 
/c 


j - o x J ' fe =0 

[n > 0, to > 0, n + m>0, r > 0, pn + qm + r > 0] Bl (123)(16) 


4.268 

1. 


r 1 ( T P _ r q\ (l _ T r\ 

^2 - 1 dx={p+ 1) In (p + 1) - ( 9 + 1) ln(g + 1) 


/o (lna;)'* 


-(p + r + 1) ln(p + r + 1) + (q + r + 1) ln(g + r + 1) 

[p > — 1, q > — 1, p + r> — 1, g + r>— 1] GW (324)(26) 
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/V-^ )2 - 

Jo (in x) 

[ (1 - a' p ) (1 - x q ) (1 - x r ) 

Jo 


2 = (2 p + 1) In (2 p + 1) + (2 q + 1) ln(2g + 1) - 2{p + q + 1) ln(p + q + 1) 

[p>~\, q>~\] GW (324)(26a) 

dx 


lo (In a;) 

= (p + q + 1) ln(p + q + 1) + (q + r + 1) ln(g + r + 1) + {p + r + 1) ln(p + r + 1) 

~(p + 1) ln(p + 1) - (q + 1) ln(g + 1) - (r + 1) ln(r + 1) - (p + q + r) ln(p + q + r) 

[p > — 1 , q>— 1, r> 1 , p+q>- 1, p + r>—l, q + r>— 1, p + q + r> 0] 

Bl (124)(4) 


r l 7 1 n 

Jo (In a:) 2 ; n 


k—0 


dx 


' In (pk + q) 


q > o, p > — 

TlJ 


Bl (124)(14) 


(1 - X p ) n (1 - X q ) m X 7 - 1 -^-2 = (£(-l)*i 



777^ 

fcr 


^i= 0 \k—0 

x [(to — k)q + [n — j)p + r] ln[(m — fc)g + (n — j)p + r] 

[r > 0, ?ng + r>0, np + r>0, TOg + np + r>0] Bl (124)(8) 


[ [( q-r)x p 1 + (r - p)x q 1 + (p~q)x r 1 ] 
Jo 


dx 


(In a:) 


= (q — r)p In p + (r — p)q In q + (p — q)r In r 
\p > 0, q > 0, r > 0] Bl (124)(9) 


x p ~ l 

x q 1 

x r - x 

_L 

(p ~ q)(p ~ r)(p - s) 1 {q — p){q — r)(q — s] 

H 

1 

1 

1 

x s - 1 

dx 1 

p 2 In p 

(s-p)(s - q)(s - r) _ 

(In a;) 2 2 

l 

1 l 

l 


q 2 In q 


■ lnr 


■ In s 


(r -p)(r- q) (r - s) (s - p)(s - q)(s - r) 

\p> 0, q > 0, r > 0, s > 0] Bl (124)(16) 


4.269 

1. 

2. 11 



2 ^ s/W+W 

x ( i \k 

= 4=1= 

^ ^ 2/c + 1 


Bl (115)(33) 


Bl (133)(2) 



550 


Logarithmic Functions 


4.271 


3. 

4. 


5. 


6 . 


7. 

4.271 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 



\p > 0] 
\p > 0] 


f 1 sin t — x n sin[(n + l)i] + x n+1 sin nt dx ^ sin kt 

/q 1 — 2x cos t + x 2 f n 


In - 


k= 1 


Vk. 


< 7r] 


n— 1 


rl cost — x — x n 1 cos nt + x n cos[(n — 1)7] dx i cos kt 

= ^777 




i - 


dx 



1 X 

, v 

X • 

\ In - 

In — 


V u 

X 


\ — 2x cos t + x 2 


ln- 

X 


k = 1 


[1*1 < 7T] 

[uv > 0] 


02 n _ 1 

M TTx = ^^- (2n)!C(2n+1) 

rlrn ~\ — o2n— 1 

/ 1 \2n— 1 1 ^ 2ni D I 

( ln ®) 7-T7: = 3 n I B 2n I 


1 + X 


2?t 


(lnx) 2n_1 — = --2 2 "- 2 7 t 2 "|^ 
1 — x n 


2n\ 


\p— 1 dx 


(lnx) ? 


(In x) 


1 — x 
dx 


= e i{p ~ 1)7r T{p) C(p) 


(In x) 


1 + x 2 

2 n dx 1 


= (— !)"«!£ 


(-l) fc 


k—0 


(In x) 


(27c + l) n+1 
dx 


[n= 1,2,...] 
[n= 1,2,...] 
[P > 1] 


2n+l 


-I E, 


2n\ 


\ 2n+l 


/ 0 

/•” (In x) 

/o 1 + 6x + x 2 
/■i 


dx = 0 


< 2] 


o2n+l _ i 

(In x) 2n = 22ra+1 • (2n)! C(2n + 1) [n = 1, 2, . . .] 


1 — X 2 
/i \2n n 

(lni > r^? = 0 

dx 1 
1 — x 2 = 2. 


(lnx)" 


(In x) 


2„-l d® 1-2 2 " 2 

7T |i>2n| 


1 — X 2 


4?t 


GW (324)(lc) 
Bl (133)(1) 


Bl (133)(5) 

Bl (133)(6) 
Bl (145)(37) 

Bl (110)(1) 
Bl (110)(2) 
Bl (110)(5), GW(324)(9a) 
GW (324)(9b) 
Bl (110)(11) 

GW (324)(10)a 
Bl (135)(2) 
Bl (110)(12) 
Bl (312)(7)a 


[n =1,2,...] 


Bl (290)(17)a, Bl(312)(6)a 
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11 . 

12 . 

13 . 


14. 6 


15 . 

16. 3 

4.272 

1. 

2 . 


3. 9 


4 . 


5 . 

6 . 

7 . 


/i \2n— 1 X dx 1 2n| n 

(lnl) |B2 


\ 2 n 


1 + X 2 


/ (In a;) „ 

/ o ( 1 -cc 2 ) 2 


dx = 


2 2n _ X 


7T 2 "|B 2 


[n= 1 , 2 ,...] 
[n= 1 , 2 ,...] 


/o 


/, ,2n+i (cos 2 o 7 T - x) dx . v-^ cos 2 afc 7 r 

(mx) ft = — ( 2 n + ll! > -—r, — rrr~ 

1 — 2x cos 2an + x 2 ^ k 2n+2 

fc = i 


„ x v l dx d n 

(In a;) — - = — 7 r cosec t - — 

a 2 + 2 ax cos t + x 2 dv n 


(In a;)” -^E_ dx = ( - 

v ' l-x* g n+1 V< 7 , 


[a is not an integer] 
/ _ 2 sin(r' - l)i] 


lo {lUX) l + x« 


X °-' «fc = ' I> 


!«+ 1 ' 


sin vi r 
[a > 0 , 

J 

0 < Re v < 2 , 

\p > o, 

<7 > 0 ] 

\p > o, 

<7 > 0 ] 


In 


1 9-1 


da; 


/o 


1 + 2 a; cos t + x 2 


= cosec tT(q) E(-d 


fc-i 


fe=i 


sin kt 

& 




In ( — 

x 


1 \ 9 A (1 + x) dx 


1 + 2 a; cos t + x 2 


= sec--r(g)]T(-l) 


fc=i 


ar 1 ' 1 dx 


r(ju+ 1) 


E 


[|t| < 7r,g < 1] 
fc _ l CO s[(fc- §)t] 

[|t| < 7T, g<|] 

o fe sin kt 


1 — 2axcost + x 2 a 2 asint “ ' (z/ + A: — 1)^ +1 

/c— 1 

[a > 0 , Re/i> 0 , Rez/> 0 , — 7 r 


f 1 ( l n E r 1 cosA ~^ *9-1 dx = r( r ) V lc ° sfcA 

7o V a; / 1 + p 2 a ; 2 — 2 pa; cos A " ^(g + fc — l) r 


/■°° da- 

J (lnx) p ^=T(l+p) 

L (E 


ln- 

a; 


da; = 


( 2 n - 1 )!! 
(: 2v) n 



[r > 0 , q > 0 ] 

\p > - 1 ] 


[Re fi > 0 , Re v > 0 ] 


[Re v > 0 ] 


Bl (290)(19)a 
Bl (296)(17)a 

LI (113)(10) 

0 < |Z| < 7r] 

ET I 315(12) 
GW (324)(9) 

GW (324)(10) 

LI (130)(1) 

LI (130)(5) 

tt] Bl (140)(14)a 

Bl (113)(11) 
Bl (149)(1) 

Bl (107)(3) 

Bl (107)(2) 
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n- 1 x „-i 


1 + X 


1 


dx = T ( 3 ) [p n — q 


i-3 „i-3 


n-t xV -! 


1 — X 


dx = (n — 1)! £(n, f) 


[Re ^ > 0] 
[Re i/ > 0] 


Bl (110)(4) 
Bl (H0)(7) 


m- i 


(x-l) 71 a + 


nx 
x — 1 


ic = r()i) ^ (r 1)tn( " -*) ■■•(»-* + 1) 


fc =0 


(a + n — k)P~ l k\ 


[Re p > 0] 


n— 1 


1 - X > hn 


LI (110)(10) 
LI (110)(9) 


fe= l 


M_1 


= I V)E 


i i 


1 - x 2 ^ (i/ + 2fc)^ 2^ 




[Rep > 0, Rer/>0] Bl (110)(13) 

1 1 


-q f \\p 00 

lli x) dX = T ^ P+1 ^ i {(2k + q-l)P+ 1 (2k~q-l)P+ 1 


"- 1 xP-Ux 
(1 + x 9 ) s 




[p > - 1 , q 2 < 1] 

LI (326)(12)a 

. /-s\ 1 

%\ k J (P+ k< l) r 

[p > 0, q > 0, r > 0, 

0 < s < r + 2] 

GW (324)(11) 

771 

i'VfE 1 

^ V k / (p + kq) n+1 


[P > 0, q > 0] 

Bl (107)(6) 

771 / -t \k 

dT( m ) (-1) 

^ V k J (p + /cp) ra+1 



p 1 x q 1 dx 1 a" 

= ^ I »E^ 


1 — ax 9 aqP 


k - 1 


[p > 0, q > 0] Bl (107)(7) 

[p > 0, q > 0, a < 1] LI (110)(8) 


[q > p > 0] 

n2n Z — j \ n 


X * - x~p 

1 — X? 


p 2 n z_^ \ q J 2 k - (2k — 2n)\ 

k=n x x 


p< { 


Bl (133)(4) 


LI (110)(16) 



4.282 


Rational functions of lna: and powers 


553 


4.273 

4.274 

4.275 

1. 


f ( ln “) P ( ln “) 9 ~ = ( ln “) 

Ju V UJ \ X/ X \ UJ 


V \ P+9- 1 
UJ 


f e tfx dx y/qif 

la x^J- (1 + In x) </e 


\ 9-1 

-® p - 1 (l-*)«- 1 dx = 




r(p + q) 


\p > 0, q > 0, uv > 0] 

[9>0] 

[T(p+q)-r(p)] 

[p > 0, q > 0] 

[9>0] 


4.28 Combinations of rational functions of lna? and powers 

4.281 

1. f r — h — ^ — 1 dx= C 


4.282 

1 . 


In a; 1 — . 


r dx _ i 

h x 2 (lnp — lnx) p 1 ^ 

/ X — aX =±e* pq Ei (±pq) 

f 1 \ 1 x*- 1 ] , 

k [^ + ^\ dx = -' l ’ ip:) 

r 1 r xp - 1 x i . 


dx = lnp — ip(q) 


I o Lina: 1 - a| ^ 

I" 1 1 1 da: In 2 

/o 1 — x 2 2x In a; In a: 2 


\P > 0, q > 0] 
[Re p > 0] 

[p > 0, q > 0] 


1 (1 — x) (1 + glna;) + a: lna; X 1 dx 1 


lna: 

dx 

47t 2 + (In x) 

2 1 — x 

1 

dx 

a 2 + (lna;) 2 

1 + a: 2 

1 

dx 

7 r 2 + (lna;) 2 

1 + X 2 

lna: 

dx 

7t 2 + (lna;) 2 

1 — X 2 


(1 - x) 2 


= - — - C 


In x 2 


= o -q-lnT(q) + 


[q > o] 


= K~0 


7 1" 

L a> -2J 


= - - - ln2 


Bl (145)(36) 
Bl ( 145) (4) 


Bl (107)(8) 
Bl (126)(5) 


Bl (127) (15) 
LA 281(30) 
LI (144)(11,12) 


Bl (127)(17) 
LI (130)(19) 

Bl (128)(15) 

Bl (129)(1) 
Bl (129)(9) 
Bl (129)(6) 
Bl (129)(10) 
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5. 

6 . 

7. 


9. 10 

10 . 

11 . 

12 . 

13. 





In a; 

x dx 

a 2 + (In a:) 2 

1 — a 2 

In x 

a dx 

7t 2 + (In a;) 2 

1 — a 2 

1 

dx 

7t 2 + 4 (In a’) 2 

1 + a 2 

In x 

dx 

7t 2 + 4 (In a) 2 

1 — a 2 

1 

dx 

7 r 2 + 16 (In x) 

2 1 + a 2 

In a 

dx 

7 r 2 + 16 (In a) 

2 1 — a 2 

In a 

dx 

a 2 + (In a) 2 

2 1 — a 

In a 

a dx 

a 2 + (In a) 2 

2 1 — a 2 

x p - x~ p 

dx 


x 2 — 1 q 2 + (In a:) 2 


1 f 7t 7T , , „ 

- — + ln-+ip[- 

2 L2a a 


In 2 
4-7T 

2 — 7T 


16 


1 


8tta/2 L 
7 r 


7t + 2 In (y2 — 1 
1 1 


32\/2 16 16\/2 


In 


^ / 2?r N 


2k— 2 


7 r 

4a 4 




fc=i 


27T 


E(-d 


fc=i 


k _ 1 sin kpn 
2q + kn 


[a > 0] 


2-1 


[P 2 < 1] 


4.283 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


x — 1 
In x 

1 

In x 
1 

In x 
1 


— x 


dx 
In x 


1 


\ — x 

X 

1 — X 


= In 2 - 1 

dx 
In x 

dx 


(In a:) 2 (1 - x) 2 


In 27t 


2 

In 2-7T 


- 1 


a; In a; 
dx = C 



In 2 - 1 
2 

In 27t 
= 2 


8 . 



x q - 1 
x (In a;) 2 


q 

In x 


dx = q In q — q 


[q > o] 


Bl (129)(14) 
Bl (129)(13) 
Bl (129)(7) 
Bl (129)(11) 
Bl (129)(8) 
Bl (129)(12) 
Bl (129)(4) 

Bl (129)(16) 

Bl (132)(13)a 

Bl (132)(17)a 
Bl (127)(20) 
Bl (127)(23) 
GW (326)(8a) 
Bl (128)(14) 
Bl (127)(22) 
GW (326)(lla) 
Bl (126)(2) 
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9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

4.284 

1. 

2 . 

4.285 


1 


a In x — 1 
1 1 + x 


dx , a 
— — = In - + C 
x In x q 


[In a; 2(1 — a;) J In a; 


r p - 1 


[a > 0, q > 0] 
In 27T 


dx = -lnT(p) + (p- ^ lnp-p+ ^ 

[p > 0] 


P~ 1 - 


1 


1 1 


1 — x V 2 In x ) 


\ tP- 1 


dx 
In a; 


i 1 V In 27T 

= 4 ~P )mp + p — 


1 | {p - 2)x p - {p - VfxP- 1 

(1 - x) 2 


(lna;j 


[p > 0] 

3 

dx = -Ip{p) + p- - 




[p > 0] 


1\ a; p_1 — x r ~ 
In a: 


px ‘ 


pq 1 rx rq 1 1 fa 


In X 


1 — X p 1 — X r 


[p > 0] 
= (P~r) 

[ 9 > 0 ] 


-q-lnT(q) + 


x q — 1 q q 2 

x (In a;) 3 x (In x) 2 2 In x 


dx = — In q— - q 2 
2 4 


[ 9 > 0 ] 


r 

x q — 1 

q 

q 2 

q 3 ' 

lo 

x (In a’) 4 

x (In a;) 3 

2x (In x) 2 

6 In a; 

r 

1 x p ~ x dx 

p n ~ 1 

p -PQ y,\(r)n } - 


Jo 

(q + In a;)" 

( n — 1)! 

e nil ypq) 

(n- : 


dx= In q — 7 p~q 3 
6 H 36 y 

[ 9 > 0 ] 


1 


-Y^in-k-mpqf- 1 


k=l 


' x a (lnx) n dx 


\p > 0, q < 0] 

, we should make the substitution x = e t or x 


In integrals of the form 

J [6±(lnx) m ] 
then seek the resulting integrals in 3.351 3.356. 

4.29-4.32 Combinations of logarithmic functions of more complicated 
and powers 


4.291 

1. 


rl ln(l + a;) ir 2 

dx = — 

i x 12 


Bl (126)(8) 

GW (326)(9) 

Bl (127)(25) 

GW (326)(8) 

Bl (132)(23)a 

In 27T 
2 

Bl (132)(13) 


Bl (126)(3) 

Bl (126)(4) 

Bl (125)(21) 

: e _t and 

arguments 

FI II 483 
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f 1 ln(l — x) , 7t 2 

/ dx=~- - 

Jo x 6 

/' 1 / 2 ln( 1 — x) 1 2 tt 2 

X = -i2 

f 1 , X\ dx 1 2 7T 2 

X -12 


FI II 714 


Bl (145)(2) 


Bl (114)(18) 


/■“In u du 

o l + « 2 


cl In i „2 

X -T^*=2 ( l"2) 2 -Y2 

/’ ln , (1+ f In 2 

io 1 + ai 2 8 

F 00 ln(l + a;) 7t 

/ — ~ — dx — 1 1 1 2 G 

Jo 1 + x 2 4 

F 1 ln(l — a:) 7t 

/ ~ ; ; rr~ da; = — In 2 — G 

7o 1 + ai 2 8 

F°° ln(x — 1) 7t 

X lTx^ dX= 8 “ 2 

Jo x(l + a;) 12 2 v ' 

F°° ln(l + a;) tt 2 

Jo x(l + a;) 6 


F 1 ln(l + a;) 1 a + 6 2 In 2 

/o (ax + 6) 2 a(a - 6) b ^ b 2 - a 2 

= X? (i “ hi2) 


[a 7^ 6, ab > 0] 

[a = &] 


Bl (115)(1) 


Bl (114)(14)a 


Gl II (2209) 


FI II 157 


Bl (136)(1) 


Bl (114)(17) 


Bl (144)(4) 


Bl (144)(4) 


Bl (141)(9)a 


LI (114)(5)a 


1 ln(l + a;) 


/ v 2 dx = - 

/ o (ax + b) 2 a(a — b ) 


F 1 dx 1 

/ ln(a + x) ~ = _ arccot \fa ln[(l + a)a\ 

Jo a + x z 2y a 

F°° . . dx a In a — b In b 

X 1,,( “ + I) (^ = (,(<.- 6) 


f a ln(l + ax) 1 


dx = - arctan a In (l + a 2 ) 


[a& > 0] 


Bl (139)(5) 


Bl (114)(20) 


[a > 0, b > 0, a ^ 6] LI (139)(6) 


Gl II (2195) 



4.291 


Logarithmic functions and powers 


557 


i+- dx = _ arctan y/ a ln(l + a) 

^ . In 


f 1 ln(l + ax) 1 

/o 1 + ax 2 X = 
/' 1 ln(aa; + 6) 1 

/o (1 + x) 2 = 


[a > 0] 


Bl (114)(21) 


dx = - (a + 6) ln(a + b) — b In b — a In 2 


- 1, ;i" + i) »fe= A -n-t] 

( l + x) z a — b 


r°° w , xdx i 

L = W TW) 


air a 
2b + ¥ 


[a > 0, 

b > 0, a ^ b] 

Bl (114)(22) 

[a > 0, 

b > 0] 

Bl (139)(8) 

ln a^j 



[a > 0, 

b > 0] 

Bl (139)(9) 


[ ln(l + x) 

Jo 

f ln(l + x) 
Jo 

f ln(l + x) 
Jo 


1 + x 2 , 1, n 23 

t —r dx = — In 2 H 

(1 + x) 4 3 72 

1 + x 2 dx 1 r 7t 

a 2 + x 2 1 + a 2 x 2 2a (1 + a 2 ) .2 


— In (l + a 2 ) — 2 arctan a ■ In a 
[a > 0] 


LI (114)(12) 


LI (H4)(ll) 


1 — x 2 dx 1 fl I" a + b 1 1 

(ax + b ) 2 (bx + a) 2 " a 2 - b 2 { a^b [aT ^ + )_ a n ~6 ln ° 

4 In 2 'I 


pOO 

/ ln(l + x) 
Jo 

[ ln(l + ax) 
Jo 


b 2 — a 2 


(ax + b ) 2 (bx + a) 2 ab (a 2 — b 2 ) a 


a > 0, b > 0, a 2 ^ 6 2 ] LI (114)(13) 


[a > 0, b > 0] 


1 — x 2 , 1 (1 + a) 2 . 1 a 7 r a 

5- dx = - — ln(l + a) — - • » In 2 — - • - — 

(1 + x 2 ) 21 + a 2 v ' 21 + a 2 41 + 


2 1 + a 2 4 1 + a 2 

[a > -1] 


’ ln(a + x) b2 ~ x2 dx = 1 fain --- 

{ + ) (b 2 + x 2 f a 2 + b 2 \ ln a 2 


[a > 0, b > 0] 


/»oo 

/ In 2 (a — x) 

Jo 

POO 

/ In 2 (a — x) 

Jo 


b 2 — x : 


%dx=^~ 


(b 2 + x 2 ) 2 a 2 + 6 2 \ b 2 


a bir 
a In — 


[a > 0, 6 > 0] 


x dx 1 f air a 2 

9 = ~o r- 7 M n 0 — 7TT + tt In a 

(6 2 + x 2 ) a 2 + b 2 \ 2b b 2 


[a > 0, b > 0] 


LI (139)(14) 


Bl (114)(23) 


Bl (139)(11) 


Bl (139)(12) 


Bl (139)(10) 
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1. 


f 1 In (1 ± x) 7 r 

/ — . ; dx = In 2 ± 2 G 

lo 2 

lo 2 

r Hi+bx) dx=^ i ±^ 


GW (325)(20) 
GW (325)(22c) 


o< H < - 

a 


f 1 x ln(l + ax) 7t 1 — \/l — a 

/ , — dx = — 1 + — • 

/ o 2 a 


2 v / T^ 2 


Bl (145)(16, 17)a, GW (325)(21e) 
arcsin a [|a| < 1] 


„ 7t ya 

= -l+ — + 

Za a 


■ In + \J aJ — 1^ [a > 1] 


GW (325)(22) 


rl ln(l + ax) 1 


7T 2 1 


/ o *vi-a; 


dx — - arcsin a (n — arcsin a) = — (arccos a) 


— a; 2 2 


[|a| < 1] Bl (120)(4), GW (325)(21a) 


4.293 


r 1 i 

1. / x^ 1 ln(l + x) dx = — [In 2 — /3(/x + 1)] 

do A* 

r°° _i 

2. 6 / x M_1 ln(l + x) dx = — [/3(— /x) + In 2] 

di d 

/»00 

3. / x M_1 ln(l + a;) dx = — 7 

do M sm d 71 " 

i 2 n / 


[Re /.x > — 1] 

[Re ytt < 0] 

[—1 < Re/x < 0] 


■'H1 + *)* = 2„E L X - 

k = 1 


5. f x 2n ln(l + x) da; = 

Jo 


6. 11 / x" 

Jo 


1 

2n + 1 / i \fc 

*" 4+ E ^ 

2 n + 1 

k = 1 

2 In 2 

(— 1)" • 4 [tt 

2n + 1 

2?x + l 4 

7T , 





[—1 < Re/x < 0] 


8. f ad 1 1 ln(l - x) dx = — - [x/>(/x + 1) - x/>(l)] = — - [t/>(/x + 1) + G| 
do d d 

[Re/x > — 1] 

r°° 1 

9. 7 / x M_1 ln(x — 1) dx = — [7tcot(/x7r) + x/>(/x + 1) + Cl 

J l d 


Bl (106)(4)a 
ET I 315(17) 
GW (325)(3)a 

GW (325)(2b) 

GW (325)(2c) 

GW (325)(2f) 

Bl (134)(4), ET I 315(18) 

ET I 316(19) 


[Re/x < 0] 


ET I 316(20) 
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10 . 

II. 11 

12 . 

13. 

14. 


7T 

/ x^ 1 ln(l + jx) dx = 

Jo sin n 7t 


[-1 < R e/z < 0, |arg 7 | < 7 r] 

Bl (134)(3) 


x “~' 1,1(1 + x) dx = [C+ - „)] [— 1 < Reft < 1] 


dx = — 


/ o 1 + x 
I' 1 ln(l + a;) 

lo (l + z ) M+1 

f 1 x M_1 ln(l — a;) 

r°° x^- 1 ln (7 + x) 
lo (7 + z) 1 ' 


sm [ITT 

In 2 2 ^ — 1 


2^/x 2 


dx = B(/x, i/) [t/>(rx) — ip(fi + is)] [Re fi > 0, Re ix > 0] 

dx = 7 /i_1/ B(/x, rx — p) [ip(is) — ij)(is — n) + In 7 ] 

[0 < Re p < Re v\ 


ET I 316(21) 
Bl (114)(6) 
ET I 316(122) 


ET I 316(23) 


4.294 


1 . f ln(l + x) 

Jo 

2 . f ln(l + x) 

Jo 

3. f ln(l + x) 

Jo 


6 . 


7. 


( p -l )r P- 1 - pX -P |fa = 2to 2_ TT 


sm P7T 


1 + X 


2n+l 


1 + X 

l-x 2n 


[0 < p < 1 ] 

2 n+l 1 j , -.xk-l 

< fc = 21 " 2 EaVi- E 

fc=o i=i J fc=i 


2n 3 


dx = 21 n 2 .£ — — -E-E 


1 ^ (-1) 


fc-1 


1 + x f— i 2 k + 1 ^ j 


k—0 

n —1 


f 1 1 _ r 2n 1 

4. / ln(l + x) — dx = 2 In 2 • ^ 


i=i ^ fe=i 
2 n 


j- ( ~ 1)fc ~ 1 


2/c + 1 7 2 ~- ' k 

k —0 i —1 J fc= 1 


5. f ln(l + x) 
Jo 


1 — x 


1 2n+l " 1 2T+ 1 (_l)i J 

* = 21 " 2 Esrr T +E L T L E l 


2 k + 1 ' 7 ' k 

k = 0 j=i J fc=l 




/o 


(_1) ' E 1 

fe = l 


1 ^ = E — Er 

1 — X 7 ■ 2 --' /c 

7=1 J ' ' 


" lAl 


ln (l “ x ) TEV da: = ~ E 7 E T 


7 ' A: 

i=i J fc=i 


/*°° 27T 

8. / ln 2 (l — x)x p dx = — cot p7T 

do P + 1 

9 . jf 1 wi+ *)]” (i + *r * = i-r‘ (r+ , rl 

r 1 -i 

10. / [ln(l — x)] n (1 — x) r dx = (— l) r 


[ — 2 < p < —1] 

+ 2 r+1 (—l) k n! (In 2) 

• J (71 — h\Ur - 1-1 


i—k 


k = 0 


(n — k)\(r + l) fc+1 


(r + l) n+1 


[r > -1] 


Bl (114)(2) 
Bl (H4)(7) 

Bl (114)(8) 

Bl (114)(9) 

Bl (114)(10) 

Bl (114)(15) 

Bl (114)(16) 
Bl (134)(13)a 
LI (106)(34)a 

Bl (106)(35)a 
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11 . 

12 . 

13. 6 


In 


1 — x z 


x 2q 1 dx = y £(n + l,q+ 1) 


[-1 < Q < 0 ] 


f (In a;) 2 " In (l — x 2 ) — = — 

Jo x 


r 2n+2 


/ 0 L 


ln- 

x 


In (l — x 2 ) dx = — 


2(n + l)(2n+l) 

r(m + 1) 


|^2n+2 | 


n(2n + l) m+1 


[m + 1 > 0, n + 1 > 0] 


Bl (311)(15)a 
Bl (309)(5)a 
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!. ^ In (^a; 2 + 0) In (VM7 + x//j) 


2 . 

3. 

4. 

5. 

6 . 

7. 


9. 

10 . 

11 . 

12 . 

13. 

14. 


J o l n (l + x 2 ) = |- ln2 

2t dx 

/ ln ( x + * ) ^ = fl- 
ao x 

l ln ( 1+l2 >(^ = rr (?(£ +1 "“) 

[' in(i+i 2 ) 

Jo 

/ oo 

ln (l + a; 2 ) 


dx 7T „ 

. ~ = — ln 2 — G 

1 + x 2 2 


efe 7T ^ 

iT^=2 ln2+G 


/ 2 , ,2 2\ dx 7t 05 + be 

In (a + b x ) 5 — ^ = — ln 

c z + g z x z eg g 


ln (a 2 + b 2 x 2 ) 


dx 


9 9 0 = arctan — 

— g z x z eg 


be 

ag 


5 ln (l + p 2 a; 2 ) — ln (l + q 2 x 2 ) 


/ o a; 

f 1 j 1 + a 2 a; 2 dx 


dx = 7t (p — q) 


= — (arctan a) 2 


)$- 

[ In (l — a; 2 ) 

Jo 

nOO 

l + 4 


dx 7T ^ 

9 = - In 2 - G 

1 + x 2 4 


dx 7T , „ ^ 

= - ln 2 + G 


[Re P > 0, Re /a > 0, |arg7| < 7t] 

ET II 218(27) 

GW (325)(2g) 
GW (325)(4c) 

[a > 0] Bl (319)(6)a 


Bl (114)(24) 
Bl (114)(5) 


[a > 0, 

&>0, 

c > 0, 

<7 > 0] 




Bl (136)(ll-14)a 

[a > 0, 

&>0, 

c > 0, 

<7 > 0] 




Bl (136)(15)a 

\p > 0, 

q> 0] 


FI II 645 


Bl (115)(2) 


Bl (142)(9)a 
GW (325)(17) 
Bl (144)(6) 
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15. rinV-* 2 )ra = ll»(« 2 + e 2 ) 
Jo 


21 . 


22. 1 


23. 


24. 


b 2 + x 2 b 
x 


b 2 - r 2 


(b 2 + x 2 ) z a 2 + b 2 


dx = — - 


dx 


^-l(ln2 ) 2 


noo 

16. / In 2 (a 2 - x 2 ) 

Jo 

17 . />„(l + x V ( 1 + i2) - 2Ll2 2 

r 1 \ dx 7T 2 

18 ' l '^ 1 + ^w^) = n 

19. / In (cos 2 t + x 2 sin 2 t) 

Jo 

noo 

20. / In (a 2 + b 2 x 2 ) 

Jo 


[b> 0 ] 

[b> 0] 


= 


1 — x 2 
dx 2 In b 


Bl (136)(16) 
Bl (136)(20) 
Bl (114)(25) 
Bl (141)(9) 
Bl (114)(27)a 


a c , c a q , a 
7r + 2 - In — |- 2 — In 


(c + gx) 2 eg a 2 g 2 + 6 2 c 2 \6 9 9 b 2 c b / 

[o > 0, b > 0, c > 0, g > 0] 

Bl (139)(16)a 


''ill (a 2 + b 2 x 2 ) dX 


(■ c + gx ) 2 

2 b 2 

in a + 


c(c + g) a 2 g 2 + b 2 c 2 


2 a a cb 2 — ga 2 a 2 + b 2 c c+ g 

— arccot — + T 7 T 7 — - — - in ^ 2 - In 


b b 2 {c + g) a 2 
[a > 0, 6 > 0, c > 0, <7 > 0] Bl (114)(28)a 


5 ln(l +p 2 x 2 ) j _ f°° In (p 2 + x 2 ) } _ 7t 1 q + pr 

UmL/ / n n o HjfXj ill 


r 2 + q 2 x 2 


I o q 2 + r 2 x 2 


qr 


[qr >0, p > 0] 

FI II 745a, Bl (318)(l)a, Bl (318)(4)a 


3 In (l + a 2 x 2 ) dx 

b 2 + c 2 x 2 d 2 + g 2 x 2 b 2 g 2 — c 2 d 2 


ad\ c 


3 ln ( 1 + yJ -^ ln ( 1 + — 


ab 


a > 0, b > 0, c > 0, d > 0, g > 0, b 2 g 2 Y c 2 d 2 Bl (141)(10) 


3 In (l + a 2 x 2 ) x 2 dx _ n 


b 2 + c 2 x 2 d 2 + g 2 x 2 b 2 g 2 — c 2 d 2 


ab 


-In ll In 1 H 


ad 


a > 0, b > 0, c > 0, d > 0, g > 0, b 2 g 2 Y c 2 d 2 Bl (141)(11) 


/»00 

25. / In (a 2 + b 2 x 2 ) 
Jo 

nO O 

26. / In (a 2 + b 2 x 2 ) 

Jo 


dx 


7 r 


(c 2 + g 2 x 2 ) 2 2 c 3 g 


ag + be be \ 
g ag + be) 


[a > 0, b > 0, c > 0, g > 0] 

GW (325)(18a) 


x 2 dx 


7 r 


(c 2 + g 2 x 2 ) 2cg 3 


, ag + be be \ 

In 1 — 

g ag + bcj 


[a > 0, b > 0, c > 0, g > 0] 

GW (325)(18b) 
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J In (l + ax 2 ) y/l — a : 2 dx = ^ |ln — — 
J In (l + a — ax 2 ) \/l — x 2 dx = ^ |ln ■ 
f 1 In (1 - a 2 x 2 ) dX = 7t In 

Jo V ’ 2 


a 11 — a/1 + a 


a 11 — a/1 + cl 


, / 2 2 \ ^X / | | 7 T 

m(l-G x J — = — ( arccos |a| — — 


[a 2 < 1] 


xy 1 — or 


I In (l — £ 2 ) 

/o 


= 1» % K (k) - l K (U) 
'(1 - x 1 ) (1 - k 2 x 2 ) k 2 


Bl (117)(6) 


Bl (117)(7) 


Bl (119)(1) 


LI (120)(11) 


Bl (120)(12) 


r 1 a t i o-i-ot, _ 

L ln(1± ^ 2) m -2 Km ~ » K <*> “ (“Kfl. B. (!»)(») 


j' 1 In (l — Ar 2 at 2 ) 

/o ^/(l — X 2 ) (1 — k 2 X 2 ) 


dx = In k’ K(k) 


J In (l — k 2 x 2 ) J / dx = (2 — k 2 ) K(k) — (2 — In A/) i3(fe) 


Bl (119)(27) 


Bl (119)(3) 


r i -* , 
7 0 V 1 - ^ 2 

J In (l — a; 2 ) 


In (1 - fcV) dx = p (l + fc' 2 - fc ,2 ln/) K(fc) - (2 - In A') B(jfe) Bl (119)(7) 


27t 1 Va 2 — b 2 

— x 2 V ’a 2 —b 2 a + \/ d 2 — b 2 


[a > 0, b > 0, a^b] Bl (145)(15) 


/»1 

J In (l — a; 2 ) (px p_1 — qx q ~ 1 ) dx = ip + + ip + / 


i o\ dx 1 + Vl H - & 

l 1 "( 1 + “)7T3lP = ' 1 "^^ 

J In (l + a: 2 ) a; M_1 dx = — In 2 — jd + / 

7*00 

/ In (l + a; 2 ) a: 7 ^ 1 da; = 7 ^ 

an //.sin — 


. /a 7 t 
n Sin — 
2 


b > -2, q > -2] 

[a > -1] 


[Re ytt > — 2] 


[—2 < Re n < 0] 


Bl (106)(15) 


GW (325)(21b) 


Bl (106)(12) 


Bl (311)(4)a, ET I 315(15) 
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/>00 

/ In (l + x 2 ) 

Jo 


x ^ 1 dx 
1 + x 




[—2 < Re fj, < 1] 


4.296 


f 1 , , o\ dx 7 r 2 A 2 

/ In (1 + 2xcost + ar) — = — 

do a; 6 2 

/■°° d x 

/ In (a 2 — 2ax cos t + x 2 ) - — — = n In (l -\ 
.7—oc l x 

In (1 + 2x cos t + x 2 ) x^ 1 dx = — — ^ 
Jo A* sm [in 


- = 7tln (l + 2a|sini| + a 2 ) 


ET I 316(25) 


Bl (114)(34) 


Bl (145)(28) 


<7 r, — 1 < Re/t < 0] ET I 316(27) 


4.297 


r / a: 2 + 2ax cos t + a 2 \ xdx 1 2 (a 2 — b 2 ) cost 

\ x 2 — 2ax cos t + a 2 J x 2 + b 2 2 (a 2 + b 2 ) sint + 2ab 

[a > 0, b > 0, 0 < t < 7r] 


c 2 — 2ax cos 1 + a 2 7 a; 2 + 6 2 2 


f , ax + b dx 1 , . , a + b 

/ In-; 7 - 777 = r (0 + 0 ) In — a In a — 0 In b 

l 0 bx + a(l + x) 2 a — b |_ ' 2 


A 00 ax + fo dx 

lo bx + a(l + x) 2= ° 

f 1 1 — X dx 7T 

I, 1,1 * 1 + j; 2 = 8 n 2 

/‘ln 1 + I ^ =G 
/n 1 - a: 1 + a; 2 


1 + a; \ dx 7r 2 


[a > 0, b > 0] 
[a& > 0] 


1 — x J x (1 + x 2 ) 2 


v + x dx 1/, x \ 2 
1,1 = - ( ln u) 


u + x x 2 V uJ 
' b ln(l + ax) — a ln(l + bx) 


dx = ab ln - 
a 


[uv > 0] 


[a > 0, b > 0] 


Bl (115)(16) 
Bl (139)(23) 


Bl (115)(5) 


Bl (115)(17) 


Bl (141)(13) 


Bl (145)(33) 


FI II 647 


f 1 1 + ax dx 

/ In = 7r arcsm a 

/ o 1 - ax xVl - x 2 

j~ v 1 f 1 + ax ^ dx 7 r 

I u V 1 — ax J sf {x 2 — U 2 ) ( V 2 — X 2 ) V 


pv /‘in t + V—fi = = *L 
Jo a ~y ysj 1 - y 2 2 


[|a| < 1] GW (325)(21c), Bl (122)(2) 


F ^arcsinax, — ^ 


[M < 1] 

[0 < a < 1] 


Bl (145)(35) 
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4.298 

1. 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 


18 . 


In 


In 


In 


In 


In 


1 + 

x 2 

x 2n ~ 1 

X 


1 + X 

1 + 

x 2 

x 2n 

X 


1 + X 1 

1 + 

x 2 

x 2n ~ l 

X 


1 — X 

1 + 

x 2 

x 2n 

X 


1 — X 1 

1 + 

x 2 

X 2n ~l 


x 1 + at 
„2 


1 + X 2 2 

In x 2n dx = 


x 


■ fe = l? + 4^2>"+ 1 > 

* dx = If + 5P - 2S « 2 " + 2) 
— 1 — I (-1)”- +ln2 1 — 

2n + l P ’ 2 2n + 1 


n— 1 


+ 2V ^ 

^ 2 n -2k -l 


k - 0 


Bl (137)(1) 
Bl (137)(3) 
Bl (137)(2) 
Bl (137)(4) 
Bl (137)(10) 
Bl (294)(8) 


1 + x 2 2n __ 

In x 


n— 1 


2 n 

\ 

f 1 1 + X 2 dx 7T 

In - = — in 2 

0 a: 1 + a: 2 2 

f ^i±^^Wln2 


1 da; = ^ i (- 1 ) n+1 ln 2 + ln 2 - ^ + (- 1 ) n+1 E 


(-1)* 


fc=i 


/o 


/o 


x 1 + a: 2 

°° 1 + x 2 dx 

ln 1 2 = 0 

X 1 — x^ 


ln 


1 — x 2 dx 


7T 


_ = — In 2 
x 1 + x 2 4 


Bl (294)(9)a 

Bl (115)(7) 
Bl (137)(8) 
Bl (137)(9) 
Bl (115)(9) 


r°° 1 + a; 2 dx 

ln ■ 


ln 


37T . 


ln 


ln 


ln 


ln 


ln 


X + 1 

1 + X 2 

1 + a: 2 

dx 

8 

- 3?r 1, 

x + 1 1 + a: 2 

8 1 

1 + a; 2 

dx 

37T 

x — 1 

1 + a; 2 

_ ~8~ 

1 + x 2 

dx 

- — 1, 

1 — x 1 + a: 2 

8 1 

1 + a; 2 

x dx 

7T 2 

X 2 

1 + a; 2 

= 12 

a 2 + b 2 x 2 

dx 

X 2 

c 2 + g 2 x 2 

a 2 + b 2 x 2 

dx 

X 2 

c 2 - 

- g 2 x 2 


7t aa + be 

= — in 

eg c 


1 ag 

= — arctan — 
eg be 


Bl (144)(8) 
Bl (115)(18) 
Bl (144)(9) 
Bl (115)(19) 
Bl (138)(3) 

[a > 0, b > 0, c > 0, g > 0] 

Bl (138) (6, 7, 9, 10)a 

[a > 0, b > 0, c > 0, g > 0] 


Bl (138)(8, ll)a 
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19. 

20 . 

21 . 


22 . 

23. 

4.299 

1. 

2 . 


3. 


4. 

4.311 

l. 11 

2 . 

3. 

4. 

5. 

6. 8 



1 + x 2 x 2 dx 
x 2 (1 + x 2 ) 2 


^ (In 4 — 1) 



— X 2 dx = 7T 


f 1 1 + 2x cos t + x 2 dx 1 [°° 1 + 2x cos t + x 2 dx t 2 

Jo ln (X+W 2 ~X = 2 Jo n ~X~ = 

0*1 < 7 



1 + 2a; cos t + a; 2 , 2n (l — cos pt) 

— — ^ x p dx = : 

{\ + x) z psmpir 



1 + a; 2 sin t dx 
1 - x 2 sin t y'l - x 2 


= 7rlncot 



[0 < \ P | < 1 , 
[|*l < 7 


Bl (139)(21) 

FI II 643a 

Bl ( 1 15) (23) , Bl (134)(15) 
|t| < tt] Bl (134)(17) 

GW (325)(21d) 


\ (x + 1) (x + a 2 ) dx 2 

in = (In a) 

[x + a) z x 


>0] 


rl , (1 - ax) (l + aa; 2 ) dx 1 

in k 77 = — — arctan Wa in( 1 + a) 

3 (1 — aa; 2 ) 2 1 + ax 2 2^d 

[a > 0] 

rl (l - a 2 a: 2 ) (l + aa; 2 ) dx 1 

In — tt t tt = —/= arctan ya ln(l + a) 


(1 - aa; 2 ) 2 1 + aa; 2 y/a 


1 ln (* + !) (* + « 2 ) _ M -i ^ _ tt (o'* - 1) 


(x + a) 2 


dx = 


p sin /t7 r 


[a > 0] 

[a > 0, Re p > 0] 


Bl (134)(14) 


Bl (115)(25) 


Bl (115)(26) 
Bl (134)(16) 


5 ln (1 + x n ) tt cosec (^) 


n — 1 


pOO 

/ ln (l + a: 3 ) 

Jo 


dx 


= yi„3 


1 - x + a; 2 V3 



ln (l + a; 3 ) 


dx 

1 + a; 3 


= -^=ln3- 
73 9 




ln (l + a: 3 ) 

ln (l + x 3 ) 
dx 



xdx 
1 + a; 3 


7T 7T 

= —j= In 3 + — 
73 9 


1 — a: 
1 + a; 3 



tt73 

6a 2 


n = 2,3,... 


LI (136)(8) 
LI (136)(6) 
LI (136)(7) 
Bl (136)(9) 
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4.312 

1. 


’ , 1 + X 3 dx 7T 7T 2 

In o — z ~ = r- In 3 + 

x 3 1 + x 3 9 


= — In 3 — 


1 + x 3 ^3 


4.313 


f°° „ dx 

1. / In x In (l + a 2 x 2 ) 2 = 7ta (1 — In a) [i 

Jo x 


dx 



= 2n 

X 2 


dx 



= 27 r 

x 2 



a > 0] 


[a > 0, 6 > 0, c > 0] 


Bl (138)(12) 
Bl (138)(13) 

Bl (134)(18) 

Bl (134)(20, 21)a 


3. J In (l + c 2 x 2 ) In ^a 2 + ^ ^ = 2n ° ln(a + be) — ^ In a — c 

[a > 0, a + 6c > 0] Bl (134)(22, 23)a 


to* In ^±#1* =*(.-6) + *, 
1 + 6 z ar a; z 


a 2 + 26a; + x 2 dx 6 

In x In — ^ — = 27t In a aresm - 
a z — 2bx + x 2 x a 


f°° a 

6. / ln(l + a;)- 

J o 

/»oo 

7. / ln 2 (l — a;) 

Jo 


. .xlnx — x — adx (In a) 

(x + a) 2 x 2 (a — 1) 

o , . x In x — x — a dx n 2 + (In a) 2 

(1-S) , , \ 2 = 7^ ~ 

(a; + a) 2 x 1 + a 


[a > 0, 6 > 0] 

[a > |6|] 

[a > 0] 

[a > 0] 


Bl (134)(24) 
Bl (134)(25) 
Bl (141)(7) 
LI (141)(8) 


4.314 


l. 11 f ln(l + ax) 
Jo 




dx = Y,(- l ) k+1 -j7 ln 


a k p + k 


k q + k 


|a| < 1, p> 0, <7 > 0] Bl (123)(18) 


(q — l)x 11 dx 

(1 + a:) 2 x + 1 (1 + x) q a;ln(l + x) 


rl xlnx + 1 — x 4 

2 — ln(l + x)dx = m — 


= InT(g) 


[q>0] 


Jo x(\wx) 
r 1 ln (l — a; 2 ) d 
Jo x (q 2 + (ln x) 


Bl (143)(7) 
Bl (126)(12) 


1 ln (l - a; 2 ) dx _ n / q + 

J o , /i _ \2\ n V 7 T 


+ 7T \ IT , n , q 

) H ln 2q + ln — — 1 

7T J 2q 7T 


[q> 0] 


LI (327)(12)a 
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4.315 

1. [ ln(l + x) (lna;)" -1 — 

in X 


2. [ ln(l + x) (lna’) 2 " — = 

Jo x 


3. 

fln(l- 

\ /I \n— 1 dx 

X) (III X) — = 


J 0 


X 

4. 

fln( 1- 

\ /i a 2 n dx 

x) (Inx) — = - 


Jo 


X 

4.316 

f 1 , 

ax r ) | 

( 1 \ p dx 

1. 

/ In (1 - 

In- — 


Jo 

\ X J X 


: (_i r - 1 ( n _l)!^_^ C (n +1 ) 

o2n+l 1 

(2n +1 )(Jn + 2) ^ 2 '^' 

= (—!)”(" — 1)1 C(*» -H 1) 

o2 n 

|S2 "+ 21 

(n + l)(2?r + 1) 

1 00 n k 

= -)^TT r (P+ 1 )E^ 

fe=i 


r 1 /I \ p dr °° 

2. J In (l — 2axcost + a 2 x 2 ) ^ln — J — — = — 2T(p + 1) 


[p > —1, a < 1, r > 0] 
°° a fc cos kt 


kP+ 2 


4.317 

1. 

2 . 

3. 

4. 


5. 


6 . 


7. 


9. 


r °° 1 a/ 1 + a; 2 + a dx 

in = 7t arcsm a 

3 Vl + I 2 - O Vl + I 2 

rl , a/ 1 — a 2 a: 2 — aVl — a 2 dx 1 . 2 

In = - ( arcsm o) 

1 — x x 2 y 


[M < i] 


rl t 1 + cosi\/l — x 2 dx 
3 1 - cos tV 1 - x 2 X 2 + tan 2 - 

' + a/1 — x 2 \ a 'dx 


v — t 


cos 


= 7T cot t 


. V + t 

sin 


hl- 


lll 


■ - a/1 - x 2 I 1 - x 2 


— kx 


} 

p 1 

J In |a/1 + fca: — a/1 — foe j 

J In jl + a/1 — k 2 x 2 1 


dx 


a/ ( 1 — a: 2 ) (1 — fc 2 x 2 ) 4 
dx 


= -\n{lk)K{k) + lK{k') 


= -\n(4k)K(k) + K (£/) 


a/ ( 1 — a: 2 ) (1 — k 2 x 2 ) 4 

rl'r 1 

= = - In k K(k ) - -7T K (fc') 
- x 2 ) (1 - fc 2 a: 2 ) 2 4 


rl , 1 +pt/l — a: 2 da: 

In , = 7t arcsm p 

3 1 - pa /1 - £ 2 1 - x 


V < 1 ] 


Bl (116)(3) 
Bl (H6)(l) 

Bl (116)(4) 
Bl (116)(2) 


Bl (116)(7) 
LI (116)(8) 

Bl (142)(11) 
Bl (115)(32) 

Bl (115)(30) 

Bl (115)(31) 
Bl (121)(8) 
Bl (121)(9) 
Bl (121)(6) 
Bl (121)(7) 
Bl (115)(29) 
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4.318 


10. [' In 1 + ^ ~ EE t = «■ F (arcsin Q ,k') 

Jo 1 — qVl — fc 2 a: 2 ^/(l — x 2 ) (1 — k 2 x 2 ) 

^ < 1] 


Bl (122)(15) 


11. 10 / In 


1 + 2-s/l + a; 2 

1 - 2 v / TTa? 


a/ 1 + a: 2 3 


4.318 

1. 


f 1 In (1 — a; 9 ) da; 
/o l + (lna;) 2 x 


In r 


V2tt / 2 2tt V 2tt / 


[9>0] 


2. / In (1 + a: r ) 


(p — r)x p — (q — r)x q x q — . 


In x 


(In x) * 


dx 

r r + 1 


= r In (tan — cot — ) 
V 2r 2 r J 


[p < r, q < r] 


Bl (126)(11) 


Bl (143)(9) 


In integrals containing In (a + bx r ), it is useful to make the substitution x r = t and then to seek the 
resulting integral in the tables. For example, 

/»rv> 

7 r 


4.319 


pOO -| P OO 

/ x p_1 In (1 + x r ) dx = - / ln(l + t) dt = 

Jo r J o 

poo 

1. / In (1 - e - 2aTO ) 

poo 

2. / In (1 + e - 2a,ra ) 

Jo 


. P ^ r 
psm — 
r 


(see 4.293 3) 


dx 

1 + a; 2 


- In 2a7r + a (In a — 1) — In T(a + 1) 
[a > 0] 


dx 

1 + a; 2 


In r(2a) — In r(a) + a (1 — In a) — [2a — - ] In 2 


>0] 


Bl (354)(6) 


Bl (354)(7) 


f a + be p ' dx a p 

in = In in - 

D a + be~ qx x a + b q 


x In cosh xdx = 0 


' — OO 
pOO 


3. 

4.321 
1. 

2. 

4.322 

P7T PIT 2 

l. 11 / x In sin x dx = - I x In cos 2 x dx = — —In 2 


f 00 In sin 2 ax 1 i r 1 — e 2ab 

2. / — — dx = - In 


In cosh x — ( ^ X ,. = 0 
1 — a; 2 


b 2 + x 2 b 


- > —1, pq > 0 
a 

FI II 635, Bl (354)(1) 

Bl (358)(2)a 
Bl (138)(20)a 

Bl (432)(1, 2) FI II 643 
[a > 0, b > 0] GW (338)(28b) 
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f°° In cos 2 ax , i r, 1 + e~ 2ab 

/ — m a— dx = — In 

l 0 b 2 + x 2 b 2 

Z 100 In sin 2 ax tt 2 

k lP^ dX = ~2 b + " 


[a > 0, b > 0] 


[a > 0, b > 0] 


r °° In cos 2 ax 
1 b 2 — x 2 


dx = oo 


r °° In cos 2 x 


dx = —7 


GW (338)(28a) 


Bl (418)(1) 


Bl (418)(2) 


FI II 686 


, . , 1 /7t\M 2 ^ C(2 k) 

In sm xx M 1 dx = - — ( — ) In 2 H > — — — — — 

2/i \4/ fj, ^ i A 2k ~ 1 ( f i + 2k) 

[Re /j > 0] 


' . , 1 /7T\ A 1 1 C(2fc) 

In sm xx M 1 dx = ( — ) 2 } — — 

li \2J ii £-[4 fc (/x + 2fc) 


/*7t/2 i / . o 9 °° 

l Infl-cosx )^- 1 *=--(-) |^-g 


[Re n > 0] 
C(2fe) 

4 2fe — 1 (/t + 2fc) 
[Re /x > 0] 


POO 

/ In (l ± 2pcos/?x +p 2 ) 
./o 


[/ < 1 ] 

= — In (p ± [p 2 > l] 


LI (425)(1) 


LI (430)(1) 


LI (430)(2) 


FI II 718a 


4.323 


x In tan 2 x dx = 0 


Bl (432)(3) 


7 in tan 2 ax n 

/ -—7. dx = — In tanh ab 

/ 0 b 2 + x 2 b 


1 + tan x \ 2 dx tt 2 


1 — tan x ) x 2 


[a > 0, b > 0] 


GW (338)(28c) 


GW (338)(26) 


4.324 


, (1 + sin x \ dx n 

in 7 — = 7T- 

\ 1 — sm x J x 

, 1 + 2acospx + a 2 dx q 2 

1 + 2a cos qx + a 2 7|T = ‘" (1 + “> p* 

= In fl + L) In 
V a/ P 


[-1 < a < 1] 

[a < — 1 or a > 1] 


GW (338)(25) 


GW (338)(27) 
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4.325 


3. 


In (a 2 sin 2 px + b 2 cos 2 px ) — = — [In (a sinh cp + b cosh cp) — cp] 

c 2 + x z c 

[a > 0, b > 0, c > 0, 


4.325 

l. 3 


/ 1 \ r j T L±L z, 

lnln - - — - = -Cln2 + V(-l) fc — = - Cln 2 + 0.159868905 ••• = 

\ X J 1 H - X n, 

v 7 k = 2 


2 . 


3. 


In i n ( I") = V ^~r~~ e ~ ikX (C+ In k) 

\xj x + e lX ^ k 

x ' k—1 


dx 


‘"‘"'.ijiif w = l b " nx j^ = l 


V’ ( 2 ) + ln 2lr 


1 fin * 

2 V 2 


4. 

5. 

6 . 

7. 


lnln — 


In In 


lnln — 


1 \ dx 


i„i„ x * = ii„LM£il) 
i + 1 2 2 r (i) 


da; 


da; 


tt v^F ,2 ^ 
= In 


/ ln ln x „ , - r-m , , x 

/ 1 1 + a; + a: 2 ^ T (|) 


dx 


r°° dx 

In ln x 


/ min(I)— ^ *=f 

I o \ x / 1 + COS £ + J 1 


27 r 

1 - a; + a; 2 ^3 

Inina; ^ 


5 /I 
- ln 27t — ln T ( - 

6 V 6 


(27r) t / 71 


1 + 2a; cos t + a: 2 2 sin t 


In - 


[ In In -xf 1 dx = — — (C+ ln/x) 
do a; p 


[Re /.x > 0] 


9. 


ln ln x - 


1 + a: 2 + x 4 + ■ ■ ■ + x 2 


r , n + k 

Tt ^-4, . >t _j . fc7T , V 2 n 


7T 7T 71 x ' / w \ 1 . /vdl 

= — tan — ln 27t H — > (— 1 r 1 sin — ln 
2 n 2 n n -4— ' 

fc=i 


r 's. 


n — 1 


n — k 


2 , r , 

7T 7T 7T . w-i . K7T , \ fl 

= — tan — In 7r H — > (—IP 1 sin — ln — v . - 

2 n 2 n n ^ n ^(k 

k=i r 


p > o] 

GW (338)(29) 

(ln2) 2 

GW (325)(25a) 
GW (325)(26) 

7 ) 

Bl (147)(7) 
Bl (148)(1) 

Bl (148)(2) 

Bl (148)(5) 



i--F) 

2 2tt J 


Bl (147)(9) 
Bl (147)(1) 

[n is even] 

[n is odd] 


Bl (148)(4) 
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10. / lnln 


11 . 


3. 


dx f°°, , dx 

— = / In In x ; 

1 Ji (1 + x 2 ) Vlnx 


(1 + x 2 ) r/ln - 


x 00 


k - 0 


(_l)fc+! 

VlkTl 


= VrvT [ ln ( 2fc + 1 ) + 21n2+ °\ 


lnl .[l')W£ = -(C + h lW ,/ i 

/o W /Ti V m 

I m — 

x 


[Re n > 0] 


12. J lnln ^ — ^ ^ln — ^ x " 1 dx = T(/x) [V’(m) — hi(z')] 

[Re /j > 0, Re v > 0] 


4.326 


w i 

1. / In (a — lnx) aW _1 dx = — [In a — e° M Ei(— a/z)[ [R.e^>0, a > 0] 

Jo A* 

[Re fi > 0] 


2 . 

4.327 

1. 


1 

-j \ T 2fi— 1 -j 

6 In f 2 In 1 ) — dx = — [Ei(— /j,)] 2 

x J mx 2 


In 


a 2 + (In xY 




J 1 + £ 2 r (^L) 2 2 


7 r 

a> -2 


2. / In 


a 2 + 4(lnx)^ 


J l + i 


dx , 2r(4f^) 7T 

= 7T In _ f;, ; + - In 7T 


r(W 2 


In 


a 2 + (In a’) 2 aW 1 dx = — [— cos a/i ci (a/i) — sin a/i si (a/i) + In a] 

J A* 


[a > — 7t] 
z/tsi(a/t) 

[a > 0, Re fi > 0] 


Bl (147)(4) 
Bl (147)(3) 

Bl (147)(2) 

Bl (107)(23) 

Bl (145)(5) 

Bl (147)(10) 

Bl (147)(16)a 

GW (325)(28) 


If the integrand contains a logarithm whose argument also contains a logarithm, for example, if the 
integrand contains lnln 4, it is useful to make the substitution In a: = t and then seek the transformed 
integral in the tables. 


4.33-4.34 Combinations of logarithms and exponentials 


4.331 

1. 

2 . 



e In x dx = — — ( C + In /z) 

A* 

e~^ x In x dx = — — Ei(— /z) 


A* 


[R.e/t > 0] 
[Re /a > 0] 


Bl (256)(2) 
Bl (260)(5) 
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4.332 


4.332 


i 1 A e tix _ i 

e» x lnxdx= / dx 

d Jo X 


f°° In a; dx 2ir \ 5 f 1 

= -f — In 27t — In r ( — 

o e x + e~ x — 1 y/z [6 \6 


[d 7^ °] 


(cf. 4.325 6 ) 


GW (324)(81a) 


Bl (257)(6) 


4.333 


4.334 


4.335 


I" lnxdx = [^ft (cf. 4.325 

Jo e x + e _a: + 1 V3 [r(i) 

[ e _/4X In x dx = — - ( C + In 4/i) . [^- [Re /./ > 0] 

do 4 V d 

In x dx 1 .C7+ln4jfc . ki r 

Jo e^TT+JF^ = 2 V 3 7^ Sm "3~ 

/»°° -1 r 2 

/ (lnx) 2 dx = — — - + (C+ ln/i) 2 [Re/i>0] 

do M L 6 J 

Z * 00 2 o \/7T 9 7T^ 

/ e * (lnx) 2 dx=— - (C+21n2) 2 + — 
do 8 L 2 . 

/»°° 1 r 2 

/ e - ^ (lnx) 3 dx = (C+ ln/i) 3 + — (C+ ln/x) — ^/'(l) 

do d L 2 


(cf. 4.325 5) Bl (257)(7)a, LI (260)(3) 


Bl (256)(8), FI II 807a 


Bl (357)(13) 


ET I 149(13) 


FI II 808 


4.336 


dx = -0.154479567 


Bl (260)(9) 


r°° e~» x dx 

1 0 7t 2 + (lnx)' 


= Art - 


[Re n > 0] 


4.337 


4.338 


fOO 1 

/ e - ' 1 * In (/3 + x)dx = — [in f3 — e p/3 Ei( — /?//)] 

do d 

f e _/4X ln(l + (3x)dx = — — Ei f — 

Jo d \ Pj 

r°° 1 

/ e _,ix In [a — x| dx = — [in a — e _a,i Ei(a/i)] 

do d 

a 1 

/ e-^ln dx = - [e-^Ei(/3/a)l 

do P - * n 

r°° ^ xi c t \ c — a 1 — 1 

/ ln(l + ax)x^e -x dx = 7- — 7 e 1 


F°° „ 2 

/ e _,iX In (/3 2 + x 2 ) dx = — [In /3 — ci(/?/x) cos (/3/x) — si(/3/z) sin(/3/u)] 
do d 


[|arg/3| < 7t, Re /a > 0] Bl (256)(3) 


[|arg/3| < 7t, Re /a >0] ET I 148(4) 


[a > 0, Re n > 0] 


[Re /x > 0] 


v “ Ei -J + E(^-!) ! (“ 


Bl (256)(4) 


i-H-k 


[Re /3 > 0, Re n > 0] 


Bl (256)(6) 
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r°° o 

2. / e~^ x In 2 (x 2 — /3 2 ) dx = — [in 2 ft — Ei(— /3/x) — Ei(/3/x)] 

do M 

[Im (3 > 0, Re /x > 0] 


4.339 


e - "* In 


x + 1 


x — 1 


1 


dx = — [e M (In 2/x + 7) — e M Ei( — 2/z)] 

A* 

[Re /x > 0] 

. Z 00 -mi vdr + a* + v 7 ® - a* , 7T 

4.341 / e M In = dx = — [H 0 (a/x) — Y o(afi)] 

Jo V2 a 4/x 

[a > 0, Re /x > 0] 


4.342 


r°° 1 

1. / e _ nx In (sinh x) dx = — 

do 2n 

2. / e - ^ In (cosh x) dx = — 

do d 

/•oo x 

3. 11 / e ^ [In (sinhx) — lnx] dx = — 

Jo d 


— h In 2 — 2 /3(2?x + 1) 
n 


_ 1 
2/ /x 


2 /x V 2 V 


[Re /x > 0] 


[Re /x > 0] 


p 7 r 

4.343 / e MCOSX [in (2/xsin 2 x) + C] dx = — n K 0 (^) 

Jo 

4.35-4.36 Combinations of logarithms, exponentials, and powers 


4.351 


1 — e 
e 


1 . f (1 — x)e a: lnxdx = 

Jo 

r 1 1 

2. / e Ma: (/xx 2 + 2x) lnxdx = — [(1 — /x)e p — 1] 

do d 


3. 

4.352 


1 , 1+z * = j 6 ' [E1( '" )1 


/■°° 1 

1. / x I ' _1 e _Ma: lnxdx = — r(i/) [^(1/) — ln/x] 

do 


[Re /x > 0] 

[Re/x > 0, Rex/ > 0] 

Bl (353)(3), 


2 . 


x"e In xdx = 


n\ 

,n + 1 


1 


1+- + - + -- -H C — ln/x 

2 3 n 


POO 

3. / x"“ 5 e _Ai:c In x dx = ydr 

Jo 


(2n- 1)!! 
2"/i”+5 




[Re /x > 0] 
1 


2n — 1 
[Re /x > 0] 


— C — In 4/x 


Bl (256)(5) 

Ml 27 

ET I 149(20) 

Bl (256)(17) 
ET I 165(32) 

ET I 165(33) 
WA 95(16) 

Bl (352)(1) 
Bl (352)(2) 
NT 32(10) 

ET I 315(10)a 

ET I 148(7) 


ET I 148(10) 
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poo 

4. / x tl ~ 1 e~ x In x dx = T'(fi) 

J o 


[Re ytt > 0] 


GW (324)(83a) 


4.353 


POO 

1. / (x — In a; dec = r(i/) 

Jo 


1\ n _i _„ X1 , (2n — 1)!! [¥ 

fix-n--)x n ^ lnxdx - 


(2n) n V n 


[Re ^ > 0] 


[Re n > 0] 


r 1 n ! i 

3. / (fix + n+ l)x n e ,J ' x Inxdx = (— l) fc_1 + (-l) w — T 

Jo prp (n — k)\fi k+1 M n+1 

[m £ 0] 

4.354 

yoo i/-l i °° t-itfe— 1 

l. 6 / ‘ dx = I» ^ — — [V’H - In k) [Re ^ > 0] 

Jo e +i fc=i A, 

= — - (ln2) 2 * [for z; = 1] 


f°° x 1 ' 1 lnx 
lo (e x + if 


dr = rwf: ( ~ 1)i . ( *~ 1) [»M-i»t] 


[Re > 1] 

^ g [Rej/>0] 

lo (e x + 1) 2 k " 

f°°(x-2n)e x -2n 2n _ u 2 2n ~ 1 - 1 2n|D 

/ , a; i lnxdx= 7r 2n LB 2 J 

/o (e* + 1) 2 2 n 

[n =1,2,...] 

f < d * = £ £- ( !w.‘ )! «-> - >“ 


/o (e x + l) r 


(n— 1)!“^ (, k — n)\k v 


[Re v > 0] 


4.355 


GW (324)(84) 


Bl (357)(2) 


GW (324)(82) 


1. [ x 2 e ,JX \nxdx = (2 — ln4/r — (7) . [R.e /./ > 0] 

Jo V d 

2. [ x (fix 2 - rax - l) e - ^ 2 " 1 " 2 ^* lnxrfx = exp f 1 + $ f — 

Jo 4 A t 4/iV/i VW L 


POO 

3. / (fix 2 — n) x 2n ~ 1 e~ llx2 In a; dx = 

Jo 


( n — 1)! 
4/x n 


[R.e /.x > 0] 
[Re ytt > 0] 


GW (324)(86a) 


GW (324)(86b) 


GW (324)(87a) 


GW (324)(87b) 


GW (324)(86c) 


Bl (357)(l)a 


Bl (358)(1) 
Bl (353)(4) 



Logarithms, exponentials, and powers 


4. f°° (2/xx 2 - 2n - 1) * 2n e-'“ 2 In x dx = ^ . 1)!! , / - 

Jo ^ ’ 2(2 A r)« V M 


[Re fi > 0] 


Bl (353)(5) 


4.356 


f 00 /x a\i dx 

1. / exp — /u ( — I — ) In a: — = 21naRT 0 (2^) [a > 0, Re /j > 0] GW (324)(91) 

J Q L \a x/ 1 x 

2. J exp ax — lnx [2ax 2 — (2 n + l)x — 26] x n ~ 2 dx 


= 2 (_\ 2 /^ e - 2 v / ab y 0*+ fc ) ! 

W fro(n-fc)!(2fc)!!(2^) fc 

[a > 0, 6 > 0] Bl (357)(4) 


/■°° / d x 

3. / exp —ax I In a: [2ax 2 + (2n — l)x — 26] 3- 

J 0 V ^7 x n+ 2 

n ^ 

OO 


[ e -2 Vai, y (n + fc - 1)! 

k= 0 (n — k — 1) ! (2At) ! ! ^2-\/a6^ 

[a > 0, 6 > 0] Bl (357)(11) 


For n = 


Z* 00 7 a\ cix^ — 6 / — \ 

/ exp ( — ax J lnx 2 — dx = 2K 0 (2va6) [a > 0, 6 > 0] 

Jo \ xs x z \ ) 


GW (324)(92c) 


For n = 0: 


5. r exp (-ax - - ) lnx —— ~ ~ 26 dx = 2,/V^ 

y 0 v ®y v a 


[a > 0, 6 > 0] 


Bl (357)(7), GW(324)(92a 


For n = — 1: 


/ 6\ 2ax 2 — 3x — 26 1 + 2\/a& Fn _o./Xh 

exp —ax In x dx = W-e v 

\ x/ yx a V a 

[a > 0, 6 > 0] 


LI (357)(6), GW (324)(92b) 


exp (—ax — — 'j lnx (a — — 'j dx = iGo (^Vab'j 


[a > 0, 6 > 0] 
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4.357 


8. 9 J exp ax — In a: [2 ax 2 — (2 n + l)x — 2 b] x n 2 dx 



r°° / b\ 9 dx 

9. 9 / exp ( — ax I In \(ax 2 — b) cos (ct In a;) + era: sin (crlna;)] — 

Jo V X J x 


( 


= 2 cos ( a In yjb/a ) K ia ( 2v ab 


ll. 9 q x a In x 

Jo 


4.357 


a b 

a t; 


[a > 0, 

&>0, 

—00 < a < 00 

(a In a:)] 

dx 

X 2 


[a > 0, 

2 sin In \/b/aj K ia ^ 

b > 0, —00 < a < 00 

a/2 

K a ( 

2 Vab] 
K J 


[a > 0, 

b> 0, 

—00 < a < 00 


1. 


2 . 


3. 


exp - 


2 ax 2 


1 + x 4 \ , 1 + aa; 2 — x 4 


exp 


1 + ar 

2 ax 2 


Inx 


lnx- 


dx = — 


•\/2a 3 7t 

2\/e 


+ ax 2 — 1 , V2a 3 
; dx = 


2y/e 


[a > 0] 
[a > 0] 


exp - 


l + a; 4 \ a; 4 + 3ax — 1 (1 + a)V 2a 3 


2ax 2 


In a; 


dx = 


[a > 0] 


Bl (357)(8) 
Bl (357)(9) 

Bl (357)(10) 


4.358 


1J 


(In x) m dx=—{^Y{v^)} 


[m = 0,1,..., Re/a>0, Re^>0] 

Ml 26 


2. J x v l e (In a;) 2 dx = — ^ jlV’M — ln/u] 2 + C(2, ^)| 

3. 9 [ x^e-^ (Inx) 3 dx = 1 -^- 

J 0 


[Re /a > 0, Re^>0] Ml 26 

) - In fj] 3 + 3 C(2, v) [ip( v) - In fj] - 2<(3,i/)} 

[Re /.t > 0, Re v > 0] 


Ml 26 
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4. 7 J x v 1 e (lnx) 4 dx= — — | [^>0) — In /u] 4 +6C(2,u) — ln/z] 2 

-8 C(3, v) [ip{f) - In p] + 3 [C(2, v)] 2 + 6 <(4, v ) | 

[Re p > 0, Re v > 0] 

poo on 

5. 3 J x v ~ 1 e~' iX (In*)" dx = — {p~ v Y{u)} [n = 0, 1, 2, . . .] 


4.359 

1. 

2. 11 

4.361 

1. 

2 . 

4.362 

1. 

2 . 

4.363 

1. 


r °° ,^x p - 1 -x q - 1 . 1 


In a; 


dx = -[X(p,p- 1) - X(p, q - 1)] 


f 1 i _ ~q - 1 °° „fc 


.x 1 ' " — x H - , p k , p+k 


In x 


dx = Y — In 
h I 


k - o 


k\ q + k 




/o 7t 2 + (In x ) 

Z 100 e"'* 1 dx 

'0 x 7t 2 + (lnx)^ 


= e' 1 - v{p) 


f xe x ln(l — x) dx = 1 — e 

Jo 


e--ln ( 2x-l)= = j[Ei(-f) 


/»oo 

/ e"^ In (a + x) 

Jo 


p(x + a) ln(x + a) — 2 


x + a 


dx 


[R.ep>0, p > 0, g > 0] Ml 27 

[p > 0, g > 0] Bl (352)(9) 


[Re p > 0] 
[Re p > 0] 


[Re p > 0] 


Ml 27 


Ml 27 


Bl (352)(5)a 
ET I 148(8) 


2 . 


1 f 

= - e~^ x In 2 (a — x) 

4 Jo 

[Re p > 0, a > 0] 

/* 1 Ip 

J x(l — x)(2 — x)e~( 1 ~ x ' ) ln(l — x) dx — 


2 ,_ _'rt*-<») ln a 0r-<.)-4 g 

x — a 

Bl (354)(4, 5) 
Bl (352)(4) 


4.364 

r 00 p r 

1. / e _ '* I ln[(x + a)(® + &)] — = e (a+b ^ (Ei(-ap) Ei{-bp) - ln(o6) Ei[-(o + b)p]} 

[a > 0, b> 0, Re /i > 0] Bl (354)(11) 
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4.365 


2. f e ^ ln(x + a + b) f 1 j dx 

J o cl x -b b J 

= (1 + In a In b) ln(a + b) + e _ (° +6 ^ {Ei(— ap) Ei(— bp)} 


+ (1 — ln(a&)) Ei[— (a + b)p] 

[a > 0, fe>0, Re p > 0] Bl (354)(12) 


4.365 

4.366 

1. 


dx 

— = lnp 


(1 + x) p+1 ln(l + x) \ x 
e~^ x In ^1 + ^2 ) ~ = [ ci («M)] 2 + [si(a/tt)] 


2. / e-^ln 
Jo 

/»oo 

3. / xe~^ 2 In 
Jo 


cr 


— = Ei(a/u) Ei(— ap) 
x 


[p > 0] 

[Rep > 0] 
[Rep > 0] 


Bl (354)(15) 


NT 32(ll)a 


ME 18 


1 + x 2 

1 — X 2 


dx = — [cosh psrnhUp) — sinh/zcosh(t/z)l 

p 


[Re p > 0] ; (cf. 4.339) Ml 27 


4.367 


4.368 


4.369 


In 


: + \Jx 2 + 2/J e 


/3m 


■ da; = K 0 ((3p) [|arg/3| < tt, Re/z >0] ET I 149(19) 


f2 V^ 2 in * 2 ( 4m2 - z 2 ) 


iz 4 -\/4tt 2 — x 2 2 


L2 


r(i/) ln/u 


/»oo 

1. / # l/_1 e _/ * aj — In x] dx = 

J 0 

/»oo r . 

2. J x n e~^ x | [lnx — g ip(n + l)] 2 — | V ;/ ( n + l)j dx 


Y o (2 iu 2 p) — ( C — In 2) J 0 (2 iu 2 p) 

[Re/z > 0] ET I 149(21)a 

[Re // > 0] ET I 149(12) 




n! 

n+1 


ln/z- - ip(n + 1) 


+ ^'(n + l) 


[R.e p > 0] 


Ml 26 


4.37 Combinations of logarithms and hyperbolic functions 

4.371 


1. [ — dx = tt In 

./ n COSh X 


v^r(|) 


r(l) 


In x dx 


(27r) t / 7r r ( 

2 . = — In y — — ^ 

/ 0 cosh x + cos t sin t in — t 

2tt 


|> 2 < 


LI (260)(l)a 


Bl (257)(7)a 
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Z* 00 In x dx f 1 

3. / — ~ ) + hi 7 T = ln 7 r- 21 n 2 - C 

Jo cosh x 


4.372 

1. 


/ smh mx 

/ m a; 

/ - L smh na; 


7T TT17T 71 ^ x 

ax= tan— — m 2tt H — > (— 1) 

2n 2n ^ ' 


n— 1 




/c=l 

n, — 1 


r(4) 


= i tan ^ In* + I sin — In LlSi 

bn bn n ^ n r (-) 


fc=l 


2 . 


cosh mx 
In a; : dx 


cosh nx 


TT In 27T 7 T x fe_l (27c — 1 )to 7 T 1 ( 2n+ £n 1 ) 

2 n 1,1 r(#) 


2 n cos Tp- n 

2n 

rx— 1 

7T lit 7T 7T 

mF + “ 2^ 

2n k - 1 




2 n 


r(^) 


4.373 

1. 


3. 


5. 


6 . 


3 In (a 2 + a; 2 ) 7t 

cosh bx b 


9 p 7 2a6+37T \ ni 

2 In ; 2 N -In — 
r (^) 


6 >Q , a>-- 


/»oo 

2 . / ln(l + a: 2 ) 

Jo 


dx 2 1 ^ 
cosh 11 7 t 


’ln(«» + ^) Sinll( »” ) 


/>oo 

4. / In (l + a: 2 ) — 

Jo si 


sinh i 


da; 


TT er(^)r(^) 

da; = 2 sin — In — , 6 i \ — 7 .q\ 

3 r(^)r(^) 

[o > -1] . 


sinh ax a 


, a 7 t ( tt + a 
In - + — - *l>[ 

TT 2a V 7T 


[a > 0 ] 


/ ln (l + * 2 )— 

Jo smh xj 


cos h (^x) 27t — 4 

v z 7 dx = 


cosh ( — 


r in (1 + ,*) — % X \ * = 472 - f 6 + h* in P + l) 

Jo V Sinh 2 (Jx) ^ TT V J 


k 16 , 8V2, 


4.374 


/»oo 

1. / In (cos 2 t, + e~ 2x sin 2 t) — 

Jo si 


dx 


sinh x 


= -2 t z 


Bl (257)(4)a 

[m + n is odd] 

[to + n is even] 

Bl (148)(3)a 

[to + n is odd] 

[to + n is even] 

Bl (148)(6)a 

Bl (258)(ll)a 
Bl (258)(l)a 

Bl (258)(12) 

Bl (258)(5) 
Bl (258)(3) 

Bl (258)(2) 

Bl (259)(10)a 
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4.375 


2 . 

4.375 

l. 11 

2 . 


r°° r] T 9 

/ In (a + be- 2x )^^ = -^- 
J o cosh x (b — a) 


, , X dx 7T 

In cosh — — - — = G — 7 In 2 
2 cosh x 4 

1 da; 7t 

In coth x — - — = — In 2 
cosh x 2 


ln(a + b) — a In a — b In 2 


[a > 0, a + b > 0] 


4.376 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


9. 


r°° I,, T °° ritfe+i 

l 7^ dl = 2 ^7WTT {H2k + 1) + 2 ' n2+cl 

r In x 1 ( " + *> C0Sh * - ISillh V dx = 2 r(„ + 1) V , 

Jo cosh 2 x V ^(2fc + l)M+i 

[Re /a > — 1] 


' lnx (" + i)^h»-»Bi°h I = (-it / 1 

cosh 2 x 2™ \2 


r°° n sinh 2ax — ax 

In 2x 2 

n sinh ax 


x 2n 1 dx = -- |-B 2 „| 

n Va/ 


/»oo 


lnx 

lnx 


[?t = 1,2,...] 

ax cosh ax — (2 n+ 1) sinh ax „ 2 2ra+1 — 1 

-x 2 dx = 2 


/o sinh ax 

'’°° ax cosh ax — 2 n sinh ax 


(2a) 


2n+l 


■(2n)!C(2n + l) 


/o 


In 


sinh ax 

(2n + 1) cosh ax — ax sinh ax 2n 


2 2n ” 1 -l IT> /ttn 2 « 

2n 


x 2 " -1 dx = — -m 

2 n ' \ a 


©' 


[n = 1, 2, . . . , a > 0] 

\ 2n+l 


cosh 2 i 


( nr \ ZTl-pl 

2i) |E2 "' 


/o 


00 , 2ax sinh ax — (2?i + 1) cosh ax , 

In x — ^ x dx = ^ 1 


[a > 0] 

I*-' - 


cosh ax 


a 


>0] 


2 ax cosh ax — (2n + 1) sinh ax 2n . 1 / 7t \ 2n 
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sinh 3 


ax 
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Bl (356)(14) 
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3 sin t 
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f°° , cosh 7ra + 7ta sinh 7ta dx 
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/ ln (l + 4a 2 ) — ^ = 4 ln 2 


ln 2a’ 
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aa — n (l — e _2a:c ) 2n _ 1 1 fnr\ 2n 


sinh 2 
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2 n\aJ 


B 2 n | 
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ln 

ln 

ln 
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a — a 


cos bxdx = — , 
b L 


a 2 + a 2 
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Bl (356)(12) 
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GW (338)(2a) 
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a L 2 J 

[a > 0] 

Bl (284)(2) 
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GW (338)(lb) 
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ET I 77(12) 
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26 sinn ( — 


[Re/3 > 0, 6 > 0] 


J In (l — e cos bx dx = ^ coth [Re /3 > 0, b > 0] 

/ In (sin 7tx) sin 2mrx dx = 0 

Jo 

,1 , 1/2 

/ In (sin 7tx) sin(2?i + l)7tx dx = 2 / In (sin 7tx) sin(2?i + l)7tx dx 

Jo Jo 


(2 n + 1) 7t 


In 2 2 — - — 

2n + 1 ^ 2k - 1 

fc— 1 


r 1 z-i/2 

/ In (sin 7ta;) cos 2n7ta; dx= 2 In (sin 7tx) cos 2n7ta: dx 

Jo Jo 


0 

= — In 2 

1 

2 n 


[n = 0] 
[n > 0] 


/ In (sin 7ta;) cos(2n + l)7tx dx = 0 

Jo 


t/2 


In sin x sin x dx = In 2 — 1 


,tt/2 


In sin x cos x dx = — 1 


r 71 '/ 2 I — , for n > 0 

In sin x cos 2nx dx = < 

In 2 , for n = 0 

2 


7t cos 2 mn 
2m 


P7T 

/ In sin x cos[2m(a; — n)] dx = — 

Jo 

/■V 2 n 

/ In sin x sin 2 xdx = — (1 — In 4) 

Jo ° 

r /2 7 r 

/ In sin x cos 2 xdx = — — (1 + In 4) 

Jo ° 

,7t/2 ]_ 

/ In sin x sin x cos 2 xdx = - (In 8 — 4) 
Jo 9 


,7T/ 2 


In sin x tan xdx = — - 


24 


ET I 18(13) 


ET I 18(14) 


GW (338)(3a) 


GW (338)(3b) 


GW (338)(3c) 
GW (338)(3d) 

Bl (305)(4) 

Bl (305)(5) 

LI (305)(6) 

LI (330)(8) 
Bl (305)(7) 
Bl (305)(8) 
Bl (305)(9) 
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/ In sin 2x sin x dx = / In sin 2x cos xdx = 2 (In 2 — 1) 
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In (1 + pcosx) 


dx = 7r arcsin p 


[/ < 1] 


Bl (305)(16, 17) 


FI II 484 


dx 7t 1 — a 2 

In sin x 7 t = 9 In — - — 

1 — 2a cos x + a 2 1 — a 2 2 

7 t a 2 — 1 

= 


_ . dx 7r 1 — a 26 

msm bx- = in — 

1 — 2 a cos x + a z 1 — a z 2 

_ dx 7 T 1 + a 2b 

m cos bx- 7T = 7T m — - — 

1 — 2a cos x a z 1 — a z 2 


[a 2 < 1] 
[a 2 > 1] 

[a 2 < 1] 
[a 2 < 1] 


' dx If. dx 

In sin x- 5-= - / In sin x- 77 

1 — 2a cos 2x + a z 2J 0 1 — 2acos2x + a z 

7r 1 — a 

= 2 (1 - a 2 ) ln 

7 r a — 1 

= — ^7 r In 

2 (a 2 - 1) 2a 


/ dx 7 t 1 — a b 

/ 0 1 — 2a cos 2 x + a 2 1 — a 2 2 

r dx 7 t 1 + a b 

/ o 1 — 2a cos 2x + a 2 1 — a 2 2 

^ 2 ln cos xdx 7 r 1 + p 

/o 1 — 2pcos2x + p 2 2(1— p 2 ) 2 

7 T J 3 + 1 

= — r-s c in 

2 (p 2 - 1) 2p 


[a 2 < 1] 
[a 2 < 1] 

[P 2 < 1] 
[/ > 1] 


a7t ln 2 


Bl (331)(8) 
Bl (331)(10) 


Bl (331)(11) 


[a 2 < 1] 
[a 2 > 1] 


Bl (321)(1), Bl (331)(13) 


Bl (331)(18) 


Bl (331)(21) 


Bl (321)(8) 


[a 2 < 1] 


, . cos xdx 7 t 1 + a 2 , , 9X a 7 tln 2 r 9 

ln sin x ^=— -In 1 - a 2 - a" < 1 

1 — 2acosx + a 2 2a 1 — a 2 v ' 1 — a 2 L J 

7 t a 2 + 1 a 2 — 1 7 t ln 2 r 9 

= 2a ln a 2 a (a 2 - 1) ^ > ^ 


cos x dx 


cos x dx 


/ ln sin bx - » = / ln cos bx - ~ = 0 

/ 0 1 — 2 a cos 2 x + a- J 0 1 — 2 a cos 2 x + a 2 


[0 < a < 1] 


LI (331)(9) 


Bl (331)(19, 22) 


/ , . cos 2 xdx 7 t 1 + a , . 7 tln 2 . 

/ lnsmx- ln(l — a) — — 0<a<l 

/ 0 1 — 2 a cos 2 x + a 2 4 a 1 — a 2(1 — a) 

7ta+l a— 1 7tln2 

I » >1 1 


Bl (331)(16) 
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7 / . cos2xdx * . 

/ in sm x . = — / in sin x 

/ o 1 — 2a cos 2x + a 2 2 J Q 1 — 2a cos 2x + a 2 

7t f 1 + a 2 


cos 2x dx 

+ a 2 

ln(l — a) — a 2 in 2 


2a (1- a 2 ) [ 2 

7t ( 1 + a 2 a — 1 

in 


2a (a 2 -1) \ 2 


— in 2 


[a 2 < 1] 
[a 2 > 1] 


7 r 


/' 7r ^ 2 cos 2x dx 

) 0 n C ° S X 1 — 2a cos 2x + a 2 2a (1 — a 2 ) 


7T 


2a (a 2 - 1) [ 2 


Bl (321)(2), Bl (331)(15), LI (321))(2) 
| ^ ln(l + a) — a 2 in 2 1 [a 2 < l] 

— I112I [a 2 > l] 


1 a 2 1 -i a 


Bl (321)(9) 


dx 


7 r \J a 2 — b 2 

: in 


/ in sin a;- — I... RMiPd 

/o a + 6 cos x y/a 2 - b 2 a + \/a 2 - 6 2 

r r / 2 dx ^ l 2 


in sin a: - 


in cos a; - 


[a > 0, a > b] 
dx 


/ 0 (a sin a; ± b cos x) do (a cos x ± b sin x) 

1 ( a bn\ 

[a > 0, b > 0] 


b ( c 


f n/2 in sin a; dx 


f ’’’Z 2 in cos x dx 


7 r b 

= tt—t in ■ 


0 a 2 sin 2 x + b 2 cos 2 x J 0 b 2 sin 2 x + a 2 cos 2 x 2a6 a + b 


l"*/ 2 . sin 2x dx , 

/ in sm x 2 = / 

/o (a sin 2 x + b cos 2 x) do 


7r/2 


in cos x - 


[a > 0, b > 0] 
sin 2x dx 


1 -In? 


(6 sin 2 x + a cos 2 x)“ 


26(5 — a) 6 


Bl (331)(6) 


Bl (319)(l,6)a 


Bl (317)(4, 10) 


T,/2 . a 2 sin 2 x — 6 2 cos 2 x l' 71 ’/ 2 

in sm x dx = / in cos x 


(a 2 sin 2 x + 6 2 cos 2 x) do 


[a > 0, 6 > 0] Bl (319)(3, 7), LI (319)(3) 

a 2 cos 2 x — 6 2 sin 2 x , 
dx 


26(a + 6) 


(a 2 cos 2 x + 6 2 sin 2 x) ^ 


[a > 0, 6 > 0] 


LI (319)(2, 8) 


f 7r /2 


in sin x 


\/T 


sin x / >7r / 2 cos x In cos x 7r 

dx — I — 7 — dx = — — In 2 


+ sin x 


/ 0 Vl + cos^ x 


f 77 / 2 sin 3 x In sin x f n ^ 2 cos 3 x In cos x In 2 — 1 

ax = / — 7 — dx = 




+ sin x 


Bl (322) ( 1 , 6) 
Bl (322)(2, 7) 
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/" /2 In sin x—, dX 
>o yl — k 2 sin 2 x 

r' 3 ) nC ° Bxdx = i K{k) In %■ - 1 K (U) 
I o \/l — k 2 sin 2 x 2 k 4 


/•tt/ 2 |.rr/2 

/ In sin £ siiV a; cos 12 xdx= / In cos x cos^ a; sin" a; dx 
I o ao 


_ 1 r> ( M + 1 ^ + 1 

4 B 1 2 ’ 2 


[Re n > —1, Rera > —1] 


t/2 


r rr/2 





V 2 y 

[Re n > 0] 
'i/+l' " 


[Re v > 0] 


f ,2 „ 1S in (f - l„ 2 j 

h < 2 ")» 2 \fct k i 

= J 2 " 1 ; 1 ,, f£‘ + i„ 2 j 


(2n+ 1)!! 

6. [ 7 In sin x cos 2 " xdx= — EvjT~” t V}+ln4 

7o (2n)!! 4 

(2n — 1)!! tt 

(2n)!! 4 


fc=i 


,fc=i 

[C+ ip(n + 1) + In 4] 


7 . 


r*/ 2 


In sin a; cos 2 ” +1 xdx= — 


(2 n)!! 

(2n + l)!! ^ 2fc + 1 
(2n)!! 


E 


V; ( n+ - 


-^<2 


2(2n+ 1)!! 

W 2 „ Vr) - IV 7T 

/ In cos a; sin 2 ” xdx= — 2 — { C+ 2 In 2 + ip(n + 1)} 

7 0 2"+! • n\ 2 L v J 


Bl (322)(3) 
Bl (322)(9) 

GW (338)(6c) 

GW (338)(6a) 

GW (338)(6b) 

FI II 811 

Bl (305)(13) 

Bl (305)(14) 

GW (338)(7b) 


Bl (306)(8) 
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In cos x cos 2 " x dx = 


(2 n — 1)!! 7t 

2™n! 2 


In2 + E 


fc= l 
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In cos x cos 2 " x dx = 
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(~i) fc 
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t/4 
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, . sin 2 " x 1 
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cos 2ra + 2 x 2n+ 1 
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» (-1)“ 


/c— 0 


2n — 2k — 1 


sm 2 1 £ 1 
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cos 2Tl+i x 4 n 


-In 2+ (-l)"ln2 + ^ 


/c=l 


(~l) fc 

n — k 


sin 2 " x 1 

in cos x t — 777 — dx = 


cos 2n + 2 x 2n + 1 


— -in 2 +(-i)" +i -+y; ( ~ 1)fc 1 

9 v J d ^ 2n - 2k + 1 


sin 2 1 x 1 

m cos x — — — — dx = — 
cos^ n+i x 4 n 


71—1 


— In 2 + (-l)"ln2 + ^ 


k—0 


k = 0 


(~i) fc 

n ~ k 


fir/2 


In sin , 


sm p 1 x 7 r p7t 

’ n — dx = ——cosec — 

cos p+1 x 2p 2 


t/2 


In sin , 


dx 


1 7T p7T 

’ = sec — 

tan p x sin 2x 4 p — 1 2 


[0 < p < 2] 

[ P 2 < 1 ] 


10 


In sin x sin 2 " 2x cos 2x dx = — 

r/4 


(2 n — 1)!! 7t 

(2n)!! An + 2 

1 


/ In sin x cos" 2x sin 2x dx = — . 

/o 4(n + 1) 

j-n/4 ^ 

/ In cos x cos' 1-1 2xtan2xrfx= ^ /3(p) 

/o 


{ C + ip(n + 2) + In 2} 


4(1 - At ) 


[Re /.x > 0] 


f^/ 2 r rr/ 2 ]_ 

In sin x sin M ~ 1 x cos xdx= / In cos x cos^ - 1 x sin xdx = „ 

D JO d 

[R.e/.i > 0] 

f "2 7f 

lncosxcos p x cos pxdx = ^ p+1 [C+ t/>(p + 1) — 2 In 2] 


i-tt/2 

/ In cos x cos p ^ 1 x sin px sin xdx = 

Jo 


2 p+ 2 


[p>-l] 

C + ip(p) — - — 2 In 2 
P 

[p > 0] 


Bl (288)(1) 

LI (288)(2) 
Bl (288)(10) 

Bl (288)(11) 

Bl (310)(4) 
Bl (310)(3) 

Bl (330)(9) 
Bl (285)(2) 

Bl (286)(2) 

Bl (306)(11) 


Bl (306)(12) 
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(lnsin2x)”sin p_1 2a; tan (^ + x^ dx = - — ^ U ’ 


r n/A 


t/4 


-7T 2 "|i?2n| 
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3. J (lncos2x) 2ra_1 tan xdx= — 

PTT / 4 2 2n l 
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Jo 2 ”+ 


■CO + i,p) 


[n= 1,2,...] 


Bl (285)(17) 
Bl (286)(7) 
Bl (286)(8) 
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sin 2 x 1 
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n— 1 

2E 


(-1) 


/c-1 


2n + 1 ' 2n — 2k — 1 

fc— o 


r /4 , . . , sin 2 ™ -1 x , 1 

In sin x cos x) ~ — n — dx = — 

v 7 cos 2n+1 x 2 n 
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(-I)"ln2-In2+E + (_!)»'£ Ul! 
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Bl (294)(8) 
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pir/2 /■rr/2 

In tan x sin 2 xdx = — In tan x cos 2 x dx 


t/4i 


cos 2x 


■ dx = — — 


r 7r / 2 


sin x In cot — dx = In 2 


T / 2 In tan x dx 
1 — 2 a cos 2x + a 2 



In tan x cos 2x dx 
1 — 2 a cos 2x + a 2 


7 r 

In 1 a 

2(1 -a 2 ) 

1 H - CL 

7 r 

In a — 1 

2 (a 2 - 1) 

Cl ~ hi 

7t 1 + a 2 
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Cl - hi 


7 r 
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[a 2 > 1] 

[a 2 < 1] 
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Bl (307)(3) 
Bl (307)(4) 
Bl (307)(5, 6) 
GW (338)(10b)a 
LO III 290 


Bl (321)(15) 
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In tan bxdx n 1 — a b 

1 — 2 a cos 2 x + a 2 1 — a 2 n 1 + a b 


r 71 In tan bx cos x dx 
I o 1 — 2 a cos 2x + a 2 
r 7 r/ 4 


= 0 


[0 < a < 1, b > 0] 
[0 < a < 1] 


, cos 2 xdx arcsma . . r i ,i 

/ In tan a’ = (7T + arcsma) a <1 

/ 0 1 — asm 2a; 4a L J 

/'7r/4 


In tan x 


t/4 


In tan x 


sin x In cot — 
2 


cos 2xdx 

7 r 

1 — a 2 sin 2 2x 

_ 4a 

cos 2 xdx 

7 r 

1 + a 2 sin 2 2x 

_ 4a 


7T 

4a 


[a 2 < 1] 

In ^a + i/l + a 2 ^j 
[a 2 < 1] 


Bl (331)(24) 
Bl (331)(25) 
Bl (291)(2,3) 
Bl (291)(9) 

Bl (291)(10) 
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/o 1 — cos 2 a sin x t 2 V 2 J J 
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", / 7T 

\ /7T \ ' 

/ ^ — = cosec 2 1 

L[ — — t 


Jo 1 — cos 2 t sin 2x 

l V2 

/ V 2 y J 


t/2 


In tan x dx 
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Bl (322)(11) 
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2 sin u sin v 
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7t 7T 
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Jo 
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[Re n > \\ 
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LI (307)(8) 
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] 
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rt'r 1 __ 9 2ra 
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t/ 4 C_x) n+1 

In tan x tan 2n+1 x dx = 
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. . . dx 
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sin a cos a 
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Jo 

1 /’ 27r 
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/o 
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n 

TT 

na n 
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GW (338)(8a) 

Bl (313)(1) 
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LO III 291 
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Jo 


air 

T 


7t In a 2 7t 


4a 


/■’r/2 

/ In (l + 2acos2a; + a 2 ) cos 2 xdx = 

Jo 


air 

T 

7t In a 2 7t 

4 + 4a 


In (l — 2a cos x + a 2 ) 27tln(l — ab) 

/q 1 — 26 cos a; + 6 2 * 1 — 6 2 


Bl (330)(15) 
Bl (330)(13) 

Bl (330)(14) 
Bl (330)(16) 

Bl (330)(17) 


n — l 
[a 2 < 1] 

[a 2 < 1] 

[a 2 > 1] 

[a 2 < 1] 

[a 2 > 1] 

Bl (309)(23), LI (309)(23) 
[a 2 <1, b 2 < 1] Bl (331)(26) 


Bl (309)(22), LI (309)(22) 


l + 2acosa; + a 2 2ira 2n+l 

/ ln ^ s o sm(2n+ l)xdx = (-l) n — — 

0 1 — 2a cos x + a 2 y y ' 2n+l 


[a 2 < 1] 


/»27T 


I 1 — 2a cos x + a 2 (n , a m \ r 2 

/ In- ^ cos mx dx = 27t — a / a < 1 

/ 0 1 — 2a cos nx + a z \m m J 

—m N 


a 


= 2tt ( -a- m/n - 

. m m 


a 2 > 1] 


f 1 + 2a cos 2x + a 2 

/ In ^ cot xdx = 0 

/ o 1 + 2a cos 2 nx + a z 


Bl (330)(18) 


Bl (332)(9) 
Bl (331) (5) , Ll(331)(5) 


r 12 ir ( 

J In (l + a sin 2 x) sin 2 xdx = — (in 


l + a/TTo ii-vT 


21 + y / 1 + a 
[a > -1] 


Bl (309)(14) 
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4.411 


[ k/2 t r ( 

J In (l + a sin 2 x ) cos 2 x dx = — f In 


7T / 1 + yjl + a 11 — yl-ba 

— I In , 

2 I 2 2 1 + Jl + a 


[a > -1] 


Bl (309)(15) 


f 71 '/ 2 In (l - cos 2 (3 cos 2 x) n 1 + sin a 

—j o 2 dx = : ln , • o 

o 1 — cos 2 a cos 2 x sin a sin a + sin (j 


C , 1 + sin x dx 

/ l n 1 ; — ; : = A 2 

/ o 1 + cos A sin x sm x 


0 < /3 < 0 < a < | LO III 285 


[A 2 < ^ 2 ] 


Bl (331)(2) 


p+qsvnax dx /’ 7r ' /2 1 p+gcosaa; dx f 71 ^ 2 p + qt&nax dx 


/ In . . = / in = / in = 7r arc si n - 

/o P — Q sin ax sin ax J 0 p — q cos ax cos ax J Q p — q tan ax tan ax p 

[p > q > 0] 

FI II 695a, Bl (315)(5, 13,17)a 


a — (3 


I I cos x , 1 + cos /3 cos x , 2?r , cos o 

/ 1 o ln t dx = — — In f-y 

/ o 1 — cos 2 a cos 2 x 1 — cos p cos x sm 2a , a + p 


4.412 


0 < a < (3 < — 


‘ / 7 T \ dx IT 2 

in tan — ± x) = ± — 

\4 / sm2a; 8 

/ 7t \ dx IT 2 

\4 J tan 2x 16 

lntan f ^ ± x] (lntan a;) 2 " . ^ = 

V 4 ) K ’ sin 2a; 

lntan f ^ ± x] (lntan a;) 2 " -1 

V 4 ) K ’ sin 2 a; 

lntan (— ± a;) (lnsin2x)” 1 — 

V 4 / tan 2a; 


dx _^7r 2 

tan 2x 16 


2n _^x_ = ± 2 2n + 2 - 1 

sin 2a; 4(n + 1) (2 n + 1) 


7r 2n+2 |£, 


. dr 1 — o2n+l 

= ± (2 n)\ C(2n + 1) 

sm 2x 2 2n + 2 n 

"- 1 dx _ (~1)" 1 /„ i\iaL i it 


(n - 1)! C (n + 1) 


4.413 


C . / o 2 2 \ dx 7 T 

/ In (p + g tan a;) . 2 — = — 

Jo « sm a; + o 2 cos 2 a; ab 


7t ap+ bq 

= — r m 


LO III 284 


Bl (293)(1) 


Bl (293)(2) 


Bl (294)(24) 


Bl (294)(25) 


LI (294)(20) 


[a > 0, 6 > 0, p > 0, q > 0] 

Bl (318)(l-4)a 


r */ 2 

/ ln (l + q 2 tan 2 x) 

Jo 


p 2 sin 2 x + r 2 cos 2 x s 2 sin 2 x + t 2 cos 2 a; 

[g > 0, p > 0, r > 0, s > 0, f > 0] Bl (320)(18) 
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4.414 


3. 


r /2 , , , o \ sin 2 x dx 

In (1 + q tan x ) — ^ 2 o o — 

o p 2 sin x + r 2 cos 2 x s 2 sin x + 1 2 cos 2 x 

7 r ft 


ln( l+^ _r ln M + 


qt 


I-tt/2 

4. / In (l + g 2 tan 2 x) 

Jo 


cos 2 x 


p 2 t 2 — s 2 r 2 ( s \ p J p 
[q > 0, p > 0, r > 0, s > 0, t > 0] Bl (320) (20) 

dx 


p 2 sin 2 x + r 2 cos 2 x s 2 sin“ x + t 2 cos 2 x 


7T P n / 1 , qr \ s 


p 2 t 2 — s 2 r 2 ( r 


-ln(l+— — -ln(l+ — 


P / t 


qt 


5. 


4.414 


In tan rx dx 


Tt In l-P- 


1 — 2p cos x + p 2 1 — p 2 1 + p 2 


[q > 0, p > 0, r > 0, s > 0, t > 0] Bl (320) (21 ) 
[p 2 < 1] Bl (331)(12) 


r rr/ 2 „ r 7 T 

1. / In (l — /c 2 sin 2 x) ‘ = In k' K{k) 

Jo V 1 — fc 2 sin 2 x 


Bl (323)(1) 


2 . 


7 / ~ tji 1 1 2 y /i f 1 

In (l — k 2 sin 2 x) . = 72 { (^ 2 — 2 + In k') K(k) + (2 — In fc') I3(fe) } 


\J\ — fc 2 sin 2 x 

Bl (323)(3) 

/»7T 1 2 2 1 

3. / In (l — fc 2 sin 2 x) C °^ X \/l — fc 2 sin 2 x = — ^ ^1 + k' 2 — k' 2 In X(fc) — (2 — In &/) £?(£;) 

Bl (323)(6) 


z* 71 "/ 2 

4. / In (l — k 2 sin 2 x) 

Jo 


rjqr 1 

, = 7^ [(^ - 2 ) + (2 + Infc') £(*)] 

y (l — fc 2 sin 2 x) 


Bl (323)(9) 


t/2 


5. 


In (l — k 2 sin 2 x) m \J (l — k 2 sin 2 x) 


dx 


• 2 \ 3 


1 


t/2 


6. / In (l — /c 2 sin 2 x) 


k 2 k ' 2 L 

cos 2 x dx 1 

3 fc 2 L 


(2 + In fc') E(k) - (l + fc' 2 + fc' 2 In fc') Jf(fc) 

Bl (323)(10) 


— k 2 sin 2 x) 


(l + fc' 2 + In jfe') fST(fc) - (2 + In k ') E{k ) 

Bl (323)(16) 

pTt/2 

7. J In (l — k 2 sin 2 x) \/l — k 2 sin 2 xdx = ^1 + k'j K(k) — (2 — In A;') E(k) Bl (324)(18) 



4.416 


Logarithms and trigonometric functions 


593 


9. 


2 . 


3. 


4.' 


10 . 

4.415 

1. 

2 . 

4.416 

1. 


J In (l — k 2 sin 2 x) sin 2 x\/l — fc 2 sin 2 xdx = | ^—2 + 11 k 2 — 6A: 4 + 3k' 2 In k'^j K(k) 

+ [2 - 10fc 2 - 3 (1 - 2k 2 ) In k'] E(k) J 

Bl (324)(20) 

J In (l — k 2 sin 2 x) cos 2 x\J \ — k 2 sin 2 x dx = | (2 + 7k 2 — 3 k 4 — 3k' 2 In k'^ K(k) 

- [2 + 8fc 2 - 3 (1 + k 2 ) In k'] E{k) J 

Bl (324)(21), LI (324)(21) 
{ [1 + (2 n - 1) In k'] k' l ~ 2n - l} 

Bl (324)(17) 


/ >7r ^ 2 , , ,9 . 9 \ sin a; cos a; dx 2 

/ In ( 1 - k sin x) , = — „ 

'° ^(l-fc 2 sin 2 x ) 2n+1 ( 2 «- 1 ) 2fc2 


/ yj - / 7T \ 

/ In x sin ax 2 dx = — - \ — ( In 4a + C — — I [a > 01 

J 0 4 V 2a V 2 / 1 

1 ~7T~ / 7T \ 

/ In x cos ax 2 dx = — \ — (In4a+C ) [a > 01 

Jo 4 V 2a V 2/ 

rn /2 cos x In ^1 + \J sin 2 (3 — cos 2 (3 tan 2 a sin 2 x^j 


GW (338)(19) 
GW (338)(19) 


. . 2 2 dx 

1 — sin a cos z x 

= cosec 2a {(2a + 27 — 7t) In cos f3 + 2 L(a ) — 2 L( 7) + L(a + 7) — L(a — 7)} 


sm a _ 7t 

cos 7 = — — 70 0 < a < p < — 

sm p 2 


LO III 291 


i/2cosxln ^1 — \J sin 2 (3 — cos 2 /3 tan 2 a sin 2 x^j 


dx 


1 — sin 2 a cos 2 x 

= cosec 2a {(7t + 2a — 27) In cos f3 + 2 L(a) + 2 £(7) — L(a + 7) + L(a — 7)} 


sm a _ 7t 

cos 7 = — — 0 < a < p < — 
sm p 2 


LO III 291 


t /2 In ^sin x + \/ sin 2 x — sin 2 /3^ 


1 — cos 2 a cos 2 x 


dx 


= — cosec a 


I / tan/3\ . 7t 

< arctan in sm pH — In — 

V sm a J 2 s i 


1 + sin a 


sin a + 7/1 — cos 2 a cos 2 f3 


7 r 


0<a<7t, 0 < /3 < — j 


LO III 285 


J In tan x (In cos 2x)" 1 tan2x dx = |(— l)"(n — 1)! ^1 — 2 (” +1 ^£(n+l) 


Bl (287)(20) 
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4.421 


4.42-4.43 Combinations of logarithms, trigonometric functions, and powers 

4.421 

Z* 00 dx 7 r 

1. / lnxsinax — = (C+lna) [a > 0] FI II 810a 

Jo x 2 

2. f In ax sin bx ^ X „ = ^ e~ b> 3 In (aft) — y |"e b/3 Ei (— b(3') + e _b/3 Ei(6/3') 


' P 2 +x 2 2 i | 


3. I In ax cos bx ^ bl3 hi(af3') + j le b/3 Ei (— bf3') — e b>3 Ei (b/3 1 ) 


[j3' = (3 sign /?; a > 0, b > 0] 

ET I 76(5), NT 27(10)a 


4. 

5. 

4.422 

1. 

2 . 


/3 2 + x 2 2 


xdx 7T 


4 L 


[/?' = (3 sign /?; a > 0, b > 0] 

ET I 17(3), NT 27(ll)a 


In ax sin bx— ~ = — {— si(6c) sin be + cos be [In ac — ciibc )]} 

' — c 2 2 

[a > 0, b > 0, c > 0] Bl (422)(5) 

dx 7T 

lnaxcosfrx— 77 = — {sin be [ci(frc) — In ac] — cos6csi(6c)} 


x 2 — c 2 2c 


. . U _1 , T(n) . flTT 

in x sin ax x^ dx = sin — — . 

a^ 2 V 


\ , r (/Li) /X7t 

In x cos axx M ax = cos — 

a^ 2 


[a > 0, 6 > 0, c > 0] Bl (422)(6) 


. . 7 r [nr 

4>W - lna+ - cot — 


[a > 0, |Re /tt| < 1] Bl (411)(5) 


' 7T /X7T 

w) - In a - - tan — 


[a > 0, 0 < Re < 1] Bl (411)(6) 


4.423 

1. 

2 . 

3. 


f°° cos ax — cos bx , a ( 1, 

in x dx = In - C + - In ab 


[a > 0, b > 0] GW (338)(21a) 


r°° cosax — cos bx , 7t IW _ , , . , , ,, 

inx g ax = — [(a — 0) (C — 1) + aina — oinoj 


/»oo • 2 

sin ax , a7r 


In x 5 — dx = — — ( C + In 2a — 1) 


[a > 0, b > 0] 
[a > 0] 


GW (338)(21b) 
GW (338)(20b) 


4.424 


f .9 . dx TT „ n 6 7T . . o 

1. / (In x) sm ax — = — C 2 + — + 7tCln a + — (In a) 

Jo x 2 24 2 


[a > 0] 


ET I 77(9), FI II 810a 
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2 . 


(In a) 2 sin axx* 1 1 dx = ^ sin ip' {p) + ip 2 (b l ) + 7t cot — 2 V’(m) In < 

2 L ' 2 


/ITT , >2 -*-2 

— 7r In a cot — — + (In a) — -7r 
2 4 


1 


4.425 

1. 

2 . 


J ln(l + a) cos ax— = ^ |[si(a)] 2 + [ci(a)] 2 | 


In 


b + x 
b — x 


dx . . , . 

cos ax — = —2nsi(ab) 


3. J In (l + b 2 x 2 ) sinaa — = — 7tEi 

4. J In (1 - x 2 ) cos (p 1 in x) ^ ^ + J coth 


4.426 

l. 11 

2 . 

4.427 

4.428 

1. 

2 . 

3. 


roo l2 , „2 


a; In 


6 2 + 2T , 


7T 

^2 


' & 2 a 2 + p 2 . dx 

In ^5-^5 tt sin aa — = 7t 

c z x z + p x 


:*(-?)-*(- f) 


In 


(a + i/p 


sm aa 
■\//3 2 + a 2 


7T 

2 


’ 2 cos bx 

In cos ax — ~ — dx = nb In 2 — a7t 


In (4 cos 2 ax) C ° S ^ dx = — cosh (be) In (l + e 2ac ) 
x z + c z c 


[a > 0, 

0 < Re p < 1] 

ET 1 77(10) 

[a > 0] 


ET 1 18(8) 

[a > 0, 

b > 0] 

ET 1 18(11) 

[a > 0, 

b > 0] 



GW (338)(24), ET 1 77(14) 

LI (309)(l)a 

) e ~ ab ] 

[6>0, 

\ " 

c > 0, a > 0] 

GW (338)(23) 

)J 

[b > 0, 

c > 0, p > 0, 

a > 0] 

ET 1 77(15) 

|ln(/3) [Io(af3) -L (a/3)] 


[Re P > 0, a > 0] 

ET 1 77(16) 

[a > 0, 

b > 0] 

ET 1 22(29) 


a < b < 2a < 


c J 


sin bx 

In cos 2 ax — — dx = 7rln (l + e~ 2a ) sinh b— 7rln2(l — e~ b ) 

x{l + x z ) 


4. 


4.429 


/ 2 cos bx 

/ in cos ax^— 

/ o a 2 (1 + x z ) 


[a > 0, b > 0] 

dx = — 7t In (l + e -2a ) cosh b + (b + e~ b ) n In 2 — an 

[a > 0, b > 0] 


rl (1 + x)x . n w 7T 

— t sm (In a) aa = — 

t In a 4 


ET I 22(30) 

ET I 82(36) 

ET I 22(31) 
Bl (326)(2)a 
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4.431 


4.431 


silt bx 

1. / In (2 ± 2 cos x) — = =x dx = — n sinh(bc) In (1 ± e~ c ) 

Jo % + c 


[b > 0, c > 0] 


/*°° POS /)T 7 r 

2. / In (2 ± 2 cos x) 2 0 dx = — cosh(fcc) In (l ± e _c ) 

0 


3. 


[b > 0, c > 0] 

In (l + 2a cos x + a 2 ) d x = — ^ - — p— [1 + sign(6 — fc)] 

X z /c 

k=l 

[0 < a < 1, b > 0] 

ITJ 


ET I 22(32) 


ET I 22(32) 


ET I 82(25) 


4. J In (l — 2 a cos x + a 2 ) dx = — In (l — ae c ) cosh(6c) + — ^ sinh[c(6 — fc)] 

^ k — 1 


|a| < 1, b > 0, c > 0] ET I 22(33) 


4.432 


1. / In (l — k 2 sin 2 x) 


sin x dx f 

s/l — k 2 sin 2 x x Jo 


In (l — fc 2 cos 2 x) 


Bi " X = In V Kit) 

y/l — k 2 COS 2 X X 

Bl ((412, 414))(4) 


t/2 


2. I In (l — k 2 sin 2 x) 

Jo 


o . o \ sin x cos x 

xdx 


\/l — k 2 sin 2 x 


= p {t rfc' (1 - In fc') + (2 - fc 2 ) K(k) - (4 - lnfc') £(fc)} 


t/2 


3. / In (l — fc 2 cos 2 x) 


,2 2 sin X COS X _ 1 f ,2 


a/ 1 — fc 2 cos 2 X fc 2 

sin x cos x dx 1 


4. / In (l — fc 2 sin 2 x) . — 

do \/l — fc 2 sin 2 x x ^ 


Bl (426)(3) 

xdx= {— 7T — (2-fc 2 ) K(fc) + (4-lnfc')£(fc)} 

Bl (426)(6) 

{ (2 - fc 2 - fc' 2 In fc') X(fc) - (2 - In fc') E( 


Bl (412)(5) 


5. 


In (1 - fc 2 cos 2 x) smxcosx = ^ = _L{(fc 2 _2 + In fc') K(fc) + (2 - In fc') £(fc) } 
VI - fc 2 cos 2 x a; fc 2 


Bl (414)(5) 
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/°° In (life cos 2 *)— 

Jo V ' Vl-^cc 

/°° In (l tfe fc sin 2 x) . ^ 

J o \/l — fc 2 si] 

/°° in (l V fc cos 2 x) . tanX 

.A) VI - fc 2 CC 

[ In (l ± fc sin 2 2x) tan = 
Jo Vl - fc 2 s 

[ In (l ± fc 2 cos 2 2x) tdl1 
J o Vl ~ fc 2 

1 2 (1 ± fc) _ J ^ ( fc /) 

2 Vk 8 v ; 


sin x dx 

— k 2 cos 2 x x 
tan * dx 

^1 — fc 2 sin 2 * x 
tan * dx 

^1 — fc 2 cos 2 x x 
tan x dx 

\/l — fc 2 sin 2 2x x 
tan x dx 

Vl — fc 2 cos 2 2x x 


Bl (413)(l-6), Bl (415)(l-6) 


= — { (fc 2 - 2 + in fc') K{k ) + (2 - In fc') E(k ) } 


Bl (412)(6) 


{ (2 - fc 2 - fc' 2 In fc') Jf(jfe) - (2 - In fc') £(fc) } 


Bl (414)(6)a 


{ (2 - fc 2 - fc' 2 In fc') K(fc) - (2 - In fc') £(fc) } 


Bl (412)(7) 


= p { (fc 2 - 2 + In fc') Jif(jfe) + (2 - In fc') £(fc) } 


/»oo 

/ In (l — fc 2 cos 2 x) 
J 0 


Bl (414)(7) 

Ml ^ = ln CJjT(t) 
^1 — fc 2 cos 2 x a; 

Bl ((412, 414))(9) 


= p { (fc 2 - 2 + in fc') K{k ) + (2 - in fc') E(k ) } 


Bl (412)(8) 


{ (2 - fc 2 - fc' 2 in fc') K(k) - (2 - in fc') £(fc) } 


Bl (414)(8) 


/ , /, ,2 2 \ Sill X 

= / In (1 — « cos xj 

Y (1 — fc 2 cos 2 x) 3 
= ^2 { (fc 2 - 2) iC(fc) + (2 + in fc') £(fc)} 

k 1 


Bl ((412, 414))(13) 
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4.432 


In (l — k 2 sin 2 x) 


sm x cos x 


0 (l — k 2 sin 2 a ;) 3 


xdx = | (1 + In k') ^ - (2 + In k') K(k) j 


Bl (426)(9) 


[ In (l — k 2 cos 2 x) — x dx = {— 7 t + (2 + In A/) K(k)} Bl (426)(15) 

tO Jn-l, 2^ a 2^3 k 


(1 — k 2 cos 2 a ;) 3 
sin x cos x dx 


f °° , , ,o . 9 \ sin x cos x dx A 00 , 9 9 x siir x dx 

/ In (1 - Ar sm 2 x) — = / In (1 - fc 2 cos 2 x) —== = — 

”'° sin 2 x ) 3 2 y (1 — /c 2 cos 2 x ) 3 2 

= ^ {(2 -k 2 + In A;') JT(fc) - (2 + In A;') E{} 

rC 


= ^ { (2 - k 2 + In A;') K{k) - (2 + In A;') B(jfe) } 

Bl (412)(14), Bl(414)(15) 


pOO 

/ In (l — k 2 sin 2 x) 

Jo 


sin ' 3 x dx 

1 o • 2 \ ^ X 


(l — k 2 sin 2 x) 


= r i„ (i - *w*) , 3illa]cos3, * 

0 Y (1 — k 2 cos 2 x ) 3 2 

= ^2 { (2 + In A/) £?(jfe) - (2 - fc 2 + k' 2 In A;') K{k ) } 

Bl (412)(15), Bl(414)(14) 

In (1 - A : 2 sin 2 x) . sin2C0s22 & = r In (1 _ fc 2 cos 2 x) y ^ * tan * ^ 

'° y (l — fc 2 sin 2 a; ) 3 2 Y (1 — cos2 x ) 3 ^ 

= { (2 - k 2 + In k') K{k) - (2 + In A;') E{k ) } 

Bl (412)(16), Bl(414)(17) 


, 2 2 \ Sm 2 # tan x d x 

/ ln(l — A; sm xj . — 

'° Y (l — fc 2 sin 2 x ) 3 X 


f °° , , , 9 9 \ sin x cos 2 x dx 

/ In (1 - A ; 2 cos x) — - F — 

'° Y (1 — k 2 cos 2 x ) 3 2 

^2 { (2 + In A;') £(/c) - (2 - fc 2 + /c ' 2 In A;') K{k ) } 

Bl (412)(17), Bl(414)(16) 
, < ,9 9 \ tanx dx 


f°° , ,9 . 9 \ tanx dx A 00 , 9 9 \ tanx dx 

/ In (1 — Ar sin x) — = / In (1 — Ar cos x) — 

”'° Y (l — A ; 2 sin 2 x ) 3 2 a/(1 ~ A ; 2 cos2 x ) 3 X 


= { (k 2 - 2) K(k) + (2 + In k') E(k) } 


Bl ((412, 414))(18) 


pOO 

/ In (l — A : 2 sin 2 x) \/l — A : 2 
Jo 


-^— 9 — . dx 
sin x sm x — = 
x 


/»00 

= / In (l — A ; 2 cos 2 x) \/ 1 — Ac 2 cos 2 : 
Jo 

= (2 - k 2 ) K(k) - (2 - In A/) £J(jfe) 


Bl ((412, 414))(1) 
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r' 2 / — 

/ In ( 1 — k 2 sin 2 x) V 1 — k 2 sin 2 x sin x cos x ■ xdx 

Jo 

= ^ {37tfc ,3 (l-31nfc , )+ (22fc ,2 + 6fc 4 -3fc ,2 lnfc') K{k )} - (2 - fc 2 ) (14 - 6 ln A;') £(£;) 

Bl (426)(1) 

r n 

/ In (l — A: 2 cos 2 x) yl — k 2 cos 2 x sin x cos x • xdx 

Jo 

= — ^ {-3tt - (22fc' 2 + 6fe 4 - 3fc ,2 ln/c') K(fc) + (2 - /c 2 ) (14 - 6 In//) £(A;)} 

Bl (426)(2) 

r°° , d x r°° . ( ] x 

/ ln (l — Ar sin 2 x) vl — A; 2 sin 2 xtanx— = / In (l — k 2 cos 2 x) 1 — k 2 cos 2 x tanx — 

Jo x Jo x 

= (2 - k 2 ) K(k) - (2 - In A:') B(jfe) 

((412,414))(2) 

A 00 / . o ,, 2 \ sinx dx A 00 / . 2 >/ 2 \ tanx dx 

/ In sin x + k cos x . — = / In sin x + k cos x) . — 

Jo ’ vT^fc^cos 2 ^ x 7 o v ’ JY^W^&x x 


J Vl — fc 2 cos 2 x £ 

= r In (sin 2 2x + k' cos 2 2x) 7 tanX — 
7o V ’ V 1 - A: 2 cos 2 2x x 

i |~2 (Vf) 3 
= 2 ln -rr/- 


Bl (415)(19-21) 


4.44 Combinations of logarithms, trigonometric functions, and exponentials 


4.441 


e qx sin px ln xdx = — - 

pZ _|_ g- 


q arctan pC — - In (p 2 — q 2 ) 

q c 


[q > o, p > o] 

2. / e _9a: cospxlnxdx = - ln (p 2 + q 2 ) + p arctan - + qC 

Jo p + q L 2 q 

[q > o] 

f 71 / 2 e ~P tan x l n CO g x dx 1 , l2 1 r . , l2 r . 

4 ' 442 J sincere:, = ~2 [c,(p)1 + 2 [s,(,>)] |Rep =* 0| 

4.5 Inverse Trigonometric Functions 


4.51 Inverse trigonometric functions 

[ 00 n f 1 ( p 

4.511 / arccotpx arccot qxdx = — < - In H — 

7 0 2 [p \ q 


+ ^"( 1 + p )} 

[P > 0, q > 0] 


Bl (467)(1) 


Bl (467)(2) 


NT 32(11) 


Bl (77) (8) 
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Inverse Trigonometric Functions 


4.512 


4.512 


/ arctan (cos a?) dx = 0 

Jo 


4.52 Combinations of arcsines, arccosines, and powers 

4.521 


1. 


2 . 


3. 


4. 


5. 


6 . 


7. 


4. 


5. 


6 . 


7 . 


arcsm x 7t 

dx = — In 2 

x 2 


arccos x _ 7r , ^ ^ „ 

— — dx = =F — In 2 + 2 G 

1 =h x 2 

x 7 r 2-y/l + q 

arcsm a: ax = —— in 


1 + gx 2 2g 1 + y/l + q 


arcsm x 


dx= XX In 1 + 


l-p 2 x 2 2p 2 2^/1 -p 2 


[q > - 1 ] 

[P 2 < 1] 


dx 


arccos x 


sin 2 X — x 2 
dx 


= 2 cosec A ^ 


k—0 


sin[(2fc + 1)A] 
(2 k +1) 2 


arcsm x 


- - In 1 + V 1 + q 

x (1 + qx 2 ) 2 n sj\ + q 


x 7 r ^1 + q - 1 

arcsm a; ^ dx = 

‘^ 2 4<? 1 + qr 


(1 + qx 2 Y 
x 


arccos x - 


dx = 


t r vT+“g - 1 


(1 + qx 2 ) 4g 1 + q 


[q > -1] 

[<7 > -1] 

[q > - 1 ] 


4.522 


1. J xsjl — k 2 x 2 arccos xdx = ^7t + k' 2 K(k) — 2 ^1 + k' 2 ^j E(k) 

2. J x\/l — k 2 x 2 arcsin xdx = — ^ — ^7r/c' 3 — /c /2 f£T(fc) + 2 ^1 + k' 2 ^j E(k) 

3. J xV k' 2 + k 2 x 2 arcsin xdx = — ^ ^7t + fc' 2 JtT (fc) — 2 ^1 + /c' 2 ^ £7(fc) 


x arcsin x 1 

: dX = TTT 


/o Vl - fc 2 a: 2 fc 2 L 2 

fl 


--k' + E(k) 


x arccos x 1 

-dx = — 7T 


/o Vl - fc 2 £ 2 fc 2 L 2 

j" 1 a’ arcsin a; ^ 1 

lo \J k' 2 + k 2 x 2 ' fc“ L2 






a: arccos a: 1 

dx = — 


’ 0 \/ /c' 2 + k 2 x 2 


k 2 L 2 




Bl (345)(1) 


FI II 614, 623 
Bl (231)(7, 8) 
Bl (231)(1) 
LI (231)(3) 
Bl (231)(10) 

Bl (235)(10) 
Bl (234)(2) 
Bl (234)(4) 

Bl (236)(9) 
Bl (236)(1) 
Bl(236)(5) 
Bl (237)(1) 
Bl (240)(1) 
Bl (238)(1) 
Bl (241)(1) 
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Arctangents, arccotangents, and powers 
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x arcsin xdx 2 ^4 sin[(2fc + 1)A] 


( x 2 — cos 2 A) Vl — x 2 sin A (2k + 1) 


E 


x arcsin kx 


9. / — = dx = — — In k' 

Jo y/(l - x 2 ) (1 - k 2 x 2 ) 2 k 

f 1 x arccos kx , ir , , 

10. / . dx= — ln(l + fc) 

Jo V(1 - a: 2 ) (1 - fc 2 x 2 ) 2 k 


4.523 

1. 

2 . 

3. 

4. 


5. 


6 . 


2 n • 7 

a; arcsin xdx = 


1 


ar" arcsin x dx = 


2n + 1 

7T 


7t 2 n n! 


4n 


1 - 


2 (2n + 1)!! 

(2n- 1)!! 


2"n! 


ar" arccos xdx = 


2 n n\ 


x arccos x dx = 


(2n + l)(2n + 1)!! 
7 r (2?r — 1) ! ! 




arccos xdx = tt 


4 n 2 ra n! 

2 n ?r! 


/-i 

rl 


(l — x 2 ) 2 arccos xdx = 


(2n + l)!! 

7t 2 (2n — 1)!! 


2 2 n n! 


4.524 

1. 

2 . 


(arcsin x) 


dx 


x 2 Vl — a: 2 


= 7t In 2 


/' , x 2 dx 

I ( arccos x) ,, 

/ o (vT ^) 3 


= 7T In 2 


Bl (243)(11) 
Bl (239)(1) 
Bl (242)(1) 

Bl (229)(1) 
Bl (229)(2) 
Bl (229)(4) 
Bl (229)(5) 
Bl (254)(2) 
Bl (254)(3) 

Bl (243)(13) 
Bl (244)(9) 


4.53-4.54 Combinations of arctangents, arccotangents, and powers 


4.531 

1. 

2 . 

3. 

4. 


arctan x 
x 

50 arccot x 


dx = 


’ arccot x 


dx = G 


. dx = ± — In 2 + G 
1 ± x 4 


arccot x , 7t , „ ^ 

— dx = - - In 2 + G 

x(l + x) 8 

50 arctan x 

dx = G. 


1 — x 2 


FI II 482, Bl (253)(8) 
Bl (248)(6, 7) 
Bl (235)(11) 
Bl (248)(2) 
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Inverse Trigonometric Functions 


4.532 


dx 1 q (1+p) 2 q 2 ~P , 

“ ct “ qz ii + wf = 2 TT^ + (1 + ,)^ + ^) arct “ " 

[p > -1] 

dx 1 q 1 + q 2 p 1 

arccot qx— = - ,, ,, In — H — ,, arctan q + arccot q 

(1 +px)~ 2 p z + q- (1 +p) z p z + q z 1 +p 


f arctan x , it , „ 1 _ 

I o x (1 + x 2 ) 8 2 

x arctan x tt 2 

/ o 1 + x 4 16 

f°° x arctan x , 7t , „ 

L -T^- d * = -8 1 " 2 

f°° x arccot x , 7 r , „ 

/o 1 - 8 

/'°° arccot x , f°° arccot x , „ „ 

/ — 7 , dx = / . n dx = 2G 
I o x-\/l + x 2 J o Vl + a ; 2 

' arctan x , 7t , / f-\ 


xv 1 — x 2 


dx = — In ^1 + \pl 


j" 1 x arctan xdx 1 ^ /7t 7t 

1° J{ 1 + x 2 ) (l + fc ,2 x 2 ) fc2 ' 2yJ 2(l + k' 2 ) 


[p > -1] 


Bl (243)(7) 


Bl (234)(10) 


Bl (235)(12) 


Bl (248)(3) 


Bl (248)(4) 


Bl (248)(12) 


Bl (251)(3, 10) 


FI II 694 


Bl (294)(14) 


4.532 


1 7T (p \ 

x p arctan x dx = — 3 1 — hi) 

2(p + l) L 2 \2 J\ 

P , , n PK 

x F arctan x dx = — cosec — 

2(p+l) 2 

1 1 r 7t /p \ _ 

x p arccot x dx = r — h 3 ( - + 1 ) 

2{p + 1) L 2 \2 / J 

x p arccot x dx = — — — - cosec 

2 (p + 1) 2 


f x p \ q dx V7t 3 r(g) 

/ rr- arctan x — = _ , „ 7 tt- 

/ 0 \1 + x 2 pJ x 2 2 <?+ 2 pr(g+ i) 


[P > -2] 


[-1 >P> -2] 


[p > -1] 


[-1 < p < 0] 


id > 0] 


Bl (229)(7) 


Bl (246)(1) 


Bl (229)(8) 


Bl (246)(2) 


Bl (250)(10) 


4.533 


f°° r 

J (1 — x arccot x) dx = — 

f 1 (TT \ dx 7T 

/ arctan x = In 2 + G 

Jo ^4 / 1 - x 8 


Bl (246)(3) 


Bl (232)(2) 
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3 . 

4 . 

4.534 

4.535 

1. 

2 . 

3 . 

4 . 

5 . 

6 . 

7 . 


9 . 

10 . 

11 . 

12 . 

13 . 

14. 9 


arctan x 

4 


1 + X dx 7T 1 

= - In 2 + - G 

1 — xl + x 2 8 2 


x arccot x arctan x 

x 


dx 7T 

i 1 2 = — r In 2 

) 1 — x 2 4 


(arctan x) 2 


dx 


j' [ arctan px 

Jo 1 + p 2 x 
f 1 arccot px 


^vTT 


X z Jo 


' .2 X dx 71 

(arccot x) . = — I- 4 G 

v ; vTTx 2 4 


1 + p 2 x 
J arctan qx 
(p + x) 2 
J arccot qx 
(p + x) 2 
3 x arccot px 


dx = ^ 2 arctan pin (l +p 2 ) 

|ln(l+p 2 ) 
(inpg- |pg) 


1 f 7 T 1 
dx = — r < — + - arccot p 
p 2 { 4 2 


dx = — 

dx = 


q 

1 +p 2 q 2 

q 


1 +p 2 q 2 




/o r + x- 


7 t 1 + pq 
7— dx = — In 

2x^2 2 


Pd 


x arccot px dx 7 t 1 + p 2 g 2 

= — In 

2 _ „2 4 „2„2 


/o * - 9 
arctan px 


p^<p 


/„ *(l + ^) i ' = 2 1 " (1+!,) 

f” arctan^ ^ » ]n (l + 2) 
/ 0 x (1 - x 2 ) 4 v ' 


arctan gx 
arctan gx 


dx 


x (p 2 + x 2 ) 2 p 2 

dx 


= ^ln(l+Pd) 


i (1 — p 2 x 2 ) 4 


= 7 T ^ P 2 +d 2 


x arctan gx 7 tg 

2 X 4 p(l + pq) 


I o (p 2 + x 2 ) 
/'°° x arccot gx 
Jo (p 2 + x 2 ) 2 


dx = 


4 p 2 (l + pg) 


rl arctan gx 7 t 

: dx = — In 


/o a; 




+ 9 : 


0 


l-oo (® 2 + /? 2 ) (a; 2 + 7 2 ) 


( 


I ^ l ln f 1 + 
x arctan(ax) dx _ I ^2 _ ^2 m l 4 + | a ^| 


[p > 0] 

[p > 0, g > 0] 
[p > 0, g > 0] 
[p > 0, g > 0] 
[p > 0, g > 0] 
[p > 0] 

\p > 0] 

[p > 0, g > 0] 

\p > 0] 

[p > 0, g > 0] 

[p > 0, g > 0] 


2\P\ (1 + M) 


sign (a) for f 3 ^ 7 
for f 3 = 7 


Bl (235)(25) 
Bl (232)(1) 
Bl (25 1) (9 , 17) 

Bl (231)(19) 
Bl (231)(24) 
Bl (249)(1) 
Bl (249)(8) 
Bl (248)(9) 
Bl (248)(10) 
FI II 745 
Bl (250)(6) 
Bl (250)(3) 
Bl (250)(6) 
Bl (252)(12)a 
Bl (252)(20)a 
Bl (244)(11) 


for a , /?, 7 real 
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Inverse Trigonometric Functions 


4.536 


15. 


x arctan (ct/x) dx 
-oo {x 2 + P 2 ) (x 2 + 7 2 ) 


7 r / 1 + Icu/'y | \ 

^ 7 18815 

™ (* = 7) 


2/? 2 (l/3| + M) 


4.536 

1. 

2 . 

3. 


[°° , . dx 11 + \/l + 9 2 ^ , / n tt 

/ arctan ox arcsm x— = -g 7t in . F — in I o + v 1 + <7 — — — arctan g 

7 0 x 2 % \fiTq 2 2 v y v / 2 


arctan px — arctan gx 7t p 

ax = — in - 

x 2 q 

’ arctan px arctan gx , 7r (p + g) p+l3 

„ dx = — in 

x 2 2 pPqi 


\p> 0, g > 0] 
b > 0, g > o] 


Bl (230)(7) 
FI II 635 

FI II 745 


4.537 

l. 8 

2 . 

3. 


4. 


5. 


arctan ( Wl — x 


arctan 


dx 


1 — x 2 cos 2 A 2 cos A 


In 


7t — 4A A ( 7t + 4A 
cos | — - — cosec 


{p\J\ - x 2 ^ 


dx 1 
1 -x 2 _ 2 ' 


• In ^p + i/l + p 2 ^) 


b > 0] 


arctan ^tan A\/l — fc 2 x 2 ^ 


1 — x 2 


dx = 


1 — h 2 x 2 2 k 2 V 


E{ A, fc) - fc' 2 F (7, fc) 


— -2 — cot 7 ( 1 — 1 — k 2 sin 2 7 

z/c 


Bl (245)(9) 


Bl (245)(10) 


Bl (245)(12) 


arctan ^tan A\/l — fc 2 x 2 ^ ^ ^ ^ dx = ^ F(A, fc) — ^ cot A ^1 — \/l — fc 2 sin 2 A^j 


f 1 arctan (tan A-\/l — fc 2 x 2 ) 7t 

/ , V , dx=-F(X,k) 

/o V(1 - X 2 ) (1 - fc 2 x 2 ) 2 


Bl (245)(11) 
Bl (245)(13) 


4.538 

1. 


2 . 


arctan x 


dx 


1 + x 2 


arctan x 


dx 


arccot x 


/o 


1 + x 2 
dx 

1 + x 2 


arccot x 


dx 7 r 2 


1 + x 2 


1 — x 2 o 7T , , 

~ — arctan x dx = — | V2 — 1 

x 2 2 


Bl (252)(10, 11) 
Bl (252)(18, 19) 

Bl (244)(10)a 


4.539 

4.541 


X s 1 arctan (ae x ) dx = 2 s 1 T(s)a 4> (— a 2 , s + 1, |) 


arctan 


p sin gx 


1+pcosgx/ 1 + x 2 2 


= ^ In ( 1 + pe q ) [p > -e q ] 


ET I 222(47) 
Bl (341)(14)a 
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4.55 Combinations of inverse trigonometric functions and exponentials 

4.551 


7te 

l>b 


1. 9 f (arcsina;) e bx dx = ^ [ Io(b ) — L 0 (&)] — 

Jo 2 o 

2. [ x (arcsina:) e~ bx dx = [L 0 (6) - Io(b) + bLi(b) - bli(b)\ + \ 

Jo 2b b 

3. 9 f farctan — e~ bx dx = j- [ci (ab) sin(a&) — si (ab) cos(ab)] 




r oo 

L h cot j 


arccot — ) e bx dx = - 


b L2 


[Re b > 0] 


— — ci(a&) sin(a 6 ) + si(a 6 ) cos (ab) 


[Re b > 0] 


, arctan 


4.552 


4.553 


e 2 ™ - 1 


q dx=\ 


InT(g) - ( q - - In 9 + q - - ln27t 


— arccot x — e px I — = C+ lnp 


[9>0] 

[p > 0] 


4.56 A combination of the arctangent and a hyperbolic function 


4.561 


n(ar) '/' lr3 

dx = 


7 t-* T(q) 


I ' arctan e x 1 f 

Loo cosh 2 «px 2 loo cosh 2 « per ““ "" 4p r (q + §) 


id > o] 


4.57 Combinations of inverse and direct trigonometric functions 


4.571 

4.572 

4.573 

1. 

2 . 

3. 


. sin a; da; 

/ arcs in ( k sin x) 

'o V 1 — sin" x 

roo / 2 


= — — In k! 


\J\~k 2 t* 2k 


/ o 


— arccot a; — cos pa; da; = C + In p 

7T 


/ arccot oa; sin pxdx = — ( 1 — 
/ o 2 p 


/ arccot qx cos pxdx = — 
I o 2 P 




[p > 0] 

[p > 0 , q > 0 ] 


arccot ra; - 


sin px dx 


,. [ p\ 

- ef Ei ( 




\d) 

V 

dj\ 





[p > 0, q > 0] 


■JL- i n 

l±q 

[p 2 <1, r > 0, 

p > 0] 

2 pq 

1 ± qe~r 

■ — — l n 

q± i 

[q 2 >1, r > 0, 

p > 0] 

2 pq 

q ± e~r 


ET I 160(1) 
ET I 161(2) 

ET I 161(3) 

ET I 161(4) 

WH 
NT 66(12) 

LI (282)(10) 

Bl (344)(2) 
NT 66(12) 

Bl (347)(l)a 

Bl (347)(2)a 


Bl (347)(10) 
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Inverse Trigonometric Functions 


4.574 


/' tan x dx n f r 1 

/ arccot px — „ . „ = — » In 1 + - tanh - 

Jo q- cos 2 x + r 2 sin x 2? \ q p 


[p > 0, q > 0, r > 0] Bl (347)(9) 


4.574 


f oo / < 2ci\ 7T 

/ arctan ( — ) sin(6a;) dx = — e~ ab sinh(a6) [Rea >0, b > 0] 

Jo \x J o 

r°° n i _ 

/ arctan — cos (bx) dx = — [e~ ab Ei(a6) — e ab Ei(— ab)] 

Jo x 2b 


[a > 0, b > 0] 


arctan 


~ sin(&;r) dx = — e 
x z + c 2 b 


l e -bVa-+c* sinh ( a6 ) 


[b> 0] 


[ arctan ( ) cos (bx) dx =^-e 6 sin 6 [b > 0] 

Jo \x 2 ) b 


4.575 


/ , P Sint . , tt „ 

/ arctan sin nx dx = —p 

Jo 1 — p cos x 2 n 


[P 2 < 1 ] 


psini . 7 t f p +1 p 1 

arctan sm nx cos x dx = — H - 

1 — p cos x 4 \n + l n-1 


[P 2 < 1] 


p sin a; . , 7 r / p n+1 p n 1 

arctan cos nx sm x dx = — - 


1 — p cos x 


4 Vn + 1 ra — 1 


4.576 


4.577 


/ p sm x dx 7t 1 + p 

/ arctan = — In 

Jo 1 — p cos x sin x 2 1 — p 

f" + psinx dx n , 2 \ 

Jo 1 — p cos x tan x 2 


/’ 7r ^ 2 / , F ,o- 2 — \ sin 2 x dx 

/ arctan I tan Ayl-rsm x I 

Jo ' ' yl ^ k 2 sin 2 x 


[P 2 < 1 ] 


[P 2 < 1] 

V < 1 ] 


ET I 87(8) 


ET I 29(7) 


ET I 87(9) 
ET I 29(8) 


Bl (345)(4) 


Bl (345)(5) 


Bl (345)(6) 


Bl(346)(l) 


Bl(346)(3) 


F( A, k) — E( A, k ) + cot A ^1 — \/ 1 — fc 2 sin 2 

Bl (344)(4) 


arctan ( tan A v 1 — 


fc 2 sin 2 x^j 


cos 2 x dx 


^1 — fc 2 sin 2 x 

= 2^ E ( A > k ) “ k ' 2 jF ( A > k ) + cot A (\A - s in 2 A - l) 

Bl (344)(5) 
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4.58 A combination involving an inverse and a direct trigonometric function and a 
power 


4.581 


to 


/*°° dx f °° X (Lx 7T 

/ arctan a: cos pa; — = / arctan — cos a: — = Ei(— p) 

Jo x J 0 p x 2 

[Re(p) > 0] 


ET I 29(3), NT 25(13) 


4.59 Combinations of inverse trigonometric functions and logarithms 

4.591 


1. 

2 . 

4.592 

4.593 

1. 

2 . 

4.594 


arcsin x In x dx = 2 — In 2 — — n 


arccos x In x dx = In 2 — 2 

3 

rl dx ^ (2fc-l)!!ln(2fc + 2) 

arccos a:- = — > — . , , — — 

-i In a: ' 2 k k\ 2k + 1 

J fe=o 


1 


7T 1 


arctan a: In x dx = - In 2 1 n 

2 4 48 


1 


7 r 1 


arccot a; In a; dx = — — 7 r — - In 2 


48 


4 2 


/* 1 | 

/ arctan a; (In a;)" -1 (In a: + n) dx = ^ ' (2 -n — l) ^(n + 1) 

J o ( — 2)” 


Bl (339)(1) 
Bl (339)(2) 
Bl (339)(8) 

Bl (339)(3) 
Bl (339)(4) 
Bl (339)(7) 


4.6 Multiple Integrals 

4.60 Change of variables in multiple integrals 


4.601 

1. 


JJ f(x, y ) dx dy = J j f [ip(u, v),ip{u, u)] | A| du dv 


( CT ) 


where x = <p{u, v), y = ^{u, v), and A = 


dip dj) dj) dip _ D(ip,ip) . 


du dv du dv D(u,v ) 


is the Jacobian determinant 


2 . 


of the functions ip and ip. 
r 

f(x, y, z) dxdydz = III f [ip(u,v,w),ip{u,v,w),x{u,v,w)\A\ dudvdw\ 


(V) (V') 

where x = ip(u, v, w), y = ip(u, v, to), and 2 = x(u, v, w ) and where 

| d^p dip dp> | 

_ D{ip,Jj, x ) 


A = 


m 

oip oip oyj 

du dv dw 

dx dx dx 

du dv dw 


D{u , v, w) 


is the Jacobian determinant of the functions ip, ip, and \- 
Here, we assume, both in (4.601 1) and in (4.601 2) that 
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Multiple Integrals 


4.602 


(a) the functions p, %j), and \ and also their first partial derivatives are continuous in the region 
of integration; 

(b) the Jacobian does not change sign in this region; 

(c) there exists a one-to-one correspondence between the old variables x, y , z and the new ones 
u, v,w in the region of integration; 

(d) when we change from the variables x, y , z to the variables u, v,w, the region V (resp. a) is 
mapped into the region V' (resp. a'). 


4.602 

4.603 


Transformation to polar coordinates: 

D{x,y) 

x = r cos if, y = r sin (p; — = r 

D(r, ip) 

Transformation to spherical coordinates: 


x = r sin 9 cos ip, y = r sin0sin<p, z = rcos9, 


D{x,y,z) 
D(r, 9 , ip) 


= r 2 sin 9 


4.61 Change of the order of integration and change of variables 


4.611 


1 . 


2 . 


4.612 


1 . 


2 . 




4.613 


Change of the order of integration and change of variables 


609 
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Multiple Integrals 


4.614 


4.614 


4.615 

4.616 


4.617 

4.618 

4.619 

4.62 

4.620 

1 . 




r2 R rV2 R—x* />7r/2 r2Kcos(p 

/ dx f(x,y)dy= / dp f (r cos p,r sin p) \ 

Jo Jo Jo Jo 


r 7t/2 r2Rcostp 

dp / 

i o Jo 


dr 


r 0 rv 2O) 

dx j 

' Oi J (fl ( X ) 


rP rv 2 O) 


> 0 Jo 

(■a rVi(x) 


rv iO) 

dx j 
>0 do 



+ dx f(x,y)dy 

Jo Jo 

[y>i(x) < ip2(x) for a < x < ( 3 \ 

rl rv{x) rl /■! 

/ dx f(x,y)dy = dx f [x,zip(x)]<p(x)dz [y = ztp(x)\ 

Jo Jo Jo Jo 

r 1 r<p( I*) 

= 7 / dz fO/z, y) dy [x = 72] 

/»Xi ry\ rxi rl 

/ cte / /(a:, y)dy= dx (t/i - j/ 0 ) / [x, y 0 + (2/1 - 2 /o) *] dt 

j X 0 ■'So J X 0 Jo 

[2/ = 2/0 + (2/1 - 2/0) *] 


Double and triple integrals with constant limits 


General formulas 


r 7T /»00 


duj f ( p cosh x + q cos uj sinh x) sinh xdx = — 

to Jo 


7TSlgn p 


f (sign ppp' 


■ 2 -q 2 


\/v rzr d 

p 2 > q 2 , lim f(x) = 0 


x — t + OO 


LO III 389 
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Double and triple integrals with constant limits 
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p 2 n poo 

/ dio f' [p cosh x + (q cos u> + r sin ui) sinh a;] sinh x dx 

Jo Jo 


2ir sign p 


f (sign p\Jp 2 - q 2 - r 2 J 


sjp 2 — q 2 — r 2 
p 2 > q 2 + r 2 , lim f(x) = 0 


x — t+OO 


LO III 390 


dx dy , 
2 j 


0 Jo sin x sin y L Sln 37 sm 2/ 


p — q cos x 


r cot y 


2n sign p 


jf (sign py/p‘ 


|2 q2 p 2 


\/p 2 - q 2 - r 2 

p 2 > q 2 + r 2 , lim f(x) = 0 


x — >-+oo 


LO III 280 


r»oo poo 

dx / S' (P cosh x cosh y + q sinh x cosh y + r sinh y) cosh y dy 

J — OO 


' — oo */ — OO 


27t signp /. r 

: / 9 , J (sign py/p- 

p A — q z — r z K 

p 2 > q 2 + r 2 , lim f(x) = 0 

x — t+OO 


2 _ q2 _ r 2 


LO III 390 


pOO pTT pOO . . 

/ dx f (p cosh x + q cos u> sinh x) sinh 2 x sin u> dui = 2 / / ( sign p \J p 2 — q 2 cosh x j sinh 2 x dx 


lim /( x) = 0 

X — t+OO 


LO III 391 


p OO pZTT p 7 T 

/ dx du f[p cosh x + (q cos u> + r sin to) sin 6 sinh x\ sinh 2 x sin 6 dO 

Jo Jo Jo 

= 4 J f (sign p\J p 2 — q 2 — r 2 cosh a’ sinh 2 xdx 


p 2 > q 2 + r 2 , lim f(x) = 0 

X — t+OO 


LO III 390 


p oo p 2 ir pn 

/ dx dcj f {p cosh x + [(geos uj + r sin cu) sin# + scosh#] sinh x} sinh 2 x sin 6 dO 

Jo Jo Jo 

= 4 7T J f ^sign pyj p 2 — q 2 — r 2 — s 2 coshx^ sinh 2 x dx 


p 2 > q 2 + r 2 + s , lim f(x) = 0 

x — t+OO 


LO III 391 


4.621 

1. 

2 . 

3. 


f n / 2 f *l 2 sin y\J\ — k 2 sin 2 x sin 2 y 

/ / 1 dxd V 

Jo Jo 1 - K sm y 


7t 

2JJy = W 



cos y\J\ — k 2 sin 2 x sin 2 y 
1 — k 2 sin 2 y 

sin a sin y dx dy 
\/l — sin 2 a sin 2 x sin 2 y 


dx dy = K{k) 

7 ra 
~ ~2 


LO I 252(90) 
LO I 252(91) 

LO I 253 



612 


Multiple Integrals 


4.622 


4.622 

1. 

2 . 

3. 


7T f‘7T f‘7T 


dx dy dz 


= 4t tK 2 \ — 


/ 0 Jo Jo 1 — cos x COS y COS z 

dx dy dz 

i q J o J o 3 — cos 2/ cos z — cos x cos 2 — cos x cos 2/ 


V3tt K 2 ^sin J^j 


7 T /* 7T p7T 


dx dy dz 


o Jo Jo 3 — cos x — cos y — cos z 


= 4w 


18 + 12^-10^-7^ K 2 (2 -V3 


MO 137 

MO 137 

3 — V2 

MO 137 


4.623 3 

4.624 


n oo poo 

ip ( a 2 x 2 + b 2 y 2 ) dx dy = — - J <p (x 2 ) x dx 

n 27T 

/ (a cos 0 + f3 sin # cos ?/> + 7 sin # sin sin # dO d ^ 

p 71 pi 

= 27 t f (R cos p) sin p dp = 2n f(Rt)dt 

Jo J - 1 

i?= \/a 2 +/3 2 +V 

4.625 8 pi(a,b)= J dx J dy (x 2 + y 2 + l) 3 ^“ Pi (l/Vx 2 + y 2 + 


’0 Jo 

Then, for even and odd subscripts: 


P2i{a,b) = 


1 


1(21 + 1)2 21 Va 2 + & 2 + 1 

k ( 2 i 

j 


ab g ( -i r fc -i 2 2fc ( 2 i:r) (Vt-Q 




1 


1 


1 


' (2/ + 2fc + § 2 2j (a 2 + 6 2 + 1 y \ (a 2 + l) k ~ j+1 ' (b 2 + l) k ~ j+1 / 


P2i+i(a, b) = 



l + k ) 


. arctan 


Va 2 + 1 


+«&^ 


2 2 i- 


^j( 2 0 (a 2 + 6 2 + ir V(« 2 + !) 


k-j+l 


(b 2 + 1) 


k-j + l 


4.63-4.64 Multiple integrals 

PX pt n - 1 nt 1 

4.631 / dt„_ 1/ di„_ 2 - - - / f(t)dt= 

dp dp dp (n-l)! Jp 

where /(f) is continuous on the interval [p, (/] and p < x < q. 


j f V-t) n 1 f(t) dt, 

• J O 


FI II 692 



4.635 


Multiple integrals 


613 


4.632 

1. 


dx i dx 2 • • ■ dx n = 


Xi>0 ,X2>0 , . . . ,Xn>0 

x\-\-X 2 ~\ b x n <h 


[the volume of an n-dimensional simplex] FI III 472 


2 . 


4.633 


dx i dx 2 • • • dx n = 


cf +x%-\ \-x^<R 2 


(1 + 1 ) 


x\+X2~\ \-X^<l 


dx i dx 2 • • • dx n 

^J\-x\-x\ , 


iT 


r (n+l)/2 

n + 1 


[the volume of an n-dimensional sphere] 

FI III 473 

[n > 1] 


4.634 s 


[half-area of the surface of an (n + l)-dimensional sphere x\ + + ■ ■ ■ + x 2 n+1 = l] FI III 474 

• [ Xi 1 ~ 1 x 1 o 2 ~ 1 ■ ■ ■ a;?’ 1-1 dxi dx 2 ■ ■ ■ dx n 


xi>0,tC2>0,...,a: n >0 

(&)“ 1 +(S)“ 2 +-+(f?)“^ 1 


Pi V 2 Pn 
HI H2 • • • Hn 




r | — ) r ( — ) ...t ( — 


OL2 


OLt, 


0102 ■■■oin r / Pp + P2 ^ h Pn + 1 

V«1 a 2 a n 

[ai > 0, pi > 0, < 7 i > 0, * = 1,2, ...,n] FI III 477 


4.635 

1* 


/ 


xi>0,tC2>0,...,a: n >0 

(t)“ 1+ (s)“ 2+ -+(ft)“^ 1 


_ . otl / \ Q 2 

X\ \ . ( X 2 ' 


9i 


92 


c? 1 1 x% 2 1 ■ ■ ■ xl 1 dx i dxo ■ ■ ■ dx r 


n P 1 n P 2 
9i 92 • • • 9» 

• ' • OL n 


CX 1 




C*2 


r ( — + — 

0^1 


a. 
Pn 


/(a)a 


dec 


under the assumption that the integral on the right converges absolutely. 


FI III 487 



614 


Multiple Integrals 


4.636 


xi>0,a?2^0,--- ,#^>0 

(frr+(§?r+-+(^r B ^ 


'[(tr*©" 


xx i 1 l x^ l ---x 1 % 1 1 dx\ dx2 ■ ■ ■ dx n 

r ( ^ r ( 

2 ■■■<&"- W/ V«2 / \a r . 


aia 2 ...a n r / Pi_ + P2_ 

\ Oil Ct2 


Pn \ Jo 


, x PI i P2 j i Pn i 

f(x)x * T + ^ + + ^ _1 dx 


under the assumptions that the one-dimensional integral on the right converges absolutely and 
that the numbers qi,oii, and p l are positive. FI III 479 

In particular, 


■ J X^xl 2 - 1 . . . ®^-l e -9(* 1 +*i> + "-+*») d,Xi dx 2 ... dx r 


a?i>0,ai2>0,...,a: ri >0 
X\+X2~\ \-X n <l 


= r ( pi)t ( P 2 ) . . .r ( Pn ) r 1 xP1+P2+ ... +Pn _ le _ qXd:i 

r (pi + P2 H F Pn) Jo 

[n > 0, Pi > 0, p 2 > 0, . . . ,p n > 0] 


1-1J2-1 p n - 1 

<1/1 tl/o . . . .7/ 


a^i>0,tC2>0,--- ,iCn^0 

+a?2 2 "1 t-x^ n < 1 


(l-arf 1 a£") 


dxi dx 2 ... dx r , 


r i — i r | — i ...r ( — 


r(i - m) Vqi y \«2 / " yctn y 

-a 1 a a ...a Br / 1 _ M+ Pi + P2 + ... + M 
V ai Ct2 Ctn / 

[pi > 0, p 2 > 0, . . . ,p n > 0, p, < 1] FI III 480 


4.636 


a:i>0,X2>0,...,x Tl >0 
-\-x ^ ^ H 1 


~Pl-l~P2-l ~p„-l 

7 a* ^ a 2 _i_ ' ' ' _i_ n dXi dx 2 . . . d* r 

(a?! + £2 + • • • + a;„”) 


r ( — ) r ( — ) ...r ( — 


£ you/ y o-2 / \a»/ 

/ Pl P2 Pn\ r /pi , |)2 , Pn \ 

0102 • • ■ Ctrl I P ' ' ' ) I I 1 F ' ' ' H I 

V a l a 2 a n J \ a l a 2 Ctn J 

Pl > 0, p 2 > o, ...,p n > 0; p> — + — + ■■■ + — FI III 488 

ai Ci 2 OLn 



4.638 


Multiple integrals 


615 


2 . s 


a;i> 0 ,£C 2 > 0 ,"- ,x n >0 
X 1 1 -\~ x 2 2 “I 1 ~ x n n — 1 


Jl-l x P2-l . . . p n - 1 

^1 ' 2 TL 

(a ;" 1 + X2 2 + • • • + Xn n ) f 


dx 1 da:2 ■ • • cfen 



3. s 


Jl-l P2-1 p n - 1 

.4 / 1 O/o ... a/*, 1 


£Ci>0,£C2>0,...,x 7J ,>0 


1 _ T ftl — Q^ 2 _ . . . _ rpO^I 

± x 1 <^2 

1 + a ;" 1 + a :^ 2 + • • • + Xn r 



dx 1 da;2 . . . dx n 

r 
r 


m + 1 \ ) 
2 

m + 2 


i Pi . P 2 , . Pn 

where m = 1 1- • • • H 

ol 1 0:2 Ctn 


FI III 480 


4.637 s 


/ a:f 1 a. , 2 . . . x Pn dx 1 dx 2 . . . dx n 

J {qiXi + g 2 a : 2 H F q n x n + r) p 


^ 1 > 0 , x 2 >0,...,x n >0 

xi+x 2 -\ 


r (pi)r(p 2 ) ■ ••r(p n ) 


/ ( x ) : 


x- 


PlP2+ -Pn~l 


dx, 


r (P 1 P 2 + ■■■Pn) Jo J ' (qiX + r) Pl (q 2 x + r ) P2 . . . ( q n x + r) Pn 

[gi > 0 , q 2 > 0 , . . . , q n > 0 ; r > 0 ] 

where f(x) is continuous on the interval (0,1). 


4.638 

1. 


OO pOO r°° X Pl ~ 1 X P2 ~ 1 ■ ■ ■ X Pn ~ 1 e~^ qiXl ~\~q2 X2 ^ llnXn) 

J 0 (?’o + r±Xi + r 2 x 2 H h r n x n ) s 

r (pi)r(p 2 ) • ■ .r(p„) 


dx 1 dx 2 . . . dx n 


0 Jo 


e r ° x x s 1 dx 




Jo ( < h r i x ) Pl {qir 2 x ) P2 . . . ( q n r n xf 


where ft, (p , r,;, and s are positive. This result is also valid for ro = 0, provided pi+p 2 + ' • -+Pn > 

s. 


2. 


0 Jo 


3 . 


1 — 1 rfP 2 — rpPn t 

(r 0 + nxi + r 2 x 2 H h r„x n ) ; 


J1-1 P2-1 „ Pn -i 

0/1 O/Q • • • Ju Y* 


■ dx 1 da; 2 • • ■ dx n 

r (pi) r (p 2 ) . . . r (p n ) r (spip 2 p n ) 


,Pl„P2 ^Pn S-p!-p 2 Pn 


1 ' 2 


• rw r. 


0 


0 JO 


[1 + ( r lXi r + {r 2 x 2 ) q2 + • • • + ( r n x n ) q -\ s 


\pi > 0 , Vi > 0 , s > 0 ] 
dx\ dx 2 . . . dx n 


r(s) 


pi p 2 


Pn 


r r- rr- ...rp r s - — - — — 


q 1 qi 


Qn 


PlQl „P2<72 Pn Qn 

qiq2 ■ ..q n ri i 2 . . .r£ n 


r(s) 


[p* > 0, qi >0, Vi> 0, s > 0] 
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Multiple Integrals 


4.639 


4.639 

1. 


• ' J (PiXi + P2X2 + 1- P n x n ) 2m dx 1 dx 2 ■ ■ ■ dx r 


x{+x%-\ He* <1 


2 . 

4.641 

l. 11 


• • J ( Pi 24 + P2X2 + 1 - p n x n ) 2m+1 dx 1 dx 2 ■ ■ ■ dx n = 0 


cf +a?|H 


x\-\-X 2 -\ \-x^<l 


OO 



‘ (Pi + #2 + ’ 

9 \ m 

■■+Pn) 

'(i +w+1 ) 



FI III 482 

dx n = 0 


FI III 483 

1 

/©I + P2 + ’ ’ 

■+P 2 n y 


V 4 

J 


FI III 483 


2 . 


4.642 


ePl* lP 2X2 + -P2„*2» rfa . ^ ds 2 „ = 




(27t)"/„ (\/p?+p 1 + ---+pL) 
(p?+pi + ---+pin )" /2 


/ ( \ x\ + x 2 + ■ ■ ■ + x^ dx 1 dx 2 . . . dx n = 


2^71 


a: l+ a '2“l — -R 2 

where /(a:) is a function that is continuous on the interval (0, R). 
[ 1 /■! 

4.643 


© 


r - Wo 


x n 1 f(x)dx , 


FI III 483a 


FI III 485 


0 JO JO 


■ f f (Xix 2 ■■■x n )(l- xi) pl 1 (1 - er 2 ) P2 1 ... (1 - i n ) p ” 1 
Jo 

XX P 1 X P 3 1+P2 ■ ■ ■ X Pi+P*+~+Pr>- 1 dl! d®2 . . . dx ri 


T (pi)T(p 2 ) . ..T(p n ) 
r (pi + P2 H F Pn) 


[ f(x)(l-x) Pl+P2+ - +Pn ~ 1 dx 

Jo 


under the assumption that the integral on the right converges absolutely. 

n — 1 


FI III 488 


4.644 


J f {PlXl +P 2 X 2 H FPn^n) 


cfei dx2 ■ • ■ dx n - 1 




= 2 


/ (PlXl + p 2 x 2 H Fp„x„) 


aij+tclH 

2© 7T n ~ 


dxi dx 2 • • • dx n _ i 

1 _ ™2 _ ™2 _ . . . _ „,2 
1 x x x 2 x n _ i 


n — 


JV f / + p 2 F Pn cos x'j sin n 2 a; dec 


[n > 3] 


where f(x) is continuous on the interval j— yjp\ +p 3 + ■ ■ • + p 2 , \/p\ + p| + ' ' ' +Pn|- 


FI III 489 



4.648 


Multiple integrals 


617 


4.645 Suppose that two functions / (xi,x 2 , • • • , x n ) and g (xi, X 2 , ■ ■ ■ , x n ) are continuous in a closed, 
bounded region D and that the smallest and greatest values of the function g in D are m and M, 
respectively. Let ip(u) denote a function that is continuous for m < u <M. We denote by ip(u) the 
integral 


1. tp(u)= JJ 'J f(xi,x 2 ,...,x n )dx 1 dx 2 ...dx n , 

m<g(x 1 ,x 2 ,..-,x n )<u 

over that portion of the region D on which the inequality m < g (x\, x 2 , ■ ■ ■ , x n ) < u is satisfied. 
Then 

2. Jf f f(xi,x 2 ,...,x n )ip[g(x 1 ,x 2 ,...,x n )]dx 1 dx 2 ...dx n 

m<g(xi,X 2 ,---,x n )<M 

= ( S ) f (p(u)di/)(u ) = ( R ) f <p{u ) — ^ ^ du 
J m J m 

where the middle integral must be understood in the sense of Stieltjes. If the derivative ^ exists 
and is continuous, the Riemann integral on the right exists. 

r M 

M may be +oo in formulas 4.645 2, in which case f should be understood to mean lim / 

M— >+oo 


4.646 s 


-Pl-l P 2-1 p n - 1 

tli tin ... tl 


xi>0, x 2>0,...,x n >0 
n\+X2-\ \-x n <1 


(qi%i + Q 2 X 2 H F q n x n y 


dx i dx 2 . . . dx n 


_ T (Pijr (p 2 ) . . .r (p n ) r°° x r x dx 

r (pi +p 2 -l F Pn - r + 1) r(r) Jo (1 + qix) Pl (1 + q 2 x ) P2 ■ ■ ■ (1 + q n x) Pn 

= [pi > o, p 2 > 0, . . . , p n > 0, q± > 0, q 2 > 0, . . . , q n > 0, p 1 + p 2 H F p n > r > 0] 

FI III 493 


4.647 


0<x?+^|H \~ x n — 1 


PlXl+P 2 X 2 H F PnXr, 

\A? +xl H \-xl 


dx\ dx 2 . . . dx n 


f* oo /»oo poo 


4.648 s 


/ 0 Jo Jo 


exp — [ x\ + x 2 + ■ ■ ■ + x n + 


— ^ -WT NpI +Pl + ■ ■ ' +Pl 

n (jPl + P2 b b Pi ) 4 2 b J 

FI III 495 

A n+1 M 


X\X 2 . . . x r 


xxc± +1 1 X 2 +1 1 ...Xn " S1 1 dxi dx 2 ■ ■ ■ dxn 


2 e 


f p-( n +!) A 


FI III 496 
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5 Indefinite Integrals of Special 
Functions 


5.1 Elliptic Integrals and Functions 

Notation: fc' = y/1 — k 2 (cf. 8.1). 


5.11 Complete elliptic integrals 

5.111 


1. 


2 . 


K(k)k 2p+3 dk = 


E{k)k 2p+ 3 dk = 


1 

W+W 


4 (p + 1 ) 2 J K(k)k 2p+1 dk + k 2p+2 E(k) - (2 p + 3) K{k)k' 2 

BY (610.04) 


1 


4 p 2 + 16 p + 15 
- E(k)k 2p+ 2 [(2p+3)fc ,2 -2 


4(p+l) 2 J E(k)k 2p+1 dk 

- k 2p+2 k' 2 K(k) 


5.112 

1. 

2. 6 


K(k) dk = y 


i+E 


E(k) dk = 


nk 


mfk 21 

^ (2j + 1)2 4 1 (j\) 4 

1 f- [(2j)!] 2 fe 2j 

^(4j2_l) 2 4i(j!) 4 


3. J K(k)kdk = E{k) - k' 2 K{k) 

4. f E(k)k dk = ^ (l + fc 2 ) E(k) - k ' 2 K(k) 


5. / K(fc)fc 3 dfc = - |^(4 + fc 2 ) E(k) - fc' 2 (4 + 3fc 2 ) K(k) 


BY (611.04) 

BY (610.00) 

BY (611.00) 

BY (610.01) 
BY (611.01) 
BY (610.02) 


619 
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Elliptic Integrals and Functions 

5.113 

6. 

J E(k)k 3 dk = (4 + k 2 + 9k 4 ) E(k) - k' 2 

(4 + 3fc 2 )K(fc) 

BY 611.02) 

7. 

f K(k)k 5 dfc = -L [(64 + 16 k 2 + 9k 4 ) E(k) - 
J 225 i 

- fc' 2 (64 + 48/c 2 + 45fc 4 ) K(jfe) 

BY (610.03) 

8. 

1 E(k)k 5 dk = 1 [ (64 + 16fc 2 + 9 k 4 + 225k 6 ) E{k) k' 2 (64 + 48fc 2 + 45 A: 4 ) K(k) 1 

1 10/0 L 




BY (611.03) 

9. 

J k z k 


BY (612.05) 

10. 

[ E W dk = ] \k' 2 K(k) 2 E(k) 1 

J k z k J 


BY (612.02) 

11. 

j E ^ dk = kK(k) 


BY (612.01) 

12. 

dk = 9^3 [ 2 ( fc2 - 2 ) E W + k ' 2 K ( k \ 


BY (612.03) 

13. 

J kE W dk = K(k) E(k) 


BY (612.04) 

5.113 




1. 

r rjb 

J [K(k)-E(k)} — = ~E(k) 


BY (612.06) 

2. 

J E{k) - k’ 2 K(k) ^ = 2 E(k) - k' 2 K(k ) 


BY (612.09) 

3. 

J [(1 + k 2 ) K{k) - E(k)\ ^ = -k' 2 K(k) 


BY (612.12) 

4. 

J [. K(k ) - E(k)} d j k = \ [E(k) - k’ 2 K(k) 


BY (612.07) 

5. 

J [E(k) - k' 2 K(k )] = \ [. K(k ) - E(k)] 


6. 

J [(1 + #) E(k) I** KM] ^ 


BY (612.13) 

5.114 

f kK(k) dk 1 

J [E(k) - k' 2 K(k)] 2 k' 2 K(k) — E(k) 


BY (612.11) 

5.115 

J 11 (f ,r2 ’*) kdk = ^ 11 (| ,r2,fc ) “ 



1. 

K(jfe) + E(k) 

BY (612.14) 

2. 

J K(k) -n(|,r 2 ,)fc) kdk = k 2 K(k) - (fc 5 

! -r 2 )n(|,r V-) 

BY (612.15) 

3. 

/ [ fc' 2 "* + 11 ( 2 ’ r2 ’ fc )] k dk = ^ 2 ^ 11 ( 


BY (612.16) 



5.124 


Elliptic integrals 
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5.12 Elliptic integrals 


5.121 


F(x,k)dx [F(x,k)Y 


I o \J\ — k 2 sin 2 : 


7 r 

0<X ~2 


5.122 11 f /■.' f .i: . I: j \ I — I:- ri J .r dr = 

Jo 


[E(x,k)Y 


5.123 


r i 

1. / F(x, fc) sinxdx = — cosxFfx, k) + — arcsin (fcsinx) 

do « 


2 . 

5.124 

1. 


F(x, k) cos a; da: = sin x Fix, k) + — arccosh - 

k 


E(x, k) sinx dx = — cosx E(x, k)+ — fcsinx\/l — k 2 sin 2 x + arcsin (fcsinx) BY (630.12) 

2k L 


1 — k 2 sin 2 x 1 


k' z 


— / arccosh ( 


BY (630.01) 
BY (630.32) 

BY (630.11) 
BY (630.21) 


r 

2. / E(x,k)cosxdx= sinxE(x, k) + 

do 

— fc' 2 arccosh 1 


1 

2k 


k cos x\/l — k 2 sin 2 . 


' 1 — k 2 sin 2 ; 

P 


2 /I 

— k + k' arccosh — 


3.* 


xE(x) dx 


7r / a-\/l — a 2 


k' 

' J 

BY (630.22) 

z 2 U(A, fc) (l-a 2 p(A,fc)\ 


/o (fc' 2 + fc 2 x 2 ) 2 Va 2 - x 2 4 y (fc'2 + k 2 a 2 ) 2 k' 2 (fc' 2 + fc 2 a 2 ) 3/2 (fc' 2 + fc 2 a 2 ) 3/2 / 


A = arcsin 


( ) k' = y/l — k 2 [0 < a < 1, 0 < k < 1] 

W k' 2 + k 2 a 2 J vi, j 


A.* 


x E(x) dx 


y/k' 2 + k 2 a 2 , 

7 r ( ay / 1 — a 2 F((f>,k) a 2 E(<f>,k) 


5 .* 


(fc 2 - x 2 ) 2 Va 2 - x 2 4\^fc 2 (fc 2 -a 2 ) fcVfc 2 - « 2 k 2 (k 2 - a 2 f /2 J 

4> = arcsin [0 < a < k < 1] 

E (x, k') sin x cos x dx 


j-n/2 

' 0 (l — fc' 2 cosh 2 x sin 2 x) \/l — fc' 2 sin 2 x 
1 


fc' 2 sinh x cosh x ( 


< E(k') arctanh 


tanhxA Tttanhx 7r , 

— ) g 2 ^ ^ 


— — — j k' = v 1 ~ fc 2 [0 < tanh x < fc < 1] 
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Elliptic Integrals and Functions 


5.124 


6 .* 


r /2 F(x, fc) sinxcosxdx 

' o (l — k 2 cos 2 0 sin 2 x ) \/l — k 2 sin 2 x 

1 I _ . , . /tan 0 \ 7t _ , . , . 7t tan 0 

k 2 sm 0 cos 0 1 V k‘ ' ) 2 2 ^/l - k 2 cos 2 0 


^1 — \/l — fc 2 cos z 


t/2 


P = arctan 


F (x, k') sin x cos x dx 


tan 0 


k' = \/l-fc 2 


0 < fc < 1, 0 < 0 < - 


>0 (l + fc' 2 sinh 2 /x sin 2 x ) y/l - k 12 sin 2 x 

— if 7 r 

= , ,o ■ t ; — < Elk ' ) arctanh (fc tanli u) — — 
k' 2 sinh n cosh /x 1 v K 2 


F(0, fc) — F(0, fc) + tanli /x^/l + fc' 2 sinh 2 /x 

“ L 

— ^ coth \i ^1 — \Jl + k' 2 sinh 2 /x^ | 

0 = arcsin(tanh /x) k' = \/l — fc 2 [0 < fc < 1, 0 < tanli /x < 1] 


f 7r /2 


Fix, fc') sin x cos x dx 


/o (l + fc' 2 sinh 2 /x sin 2 x) \/ 1 — fc' 2 sin 2 


-1 


, . , , , Klk') arctanh (fctanh zx) — — Fid), fc) 

fc' 2 smh/xcosh/x L 2 

= arcs in (tanli /.x) fc' = \/l — fc 2 [0 < fc < 1, 0 < tanh/x < 1] 


9 ." 


10 .* 


11 .* 


t/2 


F(x, fc') sin x cos x dx 


>o (l — fc' 2 cosh 2 v sin 2 x) y/l - fc' 2 sin 2 


1 


' = arcsm 


fc' 2 sinh ix cosh ix 
/ tanh v 


, /tanh ix \ 7t . 

K(k ) arctanh ( — - — j — — F(0, fc) 


V fc 


^ k! = \/l — fc 2 [0 < fc < 1, 0 < tanh zx < 1] 


t/2 


F (x, fc) sin x cos x dx 


I o (l — fc 2 cos 2 0 sin 2 x) \/l — fc 2 sin 2 x 


K(k') arctanh ( ^ ^ F(P, fc) 

K ) Z 


fc 2 sin 0 cos 0 

P = arctan ^ fc' = ^/l — fc 2 [0 < fc < 1 , 0 < 0 < 1] 


In 


e + x 


x 2 dx 


7T 


— x/ ^(x 2 — a 2 ) (6 2 — x 2 ) 


(e 2 - \/ (e 2 - a 2 ) (e 2 - b 2 )J + i r/3 [F(0, fc) - F(0, fc)] 
= arcsm | — ) fc = y [0 < a < 6 < e] 

e / o 
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5.125 


1. / U(x,a 2 ,k) sinxdx 

Jo 


= — cos xll(x,a 2 , k) H . arctan 

V ’ Vk 2 - a 2 


= — cos x II (x, a 2 , k) H — , arctanh 

V ’ Ja 2 - fc 2 


1 — k 2 sin 2 ; 


1 — k 2 sin 2 : 


x a 2 < k 2 


sinx [a 2 > k 2 ] 

BY (630.13) 


2. / II (x, a 2 , fc) cosx dx = sinxll (x, cr, fc) — / — /o 

Jo 


where 

f = 1 arctan 

2 -^/(l — a 2 ) ( a 2 -k 2 ) 


2 x /(a 2 -l) (a 2 — fc 2 ) 


2 (l — ct 2 ) (a 2 — fc 2 ) + (l — a 2 sin 2 x) (2k 2 — a 2 — a 2 fc 2 ) 
an — 1 - 

2ct 2 y^(l — a 2 ) (ct 2 — fc 2 ) cos x v 1 — fc 2 sin 2 x 

for (l — a 2 ) (ct 2 — fc 2 ) > 0; 

2 (ct 2 — l) (a 2 — fc 2 ) + (l — a 2 sin 2 x) (a 2 + a 2 k 2 — 2 fc 2 ) 

i 9 : 2 
1 — sin x 


2a 2 \J (a 2 — 1) (a 2 — fc 2 ) cosx\/l — fc 2 sin 2 

i 9 • 2 

1 — or sin x 


for (l — a 2 ) (a 2 — fc 2 ) < 0, 

/o is the value of / at x = 0 BY (630.23) 


Integration with respect to the modulus 

5.126 J F(x, k)k dk = E(x, fc) — k' 2 F(x, fc) + 1 — fc 2 sin 2 x — l^j cot x BY (613.01) 

5.127 J E(x,k)kdk=- (l + fc 2 ) E(x, fc) — k' 2 F(x, fc) + ^\/ 1 — fc 2 sin 2 x — 1^ cot x BY (613.02) 

5.128 J II (x, r 2 , fc) kdk = (fc 2 — r 2 ) II (x, r 2 , fc) — F(x, fc) + E(x, fc) + ^\/l — fc 2 sin 2 x — 1^ cot x 

BY (613.03) 

5.13 Jacobian elliptic functions 

5.131 

1. J sn m udu= — |j— - sn m+1 ucnttdnu + (m + 2) (l + fc 2 ) J sn m+2 udu 

— (in + 3)fc 2 J sn m+4 u du 


SI 259, PE(567) 
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5.132 


2. / cn rn u du = 


— cn m+1 u sn u dn u 


(m + 1 )k' 2 

+ (to + 2) (l — 2k 2 ) j cn m+2 udu + (m + 3)k 2 J cn m+4 udu 


PE (568) 


3. / dn rn u du = 


k 2 dn m+ 1 u sn u cn u 


( m + 1 )k' 2 

+ (to + 2) (2 — k 2 ) J dn m+2 'u du — (to + 3)^ dn m+4 'u du 


PE (569) 


By using formulas 5.131, we can reduce the integrals (for m ^ 1) f sn m udu, J cn m udu, and 
J dn rn u du to the integrals 5.132, 5.133 and 5.134. 


5.132 

1 . 


2 . 

3. 


du sn u 

= In 

sn u cn u + dn u 


= In 


dn u — cn 


u 


sn u 


dn u 


du 1 k' sn u + 

cn u k' cn u 


da 1 k' sn u — cn u 

= — arctan — 

dn u k' k' sn u + cn u 

1 cn u 

= — arccos 

k' dn u 

1 cn u + ik' sn u 

ik' dn u 

1 . k' sn u 


= — arcsm — 

k' dn u 


H 87(164) 
SI 266(4) 

SI 266(5) 

H 88(166) 
JA 

SI 266(6) 
JA 


5.133 

1 . 


2 . 


/ sn udu= — In (dn u — k cn u) 

k 

1 , dn u — k cn u 

= — arccosh — 

k 1 — k z 

1 . ( , dn u — cn u 

= — arcsmh 
k 


= — — In (dn u - 
k 


1 -k 2 
k cn u ) 


/ cn udu= — arccos (dn u ) : 

k 


i 

k 

1 

k 


In (dn u — ik sn u ) ; 
arcsin (k sn u) 


H 87(161) 
JA 
JA 

SI 365(1) 

H 87(162) 
SI 265(2)a, ZH 87(162) 
JA 
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3 . J dn u du = arcsin (sn u ) ; 

= am u = i In (cn u — i sn u) 


5.134 

1 . 

2 . 

3 . 


sn 2 udu = —5- [it — 1? (am it, k)] 

rv 

cn 2 udu = —7 E (am u, k) — k’ 2 u 
k z L 

dn 2 udu= E (am u, k ) 


5.135 

1 . 


2 . 


3 . 


4 . 


5 . 


6 . 


sn it 
cn u 


sn u 
dim 


1 dnu+ k 

du= — In 

k ' cn u 

1 dn u + k! 

2k' dn u — k' 

i ik’ — k cn u 

dU= w'" dn<t 

1 kcnu 


= — — arccot 


cn u 
sn u 


kk' k' 

1 — dn u 


cn u 
dn u 


’dim 


cn u 


du = In 

snti 

1 1 — dn u 

= - m 

2 1 + dn u 

1 1 — k sn u 

du= —— In 

k dn u 

1 , 1 + k sn u 

= — in 

2k 1 — k sn u 

, 1, 1 + sn u 

du = - In 

2 1 — sn it 


= In 


1 + sn u 


cn it 


’dni 


du = 


sn u 


1 , 1 — cn u 

- In 

2 1 + cn it 


5.136 

1 . 


sn u cn u du = —— dnu 
k z 


2 . 


sn u dn udu = — cn u 


3 . 

5.137 


cn u dn u du = sn 1 


sn u 1 dn u 

— 7 T- d u = 


k' cn it 


H 87(163) 
SI 266(3), ZH 87(163) 

PE (564) 
PE (565) 
PE (566) 

SI 266(7) 
H 88(167) 

SI 266(8) 

SI 266(10) 
H 88(168) 

SI 266(9) 

H 88(172) 
JA 

H 87(170) 


1 . 


H 88(173) 
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5.138 


2 . 

3. 

4. 

5. 

6 . 

5.138 

1. 

2 . 

3. 

5.139 

l . 11 

2 . 

3. 


snw 

du = 

1 cnu 

dn 2 u 

k’ 2 dn u 

cnu 

du = 

dn u 

sn 2 u 

snu 

cnu 

du = 

sn u 

dn 2 u 

dn u 

dn u 

du = 

cnu 

sn 2 u 

snu 

clntt 

du = 

snu 

cn 2 u 

cnu 


cnu sn u 

du = m 

sn u dn u dn u 

sn u 1 dn u 

du = —2 In 


cn u dn u 
dn u 


k' cn u 
sn u 


du = In 
sn u cn u cn u 


’ cn u dn u 
sntt 

’ sn u dn u 
cnu 

" sn u cn u 
dn it 


du = In sn u 
du = In 


cn u 

du = —— In dn u 
k z 


H 88(175) 
H 88(174) 
H 88(177) 
H 88(176) 
H 88(178) 

H 88(183) 
H 88(182) 
H 88(184) 

H 88(179) 
H 88(180) 
H 88(181) 


5.14 Weierstrass elliptic functions 

The invariants g± and g 2 used below are defined in 8.161. 


5.141 

1 . 

2 . 

3. 

4. 8 

5. 


J p(it) du = - CO) 

/ l l 

P 0) du = - p'O) + —.92 U 

/ I 3 1 

p 3 0) du = — p'"{u) - —g 2 CO) + y^ 93U 


du 


pO) - pO) P'( v ) 


2 u((v) + In 


' ap(u) + (3 , au ad — /?7 
du= — 1 


7P0) + S 


1 7 VO) 


In 


a(u — v) 
a(u + v) 

<j{u + v ) 
<j{u — v) 


[pO) 7^ ei,e 2 ,e 3 ] 


— 2«C0) 


where v = p 1 ( — 
7 


H 120(192) 

H 120(193) 

(see 8 . 162 ) 

H 120(194) 

H 120(195) 
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5.2 The Exponential Integral Function 

5.21 The exponential integral function 

5.211 J Ei(— (3x) Ei(— jx) dx = ^ ^ Ei[— (/3 + 7)2;] 

e ~0 x e~ lx 

—xF,i(—(3x) Ei(— yx) — Ei(— jx) Ei(— fix) 

P 7 

[Re (/3 + 7) > 0] NT 53(2) 

5.22 Combinations of the exponential integral function and powers 


5.221 

1 . 

2 . 

3.* 


57 


67 


77 


11 Ei[— a(x + 5 )] 


„n+l 


dx = 


i (-ir 


r n un 


Ei[-o(* + 6)] e~ ab (— 1) 


E 


\n—k— 1 poo ~—ax 


n ' Jjn-k 

k - 0 

[a > 0, b > 0] 


pk~\~l 


dx 


11 Ei[— a(x + 5 )] 


dx = ( — I- - ) Ei[— a(x + b)] — 

' x b 1 


e ob Ei(-a;r) 


C qp^ 1 qpp 

£ Ei(— ax) dx = — Ei(— ax) + — re _a:E + 


2a 2 


2 a 


[a > 0, b > 0] 
[a > 0] 


NT 52(3) 


NT 52(4) 


/ j.n+1 

x n Ei(— ax) dx = Ei(— ax) + 

n+ 1 


n\e 


| p —ax 


(n + 1 )t 


n+ 1 


E 

k - 0 


(ax) h 

~fcT 


>0] 


J xE,i(—ax)e bx dx = Ei [—(a + b)x] — Ei(— ax)e bx — ^ Ei(— ax)e 

[a > 0, b > 0] 

J Ei 2 (— ax) dx = a’Ei 2 (—ax) + — [Ei(— ax)e~ ax — Ei(— 2ax)] 

[a > 0] 

[ xF,i 2 (—ax) dx = — Ei 2 (— ax) + ( + E Ei(— ax)e~ ax Ei (— 2 ax) + \ e 

J 2 \a- a J a 2 a z 


— bx ^ — (a+b)x 


b(a + b) 


—2 ax 


Ei(— ax) dx = wEi(— au) + 


- 1 


a 


92 l 


[a > 0] 
[a > 0] 


, . a 2 b 2 ab 

m(a + b) — — lit a — — lit b — — 


[a > 0, b > 0] 
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5.231 


10 -‘ L * 2Ei ( _ «) Ei ( - D dx= \ 


(a 3 + b 3 ) ln(a + b) — a 3 In a — b 3 In b (a 2 — ab + b 2 ) 

[a > 0, b > 0] 


5.23 Combinations of the exponential integral and the exponential 

5.231 

1. f e x Ei(— x) dx = — In a’ — C+ e x Ei(— x) 

Jo 

1. J e~^ x Ei(— ax) dx = — |e _/3x Ei(— ax) + In ^1 + — ^ — Ei[— (a + /3)a;]| 

5.3 The Sine Integral and the Cosine Integral 


5.31 

1. 


cos ax ci(/3x) dx = 


2. / sin ax ci(f3x) dx = — 


5.32 

1. 

2 . 

5.33 

1. 


cos ax si(/3tc) dx = 


sin ax ci{f3x) 

si(a:r + /3x) + si (a® — j3x) 

a 

2a 

cos ax ci (/3x) 

ci(ax + (3x) + ci (ax — (3x) 

a 

+ 2a 

sin ax si (/3x) 

ci(a:r + /3x) — ci(ax — j3x) 

a 

2a 

cos ax si (fdx) 

si(aa; + (3x) — si(aai — j3x) 

a 

2 a 


ET II 308(11) 


ET II 308(12) 


NT 49(1) 
NT 49(2) 

NT 49(3) 
NT 49(4) 


ci(as) c\((3x) dx= xci(ax) ci (/3x) H (si(a;r + (3x) + si(a:c — (3x)) 

1 2a 

+ — (si(a:r + fix) + si((3x — ax)) sin axci((3x) — — sin f3xci(ax) 

2 p a p 


NT 53(5) 


2 . 


1 


si(a:r) si {(3x) dx = a; si(aa’) si(/?ar) — — (si(ax + (3x) + si(aa: — (3x)) 

1 ^ ^ 

(si(a;r + fix) + si (/3x + ax)) H — cos ax si(/3x) + — cos f3x si(ax) 

2a a p 


NT 54(6) 


3 . 


1 


si(ax) ci((3x) dx = x si(ax) ci(Px) H — cos ax ci(/3x) 

a 

^ s^ @ x si( aa 0 - ci(ax + fix) - ) ci [ax - (3x) 


NT 54(10) 
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5.34 


r°° dx 

1 . / si[o(* + 6 )]-^ 

Jx X 


T / dx (\ l\ 

2 . J cM* + b)]^=[- + - b ) 


1 1 \ .. . cos absi(ax) + sin abci(ax) 

_ + _ j *[„(* + 6)] '—Lj L_! 

[a > 0 , b > 0 ] 
sina&si(ax) — cosabci(ax) 


- + 7 ) ci[a(x + 6 )] + 
x b 1 


[a > 0 , b > 0 ] 


NT 52(6) 


NT 52(5) 


5.4 The Probability Integral and Fresnel Integrals 


5 . 41 11 J &(ax) dx = x <3>(ax) + 
5.42 / S ( ax ) dx = x S (ax) 


ay/n 
cos 2 ax 2 

aV2n 

/ • 2 2 

. sm ax 

6 (ax) dx — x C (ax) i=- 

aV2n 

5.5 Bessel Functions 


NT 12(20)a 
NT 12(22)a 
NT 12(21)a 


Notation: Z and 3 denote any of J, N, , H^. In formulae 5.52-5.56, Z p (x) and 3 p (x) are arbitrary 
Bessel functions of the first, second, or third kinds. 


5.51 

5.52 


5.53 


5.54 

l. 10 


* w 

I J p{p^) dx — 2 ^ ^ J p-\-2k-\-l (_%') 
d k = 0 


1. J x p+1 Z p (x) dx = x p+1 Z p+1 (x) 

2 . 11 J x~ p Z p+ i(x) dx = —x~ p Z p (x) 


JA, MO 30 

WA 132(1) 
WA 132(2) 


10 


(a 2 — /3 2 ) x — 


2 2 
P - Q 


J x Z. p (ax) 3 P (f3x) dx = 


Z p (ax) 3 q ((3x) dx 

= axZ p+1 (ax) 3 q (/3x) - (3xZ p (ax) 3 q +i(f3x) - (p-q) Z p (ax) 3 q (f3x) 

= (3x Z p (ax) 3 q -i(f3x) - ax Z p _ 1 (ax) o q (/3x) + (p — q) Z p (ax) 3 q (/3x) 

JA, MO 30, WA 134(7) 

ax Z p+ i(ax) 3 P (/3x) - (3xZ p (ax) 3 P +i (/3x) 
a 2 — /3 2 

(3x Z p (ax) 3 P -i(/3x) — ax Z p _\(ax) 3 P (/3x) 


a 2 — (3 2 


2. J x[Z p (ax)] 2 dx = — ^[Zp(ax)] 2 — Z p _i(ax) Z p+ i(ax)^ 


WA 134(8) 
WA 135(11) 
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5.55 


3.* 

5.55 10 


5.56 

1. 

2 . 


r 

/ x Z p (ax)3 P {ax)dx = [2 Z p (ax) 3 P (ax) - Z p ^ 1 (ax) 3 P +i{ax) - Z p+1 (ax) 3 p _i (aa;)] 

fl ? /„,jj ^Zp(ax)’i q+ i{ax) - Z p+1 {ax)'i q {ax) | Z p (ax)3 q (ax) 

I Zj rp I GLX ) ^ q (0^3/ ) CLX GLX q r\ I 

J x p z — q z p + q 

Z p _i(ax) 3 q (ax) - Z p (ax) 3 q -i(cnx) Z p (ax ) 3 q (ax) 


= ax- 


p 2 — g 2 


P+9 


Z i (x) dx = 

r 

x Z q(x) dx 


- Z 0 (x) 
x Z \(x) 


WA 135(13) 

JA 

JA 



6—7 Definite Integrals of Special 
Functions 


6.1 Elliptic Integrals and Functions 

Notation: k! = y/1 — k 2 (cf. 8.1). 


6.11 Forms containing F(x, k) 


r /2 7r i 

/ F(x, k) cot xdx = — K{k ) + - In k K{k) 

Jo 4 2 

(1 + k)Vk 7 r 


6.111 

6.112 

1. 

2 . 

3. 

6.113 

1. 

2 . 


r /2 i \ sin x cos x 1 

L F(x ’ k) l + ks^x ix ^ik K(mn 2 

r n/2 


Wu K ^ 


I F(x, k) Si " 1 C< T dx = ± r K{k) to 2 ^ - JL K(k') 

I o v 1 — k sin 2 x 4 k K J (1 - k)Vk 16 fc V ' 

f F(x,k) Sm * C ° S 2 dx= -^\nk' K(k) 

/ o 1 — fc 2 sin x 2fc z 


r 12 f (x, ko = 1 2 ^ *•(*-) 

/o COS 2 x + k sin 2 x 4(1 - &) (1 + fc)\/fc 

/’ 7r ^ 2 . . sin x cos x dx 

/ x (x, k) o 2 — ' , 

/o 1 - fc 2 sin t sin x ^ 1 _ fc 2 sin 2 x 


Bl (350)(1) 

Bl (350)(6) 
Bl (350)(7) 
Bl (350)(2)a, BY(802.12)a 

Bl (350)(5) 


6.114 / F(x,k) 


dx 


1 

k 2 sin t cos t L 
1 


-RT(fc) arctan (&/ tan t) — — F(t, fc) 




Bl (350)(12) 

2 K(k) K ( \/ 1 — tan 2 u cot 2 v) 

m v V / 


6.115 


( sm" x — sm" w) (sin 2 v — sin 2 x) 

[k 2 = 1 — cot 2 u ■ cot 2 vj Bl (351)(9) 

[ 1 xdx 1 zrn\i (1 + k)Vk 7T 

/„ F (arcsm fc) TTfci? = « K( *0 1,1 — 2 + Wk K{k) 

(cf. 6.112 2) Bl (466)(1) 


631 



632 


Elliptic Integrals and Functions 


6.121 


This and similar formulas can be obtained from formulas 6.111—6.113 by means of the substitution 
x = arcsin t. 


6.12 Forms containing E(x, k) 


6.121 

6.122 

6.123 


6.124 


t/2 


E(x, k) 


sm x cos x 
1 — k 2 sin 2 x 
dx 


dx = w { i 1 + k ' 2 ) K ^ k) ~ (2 + ln fc,) 


E 


r /2 E(x,k)-=Jt== = \ { E(k ) K(k) - In k'} 

' o v 1 — k 2 sin x z 

f n/2 sin a; cos a; dx 

/o ( *’ ^l-Psin^sin 2 * Vl-^sin 2 * 


Bl (350)(4) 


Bl (350)(10), BY (630.02) 


1 


E(x, k) 


k 2 sin t cos t L 
dx 


E 


( k ) arctan ( k ' tanf) — ^ E(t, k) + ^ cot t ^1 — \/ 1 — k 2 sin 2 tj 

Bl (350)(13) 


(sin 2 x — sin 2 u) (sin 2 v — sin 2 x) 


, 4 — ewkIJi-^ 

2 cos u sm v \ V tg 2 v 


k 2 sin v I / sin 2 2u 

K \ \ 1- 


2 cos u 


sin 2v 


[k 2 = 1 — cot 2 u cot 2 v Bl (351)(10) 


6.13 Integration of elliptic integrals with respect to the modulus 


6.131 [ F{x,k)kdk= l — C ° S ^=tan- 

' sm x 2 


l 

6.132 I E{x,k)kdk = 

Jo ^ 

6.133 / II (x, r 2 , fc) kdk = tan ^ — r ln \I ^~ rs | na ' _ r 2 n (x, r 2 ,0) 


sin 2 x + 1 — cos x 
3 sin x 
x 


/o 


— r sm x 


BY (616.03) 
BY (616.04) 
BY (616.05) 


6.14-6.15 Complete elliptic integrals 


6.141 

1. [ K(k)dk = 2G 
Jo 

f 1 IT 2 

2. j K(k') dk = — 


6.142 

6.143 7 

6.144 





= 7t In 2 — 2 G 



167T 



FI II 755 

BY (615.03) 

BY (615.05) 
BY (615.08) 
BY (615.09) 
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6.145 

6.146 n 


4 \ dk 1 IT . /. rt \2 2 


T = -| 24(ln2) -7T 

[ k n K(k) dk = (n- l) 2 f k n ~ 2 K{k) dk + 1 

. f k n K(k') dk = ( n - 1) [ k n ~ 2 E(k) dk 
Jo Jo 


6.147 n 

6.148 

f 1 1 

1. / E{k) dk = - + G 

Jo 2 

r 1 7T 2 

2. / £;(fc') dfc = — 

Jo 8 

r'Eik) 


[n > 1] (see 6.152) 


3. 


6.149 


1. 


1 + k 


dk = 1 


7t\ dk , „ „ „ IT 

2) X = 7rln2_2G+1_ 2 

2. / (£(fc')-l)^ = 21n2-l 

Jo 


3." 

4J 

6.151 


dk = 1 


f 1 ^(fc) 
0 1 + & 



6.153 



„ /” r ^ 2 -E(psinx) . 7t 

6.154 / ,, — sin x dx = 

Jo 1 — p 2 sin x 


2y/l -P 2 


[n > 1] (see 6.147) 
[0 < a < 1] 

[ P 2 > 1 ] 


6.16 The theta function 

6.161 


nOO 

1. / X s - 1 $2 (0 I ix 2 ) dx = 2 s (l — 2 -s ) 7 r _ 5 T (|s) £(s) 

Jo 


[Re s > 2] 


/»00 

/ x s_1 [i? 3 (0 | ix 2 ) — l] dx = 7 r _ 5 r (|s) C(s) [Res > 2] 

Jo 


BY (615.13) 
BY (615.12) 
BY (615.11) 

BY (615.02) 
BY (615.04) 


BY (615.06) 
BY (615.07) 


BY (615.10) 

BY (615.14) 
LO I 252 

FI II 489 


ET I 339(20) 


2 . 


ET I 339(21) 
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6.162 


poo 

3. / x S ~ 1 [l — t ?4 (0 | ix 2 )] dx = (l — 2 1 ^ 8 ) 7 r“5 s p C(s) 

Jo 

[Re s > 2] 

poo 

4. / a ;^ 1 [t ?4 (0 | za; 2 ) + $2 (0 | ix 2 ) — $3 (0 | *ar 2 )] dx = — (2 s — 1) (2 1-s — l) 7 t 

Jo 


6.162 

pOO 

l. 11 / e~ ax ^ 4 

Jo 


2 . 


e~ ax t?i 


bn 

21 

bn 

21 


mx 

~P~ 


mx 

~P~ 


3. 


11 


e~ ax tT 


( {l + b)n 

V 21 


pOO 

4. 11 / e~ ax ids 

Jo 


f (1 + b)n 

l 21 


dx = —= cosh ( by/a ) cosech ( ly/a ) 

v a 

[Rea > 0, |6| < I] 

da; = — -^= sinh (by/a) sech (Zy^) 

[Rea > 0, |Z>| < l] 

dx = ^ sinh (by/a) sech (ly/a) 

V a 

[Rea > 0, |6| < l ] 

j dx = ~^= cosh (by/a) cosech (ly/a) 

[Rea > 0, |6| < l ) 


mx 

~W 


6.163 


10 


r 00 1 

1. / $ 3 ( nyf\xx |z7rx) dx = n~/= [coth (y/a + y/jJ) + coth (y/a — y/j/)\ 

Jo 2y/a 

[Re a > 0] 

2« | tf, (i rfx | »*) e-<‘ , +‘ ,) - * = , m 

poo 

6.164 11 / [i? 4 (0 | ie 2x ) + $2 (0 I ie 2x ) — ^3 (0 | ze 2x )] e^ x cos (ax) dx 

Jo 

= i (2s +ia - l) (l - 2 3" ia ) 7T-J-3 ia r (\ + 
[a > 0] 

|l+ (a 2 + |) 7r - 5 io- i r (\ia + ■ 
[a > 0] 


pOO 

6.165 / e*® [t?3 (0 | ie 2x ) — l] cos(aa;) dx 

Jo 


1 + 4a 2 


ET I 339(22) 

5 s r(i s ) C00 

ET I 339(24) 


ET I 224(l)a 


ET I 224(2)a 


ET I 224(3)a 


ET I 224(4)a 


ET I 224(7)a 


\ia)C,(\+ia) 

ET I 61(11) 

i)C(*o+g)]} 

ET I 61(12) 
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6.17 10 Generalized elliptic integrals 

1. Set 


f 1j(k) = f [l — k 2 cos (f>\ dcj), 

Jo 


i(j) = 


7 1 j\ (4m + 2j)l / 1 

(64) m (2j)! (2 m + j)\ \?n!. 


A _ 7 r / (2 j + 1 )k 2 
1 — k 2 ' 


then 


n * w = E; = j WTW (i- -*T J 


erf A + \(2j + l) 1 ( 1 + 


x^erfA-(^)(A e ^)(l + ^)^A ( 2 i + 1) - 2 ( 16+ g + A 


12 


2 k 2 
13 1 


x \ erf A - ( — ) ( Ae ) ( 1 + -A 2 + —A 


while for large A 


lim f lj (k) = 


(2j + l) 


k 2 (1 - k 2 ) 


2\~3 


1 


l+-(2i + l)- 1 <’l+^^--(2i + l)-^l + 


1 


13 


16fc 2 16fc 4 


2. Set 


then: 


i? M (/c,a, (5) = 

Jo 


cos 


(0/2) sin 2<5_2Q_1 (9/2) d6 
[1 — k 2 cos 0] Al+3 


M„(iu,,a,6) 


W v (^,a,5) 


0 < k < 1, Re <5 > Rea > 0, Re^t > —1/2, 

(-1)^ fc+i)„r(a)r(<S-a + i/) 

v\ r((5 + 77) 

with (A)„ = T(A + jz)/r(A), and 

{o+\)„T(a + v)T(5-a) 

77! r(<5 + 77) 


oo 

Rp(k, a, 6) = (1 - k 2 )~^ H) [k 2 /(l-k 2 )Y M v (n,a,5) 

v=Q 

oo 

= (1 + fc 2 )- (M+i) £ [ fc 2 / (1 + fc 2 )] 17 W ^, a , 5), 

i/=0 


• for small k : 
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6.211 


• for k 2 close to 1: 
Rfj,(k, a, 5) 


= [T(6-a)T^ + a-S+^)T( f i+l)](2k 2 ) a S (l - k 2 ) 5 “ M 1 


x {r (<y - a - ix - §) r(a) [r (5 - /x - I) (2 fc 2 ) M+ *] } 
2»+h 2 » +1 T (n+ i)r( 1 -a) 


[Re (/i + a — 6 + |) not an integer] 


x [r (<5 — a + n) r(l — a + n) T (a — 6 + /i — n + |) n!] [2k 2 / (l — fc 2 )] ° " +2 

[a — 6 + n + \ — m, with m a non-negative integer] 


n — 0 


6. 2-6. 3 The Exponential Integral Function and Functions Generated 
by It 

6.21 The logarithm integral 


6.211 

6.212 

1. 

2 . 

3. 

4. 

6.213 

1. 

2 . 

3. 

4. 

5. 


f li(ar) dx = — In 2 

Jo 


li [ — ) x dx = 0 

x , 


r 1 1 

/ li(a;)a: p_1 da; = — ln(p + 1) 
do P 


li(a;) 


dx 


1 


x« +1 q 


= - ln(l - q ) 




[ li f — ) sin (a In x) dx - 

Jo W 

[ li f — J sin (a In a;) dx 

J l W 


cos (a In x) dx - 
j ^ li cos (a In a;) dx 

f ^ (J'Y- 

/ li(ar) sin (a In x) — = 

Jo % 


= TT^( ohl “-f) 

= -nb(i + “ 1,,a ) 
= -rr^( 1,, “ + i“) 

= fin a - Ja) 

1 + a 2 V 2 J 

In (l + a 2 ) 

2 a 


[p > -1] 

[9<1] 

[?> 1 ] 

[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 

[a > 0] 


Bl (79) (5) 

Bl (255)(1) 
Bl (255)(2) 
Bl (255)(3) 
Bl (255)(4) 

Bl (475)(1) 
Bl (475)(9) 
Bl (475)(2) 
Bl (475)(10) 
Bl(479)(l), ET I 98(20)a 
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6. [ li(x) cos (alnx) — = — 

Jo x 


dx arctan a 


7. 


/ li(x) sin (a In x) (a In a + ^ 

J o x z 1 + a z V 2 / 


1 + a 2 

1 / 7T 


8. [ li(x) sin (a In x) ^ — a In a") 

Ji x z 1 + a z V2 / 

9. J li« cm (o lnx) ^ (l„ a - 


[a > 0] 
[a > 0] 
[a > 0] 
[a > 0] 


f ^ d,X 1 / 7T \ 

10. / li(x) cos (alnx) — _■ = — ^(lna+— a) 

J i x^ 1 + V 2 / 

11. [ li(x) sin (alnx) x p_1 dx = „ — 1 - In [Yl + p) 2 + a 2 l — parctan 

Jo a 2 + p 2 ( 2 


1 +p 


[p > 0] 


12. [ li(x) cos (alnx) x p 1 dx = — ^ — -jaarctan — h - In [Yl + p) 2 + i 

Jo a z +p z { 1+P 2 

[p > 0] 


6.214 

1. 

2 . 

6.215 

1. 


li - In - 


x 


p - 1 


dx = — 7TCOtp7T • r(p) 


li ^ (lnx) p 1 dx = — — T(p) 

\ x J sm pn 


[0 < p < 1] 
[0 < p < 1] 


r 1 T p - 1 

li(x)- 

/ 0 



dx = — 2y / ^—arcsinh v fp = — 2y / ^—ln ^p + \Jp + 1^ 


2 . 


6.216 


li(x)- 


dx 



x p+1 4 / in [ - 
x 


= —2. / — arcsin Vp 

i\ V p 


[p > 0 ] 

[1 > p > 0] 


1. 


2 . 


li(x) 


li(x) 


In ( — 

x 

In ( — 

x 


p - 1 


1 p-i 


ax 

x 

dx 

x 2 


-/(»> 

7tr(p) 


sin p7t 


[0 < p < 1] 

[0 < p < 1] 


Bl (479)(2) 
Bl (479)(3) 
Bl (479)(13) 
Bl (479)(4) 
Bl (479)(14) 

Bl (477)(1) 

Bl (477)(2) 

Bl (340)(1) 
Bl (340)(9) 


Bl (444)(3) 
Bl (444)(4) 


Bl (444)(1) 
Bl (444)(2) 
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6.221 


6.22-6.23 The exponential integral function 

6.221 


3. 


4. 


fP l _ e ap 

Ei(ax) dx = pEi(ap) H 


NT 11(7) 


6.222 


6.223 


6.224 


/ Ei(— px) Ei(— qx) dx = ( - + - ) ln(p + q) 
Jo \P Qj 

7*00 

/ Ei(— /3x)x tt ~ 1 dx = — 

Jo 


P^ 


In q In p 

p q 

[P> 0, q > 0] 


1. f Ei(-0x)e- liX dx= --In (l+ % 

Jo P \ P 

= -!//? 

2. [ Ei (ax)e~ flx dx = — — In ( — — l') 

Jo p \a J 


FI II 653, NT 53(3) 

[Re (3 > 0, Re p > 0] 

NT 55(7), ET I 325(10) 

[R e(/3 + p) > 0, p > 0] 

[M = 0] 

FI II 652, NT 48(8) 

[a > 0, Re p > 0, p > a] 

ET I 178(23)a, Bl (283)(3) 


6.225 

1 . 


J Ei (— x 2 ) e ^ x dx = — arcsinh s/p — — y^ln (^/p+ \/l + p^j 

[Re p > 0] Bl (283)(5), ET I 178(25)a 


2. J Ei (— x 2 ) e px dx = — ^-^arcsin s/p [1 > p > 0] 


6.226 


r°° f n 2 \ 2 

2. / Ei — e -" x dx = K o (aJp) 

Jo \4a z) p 


Ei ( -4^2 ) e ^ dx = \l~ Ei 


[R,e p > 0] 

[ 1 a > 0, Re p > 0] 
[Re p > 0] 


NT 59(9)a 


Ml 34 


Ml 34 


Ml 34 


I 1 \ — ftX n I I [ 

Ei ( ) e 4:X Z dx = \ j — [cos s/pci s/p — sin y^si s/p] 


6.227 


1. / Ei(— x)e ^ x dx = ^ — — ^ ln(l + p) 

Jo P{P + 1) P 2 


[Re p > 0] 


[Re p > 0] 


Ml 34 


Ml 34 
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[a > 0, b < 0] 

[a > 0, b > 0] 

ET II 253(l)a 

6.228 

1. [ W(~x)e x x v ~ 1 dx = [0 < Re v < 1] ET II 308(13) 

Jo sin v'k ' 

2 . £ = + 

[|arg/?| < 7 r, Re(/3 + ft) > 0, Rett > 0] ET II 308(14) 


2 . 


e ax ¥A(ax) e aa: Ei (—ax) 


■ - b 


x + b 


dx= 0 


_2 — ab 
= 7 re 


6.229 

6.231 

6.232 


J o Ei ( _ 4 ^) exp “T = 2 V^ (cos v^/xsi^//!- sin^/fici^/ft) 


[Re ft > 0] 


r 00 1 

/ [Ei(— a) — Ei (— e *)] e cte = — j(ju, a) [a < 1, Reft>0] 

J — In a M 


b 2 

In I 1 + — 2 

a z 


/*oo 

1. / Ei(— ate) sin bx dx = — 

Jo 

f°° lb 

2. / Ei(— ax) cos bxdx = — — arctan - 

Jo b a 


[a > 0, b > 0] 
[a > 0, b > 0] 


6.233 


pOO 

1. / Ei(— a’)e _M:r sin/3a7dx = — 

Jo 


1 r/3 


/ 3 2 + ft 2 


| ^ In [(! + ft) 2 + /3 2 ] - ft arctan | 
[Reft > |Im/3|] 


2. f Ei(— x)e cos fix dx = — — — - — - j ^ In [(1 + ft) 2 + /J 2 ] + j3 arctan — — 1 

Jo p 2 + ft- ( 2 1 + ft J 


[Re ft > |Im / 


6.234 / Ei(— x) In a: rfx = C+ 1 


Ml 34 
Ml 34 

Bl (473)(l)a 
Bl (473)(2)a 


Bl (473)(7)a 

Bl (473)(8)a 
NT 56(10) 


6.24-6.26 The sine integral and cosine integral functions 


6.241 





1. 

/ si (px) si (qx) dx = 

Jo 

7 r 

2 p 

[p > q } 

Bl II 653, NT 54(8) 

2. 

pOO 

/ ci (px) ci(qx) dx = 

Jo 

7 r 

2 p 

[p > q] 

FI II 653, NT 54(7) 
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6.242 


3. 


6.242 

6.243 

1. 

2 . 

6.244 

1. 8 

2. 8 

6.245 

1. 

2 . 

6.246 

1. 

2 . 

6.247 

1. 

2 . 

6.248 

l. 8 


[ si (px) ci(qx) dx = — In f \ + — In j \p ± q] 

Jo 4( ? \p-qj 4 P 9 4 

i 

\p = q] 

FI II 653, NT 54(10, 12) 

[a > 0, |arg (3\ < 7t] ET II 224(1) 


= - In 2 
Q 


C1 ^ aX ^ dx = j[si(a/3 )] 2 + [ci(a/3)] 2 | 


/ o (3 + x 

100 si (o|gj) 
x — b 

ci (a|x|) 
x — b 


' — OO 
pOO 


sign xdx = 7tci (a|6|) 
dx = — 7tsignfo • si (a|6|) 


xdx 7T . 

2 


sKpx)—, 2 = o Ei (-W) 

q z + x A 


/*°° x dx 7 r 

i si < px )^^ = -5 ci («) 


= 5T i(M) 


r •/ \ U-l 7 r (M) . M 77 

/ si(ax)x M dx = sin — 

Jo pa^ 2 


f 00 ■( N U-l , E (m) A t7F 

/ ci(ax):r p dx = cos — 

Jo P a ^ 2 


f si(f3x)e dx = — — arctan ^ 

Jo P P 

[ ci(/3x)e~ tlx dx = — — In Wl + ^ 
Jo P V p 


/ si(x)e ^ xdx= — 

to 4 M 


$ 


2^/JL 


- 1 


[a > 0, b > 0] 
[a > 0] 

\P > 0, q > 0] 

\P> 0, q > 0] 

\P> 0, q > 0] 

[P > 0, q > 0] 


ET II 253(3) 
ET II 253(2) 

Bl (255)(6) 
Bl (255)(6) 

Bl (255)(7) 
Bl (255)(8) 


[a > 0, 0 < Re p < 1] 

NT 56(9), ET I 325(12)a 

[a > 0, 0 < Re p < 1] 

NT 56(8), ET I 325(13)a 


[Re p > 0] 


NT 49(12), ET I 177(18) 


[Re p > 0] NT 49(11), ET I 178(19)a 


[Re p > 0] 


Ml 34 
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2 . 

6.249 




6.251 

1. / si ^ e~^ x dx = — kei (2 y/Jj) 

2. J ci ^—^je~ IJX dx = ker (2 y/JT) 


[Re fi > 0] 



[Rep, > 0] 
[Rep > 0] 
[Rep > 0] 


Ml 34 

ME 26 

Ml 34 

Ml 34 


6.252 

POO 

1. / sin px si(qx) dx = 

Jo 


7T 

2p 

7T 

4p 


= 0 


2 . 


[ cospx si (qx) dx = In ( ^ ^ j 

Jo 4 p \p-qj 


3. 


/■°° i f p 2 y 

/ sinpxcifga;) dx = In — 1 

Jo 4 P ) 


= 0 


. 7T 

4. / cos px ci(qx) dx = — — 

Jo 2 P 


4p 


= 0 


6.253 


si (ax) sin bx 
1 — 2 r cos x + r 2 


dx= — 


7 r (r m + r m+1 ) 

46(1 — r) (1 — r 2 ) 

7t (2 + 2r - r m - r m+1 ) 
46(1 — r) (1 — r 2 ) 

7tr m+1 

26(1 — r) (1 — r 2 ) 

7t (l + r — r m+1 ) 

26(1 — r) (1 — r 2 ) 


[p 2 >? 2 ] 

[/ = <? 2 ] 

[p 2 < q 2 ] 

FI II 652, NT 50(8) 

[p* 0, pV? 2 ] 

[p = 0] 

FI II 652, NT 50(10) 

[p* 0, P 2 /? 2 ] 

[p = 0] 

FI II 652, NT 50(9) 

[p 2 >q 2 ] 

[P 2 = ? 2 ] 

[p 2 < q 2 ] 

FI II 654, NT 50(7) 

[6 = a — to] 

[6 = a + to] 

[a — to — 1 < 6 < a — to] 

[a + to < 6 < a + to + 1] 


ET I 97(10) 
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6.254 


6.254 

1 .* 


2 . 




dt and this in turn can 


r ; , ■ 2 dx 

/ ci (x) sm x — = 

Jo x 

where £ 2 ( 2 ;) is the Euler dilogarithm defined as L^{z) = — f — 

Jo t 

be expressed as L, 2 {z ) = $(z, 2, 1) in terms of the Lerch function defined in 9.550, with z real. 

rXY) j 

... 7r i , ax tt a 

si(ax) + — cos bx ■ — = — In — — b) 

2J x 2 b 

[a > 0, b > 0, H(x) is the Heaviside step function] ET I 41(11) 


6.255 

1. 


2 . 

6.256 

1. 

2 * 

3.* 

4 * 

6.257 

6.258 

1. 


2 . 


[cosasci (o|a;|) + sin (a|x|) si (a|x| 


dx 


= — 7r [sign fecos a6si (a|6|) — sinabci (a|i 


a 


>0] 


ET II 253(4) 


[sinaccci (a|x|) — sign x cos ax si (a|x| 


dx 

x — b 


= —7 r [sin (a|6|) si (o|6|) + cosafrci (a|i 


f°° 1 7T 

/ [si 2 (a;) + ci 2 (a;)] cosaxdx = — ln(l + a) 
Jo a 

pOO 

/ [si(x) cosx — ci(x) sin x\ dx = — 

Jo 2 

/*oo 

/ si 2 (;r) cos(ax) dx = — log(l + a) 

Jo 2a 

r °° tt 

/ ci 2 (;r) cos(ax) dx = — log(l + a) 

Jo 2a 

J si ^ — ) sinbxdx = — — Jo (pVab) 


[a > 0] 
[a > 0] 


ET II 253(5) 


[0 < a < 2] 
[0 < a < 2] 
[ 6 > 0 ] 


ET I 42(18) 


' .. . 7T 

sHax) + - 


sin bx - 


dx 


= — {e bc [Ei(6c) — Ei(— ac)] + e bc [Ei(— ac) — Ei(— 6c)]} [0 < b < a, c > 0] 


= — e bc [Ei(ac) — Ei(— ac) 


[0 < a < b, c > 0] 

Bl (460)(1) 


' .. . 7T 

si(aar) + ^ 


cos bx 


x dx 
x 2 + c 2 


= — — {e bc [Ei(6c) — Ei(— ac)] + e bc [Ei(— 6c) — Ei(— ac)]} [0 < b < a, c > 0] 


= — e c [Ei (—ac) — Ei(ac) 


[0 < a < b, c > 0] 

Bl (460)(2, 5) 
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6.259 

1 . 


2 . 


4." 


5.* 


si (ax) sin bx — ^ ^ = — Ei(— ac) sinh(fcc) 
x z + c 2 2c 


= — e cb [Ei(— be) + Ei(6c) — Ei(— ac) — Ei (ac) 
4c 

7 r 

+ — Ei(— be) sinh(6c) 

2c 


ci (ax) sin bx ^ = sinh(&c) Ei(— ac) 

x 2 + c 2 2 

= — — sinh(6c) Ei(— be) + — e^ fec [Ei(— be) + Ei(6c) 


[0 < b < a, c > 0] 

[0 < a < b, c > 0] 

ET I 96(8) 

[0 < b < a, c > 0] 


— Ei(— ac) — Ei(ac)] 


[0 < a < b, c > 0] 

Bl (460)(3)a, ET I 97(15)a 


3. / ci(aar) cos bx- 


dx 


[0 < b < a, c > 0] 

[0 < a < b, c > 0] 

Bl (460)(4), ET I 41(15) 


= — cosh be Ei (—ac) 

= \e~ bc [Ei (ac) + Ei(— ac) — Ei(6c)] + e bc Ei(— be)} [0 < a < b, c > 0] 

4c 

r 00 t* rjqr 1 9 

/ [ci(a;) sin a; — Si(a;) cos a;] sina;-^ — — = - [Ei(a)e _ “ — Ei(— a)e a ] 

/ o H - o 

[a real] 

f°° r x . r\* / \ i 2 x dx 7 r 3 e _ l a l . _ . x 7 r r _ #/ . _ n x nl : 

/ [ci(x) sm x — bi(x) cos x\ j = — smh(a) — — — r [Ei(a)e — Ei(— a)e J 

/q cl z + x z o a o | cz. | 

[a real] 


6.261 


/»oo 

1. / si(bx) cos axe~ px dx = — 

Jo 

/»oo 

2. / si(/3x) cos axe ~ IJjX dx = — 

Jo 


2 (a 2 + p 2 ) 


a , p 2 + (a + b) 2 


— In ' 


+ p arctan ■ 


2 bp 


2 p 2 + (a — b) 2 b 2 -a 2 ~p 2 _ 

[a > 0, b > 0, p > 0] ET I 40(8) 


H + ai p — ai 

arctan — - — arctan — - — 

P P 

2(/i + ai) 2(/i — ai) 

[a > 0, Re fi > |Im / 


ET I 40(9) 


6.262 


/»oo 

1. / ci(6a;) sin aa;e ~^ x dx = 

Jo 


1 f 2 ap a {p 2 + b 2 — a 2 )" + 4a 2 p 2 

2 ( a 2 + p 2 ) Y arCtan p 2 + b 2 - a 2 ~ 2 ^ 6 4 

[a > 0, b > 0, Re p > 0] 


ET I 98(16)a 
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6.263 


poo 

2. / ci(bx) cos axe~ px dx = 

Jo 


-1 


2 (a 2 + p 2 ) I 2 


— In — 


( b 2 + p 2 — a 2 )“ + 4a 2 p 2 


+ a arctan ■ 


2ap 


b 4 b 2 + p 2 — a 2 

[a > 0, b > 0, Rep >0] ET I 41(16) 


/»oo 

3. / ci(/3x) cos axe~ px dx = 

Jo 


— In 


[n> + “ )2 l 

In 

[i + ( ' , -“ i)2 i 

/3 2 


/ 3 2 


4(p + ai) 


4 (/n — ai) 

[a > 0, Rep > |Im/ 


ET I 41(17) 


6.263 


r°° _ , ---plnp 

1. / [ci(x) cos x + si(x’) sin x] e px dx = — = — 

Jo 1 + d 


POO 

2. / [si(ar) cos x — ci(x’) sin x\ e~ px dx = — ^ 

Jo 1 

r°° In (l + u 2 ) 

3. / [sin x — x ci(x)] e~ px dx = — ^ 

Jo 2p 


--p + inp 


1 + p 2 


6.264 


pOO 

1. / si(x) lnxdx = C+ 1 
Jo 

POO 

2. / ci(x) In x dx = 

Jo 


7 r 
2 


6.271 


1. / shi(x)e px dx = — In = 1 arccothp 

Jo 2p p - 1 p 

F°° 1 

2. 11 / chi(x)e _/iX dx = — — In (p — l) 

Jo 2p 


6.272 11 / chi(x)e 

Jo 

6.273 


~ px ~ dx= 

4 V p \4p. 


4.00 

1. 11 / [cosh x shi(x) — sinh a; chi(cc)] e _/ix dx = — ^ 

Jo d - 1 

pOO 

2. 11 / [cosh x chi(x) + sinh x shi(x)] e~ px dx = 

Jo 


pin p 

1 — p 2 


[Rep > 0] 

ME 26a, ET 1 178(21)a 

[Rep > 0] 

ME 26a, ET 1 178(20)a 

[Re p > 0] 

ME 26 


NT 46(10) 


NT 56(11) 

osine integral functions 

[Re p > 1] 

Ml 34 

[Re p > 1] 

Ml 34 

\p > o] 

Ml 35 

[Rep > 0] 

Ml 35 

[Re p > 2] 

Ml 35 
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645 


6.274 11 J [cosh x shi(a;) — sinh x chi(a;)] e px dx = -y — e 4 ^ Ei — 

[Re fi > 0] 


6.275 


[ [. x chi (a;) — sinh x]e px dx = 5 — - [Re fi> 1] 

Jo 2/x 


1 / 7T 


6.276 / [cosh a: chi(a:) + sinha;shi(a;)] e px xdx = - . exp I — I Ei 


6.277 


m 3 

[R.e /j > 0] 


1. f [chi(x) + ci(x)] e px dx = [Re/x>l] 

Jo 2/z 

r°° 1 u? + 1 

2. / [chi(cc) — ci(aa)] e dx = — In ^ [Rep > 1] 

Jo 2p p z — 1 


6.28-6.31 The probability integral 


6.281 


[Re<7>0, Rep > 0] 


NT 56(12), ET II 306(l)a 


/ fr\l 2 b /' b\ r 1 

1 — <h ( at“ ± — J dt=-^i-J K i±a(2ab) ± K i-a{2ab) e d 


[a > 0, & > 0, a/0] 


6.282 


1. / 4>(<j4)e pt dt = - exp f [Rep > 0, |a,rgqr| < ^ 

Jo P L V 2 <?/J VV/ L 4J 


MO 175, EH II 148(11) 


* (* + i) - * (I)] e "“ +s - tttttt °r ■ ^ [‘ ■ - * 


6.283 


2. j <Z> (y/tf) e~ pt dt = ^—=t== 
Jo P Vp+q 


[Re a > 0, Re/3 < Re a] ET II 307(5) 


6.284 


1 - $ -J- e~ px dx = -e~ q 'J p 


[Rep > 0, Re(g + p) > 0] 


Rep>0, |arg q\ 


EH II 148(12) 


EF 147(235), EH II 148(13) 
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6.285 


6.285 

1. 

2 . 


poo 

/ [1 - $(x)] e - ^ 2 * 2 dx = 

Jo 


arctan /x 


<b(iat)e 


- 2 t 2 ~^ dt = ^_L eX pf^ )Ei 


2aiy / 7r ^ V 4a 2 


4a 2 


[Re p > 0] 


Re s > 0, |arg a\ < — 


Ml 37 


EH II 148(14)a 


6.286 


1. 


POO 

/ [1 -<S>{f3x)\e^ x \ v - 1 dx = 

Jo 


r 


v + \ 

\ 

f V V + 1 V p 2 ' 

2Fl ' v 2’^ _; 2 + 'W; 

[Re 2 (3 > Re ^x 2 , Re v > 0] 


2 . 


6.287 

1. 


1 - <I> 


'V2a 


e~ 2 x v 1 dx = 2 2 1 sec — T ( — 


G) 


0 


[0 < R e v < 1] 


ET II 306(2) 


ET I 325(9) 


2 . 


pOO 

/ <&(f3x)e~ IJ ' x xdx= 

Jo 2p^J0TW 

L ll -* (fix)]e ~‘ a ‘ xdx = h{ 1 -7^- 

exp Q(rA) Q(rB) dr 


[Re p > - Re/3 2 , Re p > 0] 

ME 27a, ET I 176(4) 

[Re p > — Re (3 2 , Re // > 0] 


3 -* 7= .L^ exp( ^ 


i i 

4^2^ 
1 1 


= a arctan — 


f A \ 0 f B 

a arctan — — + p arctan — - 

\aB ) \/3A 

1 


NT 49(14), ET I 177(9) 

B^A 


Q{X) ~ V2nl 


6.288 

6.289 

1. 


e -t 2 n dt = J 


ai 


4 7T 

1 - erf (^) 


B = A 


a 2 A 2 I a 2 B 2 

a = \l — — p = 


l + cr 2 A 2 ’ f Vl + a 2 B 2 ’ 


/ $(iax)e xdx= 

/ o 2/iy' p — a 2 


&(f3x)e( 13 M )* xdx = 


U 


2p{p 2 -(3 2 ) 


a > 0, Rep > Rea 2 


Re 2 p > Re / 3 2 , |arg p\ < — 


Ml 37a 


ET I 176(5) 


POO 

2. / [1 — <&((3x)\ ) x xdx = 


2p(p + (3) 


Re 2 /x > Re (3 , arg /x < — j 


ET I 177(10) 
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3. 

6.291 

6.292 

6.293 

6.294 

1. 

2 . 

6.295 

1. 

2 . 

3. 

6.296 

6.297 

1. 

2 . 


rcx> 

I $(Vb^ax)e-( a+ » )x2 xdx 


s/b^> 


2(/lj + a)y/n + b 

1 , M 2X1 


Ei - 

M 4 \ 4 

1 f arctan fj, 


/ §(ix)e~^ x+x2 )xdx= - 

Jo V 

/»oo 

/ [l-$0 -)\e~^ x2 x 2 dx= . 

Jo l A* 3 Ai (M +1) 


[Re /.x > — a > 0, b > a] 


[Re n > 0] 


|arg n\ < 


4>(x)e M x ^ In ^ ^ [ = arccoth i/pT+T 


4 J 


X 2 fjj +T — 1 


[Re fx > 0] 


1 — 4-1 — 


e M x xdx = ——^exp(—2/3fx) 
2 n z 


|arg/3| < |arg/i| < ^ 


1 - 4- [ - 

x 


dx . 

— = — Ei(— 2/ii) 


|arg A* | < ^ 


1-4- 


1-4- [ - 

x 


1-4- 


1 


exp ( —tfx 1 H — - ) dx = ^ [sin2/xci(2/x) — cos2/zsi(2//)] 


|argAi| < 


4 J 


exp ( -/Ox 2 + ^ ) x dx = ^ [Hi(2/i) - Y i ( 2 A*)] - ^ 


1 

/i 2 


|argAt| < 


exp [ -/rar + 2 


1 \ dx 


2 ~ 2 ' ^^-[Ho^-EoO,)] 


|arg At | < 


4 J 



(x 2 + a 2 ) 


1-4- 


02a 


j,-^i 2 x 2 j — 1 -a/J 


— \l —ax • e ^ \ e ^ x xdx = — je 

7 r 2/i 4 


|argAx| < — , a > 0 


1 — $ 7X H — 
x 


i {i 2 -^y xdx = 


2 00 (Om + t) 


exp [-2 (/fy + /?vO)] 


[Re /3 > 0, Re /it > 0] 


1-4- 


/ 6 + 2ax 2 
1 2x 


exp — (p 2 — a 2 ) x 2 + ab] x dx = 


r) bfj* 


2 /Li(/i + a) 

[a > 0, 6 > 0, Re /j > 0] 


ME 27 

Ml 37 

Ml 37 

Ml 37a 

ET I 177(11) 
Ml 37 

Ml 37 

Ml 37 

Ml 37 

Ml 38a 

ET I 177(12)a 


Ml 38 
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6.298 


3. 

6.298 

6.299 

6.311 

6.312 

6.313 


1 - <t> 


b — 2 ax* 
2x 


„ ccb 


l - $ 


/ b + 2 ax 2 ' 
V 2x 


' j e a& J e-^xdx = i exp (- by/ a 2 + n) 

[a > 0, b > 0, Ren > 0] 


Ml 38 


- e ab f - + 2 ^ aa ) | e ^ a ^ x2 xdx= __ 1 ^ 2 exp(-6 v ^x) 


„ , , * (b — 2 ax 2 

2 cosh ab — e b $ [ 

io L V 2x J \ 2X J ) I 1 ~ a 

[a > 0, b > 0, Re/i > 0] 

/ cosh(2i4)exp ( a cosh f ) [1 — $ (acosht)] dt = — r exp (|a 2 ) K v (a 2 ) 

J o L J zcos(z^7r) 

[Re a > 0, — \ < Re v < |] 

J [1 — $(ax)] sinbxdx = - ^1 — e~^j [a > 0, b > 0] 

/»oo 

/ <&{ax)sinbx 2 dx = , , ... , 

Jo 4V2irb \ b + a 2 - a/2b 


1 b + a 2 + a/2b „ a\/2b 

In ; , + 2 arctan 


1. / sm(fJx') [l — $ (y/ax) dx = — — 


a 

2 


2 . 

6.314 

1. 

2 . 

6.315 

1. 

2 . 


P \ a 2 + /3 2 


a 

cos(/3x) [l — $ ('/ax)} dx = I 2 a0 
i o \ a 2 +/3 2 


b — a 2 J 
[a > 0, b > 0] 


(cr 2 + (3 2 ) 2 — a 
[Rea > |Im/3 

+ P 2 ) h + 

[Re a > |Im 


Ml 38 

ET II 308(10) 
ET I 96(4) 

ET I 96(3) 


ET II 307(6) 


ET II 307(7) 


sin(frx) 


cos (bx) 



dx = b 1 exp —(2 ab) 2 


cos 


(2 ab) - 
[Re a > 0, b > 0] 


dx = — b 1 exp 


— (2 ab) • 


sm 


(2ab) - 
[Re a > 0, b > 0] 


ET II 307(8) 


ET II 307(9) 


r°° Wl+ -i/) 3 

/ x v ~ sin (fix) [1 - $(aa;)] dx = 2 2 F 2 

Jo /^\y + l)a u+L 


v +1 v ,3 v + 3 (3 2 \ 


•2 

4 a 2 J 

[Rea > 0, Re ^ > — 1] ET II 307(3) 


- , — 1 — , 

2 2 2 2 


x v 1 cos(/3x) [1 — $(ax)] dx = 


T {\ + \ u ) „ ( v v+ l . 1 


2 F 2 X 


p 2 


2’ 2 , 2’2 +1, 4a 2 

[Rea > 0, Re^ > 0] 


ET II 307(4) 
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r°° i / b 1 \ i 

3. j ' [l-$(ax)]cos&x-xdx = — exp J - — 

r°° dx 1 

4. / [4>(ax) — 4>(6x)] cospx — = - 

jo x 2 


Ei I ] -Ei 
46 2 


^ eXP \ 4a 2 
[a > 0, b > 0] 

P 2 
4 a 2 


[a > 0, b > 0, p > 0] 


f°° 1 if 

5. / x _2 4> (ay/x) sin fox dx = — < In 

Jo 2 V / 27t5 I 


b 4~ ay/ 2b -F n 2 
b — a\j2b + a 2 


+ 2 arctan 


a\/2b 
b — a 2 


6.316 


6.317 6 


6.318 


1,2 

e 2 


l-$ ( 


X 

VVi 


sin &x dx = 


7T 

2 6 2 


1-4- 


e ax 4>(iax) sin&xdx = — — — e ^ 

a 2 


[a > 0, b > 0] 
b 

vi 

[ 6 > 0 ] 

[ 6 > 0 ] 


/»oo 0 / , o 

/ [1 — 4>(x)l si(2px) dx = — ( 1 — e _p ) (1 — 4>(»)) 

do np \ / V? r 

[P > 0] 


6.32 Fresnel integrals 

6.321 


1. 


2 . 


\ -S{px) 


2 - C '(P a; ) 


V2T (<7 + |) sin 2g ~ l ~ - 7T 

a; 2 ®" 1 dx = - - 4 

lydrgp 29 


[0 < Re <7 < | , p > 0] 


V2r(q+ 4) cos 2g ^ 7t 

a; 2 ®-i dx = - - 4 

4ypKqp 1( l 


[0 < Re q < § , p > 0] 


6.322 


1 . J S(t)e pt d£ = - |cos 

2. f C(t)e~ pt dt = - (cos — 

Jo P l 4 


2~ Cl * 




(I) 

(I) 


, • p 

+ sin — 

4 


. P 

— sin — 
4 


; - s ^ 


c k 




6.323 


e pt dx 


p 2 + 1 — p 


) 


2 psj p 1 + 1 


ET I 40(5) 

ET I 40(6) 

ET I 96(3) 

ET I 96(5) 
ET I 96(2) 

NT 61(13)a 

NT 56(14)a 

NT 56(13)a 

MO 173a 

MO 172a 


1. 


EF 122(58)a 
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6.324 


2 . 

6.324 

1 . 

2 . 

6.325 

1. 


2 . 


6.326 

1. 


2 . 



C (Vt) e pt dt 


( Vp 2 + 1 +p) 2 

2 pVp 2 + 1 


2 ^ ^ 


2 - ^ 


sin 2 px dx = 
sin 2 px dx = 


1 + sinp 2 — cos p 2 
4 p 

1 — sinp 2 — cosp 2 
4 p 


[ S(x)sinb 2 x 2 dx= ^V-2 l 

Jo b 


= 0 


f C(x) cos b 2 x 2 dx = 2 * 

Jo b 


= 0 



S{x) 


si(2p;r) dx = 


£(*) 


si(2px) dx = 


/ 7T\ V 2 

(-) (S(p) + C-(p)- 
(-) (S(p) - C(p)) 


EF 122(58)a 


[p > 0] 

NT 61(12)a 

\p > 0] 

NT 61(1 l)a 

[0 < b 2 < 1] 

P > !] 

ET 1 98(21)a 

[0 <b 2 < 1] 

[b 2 > 1] 

ET 1 42(22) 

1 + sinp 2 — cos p 2 

Ap 

\p > o] 

NT 61(15)a 

. — sinp 2 — cos p 2 

Ap 

[p > o] 

NT 61(14)a 


6.4 The Gamma Function and Functions Generated by It 

6.41 The gamma function 

/ oo 

r(a + x) r {(3-x)dx = r(a + (3) 

[Re (a + (3) < 1 and either Im a < 0 < Im (3 or Im (3 < 0 < Im a ] 

ET II 297(1) 

= m2 1 - a ~ 0 T(a + !3) 

[Refer + (3) < 1, Ima < 0, Im [3 < 0] 

ET II 297(2) 


= 0 


[Re (a + (3) < 1, Ima > 0, Im/3 > 0] 

ET II 297(3) 
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6.412 

6.413 

1. 

2 . 

6.414 

1. 

2 . 

3. 

4. 


/ zoo 

r(a + s) r (/3 + s) r(7 — s) T(5 — s) ds = 2n i 

-ZOO 


,T(a + 7) T(a + (5) T(/3 + 7) T(/3 + 6) 


T(a + (3 + 7 + 5) 

[Re a, Re (3, Re 7, Re S > 0] 

ET II 302(32) 


fV(« + «) T( b + ix)f dx = ^na)r(a+l)mrj b+ i)r(a + b ) 

Jo 2 ria + b+±) 


r(a + ix ) 
r(6 + fa;) 


da; = 


V / 7rr(a) T (a + |) T (b - a — |) 

2r(6)r(6-|)r(6-o) 


[a > 0, b > 0] 


[0 < a < b - \ 


ET II 302(27) 


ET II 302(28) 


r(a + a;) 

!-oo T {P + x) 


dx = 0 


dx 


201+0—2 


!_ 00 T(a + a:) F(/3 — x) r(a + /3 — 1) 
f°° r( 7 + a:) r (<5 + x) 


[Ima ^ 0, Re(a — (3) < — 1] 

[Re (a + (3) > 1] 


ET II 297(4) 
ET II 297(5) 


/-00 r(Q! + a:) T(/3 + a;) 


r(7 + a;) F(<5 + x) 


dx = 0 


dx = 


[Re(a + /3 — 7 — <5) > 1, I1117, Imd > 0] ET II 299(18) 

± 27 t 2 i r(a + (3 — 7 — (5 — 1) 


5. 


6 . 

6.415 

1 . 


J - 00 r ( a + x ) r (/3 + x) sin[ 7 r (7 - 5)] T(a - 7 ) T(a - S) T(/3 - 7 ) T(/3 - 6) 

[Re (a + (3 — 7 — 5) > 1, I 1117 < 0, Imd <0. In the numerator, we take the plus sign if 

Ini 7 > Imd and the minus sign if Im 7 < Im<5.] ET II 300(19) 

f°° r(a - P - 7 + x + 1) dx _ 7texp (±i7r((5 - 7 ) 1 ) 

7-00 r(a + x ) r(/3 - x) r(7 + x) r(/? + 7 - 1) r (|(a + /?)) r (§(7 - <5 + 1)) 

[Re(/3 + 7 ) > 1, S = a — (3 — 7 + 1, Imd 7 ^ 0. The sign is plus in the argument if the 

exponential for Imd > 0 and minus for Imd < 0.] ET II 300(20) 

[°° dx T(a + (3 + 7 + 8 — 3) 

J_ 00 T(a + x) r(/3 — x) T (7 + x) T(5 - x) T(a + f3 — 1 ) T((3 + 7 — 1 ) T (7 + 5 — 1 ) T(5 + a — 1 ) 

[Re(a + /3 + 7 + 5) > 3] ET II 300(21) 


R( x) dx 


l-oo r(a + x) r(/3 — x) r (7 + x) r(5 — x) 

= T(a + /3 + 7 + 5~3) f 1 

T(a + 13 — 1) T(f3 + 7 — 1 ) r( 7 + 5 — 1 ) T(<5 + a — 1) J 0 

[Re(a + /? + 7 + 5) >3, R{x + l) = R(x)} ET II 301(24) 
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6.421 


2 . 



R(x) dx 

r(a + x) r(/3 - x) r( 7 + x) r(<5 
[a + 5 = (3 + 7 , 


J 

[ R(t) cos 

'0 

[^7t(2t + a — /?)] dt 

r ( 

, 2 ) 

1 r | 

(^) 

| r(a + <y- 1 ) 


Re(a + (3 + 7 + 5) >2, R(x + 1) = — i?(x)] 


ET II 301(25) 


6.42 Combinations of the gamma function, the exponential, and powers 

6.421 

/ OO 

T(a + x) r(/3 — x ) exp [2(7tn + 9)xi] dx= 27rtr(a + j3)(2 cos 9)~ a ~' 3 exp[(/3 — a)i9\ 

-00 

x [r] n (/3) exp(2?t7t/3i) — ?/„(— a) exp(— 2n7tm)] 

nr m 7t 7T fo if (1 - Tl) Im £ > 0 

Re(a + p) < 1, —— < 9 < -, n an integer, »? n (0 = < . n \ . e A [ T c n 

2 2 ^ sign ( 2 — n) if ( 5 — n) I in £ < 0 

ET II 298(7) 


2 . 


= 0 


l_ 00 T(a + x) r(/3 — x) r (7 + kx) F (<5 — kx ) 

[Re (a + /3 + 7 + <5) > 2, c and k are real, |c| > |fc| + 1] ET II 301(26) 


3. 


4. 


r°° r(a + x) 


exp [(27m + 7 t — 29) xi\ dx 


(2 cos 9)P- a ~ l 

2m sign (n + i) — — r — exp[— (27tn + 7 t — 9)ai + 9i(/3 — 1)1 

1 (p — a) 


7T 7T 

Re(/3 — a) > 0, — — < 9 < — , n is an integer, (n + |) Ima < 0 


ET II 298(8) 


r°° r(a + x) 


exp [(27m + 7 t — 2 9)xi\ dx = 0 


Re(/3 — a) > 0, — — < 9 < — , n is an integer, (n + Ima > 0 ET II 297(6) 


6.422 

/ ZOO 

T(s 

-zoo 


k — A) r (A + n — s + |) r (A — /i — s + |) , 2 s ds 

= 27tir (i - k - /t) r (| - /t + /Lt) z x e% W ktfi (z) 
[Re (A: + A) < 0, Re A > |Re/.t| — |argz| < |7t] ET II 302(29) 


2 . 


/» 7 +zoo 

/ r(a + s)r(- s )r(i 

J 7 — zoo 


— c — s)x s ds = 2ni r(a) T(a — c + l)4'(a, c; x) 

[— Re a < 7 < min (0, 1 — Re c) , — §7t < arg x < 


EH I 256(5) 
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/»7+ioo 

3. / r(— s) T(/3 + s)t s ds = 2ni F(/3)(l + t)~ l3 [0 > 7 > Re(l — (3), |argf|< 7 r] 

J 7 — ioo 

EH I 256, BU 75 

4. J r r(-t) [y/2 ) j~ P ~ 2 z* dt = 2me^T{-p)D p {z) 

[|argz| < | 7 r, p is not a positive integer] WH 

5. J r(a)r(|i/+i-s)r(|i/-i-a) (^j ds 

= 2m ■ 2 1 -K-M* 2 r (\v + i) r (\v - \) D„(z) 
[|argz| < |tt, v ±\, EH II 120 


6. 3 

7. 


9. 

10 . 

11 . 

12 . 

13. 


p c-\-too 

/ (g x ) S r (|^ + |s) [r (l + \v - |s)] 1 ds = 4m J v (x) 

J c — ioo 

[x > 0, — Re v < c < 1] 

/ — c+ioo 

T{-v - s) r(-s) (-\iz) v+2s ds = -2n 2 e^ n H^\z) 

-c — ioo 


EH II 21(34) 


|arg(— iz)\ < — , 0 < Rei/ < c 


EH II 83(34) 


/ — c+ioo 

T(-u - s) r(-s) {\iz) v+2s ds = 2n 2 e~^ H (2 \z) 

-c— ioo 


|arg(iz)| < — , 0 < Re^ < c 


/ ioo 

T(-S): 

-ioo 


(h x ) 


v-\-2s 


■ ds = 2iri J„{x) 


[x > 0, Re v > 0] 


I> + s + l) 

/ too 

r(— s) r(— 2 v — s) r (v + s + I) (—2 iz) s ds = — ni e~ l( ' z ~' y7r ' ) sec(i / TT)(2z)~ 1 ' H ( 'J\z) 

-ioo 


EH II 83(35) 
EH II 83(36) 


' —too 
pioo 


[|arg(— iz)\ < |tt, 2v^±l, ±3...] 

EH II 83(37) 


/ ioo 

r(— s) T{-2v — s) T (y + s + |) (2iz) s ds = e^ z-! ' 7r ) sec(i/7r)(2z) _ly H^\z) 

-ioo 


[|arg(* 2 r)| < §tt, 2v^±l, ±3...] 

EH II 84(38) 


/ ioo 

r(s) r (| — s — v) r (I — s + v) (2 z) s ds = 2271-2*2:2 e z sec(r/7r) K u (z) 

-ioo 


[|argz| < §7r, 2i/^±l, ±3,...] 

EH II 84(39) 


n +i 00 r (-8) x2s 

1 -l -ioo sT(l + s) 


ds = 47t 


1 Mt) 


dt 


>0] 


MO 41 


>2x 
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6.423 


14. 


15. 


16. 


17. 


18. 


19. 


r <“ + ») ri' 3 + «) r(-_£) ( _ 2) . ds = 2 , ( M F{a , 0 . 7; 2) 


r(7 + s) 


r(7) 


[For arg(— z) < n, the path of integration must separate the poles of the integrand at the points 
s = 0, 1, 2, 3, . . . from the poles s = —a — n and s = —(3 — n (for n = 0, 1, 2, . . . ).] 


6.423 

1. 

2 . 

3. 


r 5+ioo r ( a + s )r(_ s ) 27tir(a) 

’-{-z) s ds= ’ r Flier, r,z) 


1 8—ioo 


r(7) 


pio 0 

1 

■H|(N 

u 

1 

/ — ioo 

r(s) j 


< argi-z) < 0 > <5 > — Rea, 7 ^0,1, 2,... 


z s ds = 2-niz 2 27t 1 K 0 ^4+^ — Fo (4+^ 

[z > 0] 


EH I 62(15), EH I 256(4) 


ET II 303(33) 


r (A + /r — s+ i)r(A-/t — s + tj) 
j r(A — A; — s + 1) 


z s ds = 2iriz A e 2 W+,+) 


Re A > |Re/i| — |argt:| < — 


T(k - A + s)r(A + /t-s + §) ^ ^ = 27r .Lg+M+i) ^ e -j MkAz) 


r + - a + s + |) 


r(2/i + 1) 

Re(fc — A) > 0, Re(A + /z)>— 5 , |argz| < ^ 


2 J 


ET II 302(30) 


ET II 302(31) 


n r - s ) n r + s ) 

i=i 1=1 

9 V 

n r (1 - bj + s) r (ay - s) 

J =771+1 ,7=71+1 


-Z S ds= 27TlG^n ( ^ 


CL \ 5 ... ? CLp 

bi,...,b q 


dx 


1 0 r(l + aO 

/'°° dec 


= +e-“) 


/ 0 r(x + /? + 1) 


= er-v{e~ a ,0) 


1 0 r(* + i) 


dx = n (e “,m)r(m + l) 


p + q < 2 (m + n ); |arg z| < (m + n — \p — \q) 7t; 

Re a*, < 1, k = 1, . . . , n; Re bj > 0, j = 1, ... ,m 

ET II 303(34) 


Ml 39, EH III 222(16) 
Ml 39, EH III 222(16) 
[Rem > -1] Ml 39, EH III 222(17) 
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4. 


6.424 


/ o r(x -T n -T 1) 

f°° R(x) exp[(27tn + 9)xi\ dx 


dx = e na p(e a ,m,n)T(m + l) 

a+/3-2 


2 cos [ - 
2 


r(ct + x) r(/3 — x) 


T(a + 0-l) 


■ exp 


-6{0-a)i 


Ml 39, EH III 222(17) 


R(t) exp(27 inti) dt 


J Jo 


[Re (a + /3) > 1, — 7 t < 9 < tt, n is an integer, R{x + 1) = i?(x)] ET II 299(16) 


6.43 Combinations of the gamma function and trigonometric functions 

6.431 

/ r\ p+9-2 . r(q-p) 
r°° sin rx dx (, 2 cos 2 / Sm 


1. 


l-oo T(p + x)T(q-x) 


[|r| < tt] 


T(p+q-l) 

= 0 [|r| > 7t] 

[r is real; Re(p + q) > 1] MO 10a, ET II 298(9, 10) 


2 . 


cos rx dx 


( 2C0 4) 


r\p+q~ 2 r(g — p) 

’ cos 


I -oo t (p + x)T(q - x) 


r(p + g — 1) 


[|r| < tt] 


= 0 


[\r\ > tt] 

[r is real; Re(p + q) > 1] MO 10a, ET II 299(13, 14) 


6.432 


f°° sin(TO7tx) dx 

sin(7tx) r(a + x) T{0 — x) 


= 0 


20+13—2 

T(a + /3 — 1) 


[m is an even integer] 

[to is an odd integer] 

[Re (a + (3) > 1] ET II 298(11, 12) 


6.433 

1. 


sin 7 rx dx 


sm 


L2 


{(3 -a) 


l-oo r ( a + x) T(0 - x) r(7 + x) r(5 - x) 2 r I'a+^j r + ^ + § _ ^ 

[a + 5 = 0 + j, Re(a + /3 + 7 +< 5 ) > 2] ET II 300(22) 


2 . 


cos 7 rx dx 


cos 


L2 


{(3 -a) 


l-oo r(a + x) T(0 - x) r(7 + x) T(<5 - x) 2 p + p ^ 7 + ^ + § _ ^ 

[a + (5 = /3 + 7 , Re(a + 0 + 7 + S) > 2] ET II 301(23) 
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6.441 


6.44 The logarithm of the gamma function 

6.441 

1. 


2 . 

3. 

4. 


/•P+i 1 

/ InT(x) dx = -Iu2tt + plnp — p 

Jp ^ 

I In r(x) dx = f In T (1 — x) dx = - In 27t 
J o J o 2 

f 1 1 

/ \nT(x + q) dx = -\n2n + q\nq — q [<7 > 0] 

Jo 2 

f lnr(x + 1) dx = - ln2n - — - + zlnT(z + 1) — lnG(z + 1), 

Jo 2 2 

5 ( 2 + 1 ) Cz 2 


FI II 784 


FI II 783 


NH 89(17), ET II 304(40) 


5. 

6.442 

6.443 

1. 

2 . 

3. 

4. 8 

5. 


where G(z+ 1) = (2n)^ exp ^~jll{( 1+ ^) ex P ^ J j WH 

rn n — 1 ^ ^ 

/ lnT(a + x) dx = V'Va + k) ln(a + k) — na + -nln(27t) — -n(n — 1) 

k—0 2 2 

[a > 0; n = 1, 2, . . .] ET II 304(41) 

/ exp(27rnxi) In T(a + x) dx = (2 tt ni)~ l [In a — exp(— 2nnai) Ei(27rnai)] 

Jo 


[a > 0; n = ± 1,±2,...] ET II 304(38) 


f 1 1 

/ lnT(x) sin2imx dx = - — [ln(27rn) + Cl 

Jo 27m 

f 1 1 

/ lnlYx) sin( 2 ?i + 1)ttx dx = 7 — 

Jo ( 2 n+l) 7 t 

r 1 1 

/ In r(x) cos 2ttux dx = — 

Jo 4n 

f 1 2 

/ lnT(x) cos( 2 n+ l)Trxdx = — 

Jo tt 


ln(|)+ 2 l 1 +; + 


NH 203(5), ET II 304(42) 

1 \ 1 


(C+ln27t) + 2^- 


(2 n + l) 2 v ' 4 k 2 - (2 n + l) 2 


2n — 1 J 2n + 1 

ET II 305(43) 

NH 203(6), ET II 305(44) 

In A: , , , 

NH 203(6) 


/ sin(27t nx) In T(a + x) dx = —(27 rn) 1 [In a + cos(27 rna) ci(27rna) — sin(27r na) si(27ma)[ 

Jo 

[a > 0; n = 1, 2, . . .] ET II 304(36) 

6 . / cos(27tn;r) lnT(a + x) dx = —(27 m) _1 [sin(27rna) ci(27rna) + cos(27tna) si(27tna)] 

Jo 

[a > 0; n = l,2, ...] ET II 304(37) 


*Here, we are violating our usual order of presentation of the formulas in order to make it easier to examine the 
integrals involving the gamma function. 
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6.45 The incomplete gamma function 


6.451 


1. / e~ ax j((3, x) dx = — T(/3)(l + a)-' 3 

Jo a 

2. r e - ax mx)dx= -r(/5) [l- — ^ 

Jo a L (« + i r 


[P > o] 


[P > o] 


6.452 


1. £2) dx = r(2^)e (a/i)2 £>_2i/(2a/it) 


e -^7 


7T 1 

|arga| < — , Rei/>— Re /j > 0 

ET I 179(36) 

7> TTo'l dx = K 1 (a 2 fi 2 ) |arga| < y, Re/z >0 ET I 179(35) 

4 8a 2 / ,/u * v ’ L 1 0 4 J 


6.453 


6.454 


6.455 


f e T (u, — ) dx = 2a^ u ^ v 1 K u (2 y /JIa) |arga| < Re fi > 0 ET I 179(32) 

jo ' x J L 2 

r oo / 2 \ / \ 

J (v, aVx) dx = a" p-^^ 1 T(is) exp ( — J f -=j 


POO 

1. / x fl ~ 1 e~ (3x T(z/, ax) dx = 

Jo 

pOO 

2. / x tl ~ 1 e~d x 'y [y,ax)dx = 
Jo 


[Re P > 0, Re v > 0] 

ET II 309(19), Ml 39a 


a"T(^ + iy) ( B \ 

[Re(a + /3) > 0, Re p. > 0, Re(/z + z/)>0] ET II 309(16) 

ct ly r(^ + ^) / a \ 

u(a + P)^ 2Fl \}^ + V ' V + 1 '^p) 

[Re (a + P) > 0, Re p > 0, Re(/z + 1 /) > 0] ET II 308(15) 


6.456 


1 


Ml 39a 


Ml 39a 


6.457 


V“ 7 + 1, f) * = ^ 7(2 ‘ , t + 1 :^ ) 

V# V 4x y a ^+2 

V«.(^rf, + i,TU = j; r ^ + 1 ,-^ ) 
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6.458 


6.458 


,oo / u2 \ 

/ a: 1-21 ' exp (aa; 2 ) sin(6x) T (i/, act 2 ) da; = T (f — z;) exp ( — ] 

do \°a/ 


3 'jy 

|arga| < — , 0 < Rez' < 


6.46-6.47 The function t/K 33 ) 

6.461 

6.462 


6.463 

6.464 

6.465 


6.468 

6.469 


2 .* 


' ip(t) dt = lnr(a:) 

l 

/ ij)(ce + x ) da: = In ct 

Jo 

/*oo 

/ a; _ “ [C+ ^>(1 + a;)] = — 7rcosec(7ta) £(a) 

do 


e 2 ™ rj)[a + x)dx = e ~ 2 ™ m Ei(27 xnai) 


[a > 0] 

[1 < Re a < 2] 

[a > 0; n = .+ £, ±2, . . .] 


f 1 2 

l. 8 / ij) (x) sin 7ta: dx = 

do 7r 


C + In 27t + 2 


k—2 


In k 

4 k 2 - 1 


f 1 1 

2. / ^>(a;) sin(27rna;) dx = — -7t 

do 2 


(see 6.443 4) 
[n= 1,2,...] 


6.466 

6.467 

1. 


/*°° 1 
/ [^>(a + ix) — ip{a — ix)\ sin xy dx = i,Tre~ ay (l — e _!/ ) 

Jo 

[a > 0, y > 0] 

/ sin(27 rna;) tp(a + x) dx = sin(27 rna) ci(27tna) + cos(27tna) si(27tna) 

'o 

[a > 0; n = 1,2,...] 


2. / cos(27tna;) ip(a + x) dx = sin(27tna) si(27tna) — cos(27t na) ci(2-7rna) 


[a > 0; n = 1,2,...] 


f 1 1 

/ 4>(x) sin 2 7 ta; da: = — - [C+ ln(27t)] 
do 2 

1. / J){x) sin 7 ra: cos 7 tx da: = — - 

do 


7T 

4 


sin 7ra: sin(?t7ta:) dx = ~ 

1 — 

1 , Tl — 1 

= - in 


\n is even 


2 n + 1 


[n > 1 is odd] 


r b ~ 

2 .(2a) 3. 

1 

ET II 309(18) 

ET II 305(1) 
ET II 305(6) 
ET II 305(2) 

NH 204 
ET II 305(3) 

ET I 96(1) 

ET II 305(4) 

ET II 305(5) 
NH 204 

NH 204 

NH 204(8)a 
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6.471 


poo 

1. / x~ a [In x — ijj(l + x)] dx = 7T cosec(7ra) £(a) [0 < Re a < 1] 

Jo 

POO 

2. / x~ a [ln(l + a;) — ip( 1 + x)} dx = 7rcosec(7ra) [£(a) — (a — l) -1 ] 

Jo 


[0 < Re a < 1] 


f 00 1 

3. / [ip(x + 1) — In x] cos(27rxy) dx = - [ip{y + 1) — In y] 

Jo 2 


ET II 306(7) 


ET II 306(8) 
ET II 306(12) 


6.472 


POO 

1. / x~ a [(1 + x)^ 1 — ip' (l + x)] dx = — 7racosec(7rai) [£(1 + a) — a -1 ] 

Jo 


[|Rea| < 1] 


pOO 

2. / x~ a [x -1 — ip'(l + x)] dx = — 7racosec(7ra) £(1 + a) 

Jo 


[-2 < Re a < 0] 


ET II 306(9) 


ET II 306(10) 


6.473 


[ x a ip ( ‘ n \l + x) dx = (-1)" 1 + C( a + n ) 

J o 1 (a) sm 7ra 


[n = 1, 2, . . . ; 0 < Re a < 1] 


ET II 306(11) 


6. 5-6. 7 Bessel Functions 

6.51 Bessel functions 

6.511 

1. / J v (bx) dx = - 

Jo b 

2. J Y v (bx) dx = — - tan ^ 


[Re v > —1, b > 0] 


ET II 22(3) 


[|Rez/| <1, b > 0] 


r a ^ 

3. j J „(x) dx 2 ^ [ J i/+ 2 fc+i (^) P 

"'° fc =0 

4. f Ji(t) dt = 2S (Va) 

Jo 2 

5. f J _ i(t) dt = 2 C {'fa) 

Jo 2 

pa 

6. J J 0 (x) dx = aJ o(a) + ~^[J i(a) H 0 (a) — Jo(a) Hi (a)] 


[Re v > — 1] 


WA 432(7), ET II 96(1) 


ET II 333(1) 


WA 599(4) 


WA 599(3) 


ET II 7(2) 
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6.512 


7. f J i(x) dx = 1 — J o(a) [a > 0] 

Jo 

/ OO 

J 0 (x) dx = 1 - aJ 0 {a) + ™ [J 0 (a)Hi(a) - Ji(a) H 0 (a)] 

[a > 0] 

POO 

9. / J i(x) dx = J o(a) [a > 0] 

J a 

/ b oo 

Y v {x) dx = 2j2 [Y v+2n+1 (b) - Y„ +2 „+i(a)] 

ra =0 

/>a 00 

11. / I v (x)dx = 2 V'(-l)"/ 1/+2 „+i(a) [Re^ > — 1] 

n— o 

POO 

12.* J K 0 (ax) = — [a > 0] 

r 2 

13 '* Jo K ^' aX ^ = 4 a [« > °] 


[a > 0] 


ET II 18(1) 


ET II 7(3) 
ET II 18(2) 


ET II 339(46) 


ET II 364(1) 


[a > 0] 


6.512 


POO 

l. 11 / J /1 (ax) J v {bx) dx= b 

Jo 


v a~ v ~ 1 - 


r(i/ + i)r 


/t + v + 1 \ 

2 ) „ ( n + v+l v- n + l , 1 b 2 \ 

)r i 2 ’ 2 

[a > 0, 6 > 0, R.e(/x + ^) > — 1, b < a. 

For a > b, the positions of [i and v should be reversed.] 

ET II 48(6) 


POO 

2. 7 / J v+n (cd) J v - n -\{fit)dt = 

Jo 


p-n-l F( I/ ) 


a v ~ n n\ T(u — n) 

= ( - iy 'h 


F ( v, — n; v — n; [0 < /3 < a] 


[0 < /3 = a] 
[0 < a < (3\ 


[Re(^) > 0] 


MO 50 


poo o v—A 

3. 8 / J v (ax) J v-\((3x) dx = 

Jo ol v 


[l 3 > a ] 

[Re v > 0] 


WA 444(8), KU (40)a 


r oo / 05 2 \ 

4. J Jv +2n+ i(ax) J v (bx) dx = b" a~ v ~ l P^’ 0 ^ |^1 J [Re v > — 1 — n, 0 < b < a] 


[Re v > — 1 — n, 0 < a < 6] 

ET II 47(5) 
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r°° 1 

5. / J v+n (ax) Y „_ n (ax) dx = (-1)” +1 — 

Jo 2 « 

r°° b- 1 ( b 2 \ 

6 . J J \{bx) Y o(ax) dx = In f 1 

r-a OO 

7. I J v {x) J j,_|_i(x) dx = ^ ^ [J i/-\-n ,-|-l(&)] 

n—0 

r°° l 

8 . 9 / k J n (ka) J n {kb) dk = - 5{b — a) 

Jo ° 

9.* J K 0 (ax) Ji (bar) = ^ In ^1 + ^ 

10'* l K 0 (ax)h(bx) = --In 


[Re ^ > — 5, a > 0, 

n = 0,1,2,...] 

ET II 347(57) 

[0 < 6 < a] 

ET II 21(31) 

[Re ^ > — 1] 

ET II 338(37) 

[n = 0, 1) • • •] 

JAC 110 

[a > 0, b > 0] 


[a > 0, b > 0] 



6.513 


/»oo 

1. / [J M (ax)] 2 J v (bx) dx= a 2 ^'b~ 2fl ~ 1 

Jo 


1 H - “h 2ylZ 


[r(M + i)] 2 r(^^ 


1 — z/ H- 2// 1 — |— z^ — |— 2/i 


1 — A/ 1 — 


; m + 1; 


2 ’ r ’ 2 j 

[Rei/ + Re2/i>-l, 0 < 2a < b] ET II 52(33) 


2. 


Z’T,'* i \ 1 + 


[2Re// > |Rei/| — 1, Re6>2|Ima|] 

ET II 138(18) 


nO O 

3. / J ^(ax) K ^(ax) J v (bx) dx = 

Jo 


pi* * \A +tt or:.! \ 


jUTTi jx ^ + 2ft + 1 ^ 

4 r V — 5 ; p _. ( 

fcr ^- 2 /*+! ^ 2-4 & 2 y \V 6 2 y 

[Re a > 0, 6 > 0, Rei/>-l, Re(i/ + 2/x) > -1] ET II 65(20) 


4. J J ^(ax) J-n(ax) K u (bx) dx = ^sec(^) P|„_i f\/ 1 + 


47:: ! \ i+ 


[[Rez^l < 1, Re6>2|Imo|] 


ET II 138(21) 
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6.514 


/»oo 

/ [K^(ax)] 2 J v (bx) dx = 

Jo 


0 2fiiri p 


1 H - IS 2/i 


1 + v — 2/z 




[Rea > 0, 6 > 0, Re (\v ± n) > -|] ET II 66(28) 


/»_£ OO 

/ J^z) J„(z - x) dx = 2^(-l) fc J M+I/+2 fc+i(z) [Re/z > — 1, Re^>-1] WA 414(2) 

"'° fe =0 

f J-p(z — x) dx = sinz [— l<Re/z<l] WA 415(4) 

Jo 

f Ji-^z — x) dx = Jq(z) — cos(^) [— l<Re/z<2] WA 415(4) 

Jo 


WA 415(4) 


fCO 1 


Jo(ax) Ji(6x) = 


2 . / b N 

= — arcsm — 
Tib V 2 a , 


6.514 


1. J J u J v {bx) dx = b 1 J 2 i/ ^2-\ 


[-1 < Re ji < 2] 


[6 > 2a > 0] 
[2a > b > 0] 


a > 0, b > 0, Re v > — } 2 


WA 415(4) 


ET II 57(9) 


2. J J u ^ Y v (bx) dx = b 1 y 2 „ (zVabj + — K 2v ^V2a6^ 


[a > 0, b > 0, — i<Reiz<|l 

ET li 110(12) 

pOO 

3. / tf„(&®) dx = b~ 1 e^ +1)n K 2v [2 e J“va&] + b~ x e~ ^ V+1)7T K 2 „ [2 e~i ni Vri 

[a > 0, Re b > 0, |Re /^| < §] 

ET II 141(31) 


Y v (-) J v {bx) dx 


2b 1 r ( / — \ n ( rr\ 

— K 2 v (^2v abj - — Y 2 v ^2v ab J 


a > 0, b > 0, |Re v\ < \ 


ET II 62(37)a 


5. J Y u ^ — ^ Y v {bx) dx = —b 1 J 2 v(2\/abj 

r°° 

6. J Y I/ ^jK I/ (bx)dx = -b- 1 e^ i K 2 u( 2e? 


a > 0, b > 0, |Re v\ < \ 


ET II 110(14) 


- b~ x e-^ K 2v (2 e-i^Vab) 

[a > 0, Re6>0, |Rei/| < |] 

ET II 143(37) 
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7. / — Y u (bx)dx = —2b 1 


5. 


. ( 3l/7t\ 

sm | — ) ker 2 „ ( 2 v ab ) + cos 


V 2 J 


( 3 y F ) kei 2 „ (2VS6) 

[Rea>0, b > 0, |Rei/| < |] 

ET II 113(28) 


J K v ^ j K v (bx) dx = 7rfe 1 7T 2 „ ^2> 


ab ] 


[Rea > 0, Re b > 0] ET II 146(54) 


6.515 

1. 

2 . 


© 


J, - )Y„ - 


xj \x 


= -2b- 1 J 2m ( 2v ab ) K 2i , ( 2 y/ab 


2 fi 


[a > 0, Re b > 0] 

J Ko(bx) dx = 27r6 _1 1T 2jU ^e^Vabj (2e~* nt Vabj 


ET II 143(42) 


[Rea > 0, Re b > 0] ET II 147(59) 

3. J ^ — ^ Jo{bx)dx = 16 tt ~ 2 b- 1 cos [in K 2 fj, (2 e wl ^ 4 aVbj K 2fi ^2 


6.516 


/»oo 

1. / J 2 v {a>y/x) J u (bx) dx = b~ 1 J v 

Jo 

/> 00 / 2 

2. J J 2v (a^)Y v (bx)dx=-b- 1 

3. / J 2v (ay/ x) K v (bx) dx = - b _1 

Jo 2 


|arga| < b > 0, |Re/x| < \ 

ET II 17(36) 

[a > 0, b > 0, Rei/ > — |] 

ET II 58(16) 

[a > 0, b > 0, Rei/>— |] 

ET II 111(18) 


©I 77 1 — L„ 
46 , 


[Re b > 0, Re j/ > -|] ET II 144(45) 

r 1 f a 2 \ 1 f a 2 \ 

4. 10 / y 2 „ (ay/x) J v (bx) dx=-Jv{ — \ cot(27 tv) — — J _ v I — I cosec ( 270/ ) 

J q U \^xU J £ U \ J 


2 3v-3 a 2-2„ b i,-2 / 3 3 a 4 

-i>-© 1 F 2 1; 0 , 0 -^; 


r 3/2 


2/ z y- 2’ 2 646 2 

[a > 0 , b > 0 ] 


MC 


Y 2 v (ayfx) Y v (bx) dx 

_ 6^ 

~ 2 


sec(i/7t) J ( — ) + cosec(j/7t) H_ t 
' 4o / 


— 2cot(2i/7r) 


a > 0, 6 > 0, |Rei/| < |] ET II 111(19) 
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6.517 


7. 

8 . 


9. 

10 . 

6.517 

6.518 

6.519 

1. 

2 . 

6.52 

6.521 

1 . 


/»oo 

/ Y 2v (ay/x) K u (bx) dx = 
Jo 


7 rb 


-l 


fa 2 \ fa 2 

coseclzun) L — - — cot( 2 z/ 7 r) — 

V 4 b V 4 6, 


/ /a 2 \ sec(^ 7 r) /a 2N 


[Re 6 > 0, | Re v\ < §] ET II 144(46) 


f°° i 

/ if 21 / (a\/S) J v(bx) dx = -7r& _1 sec(^7r) 

Jo 4 


"U&j "Ufe, 


[Re a > 0, b > 0, Re v > — |] 

ET II 70(22) 


(ay/x) Y„(bx) dx 


= irb 1 

4 


/ a 2 \ /\TT / a 2 \ /a 2 ' 1 

sec(^7t) J_„ I — I — cosec(^7t) I — I + 2cosec(2i/7r) I — 

[Re a > 0, 6 > 0, |Rei/| < |] ET II 114(34) 


[ K 2 u (ay/x) K v (bx) dx = nb — A K "(it)+ tt^7 — 7 
/ o v ' 4 cos(^ 7 t) ( \4 b) 2sui(i/7t) 


""I 4 b Ll/ \4 b 


[Re 6 > 0, | Re v\ < §] ET II 147(63) 


/»oo 

/ d 2 i/ (ay/x) K v (bx) dx = 

Jo 


7 rb 1 
2 


' r /a 2 \ /a 2 ' 

7 " ( 4fo ) +L " ( 46 . 


[Re 6 > 0, Re ^ > — |] ET II 147(60) 

MO 48 


J Jo f / ~ 2 — x 2 ^ dx = sin z 

0 f°° 7T 2 

/ K 2v (2zsinha;) dx = (J 2 (z) + N 2 (z)) [Re^>0, — |<Rei/<|] MO 45 

J q O COS 1S7T 


f n/ t r 

/ J 2u (2zcos:r) dx = — J 2 {z) 
Jo 2 

f n/2 7 r 

/ J 2u (2z sin x) dx = - J 2 (z ) 
Jo 2 


[Ret/ > -§] 
[Ret/ > -§] 


WH 


WA 42(l)a 


Bessel functions combined with x and x 1 


/ x J v (ax) J v (/3x) dx = 
Jo 


(3 J jy_l(/l) J ^/(ct) CX J !/— l(d;) </ iy(/3) 

a 2 — /3 2 

a J „(f3) J'„(a) ~ (3 J „(a) J’„(f3) 

1 3 2 — a 2 


^ > -1] 
[a ^ /3, j/ > -1] 


WH 
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Bessel functions combined with x and x 2 


2 . 


10 


3. 


/ x K v (ax) J v {bx) dx = — ^ 

/ o a v (b z + a 1 ) 

f°° . , . , n{ab)-' (a 2 ” - b 2v ) 

/ x Kv(ax) K u (bx) dx = . — ^ 7-5 r^r- 

/ 0 2sin(i/7t) (a 2 — b z ) 


[Re a > 0, b > 0, Re v > —1] 

ET II 63(2) 


[[Rez'l < 1, Re(a + 6) > 0] 


ET II 145(48) 


4. f x J v (\x) K u {fix) dx = (/.t 2 + A 2 ) 
Jo 

rOO 

5 . * I xK 1 (ax) = £- 2 

r°° l 

6 . " I xK a (ax) = — 2 

7. * | 

8. * / xR'o(ax) / 0 (6x) = — — 

Jo a — o 

9. * [ x Ki(ax) I\(bx) = J* 

Jo a (a z — b-) 

roc 

10 . " I x*K 0 (ax)=— s 

r°° 2 

11. * / x 2 K 1 {ax)=^ 

Jo a 

ro o 

12. * / x 2 Ko(ax) J\(bx) = 

Jo 

r OO 

13. * / x 2 i^i(ax) Jo(bx) = 

Jo 

rO O 

14. * / x 2 K o(ax) I \(bx) = 

Jo 

rO O 

15. * / x 2 K i(ax) I o(bx) = 

Jo 


- ) + Aa J„ + i(Aa) K v {^a) — /xa J v (Xa) K v+ i{/ia) 
d 


6.522 Notation: £i = - 


2 L 


(a 2 

+ 6 2 ) 2 


2 a 

(a 2 

+ 6 2 ) 2 


26 

(a 2 

— 6 2 ) 2 


2 a 

(a 2 

— 6 2 ) 2 


ET II 367(26) 


[Re > — 1] 

[a > 0] 

[a > 0] 

[a > 0, b > 0] 

[a > b > 0] 

[a > b > 0] 

[a > 0] 

[a > 0] 

[a > 0, b > 0] 

[a > b > 0] 

[a > b > 0] 

[a > b > 0] 

\/Jb + c) 2 + a 2 - i/(6 - c) 2 + a 2 , £ 2 = ^ i/(6 + c) 2 + a 2 + i/(6 — c) 2 + a 2 


k-2 


rOO 

l. 8 / x [J /i (ax)[ 2 1T„ (bx) dx = T (/x + + l) T (/z — + l) b~ 

x (l + 4a 2 6 -2 ) - ^ P~^ |"(l + 4a 2 6” 2 ) ■ 


p — M 


(l + 4a 2 6" 2 )- 


[Re6 > 2|Ima|, 2Re/z > |Rei/| - 2] ET II 138(19) 
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Bessel Functions 


6.522 


2 . 


3. 


11 


4. 


10 


5. 


10 


6 . 


7. 


x [K ^(ax)}~ J v {bx) dx = 


2e 2 ^T(l+ §!/ + /*) 
6(4a 2 + 6 2 )^r(ii/-/x) 


x Q7? ( y/(l + 4 a26-2) j (/(l + 4a 2 6 -2 ) 

[6 > 0, Rea > 0, Re (\v ± pi) > -l] ET II 66(27)a 


x K 0 (ax) J v {bx) J u (cx) dx= r x 1 r 2 1 (r 2 — ri) v (r 2 — tt) " = 


n 


r\ = \/ a 2 + (b — c) 2 , r 2 = \J a 2 + (b + c) 2 , c > 0, Re^ > —1, Rea > |Im6| 


xlo(ax) K 0 (bx) Jq(cx) dx = (a 4 + b 4 + c 4 — 2a 2 b 2 + 2a 2 c 2 + 2 & 2 c 2 ) 


alternatively, with a and c interchanged 

/•oo i 

/ xl 0 (cx) K 0 (bx) J 0 (ax)dx = ^ 

Jo *2 *-1 


[Re 6 > Re a, c> 0] 
[Re b > Re c, a > 0] 


ET II 63(6) 


ET II 16(27) 


x Jo(ax ) K 0 (bx ) Jo{cx) dx = (a 4 + b 4 + c 4 — 2a 2 c 2 + 2a 2 b 2 + 2 b 2 c 2 ) 2 

[Re 6 > |Ima|, c > 0] 


ET II 15(25) 


alternatively, with a and b interchanged 

f°° 1 

/ x J o(bx) K o{ax) J o(cx) dx = 


j2 _ p2 
2 ' C 1 


[Rea > |Im 6| , c > 0] 


x J o(ax) Y o(ax) J o(bx) dx = 0 [0 < 6 < 2a] 

= — 27r _1 6 _1 [b 2 — 4a 2 ] 2 [0 < 2a < b < oo] 


ET II 15(21) 


x J ^(ax) J M +i(aa;) K v (bx) dx=T [ pi + 


3 + v 


r ( i-i + 


3 — v 


b~ 2 (1 + 4 a 2 b~ 2 y 


xpi; 5 

\J\ + 4 a 2 b~ 2 

D2 2 

\/l + 4a 2 & -2 

[i 

l eb > 2 Ima , 

2 Re pi > Ret' — 3] 


nOO 

/ xK li _i(ax)K li+ i(ax)J v (bx)dx 

*7 0 


2e 2 ^ l Y (\v + pi + l)^ g-M+| r (l + 4a 2 6 - 2) ll Q -M-i r^i _|_ 4a 2 6 -2 ) ■ 


I 2 2 2 L 


2 2 L 


bT — pi) ( b 2 + 4a 2 ) 

[b > 0, Rea>0, Rei/>— 1, Re ji\ <1 + \ Re v\ ET II 67(29) 


97 


xl i v (ax) K i v {ax) J„(bx) dx = b 1 {b 2 + 4a 2 ) 


[b > 0, Re a > 0, Re v > — 1 ] 

ET II 65(16) 
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667 


Bessel functions combined with x and x 2 


pOO 

10. / x Ji v (ax) Y i„(ax) J v (bx) dx 

Jo 2 2 

= 0 

= — 27t” 1 6~ 1 (b 2 — 4a 2 ) 

POO 

ll . 8 / x Ji ( „ +n )(ax) J i ( „_ n) (ax) J„(bx)dx 

= 2»-V‘(4 
= 0 


[a > 0, Re i/ > —1, 0 < b < 2a] 

[a > 0, Re v > —1, 2a < b < oo] 

ET II 55(48) 

[a > 0, Ret' > —1, 0 < b < 2a] 

[a > 0, Rev > — 1, 2 a < b\ 

ET II 52(32) 


12 . 


13. 


xli^_^(ax) K i^ + ^(ax) J v (bx) dx = 2 p a p b 1 (6 2 +4a 2 ) 2 p+(6 2 + 4a 2 ) : 

[6 > 0, Rea > 0, Ret/ > -1, Re(v - p) > -2] ET II 66(23) 


1 -] M 
,2\2 


x J n ( xa sin ip ) K v -p ( ax cos ip cos 0) J v (xa sin 0) dx = 


(sin ip) p (sin ipY (cos ip)" M (cos00 
a 2 (l — sin 2 t^sin 2 0) 


a>0, 0<iy9<^-, 0 < 0 < ~ , Re/x>— 1, Rei/> — 1 


ET II 64(10) 


pO O 

14. 8 / a; (xa sin 95 cos 0) (ax) J0 (xa cos ip sin 0) dx 

Jo 


= — 2 ir L a 2 sin(^7t) (sin ipy (sin0) (cosp) (cos0) M [cos(</> + 0) cos(y> — 0)] 


1-1 


a > 0, 0 < tp < —, 0 < 0 < ^7 r, Rei/> — 1 


ET II 54(39) 


15- 10 rx" +l J„(bx)K„(ax)J„(cx)dx= 

Jo \pic (£2 — (-i) 

16- 10 /°V +1 K(cx) K v (bx ) J v (ax) dx = ^ ^ T ^ 2 + Ji 

Jo \fn (i 2 ~ (-f) 

pO O 

17. 11 / t v -»- p+1 J„(ct) J„(bt) K p (at) dt 

Jo 


2l +v~n—p 


[Rea > |Im6|, c > 0] 

[Re b > |Ima| + |Imc|] 

[(£ 2 -x 2 ) (i\ -x 2 )]' 


fti x l+2v-2p \(p2 _ ^ (p2 _ ^'il M-^+p-1 


1 f 


c^b v aP T(p — i/ + p)J a 


(b 2 - x 2 Y~ v 


dx 


11 = - \/(b + c) 2 + a 2 - \/(b - c) 2 + a 2 


2 L 


\/ (6 + c ) 2 + a 2 + \/(6 — c) 2 + a 2 
[Rea > |Im6|, c > 0] 
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Bessel Functions 


6.523 


18. 11 

6.523 

6.524 

1. 

2 . 

6.525 

1. 10 

2 to 

3. 10 

6.526 

1. 


poo 

/ t ,i ~ l ' +p+1 J ^(ct) J v {bt) K p (at) dt 

2 1 + n-v+p a p rh a .l+2^+2p [^2 _ x 2j ^2 _ ^2)] 


1 r 


c^6" r (v — /t — p ) , 


(c 2 ^ X 2 Y~ P 


ti = - v / ( & + c ) 2 + « 2 - \/( & - c ) 2 + « 2 


l r 


dx 


t2 = - i/(6 + c) 2 + a 2 + i/(6 - c) 2 + a 2 


[27t 1 K 0 (ax) — y o ( aa 0 K 0 (bx)dx = 2 tt 1 (a 2 + 6 2 ) + (6 2 — a 2 ) 


[Rea > |Im6|, c > 0] 
b 


In 


POO 

/ x J 2 (ax) J „{bx) Y u (bx) dx = 0 

J o 

= — (27ra6) _1 

POO ^ ^ / £ 

l x F»<“> A '« (, “ )l3 dx = « “ Si “ u 


[Re6>|Ima|, Re(a + 6)>0] 

ET II 145(50) 


[0 < a < 6, Re v > — \\ 

[0 < b < a, Re v > — |] 

ET II 352(14) 


Notation: t\ = ^ \/(& + c) 2 + a 2 — \J{b — c) 2 + a 2 


[a > 0, b > 0] 

l r 


2 L 


ET II 373(9) 

\/(b + c) 2 + a 2 + a /(6 - c) 2 + a 2 


a; 2 Ji(acc) K 0 (bx) Jq(cx) dx = 2a (a 2 + b 2 — c 2 ) (a 2 + b 2 + c 2 ) 2 — 4a 2 c 2 


[c > 0, Re6>|Ima|, R.ea>0] 

ET II 15(26) 


alternatively, with a and b interchanged 

„ 2b ( a 2 + b 2 — c 2 ) 

/ x J\(bx) K 0 (ax) Jq(cx) dx = — g [Rea>|Im6|, Re6>0, c > 0] 

Jo (t 2 — ^i) 

POO - _ 3 

/ a; 2 Ig(ax) K\(bx) Jq{cx) dx = 2b (6 2 + c 2 — a 2 ) (a 2 + 6 2 + c 2 ) 2 — 4a 2 6 2 


r°° 2 , ^ ^ 26 (a 2 + b 2 — c 2 ) 

a; Io(cx) Ko(bx) J o(ax) dx = — ^-3 


/o 




[Re 6 > | Re a|, c > 0] ET II 16(28) 

[Rea > |Im6|, c > 0] 


POO 

/ a; J i v (ax 2 ) J u (bx) dx = (2a) _1 J 4 
Jo 2 2 



[a > 0, 6 > 0, Re v > — 1] ET II 56(1) 
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Bessel functions combined with x and x 2 


/»00 

2. / x J i v {ax 2 ) Y u (bx) dx 

Jo 2 


3. 


4. 


6 . 


= (4a) 


-l 


^ V 4a , 


b 2 \ /VTT' 

[a > 0, 6 > 0, Re v > — 1] 


i - i (V'K\ T / 6^ \ fvir\„ 

r 1 „l^|-t M i( T )j,„(-)+sec( T )H 


/»oo 

/ x J i v [ax 2 ^j K u {bx) dx = 
Jo 2 ' 


_ /I/7T\ 

8a cos J 


H i 

~ 2 V 4a / _2 \ 4a 


[a > 0, Re 6 > 0, Re ^ 5 


J x Y i„ (ax 2 ) J v (bx) dx = — (2a) 1 Hi^ [a > 0, Re6>0, Re // ; 


/»00 

5. x Y i v ( ax 2 ) K„(bx) dx 

Jo 2 


4a sin(^7t) 

nOO 

/ x K i v (ax 2 ) J „(bx) dx = 
Jo 2 


cos — H i — — sin — J i — — 

■'5*' \4a y \2/ ”5" \4a y 

[a > 0, Re6>0, |Rez/|<l] 


(t) 


] 


7T 

4a 


/ 6 2 N 

l 4a J _L ^ (,4a, 


[Re a > 0, 6 > 0, Re ^ 5 


° 7t 

x K i,, (ax 2 ) Y u (bx)dx= — 
2 v ’ 4a 


/ b 2 \ 

cosec(^7t) L_ i ( — — cot(z'7t)Li 

2 V 4a y 2 





4a , 




: ) 




/»00 

8. / x K i v (ax 2 ) K v (bx) dx 

Jo 2 


x . J 

[Rea>0, 6 > 0, |Rei'|<l] 


— { sec ( — ) iT i f ^ + 7tcosec(^7r) 
8a \ V 2 / 2 " \4ay v ' 

PRo n f 



- L 


6.527 

1. 

2 . 

3 . 


f°° ,1 

/ a: 2 J 2 „( 2 aa;) (a: 2 ) da; = -a J u+ l (a 2 ) 

Jo 2 2 2 

c°° i 

/ a: 2 J 2 v (2ax) J v+ 1 (a; 2 ) dx = -a J v _ i (a 2 ) 

Jo 2 2 2 

/'°° 9 1 

/ a; 2 J 2v (2ax) Y V+1 (a; 2 ) dx = -- 

Jo 2 21 


L V«V 

[Rea > 0, [Re^l < 1] 


[a > 0, Re z/ > — |] 

[a > 0, Re z/ > —2] 

^aH^i (a 2 ) [a > 0, Rez/>— 2] 
2 2 


Z6 2 V 

"s" \4a/ 

ET II 109(9) 


- 1 ] 

ET II 140(27) 
-1] 

ET II 61(35) 


r ( b - V 

ET II 141(28) 


-1] 

ET II 68(9) 


ET II 112(25) 



ET II 146(52) 

ET II 355(33) 
ET II 355(35) 
ET II 355(36) 
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Bessel Functions 


6.528 


6.528 


6.529 


xKi v ( ( ~r) Ju{bx)dx = Ki v (^-)li v ( h — 


4 V 4 


J * v V4 

[b > 0, v > —1] 


MO 183a 


roo ^ 2a 

1. / x J v {2\fax} K „ (2\fax) J v (bx) dx = -b~ 2 e~^ [Rea>0, b > 0, Re^>— 1] 

Jo 2 

ET II 70(23) 

2. J x J \(2a) I\{2x) J M ^2\/a 2 — :r 2 ^ I n (^V a 2 — x 2 ^j dec 


a 


2A+2/J.+2 


2T(A + 1) r(/z + l)r(A + /t + 2) 

/ A + n + 1 

X 1F4 I ^ -A — I • f- , , r~ , 2 

[Re A > — 1, Re n > — 1] ET II 376(31) 


A + /i + 3 4 

; — a 


6.53-6.54 Combinations of Bessel functions and rational functions 

■°° Y v (bx) 


6.531 

l. 10 


■ dx 

Jo x + a 

T . . . . . , , ,, 2/ . 1 7t^ ( 2 — v 2 + v a 2 b 2 

= — 7 r J v {ab) cot(7tz/) cosec(7w) — 7t J_„(ao) cosec {m>) H — cot — 1 F 2 I 1; — - — , — - — ; — 

V A \ A A 4 

a& / 3 — z/ 3 + z/ a 2 b 2 \ ttv 

+ i ^t^ 2 ( 1 > 2 ’ 2 : — tan T 


2. 


3. 


6.532 

l. 11 


r°° Y v (bx) 

1 0 a; - a 


[Re z/ < 1, arg a ^ 7t, b > 0] MC 

dx = n |cot(^7r) [Y „{ab) + E v {ab)] + J „(ab) + 2 [cot(i^7r)] 2 [J v (ab) — J v (ab)]^ 

[b > 0, a > 0, [Re v\ < 1] 

ET II 98(9) 

f K v {bx) ^ ( cosec ( l/7r )] 2 i v (ab) + I- V (ab) — J v (iab) — e 5 *" 7r J _ v (iab) 

/ 0 X Q 2 L 

[Re6>0, |arga|<7r, |Rez/|<l] 

ET II 128(5) 


</„(: v) i 

dx — - 


x 2 + a 2 a L 


So,v{ia) - e 


1 

a l 


7 r /^tt\ ' 

is 0 ,v(ia) + - sec ^ — J I v \a) 


[Rea > 0, Rei^ > — 1] 



6.536 


Bessel functions and rational functions 
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cos ■ 


6 sin ( 


- tan ( \ I„{ab) - - K v (ab) 
2 a V 2 / a 

3 — v 3 + v a 2 b 2 


(vi r 

u 


1 — v 2 


1 F 2 1 


2 4 

[b > 0, Rea>0, |Rei/| < 1] 


f°° Y v (bx) 
/o x 2 — a 2 


dx = ^ \^Jv(ab) + tan {tan [J „(a&) - J„(ab)} - E v (ab) - 

[b > 0, a > 0, | Re v\ < 


4. 

5. 

6 . 

6.533 

1. 

2 . 

3. 11 


■Jo (ax) 
c 2 + k 2 


dx = Ko(ak) 


f°° Y o(ax) _ K 0 (ak) 

/o x 2 + k 2 ~ k 

f o J j^% dx = | k [/o(afc) - L ° (a/c) ] 


f Z J P (x) Jq (z^x)- i = ^±M 
Jo x p 

f Jp ( x ) J q( z — x) d x — ( 1 _|_ ^ ^P+<2 (~) 


x z — X 


p q 


[J 0 (a*) - 1] Jx(bx)^ = 1 + 2 In ^ 

_ _a^ 

46 


[a > 0, Re k > 0] 

[a > 0, Re k > 0] 

[a > 0, Re k > 0] 

[Rep > 0, Re q > —1] 

[Rep > 0, Re<?>0] 

[0 < 6 < a] 

[0 < a < b] 


3b 


4. 


,, , , I 2o 2Fl (,2’2 ;2 ’a 2 I 1 1° « 6 < “1 

W«)-i|./,W 7 = /(! \ 

- 1 [0 < a < b] 


7 r \ a 


dx 

/ [1- Jo (ax)] Jo(bx)— = 0 

Jo x 


1 a 
= lU b 


[0 < a < 6] 
[0 < 6 < a] 


6.534 

6.535 

6.536 


r°°x 3 j 0 (*) 


X 4_ a 4 dx=^K 0 (a)-^nYo(a) 
[J v ( x)] 2 dx = I v (a) K v (a) 


x z + a 

r °° x 3 Jo(bx ) J , ( M 

— — j— j — — acc = ker(a 6 ) 


/o 


[a > 0] 

[Rea > 0, Rer/ > —1] 
[6>0, |arga| < \-k\ 


ET II 99(13) 

- n(a6)}} 

1] 

ET II 101(21) 
WA 466(5) 

WA 466(6) 

WA 467(7) 

WA 415(3) 
WA 415(5) 

ET II 21(28)a 


ET II 14(16) 
ET II 340(5) 
ET II 342(26) 


x 4 + a 4 


ET II 8(9), MO 46a 
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Bessel Functions 


6.537 


6.537 

6.538 

1. 


2. 8 


f°° x 2 Jo(bx) 

Jo x 4 + a 4 


dx = — - kei(a6) 
ar 


b > 0, 


|arga| < 


71 " 

4. 


MO 46a 



J\{ax) J\{bx) 


dx 

x 2 


a + b 

7T 


/ 2 iy/ab\ ( 2 iy/ab\ 


[a > 0, b > 0] 


ET II 21(30) 



J v+2n+l (^) J i/+2m+l (%) dx — 0 


= (4?i + 2v + 2) _1 


[to 7^ n with to., n integers, v > — 1] 
[m = n, v > —1] 


EH II 64 


6.539 

1. 

2 . 


3. 

6.541 

1. 


2. 8 


r b dx 

7 r 

[ M&) 

Y v [a)' 

la X [J u {x )] 2 

= 2 

[ ■/„(&) 

J i/(a) 



7T r J „(a) J „{b) 
2 _Y„(a) “ M6) 



dx 

x J u {x) Y v (x) 


7r ' J„(a) Y„(&) 
2 [j„(&) Y v (a) 


[. J v {x ) 7 ^ 0 for a; G [a, 6 ]] ET II 338(41) 
[T„(t;) 0 for £ G [a, b ]] 

ET II 339(49) 
ET II 339(50) 


x J u (ax) J „(bx) 


dx 

x 2 + c 2 


I v (bc) K v (ac) 
I u (ac) K v {bc) 


[0 < b < a, Re c > 0, Re v > —1] 

[0 < a < b. Re c > 0, Re v > —1] 

ET II 49(10) 



J„(ax) J v (bx ) 


dx 

x 2 + c 2 



I v {bc) K v (ac) 



I„{bc) K v (ac) 


1 ny 7T ^ (a 2 c 2 / 4f n ^ p (b 2 c 2 /A) k 

2\ay sin(7r^) p\ T(1 — v + p) k\T(l — u + k) 

[0 < b < a] 

1 f b y^ (a 2 c 2 / 4) p rt ^ p (6 2 c 2 /4) fc ' 

W p ! (i — ^)p ^ fci(i + v )k _ 

[n=l,2, ..., Re^>n — 1, Rec>0, 0 < b < a] 
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3. 


1 / C \ o 


(x 2 + 0) p 


J Y cx ) Jv{ cx ) dx = - 


xT 


(fj, + v + a)/2 — p,l + 2p — a 
{p — v — a)/2 + p + 1, (p + v — a)/2 + p + 1, (y — p — a)/2 + p + 1 J 

1 — a 


a , tt + ^ + a „ p — v — a 

x 3 F 4 | — I- p, 1 — — + p, p;p + 1 , p + H 


„ p + v — a „ v — p — a o 9 \ z a 2p / cz\ > x+v 

p+ i + - — ,p + 1 + — £ ; c z I + / ' 


(?) 


r 


p — (a + p + v)/2, (a + p + 1 /) /2 

p, p + 1, ^ + 1 


3^4 


f l + p + 1 / 1 | p + 1 / 
2 ’ + 2 


a + + a + p + v 2 2 

; 1 — p H ,p + L,v +l,p + v + l\c z 


d \ 5 , Cip 

b ll ...,bq 


r (ai) . . .r (op) 


6.542 

6.543 

6.544 

1. 

2 . 


r(6i)...r(6 9 ) ’ 

r°°J u (ax) Y v (bx) - J v {bx) Y„(ax) ^ _ .. . „ 

x^[J„(bx)] 2 + [Y iy (bx)} 2 ^ 2 


c > 0, Re 2 > 0, Re(a + p + v) >0; Re(a — 2 p) > 1 


J J fi{bx) j cos 


-(v- p)ir 


J l ,(ax) — sin 


-(v- p)n 


[0 < b < a] 
Y v (ax) 


ET II 352(16) 

TTT 2 = I»(br)K v (ar) 


x * + r * 

[Re r > 0, a > b > 0, Re /i > |Re v\ — 2] 


00?) 


x\ dx 1 


x* a 




WbJ J 

[a > 0, b > 0, | Re v\ < |] 


El II 357(47) 


x\ dx 1 

x^ = a J2 "\YbJ 


001) 

x\ dx 1 


/ 20a\ 


a > 0, b > 0, Re^>— | 


ET II 57(10) 


- r-0-0 


Ju - 0 T Mr = -e 5 ^ M -Me^ + -e-T— K . 




x * a 


w b 


i 




a V Yb 

[Re6>0, a > 0, |Rei/| < |] 

ET II 142(32) 


4. 


5. 


000) 


x\ dx 2 


x * an 


/a\ /a 

’\ dx 

4 

/ Ml- M0 

1 0 


7 0 Vx/ \{ 

>/ 0T 

a 


Ko 


e \i(v+l)n ft 


(2y/a\ n (2y/d\ 

(vJM MM 

[a > 0, b > 0, |Re u\ < |] 

ET II 62(38) 

e -\n»+i)* K2v (h/*. e -\™ 

\ Yb 

[Re6>0, a > 0, |Rei/| < |] 

ET II 143(38) 





674 


Bessel Functions 


6.551 


6 . 


7. 


K„ 


K, 



:\ dx i 

-)- 2 =- 

V X 1 \l 

>/ ar a 


©Ms) 


x\ dx 2 


e^ l K 2v ( 

[Rea >0, b > 0, |Rei/| < |] 

ET II 70(19) 

sin | -*„] kei 2 „ - cos (?™) ker 2 , 

[Rea >0, 6 > 0, |Rei/| < |] 

ET II 113(29) 


K,A- 


/o 


©M!) 


X\ dx 7T 




[Re a > 0, Re b > 0] 


ET II 146(55) 


6.55 Combinations of Bessel functions and algebraic functions 

6.551 10 

1. 


f x 1/2 J v {xy)dx= V2y 3/2 p \\ J 
Jo 1 U + 2© 


q+h 

+y _1/2 [(^ - \) J*{y) S-i/2 tV -i (y) - Ju-i(y)S 1 / 2 >v {y)] 

[y > 0, Re v > — |] 

/ OO 

x 1/2 J v {xy) dx = y~ 1/2 [J„_i(y) S 1 / 2 tV {y) + (\~v) J v {y) S -i/2,v-i(y)\ 

[y> o] 


6.552 

1. 

2 . 

3. 


ET II 21(1) 


ET II 22(2) 


f°° dx 

/ J v(. x v)— — ©71/2 = ©/ 2 (h a y) Kv /2 (\ a y) [Rea > 0, y > 0, Rez/>-l] 

/ o (a; 2 + a 2 ) ' 

ET II 23(11), WA 477(3), MO 44 

dx l 

= -- sec (|i/7r) /©/ 2 (I ay) [i©/ 2 (§ay) + 7rsin (^tt) I v/2 ( \ay )] 


/ Y v {xy)~ wo - 

/o (x 2 + a 2 ) / 7r 


[y > 0, Rea>0, (Rei'l < 1] 

ET II 100(18) 


r r ^ ^ 

/ K u (xy) 175 = ^ 

/o (x 2 + a 2 ) / ^ 


sec (i^Tt) {[J ^/2 (|ay)] 2 + [>©/ 2 (|ay)] 2 } 


[Rea>0, Rey>0, |Rei/| < 1] 

ET II 128(6) 


4 l J>W (1 -rf/© ^ J - /2( ^i 2 

= ^o(|tf) y 0 (|y) 


(1 — a’ 2 ) 1 
dx 


5 - Jo Y0{Xy \l- x ^~2 

Z* 00 d T 7T 

6 . I Uxv)j—^ = -- J v/ 2 ( 2 y) y „,2 ( 2 v) [y > o] 


[y > 0, Re ^ > —1] 

[1/ > 0] 


ET II 24(22)a 
ET II 102(26)a 
ET II 24(23)a 
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7. 

6.553 

6.554 

1 . 

2 . 

3. 

4. 

5. 11 


6.555 


6.556 


Y v (xy) 


dx 


Or 2 - 1 ) 1/2 4 


[y> 0 ] 


ET II 102(27) 


x 7„(x) K„{x) K^(2x) dx = 


r (i + 5^) r (i - h^) T (i + u + b L ) r (i + u - \v) 


[ xJ o( x v) - 2 ,%i /2 
lo (a 2 + x 2 ) 1 

[ x J o(xy) 


= y~ le ~ av 


= y 1 sin y 


to 


C 1-x 2 ) 17 2 

■* dx 

xJ 0 (xy ) — r-^ = y _1 cosy 

Or 2 - 1) 1/2 


xJ 0 {xy)- 


dx 


= a~ 1 e~ ay 


+ V+ , 

ly)r(l + v- 

- \y) 

[|Re ju| 

<4, 2 Ret' 

rH|(M 

A 



ET II 372(2) 

[y > o, 

Rea > 0] 

ET II 7(4) 

[y > o] 


ET II 7(5)a 

[y > o] 


ET II 7(6)a 

[y > o, 

Re a > 0] 

ET II 7(7)a 


(. x 2 + a 2 ) 3/2 

f°° x v+1 J v (ax) (\a) v rnu/(n 

lo (x 4 + 4 yfc 4 )" +1/2 (2/c) 2 "I>+4) ^ ; ^ ; 

[a > 0, |argfc| > Rei/>-4] 

WA 473(1) 


J x 1/2 J 2v - i (aa; 1/2 ) Y v (xy) dx = ( — 


a 

4y, 


J, 


(, 2 + 1 ) 


1 / 2 ' 


dx 


J Vx 2 + 1 


[a > 0, y > 0, Re ;/ > — |] 

ET II 111(17) 

J v /2 (i) Yv/2 (i) [Re^ > — 1, a > 0] MO 46 


6.56-6.58 Combinations of Bessel functions and powers 


6.561 



1 . 

f x v Jjy(ax) dx = 2 V 1 a "tt 2 T (v + [J v(a) H^_i(a) — H^(a) J^_i(a)] 

J 0 



[Re v > - 5 ] 

ET II 333(2)a 

2. 

[ x v Y v (ax) dx = 2 u ~ 1 a~ v ^ T {v + §) [y„(a) H „_i(a) - H „(a) y„_i(a)] 

Jo 



[Re v > -|] 

ET II 338(43)a 

3. 

[ x v I v (ax) dx = 2 1/_1 a _ ‘ y 7r5 T (y + 4) [I v {a) L I/ _ 1 (a) — L„(a) 7 1 / _i(a)] 

Jo 



[Re ^ > - 5 ] 

ET II 364(2)a 
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6.561 


4. 

5. 

6 . 

7. 

8 . 

9. 

10. 

11 . 

12 . 

13. 7 

14. 

15. 

16. 


f x u K „(ax) dx = T 1 a "ir 2 T (v + |) [K v (a) L„_i(cz) + L„(a) K v -\{d)\ 

Jo 

[Ret/ > -|] 

/ a; I ' +1 J v (ax) dx = a -1 J !/+ i(a) [Rez/ > —1] 

Jo 

f x u+1 Y„(ax) dx = a" 1 y„+i(o) + 2 ,y+1 a" !y " 2 7r- 1 r(i/ + 1) 

Jo 

[Re v > — 1] 

/ x I ' +1 I v (ax) dx = a^ 1 I v+ \{a) [Re v > —1] 

Jo 

f x v+1 K„(ax) dx = 2 v aT v ~ 2 T(z^ + 1) — a^ 1 K„+i(a) 

Jo 

[Re v > — 1] 

f 1 a"~ 2 

/ x 1 ~ l/ J u (ax)dx= 1 -a~ 1 J„- 1 (a) 

[ X 1 -" Y v (ax) dx = °— z - a -1 R^-ifa) [Rez/<1] 

Jo Z 1 (V) 

r 1 a 1 ' -2 

z 1- " Iv{ax) dx = gT 1 7„_i(a) - 2 „_ lr ^ 

f x 1 ~" K v (ax) dx = 2 “"a" -2 T(1 — z/) — a' _1 K v -\{a) 

Jo 


[Re z/ < 1] 


/ J„(aa;) da; = , 2 + (, + a_M {O + v - 1) J v {p) ^-1,^-1 ( a ) - ^ 

Jo a ^+ 1 r(— f^) 

[a > 0, Re(/z + v) > 
[— Re z/ — 1 < Re /i < 


x^ J v (ax) dx = 2^ a M 1 — (p 1 

r U + 2 V ~2d) 


z* 00 ^ — -U —7/ -U — ii \ 

/ a; M Y u {ax) dx = 2 M cot [i(z/ + 1 — /Y)n] a _A1_1 — rl P I— (- 

/o r (5 + ^-|/i) 


| Re i/| — 1 < n < 


f OO 

/ a;^ K„(ax) dx = 2 A1_1 a _A ‘~ 1 T 

Jo 




V 2 


[Re + 1 ± z/) > 0, 


ET II 367(21)a 
ET II 333(3)a 

ET II 339(44)a 
ET II 365(3)a 

ET II 367(22)a 
ET II 333(4)a 

ET II 339(45)a 

ET II 365(4)a 

ET II 367(23)a 

v-i (a) SnA a )j 

-1] ET II 22(8)a 

5, a > 0] 

EH II 49(19) 

a > 0] 

ET II 97(3)a 


Re a > 0] 

EH II 51(27) 
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17. 


1 J v{ax) 


dx = 


r (h+ \) 


x u ~ c ‘ 2 v ~<ia c >-'' +1 T (v- \q+ \) 


[—1 < Re q < Re v — |] 

WA 428(1), KU 144(5) 


18 r Y ^ X) dx = r (§ + &) r (j + y ~ v ) sin ~ v ) * 

J o 2 v ~^tt 

[|Re v\ < Re(l + n — v) < |] 


7 (?t+fc)! 7 ( 2 to + n — fc + 1, a) 


19. f x 2m+n+1/2 K n+1/2 (ax)dx= y 

"'° v z fe=o 


fc!(n — fc)! Q ,2m+ra+3/22fc 


WA 430(5) 
STR 


6.562 


f°° dr 

1. / a; M Y u (bx) ' = (2a) M 7r -1 {sin [|7r(/x - j/)] T [|(/x + i/ + 1)] T [^(1 + /x - v)\ S-^^(ab) 

Jo x + a 

-2cos [|7t (/x - zx)j r(l+ i/i+ §ix) T (1+ |/x - |z^) S , _ /i _i i y(a6)} 

[6 > 0, |arga|<7r, Re (/x ± v) > — 1, Re /x < | ] ET II 98(8) 


2 . 


3. 


r °° x v J„(ax) 


nk 

— dx = 

/ o x + k 2 cos vn 

[ x^ K v (bx) 

I o x + a 


[H_„(aA;) — Y_„(afe)] [— |<Rez'<§, a > 0, |argfc|<7t] 

WA 479(7) 


3 — fj, — v 3 — i-i + u a 2 b 2 


= 2 -»r [|(„ + o] r [W - -)] ^ (i; i - ^ 

-2<- J r [i ( M - v - 1)] r [i( M + 1/ - 1)] of. 1 -" i F2 (i; 

— 7ra M cosec[7r(^i — z/)] {K v (ab) + 7rcos(/z7r) cosec[7r(zx + yu)] /„(a6)} 

[Re6>0, |argo|<7r, Re n > |Re u\ — 1] ET II 127(4) 


6.563 


nO O 

/ a: e_1 J„(bx) 

Jo 


dx 


7ta 


e-n-i 


{x + a) 1+tl sin[(£ + v — /x)7t] r(/x + 1) 

(-l) m (|o6) " +2m T(g + Z2 + 2m) 


E: 

m— 0 


z! r(z/ + m + 1) T (g + v — /x + 2m) 


(s a ^) At+1 e+m T(/i + m + 1) sin [|(f) + v — \x — m)7t] 1 
rn.W [\{n + v - q + m + 3)] T [\{n~v~ £> + m + 3)] J 
[b > 0, |arga|<7r, Re(£+zx)>0, Re(g — /x) < |] ET II 23(10), WA 479 


6.564 

1. 




J v {bx) 


dx 


y/x 2 + t 


~ b a^K, + h (ab) 


[Re a > 0, b > 0, — 1 < Re v < |] 

ET II 23(15) 
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6.565 


2 . 


6.565 


x 1 v Jv(bx) 


dx 

Yx 2 + a 2 V 


a 2 


I„_ h (ab) -L„i(ab) 


[Re a > 0, b > 0, Re v > — |] 

ET II 23(16) 


1. 


2 . 


3. 


4. 


(x 2 + a 2 ) v 2 J v {bx) dx = 2"a 2 "& 


+ 1) ( ab 


' ab' 


c v+1 ( x 2 + a 2 ) v 2 J v {bx) dx = 


(. x 2 + a 2 ) v 2 J v {bx) dx = 


r( 2 i/+l) "V 2 

V^b"- 1 


I« I — I I y 


[Rea>0, b > 0, Re^>— |] 

WA 477(4), ET II 23(17) 


2 v e ab T(v+ 5) 

b v ypn 

2 l/+1 ae ab r(^+ f) 


[Re a > 0, b > 0, Re v > — |] 

ET II 24(18) 


[Re a > 0, b > 0, Re v > —1] 

ET II 24(19) 


J v {bx)x v+1 , a v ~^ „ . ,, 

dx = — —rv A y _^{ab) 


{x 2 + a 2 Y +1 2^T(^ + 1) 


—1 < Re 1/ < Re (2/i + §) , a > 0, b > 0] MO 43 


/»oo 

5. / x 1/+1 (x 2 + a 2 ) M Y„(bx) dx = 2 I ' _1 7r~ 1 a 2Al+2 (l + /t) _1 r(^)6 _!/ 

•'O / 2l2\ 

x 1 F 2 f 1; 1 - I/, 2 + jjL\ j - 2' i a M+1/+1 [sin(i/7r)] _ 


xr(fi+l)f) 1 ^ [/ m+ 1 /+ i(o 6) - 2 cos(/ztt) A^ +i , + i(a&)] 

[6 > 0, Re a > 0, -1 < Rei/ < -2Re/ti] ET II 100(19) 


6 . 


10 


r°° 2 A ‘a 1+/i_iy & _1_A1 7r 

" 1_ly (x 2 + a 2 ) Y u (bx) dx = — ^ (ab) cot [7 t(/u — v)] cosec(7 r/z) 


a; 


r(-M) 

2 M a i+^-^5-i-M 7r 

r(-A*) 

2- 1 ~ !y a 2+2 ' i & 1/ 


7i +Jll _ l/ (a6) cosec[7t(/t — 1/)] cosec(7w) 


cos(7ti/) r(— /Li) 1F2 ( 1; 2 + /Li, 1 + v\ 


(1 + h)tt 

[Re is < 1, Re(i^ — 2/t) > — 3, arga 2 ^7r, b > 0] MC 

/»oo 

7. / Lr 1+ " (x 2 + a 2 Y K u (bx) dx = 2" T(v + l)a 1/+ ' i+1 &~ 1 ~ M 5 p _ l/jM+i , + i(a&) 

[Rea>0, Re6>0, Rezz>— 1] 

ET II 128(8) 
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x e 1 J u (ax ) , a 1 

77TT ax = — 


/ o ( x 2 + k 2 f +1 


ke+ „- 2 »- 2 r ( 1 g + 1 y) V + 1 - | g - \ u) 

2 U+1 r(/i + 1) T(u + 1) 

„ fg + v Q + V ,, a 2 k 2 \ 


x iF 2 




a2/i +2 - er (l^ + 1 £) _ /U _ 1 ) 

2 2 ^+3— er(V + 2+^-^ 


x 1 F 2 


— q is + Q a 2 k z 

—2~ ^* + 2 — ; — 


a > 0, — Reix < Reg < 2Re/z + Re k > 0] WA 477(1) 


6.566 

1 . /°V *%,(&*) = 2 fJ ’~ 2 n~ 1 b 1 ~ 11 

7 o ^ + a 

X COS — (/X — IX + 1) r (i/Z + |^ — |) T (i/X — ij/ — |) 

/x + 1 + ix 0 /z + 1 — ix a 2 b 2 \ 

2 ’ 2 

— -tra^ -1 cosec — (^x + ix+1) cot — (/z — zx + 1) I v (ab) 

— a M_1 cosec ^-(yx — ix + 1) K„(ab) 

b > 0, Re a > 0, |Re zx| — 1 < Re /z < §] ET II 100(17) 

r 00 dx 

2. / x u+1 J u {ax) = b v K „{ab) [a > 0, Re6>0, — l<Reix<§] 

J 0 x z + b 

EH II 96(58) 

r°° , . dx 7T 2 6 I/_1 

3. ^ [H-„(aS) - K-M] 

[a > 0, Re6>0, Rezx> — |] 

WA 468(9) 

/*°° dx 7 

4. / x~ v K v (ax) = — — [H„(a6) - F„(a&)] 

j 0 or + o 2 4o 1/+A cos ^7r 

[a > 0, Re b > 0, Re v < |] 

WA 468(10) 

z * 00 dx 7 r 

5. / a -1 " 4M ^ 2 + j)2 = 2 ^ +1 [/^(ab) - L„(a6)] [a > 0, Re6>0, Rezx>-§] 

WA 468(11) 

6.567 

1. [ x v+1 (l — x 2 )^ J„(bx) dx = 2 M r(/x + 1)6“^ +1 ) J v+tl+ \{b) 

Jo 

[6 > 0, Re v > —1, Re /x > —1] 

ET II 26(33)a 




680 


Bessel Functions 


6.567 


2. f x l,+1 (l — x 2 y Y v [bx) dx 
Jo 

= 6” ( ^ +1) [2 M + 1) y M+w+ i(6) + 2^+V- 1 I> + 1) S„_„ j#i+ „ +1 (&)] 

[6 > 0, Re/x>— 1, Re^>— 1] ET II 103(35)a 

3. / a: 1- " (l — x 2 )^ J v {bx) dx = — [6 > 0, Re/z>— 1] ET II 25(31)a 

4. f x 1- *' (l — a; 2 )* 1 Y v {bx) dx= b~^ +1 ^ 2 1 ~ i '7r~ 1 cos(i/7t) T (1 — i/) 

Jo L 

x (6) - 2^ cosec (w) T(/z + 1) J^+iO) 

[6 > 0, Re/x>— 1, Re v < \\ ET II 104(37)a 


5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13 . 


J x 1 -" (1 - x 2 Y K v {bx) dx = 2 - v - 2 b v {ix + I)" 1 T(-u) \F 2 (l-,v+l,n + 2; ^0 


H-7t2 m 1 b cosec ( vtt ) T(/x + 1) I^- v+ \{b) 

[Re /./ > —1, Ret' < 1] 


J v {bx)~ 




[*> 0 ] 


t 1+v Y v {bx)~ 


dx [V 

1 — x 2 V 26 


cosec(^7t) cos(vn) J v+ i (6) 


[b > 0, Re v > —1] 


l Xl ^ Yui - bx) VY~Y 2 = \[^b { cot(zy7r) - Y -Y b )] - 


[6 > 0, Re v < 1] 


c" (l — x 2 y 2 J„(6x) dx = 2" 1 v / tt 6 "r^+D J„ ( - 


[6 > 0, Re zv > — i 


J x"(i -x 2 Y 1 y,(6x)dx = 2"- 1 ^6- l/ r 0 + 0 j, Q) y„ 


[6 > 0, Re i/ > — ^ 


J x u (l-x 2 ) 1 ' 2 K „(bx) dx = 2" 1 Vtt6 " T 0 + 0 /„ ^0 Q 


[Re v > — | 


J x" (l - x 2 Y 2 I„(bx)dx = 2 " 1 v / 7t6 ^ Q 

J x u+1 (l — x 2 ) ^ 5 J v {bx) dx = 2~ v b ^— r Q - 0 sin 6 


[6 > 0, [Re v\ < | 


ET II 129(12)a 
ET II 24(24)a 

ET II 102(28)a 

ET II 102(30)a 

ET II 24(25)a 

ET II 102(31)a 

ET II 129(10)a 
ET II 365(5)a 

ET II 25(27)a 
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14. 

15. 

16. 

17. 8 

6.568 

1. 


(x 2 -!) 1 ' 3 Y„(bx)dx = 2 u ~ 2 ^b-'r (v + 


Ju I 2 1 J -* 


- Y„ I - I F_, 


[|Rei/|<|, 5 > 0] ET II 103(32)a 


(a; 2 — l)^ 2 K v (bx ) dx = ^ b u v(v+\ > 

v 'TT V 2 


tf,. 


[Re 6 > 0, Re^>— §] ET II 129(ll)a 


(x 2 - l) " 2 J v (bx) dx = -2 v 1 v / 7t6 I/ r ( ~ - v ) J„ ( - ) F„ ( - 


[6 > 0, |Rei/|<|] ET II 25(26)a 


x " +1 (x 2 — 1 Y 2 J v (bx) dx = —i=b " 1 r(i + i/)cos6 

v 7T \2 1 


[b > 0, | Re v\ < \ 


ET II 25(28) 


Y v (bx) 


2. / x M Y u (bx) 

Jo 


dx 

C3 

^ |<M 

II 

x 2 — a 2 

dx 

7T „. 
~ 2° 

x 2 — a 2 


xrl 


Jv(ab) 


[a > 0, b > 0, — |<Rei'<|] 

ET II 101(22) 


r 1 a M 1 cos 

fj,-u+l\ r ffj, + u+l 


L 2 


^ + 1) 


S~n,v(ab) 

[a > 0, 5 > 0, |Rei/|-l<Re/i<|] ET II (101)(25) 


6.569 J x A (l — x) M 1 J „(ax) dx 

r(/z) r(l + A + u)2~ , 'a v 


r (y + 1 ) r(i + a + /i + v) 

f \+\ + v \ + 2 + v 


x 2F3 


;v + 1 , 


V \ + 2 + + V CL“ 


V 2 ’ 2 ’’ ' ■’ 2 1 2 

[Re /i > 0, Re (A + 1 /) > -1] ET II 193(56)a 


6.571 


f°° r i i a 1 

1. / (x 2 + a 2 ) 2 ± x J„(bx) 

Jo L J 


dx 


\/x 2 + 1 


= a" / 




l 2 i ^ I 2 


'a6 N 


[Rea>0, 5 > 0, Re^>— 1, R.e/z<§ ET II 26(38) 


2 . 


(x 2 + a 2 ) 2 - x Y v {bx)—j=^= 
J v x 2 + 1 

' ab 


' ab 


ab s 


cot(^ 7 r) / 1 (M+Iy) ( — ) if !(„_„) (^y J -cosec( I / 7 r)/i (M _ y) (^y J 

[Rea>0, b > 0, Re /x > — § , |Rez/| < l] ET II 104(40) 
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6.572 


3. 


6.572 

1. 

2 . 


(x 2 + a 2 ) 2 + x K„{bx) 


dx 


= —a^cosecivn) 
4 


y/x 2 + a 2 

fab\ f ab\ fab\ f ab' 

1 ~2 ) ^ l ~2 ) ~ * \(v-n) l ~2 ) - §("+^) l ~2 


[Re a > 0, Re b > 0] 


ET II 130(15) 


i 1 m d nr 

( x + a )~ 2 +a] J v (bx)^== = ; & v r(i/ 2 +1 y } Wi^(ab)M_i^(ab) 

[Rea >0, b > 0, Re(^ — /./,) > —1] 

ET II 26(40) 


r-M 


(x 2 + a 2 ) 2 + a K u {bx) 


dx 


y/x 2 + i 


r(i±p£)r (^ p£ ) 




2 ab " *** vV ' 

[Rea > 0, Re 6 > 0, Re /t + [Re i/| < 1] ET II 130(18), BU 87(6a) 


3. 




(x 2 + a 2 ) 2 — a Y v (bx) 


dx 


y/x 2 + a 2 

= --T ff'-k.kW i TV,. 2 ^ tan ( ^7T ) Ml i„(ot) 


ab " 2At ’ 2 ‘ 

‘ v — li 

sec ' 


r(^ + 1) 


7T 


[Rea>0, b > 0, |Re^| < | + |Re//] ET II 105(42) 


6.573 


pOO k 

1. / x"~ M+1 J v (bx) TT J , M (a,x) dx= 0 

Jo 


2 . 


^ = E 




> 0, ^ a,; < b < oo, — 1 < Re < Re M + \k — \ 


i— 1 


ET II 54(42) 


poo K K Mi K 

/ j"-"- 1 4(&x) n (a*x) dx = 2 ,, - M - 1 r 1 ' r(i/) [] — M = ^2h, 

J 0 i = 1 i= 1 1 ^ + w i = 1 


K>0, E di < b < oo, 0 < Re v < Re M + | k + 


i=l 


WA 460(16)a, ET II 54(43) 
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6.574 


/»oo 

l. 8 / J„(at)J fl {/3t)t~ x dt = 

Jo 


a u Y 


is -\- fi — A + 1 


2 a^_ a+ i r ( V + M + A + 1 j + ^ 


x F 


is + H — A + 1 i/ — /i — A + 1 or 


2 2 

[Re(i/ + // - A + 1) > 0, Re A > — 1, 0 < a < 0\ WA 439(2)a, MO 49 


2 . 


3." 


If we reverse the positions of v and /i and at the same time reverse the positions of a and (3, the 

function on the right-hand side of this equation will change. Thus, the right-hand side represents 
ol , , ol 

a function of — that is not analytic at — = 1. 

(3 (3 

For a = (3, we have the following equation: 


/*oo 

/ Jis(at) J l _ L (at)t~ x dt = 

Jo 


A-l 


r(A)r 


is fi — A + 1 


2 a p / — ^ + /i + A + 1 \ p / z/ + /i + A + l \ ^ ( is — + A + 1 


2 J V 2 
[Re(i/ + /x + 1) > Re A > 0, a > 0] 

MO 49, WA 441(2)a 

If /x — i' + A + 1 (or v — n + A + 1) is a negative integer, the right-hand side of equation 6.574 1 (or 
6.574 3) vanishes. The cases in which the hypergeometric function F in 6.574 3 (or 6.574 1) 
can be reduced to an elementary function are then especially important. 

/r T v — A T 1 


nOO 

/ J„(at) J^{/3t)t~ x dt = 

Jo 


frr 


A„M-A+l r ( ~ ^ + A + 1 


2 


I> + 1) 


( is /j, — A + 1 — is + (i — A + 1 (3 2 

X ( 2 ’ 2 ’ M+ 

[Re(j/ + /z - A + 1) > 0, Re A > — 1, 0 < (3 < a\ MO 50, WA 440(3)a 


If /x — v + A + 1 (or v — n + A + 1) is a negative integer, the right-hand side of equation 6.754 1 (or 

6.574 3) vanishes. The cases in which the hypergeometric function F in 6.754 3 (or 6.574 1) 
can be reduced to an elementary function are then especially important. 


6.575 


/»00 

l. 11 / J v+ i(at) J ^ - (/3t)t ,J '~ 1 ' dt = 0 [a < (3\ 

= (° 2 -/?T~ / > [a>p] 

2^-Ma^ 1 T{v - /I + 1) 1 

[Re(j/ +1) > Re fi > —1] 


MO 51 


2 . 


1 J v {x) J^(x) _ + 


r v+H 


2 l/+M T (y + n + |) T (y + |) T (/x + §) 

[Re(i/ + /r) > 0] KU 147(17), WA 434(1) 
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6.576 


6.576 

1. 


2 . 


3. 


4. 


5. 


6 . 


7. 


/»oo 

/ x^~ u+1 J^x) K u (x) dx = \ T(fi — v + 1) [Re /n > — 1, Re(/x — u) > — 1] 

Jo 

ET II 370(47) 

n v h v T ( i, 4- 1 A 

noo 

/ x~ x J v {ax) J v{bx) dx = 

Jo 


2 A (a + b) 


2 i /- A+l 


r(i/ + l)T 


T) 

[a > 0, b > 0, 2 Re i/ - 


-1] ET II 47(4) 


/»oo 

/ x~ x K ^(ax) J v(bx) dx = 
Jo 


b"T 


is — A -T fl -\- 1 


— A — fi + 1 \ 

2 ; 


2 A+ V _A+1 r(l + u) 

v — A + /x + 1 v — A — /i T 1 


x F 


b 2 

; v + 1; — o 


[Re (a ± *6) > 0, Re(i/ - A + 1) > |Re/x|] EH II 52(31), ET II 63(4), WA 449(1) 


x A K ^(ax) K v (bx) dx = 


2~ 2 ~ x a~ v+x ~ 1 b 1 ' /l — A + /U + 


xT 


r(i - A) r 

1 — A + /x — ^ 


1 — A — n + v 


1 — \ — H — v 


xF[^ 1 ^ A t M + iy . 1 ~ A T^ + i/ ;l-A;l-^ 


x A K ^(ax) I u (bx) dx = 


[Rea + b > 0, Re A < 1 - \Re fi\ - \Reis\] ET II 145(49), EH II 93(36) 

^r(i-iA + i M +ii,)r(i-iA-i/i+ii.) 


2 A+1 T(u + 1 )a~ x+v+1 

xF § A - \h+ \v\v + \\ 

[Re(i/+ 1 - A±/u) > 0, a > &] EH II 93(35) 


[ x x Y Sax) J„(bx) dx = — sin — j- [ x x K Sax) I u {bx) dx 

Jo 7r 2 


[a > 6, Re A > —1, Re (v — A + 1 ± /t) > 0] (see 6.576 5) EH II 93(37) 

T(n + u+l) 

( a 2 + b 2 f +v+1 

[Re /i > |Re xx| — 1, Re b > |Ima|] 

ET 137(16), EH II 93(36) 


/»oo 

/ x M+I/+1 J M (ax) i^(6x) dx = 

Jo 
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6.577 

1 * 

2. 8 

6.578 

1. 


2 . 


3. 

4. 

5. 

6. 11 

7. 11 


r°° dr 

/ x v ~^ 1+2n J^ax) J v {bx = (-1) V'-'‘ +2n I„(ac) K v (bc) 

Jo x + c 


Jo X + C z 

[a > 0, b > a, Re c > 0, 2 + Re n — 2n > Re v > — 1 — n, n > 0 an integer] ET II 49(13) 


r°° dr 

/ x^ +1+2n J^ax) J v {bx = (-1 ) n c»-" +2n I v {bc) K^ac) 
Jo X + c 


JO X z + c 2 

[b > 0, a > b, Re v — 2n + 2 > Re n > —n — 1, n > 0 an integer] ET II 49(15) 


2 e-i a \ b ^ c -\-^- eT 7 A ±ii±u±e \ 

/ x^ 1 J \ (ax) J ^{bx) J v (cx) dx= 7 \ - 

J 0 , nrr.. , ^ r. / A + (J, - V + 0 


r(A + i)r(^ + i)r ^1- 

(\ + fi — v + g A + ^i + v + q a 2 b 2 

xF 4 ( „ „ -;A + l,/x + l;-^,^ 


Re(A + /j, + v + q) > 0, Reg<-, a > 0, b > 0, c > 0, c> a + b 


c c 

ET II 351(9) 


POO 

/ x^ 1 J x(ax) J n(bx) K v (cx) dx 

Jo 


2 e 2 a x b tJ c e x ij 'j,{q+X + li-v\^{q+\ + li + i' 


r(A+l)r(/z + l) V 2 

^ ( q+ \ + H — v q+ \ + n + v . . . a 2 6 2 

xFi \ 2 ’ 2 ;A + i,ii + 1;--^-,--^ 

[Re(g + A + n) > |Rez/|, Rec > |Ima| + |Im6|] ET II 373(8) 

POO 

/ x x ~ ,l ~ ,y+1 J„(ax) J ^{bx) J \(cx) dx = 0 

Jo 

[Re A > —1, Re(A — n — v) < g, c > b > 0, 0 < a < c — 6] ETII 53(36) 


POO 

/ Jv(ax) J /j.(bx) J \(cx) dx = 

Jo 


2 \-n-„-i a v b ji T ^ 


c A r(/r+l)r(r/ + l) 

[ReA>0, Re(A — fi — v) < c > b > 0, 0<a<c— 6] ET II 53(37) 

pOO 

/ x 1+ M Y^(ax) J u (bx) J u (cx) dx = 0 [0 < 6 < c, 0 < a < c — 6] 

Jo 

ET II 352(13) 

f x^ +1 K fl (ax) J„(bx) J„(cx) dx= — ^=a lx b~ fl ~ 1 c~ tl ~ 1 e~^ + ^ m (u 2 — l) 2M 4 Q M +l(u) 

Jo V27T " 2 

[26cm = a 2 + b 2 + c 2 , Re a > |Im6| + |Imc|, Rei/>— 1, Re(/z + v) > — l] 

WA 452(2), ET II 64(12) 

/°V +1 J„(aaO ir M (6x) J„(a)(ii=-La-' , -¥c-' 1 - 1 e-( ) ‘-^ + i)" (m 2 + 1)“ |m “* Q^\{iv), 
Jo V27t " 2 

2aci> = 6 2 — a 2 + c 2 [Re b > |Re a| + |Im c|; Rei/>— 1, Re(/r + v) > — 1] ET II 66(22) 
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poo 

8 . 11 / x 1 -^ J ^(ax) J„(bx) J„(cx) dx 

Jo 

= \ ^■a _A1 (6c)' i_1 (sinhtt) M_5 sin[(/x — j/)7r]e( M-5 ) 7ri Q 2 _i (cosh a) [a > b + c] 
V 7 T 6 v 2 


i-^ibcy- 1 (sin vf~* P 5 _f (cos v) 


[\b — c\ < a < b + c] 


= 0 [0 < a < \b — c|] 

[2bccoshu = a 2 — b 2 — c 2 , 26ccos = b 2 + c 2 — a 2 , b > 0, c > 0; Re ^ > — 1, Re p > — 

poo 

9. / J v (ax) J v {bx) J v {cx)x l ~ v dx= 0 [0 < c < |a — 6| or c > a + b] 

Jo 2 1/ - 1 A 2l/_1 

= (afc)“r(i/+ !)r(i) [I<‘- | >I<«<“ + ‘1 


A = \\J\c 2 - (a — b ) 2 ] [(a + b) 2 — c 2 ], [a > 0, b > 0, c > 0; Re^>— |] 

(A > 0 is equal to the area of a triangle whose sides are a, b , and c.) 


10. 11 f x v+1 K^(ax) K^bx) J v (cx) dx = V ^ C r (^ + ^ + 1 ) i ^ p " 1 2 

7o 2 3 / 2 (a&)" +1 (a 2 — l) 2l/+I M 2 

[2afru = a 2 + 6 2 + c 2 , Re(a + 6) > |Imc|, Re(;/±^)>— 1, Re^>— l] ET II 67(30) 


,00 (a6)-"- 1 c"e-( !/+ 5) m; Q‘ , + |(u) 

11. 11 / x v+1 K Jax) I Abx) J v (cx) dx = j 5 2abu = a 2 + 6 2 + c 2 

Jo V2n{u 2 - 1) 2 " +J 

[Rea > |R.e 6| + |Imc|; Re^>— 1, Re(/z + 1 /) > — 1] ET II 66(24) 


POO 

12. 8 / £ 1 ' +1 [/^(aa;)] 2 Y u (bx) dx= 0 

Jo 


v^r (5 - v) 


POO 

13. / x 1/+1 J„(ax) Y u (ax) J u (bx) dx 

Jo 


2 3u+1 a 2v b- u - 1 


[0 < b < 2a, |Re v\ < 4] 

‘yOu+l 2uu-f-l ! 

-7- x y" (^ 2 — 4a 2 ) 2 [0 < 2 a < b, |R.e^| < 4] 

1 2 ~ v ) 

ET II 109(3) 

[a > 0, [Rez^l < 0 < b < 2a] 

(b 2 — 4a 2 ) 2 [a > 0, 2a < b < 00 , |Rer/| < |] 


POO 

14. / £ 1 ' +1 (xa sin t/>) ,/„ ( xa sin tp) K ^ ( xa cos p cos tf>) dx 

Jo 

2"r(p + v+1) (sint^)" (cos § )“' y+1 


a"+ 2 (cos t/)) 2l/+2 


ET II 55(49) 


P v ,i (cos a) 


1 /I /l 

tan = tan ^ cos (p, a>0, — > <£ > 0, Rez/> — 


1, R.e(/i + 1 /) > — 1 


ET II 64(11) 
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15. 


6.579 


6.581 


x" +1 J v (ax) K„(bx) J„(cx) dx = 


2 3v (abc) v T (v+ |) 


v +o. 


| (a 2 + b 2 + c 2 ) — 4a 2 c 2 J 

[Re6>|Ima|, c > 0, Reu>— 

ET II 63(8) 


16. 8 f x v+1 I v {ax)K v {bx)J v {cx)dx = 2 ( abc ) r (v + 2 ) __ 

70 V^[(6 2 -a 2 + c 2 ) 2 + 4a 2 c 2 l" +! 


[Re b > |Rea| + |Imc|; Re^ > — |] 

ET II 65(18) 


/»oo 

1. / £ 2i/+1 J v (ax) Y„(ax) J v {bx) Y v (bx) dx 

Jo 

a 21 ' r(3^ + 1) „ ( , o „ 3 a 2 \ 

= r^j r — t rv F z/ + i, 3^ + 1; 2i/ H — ; — ) 

27 r 6 4 ^+ 2 r(i -i/)r( 2 i/+ |) V 2 b J 


[0 <a<b, — | < Re ^ < |] EH II 94(45), ET II 352(15) 


/»oo 

2. / a: 2l/+1 J „(oi) K „(ax) J v {bx) K v {bx) dx 

_ 2 "- 3 a 2 " r (^) r ( v + \) r (^ti) 


v / 7r6 4 ^+ 2 r(i/+l) 

rwr(2.) 




[0 < a < b, Rei/>-g] ET II 373(10) 
[Re ^ > 0] ET II 342(25) 


/»00 

3. / x 1 ~ 2 " [/^(aa:)] 4 dx = - 

io 2tt [r (t/+ !)] r (3i/) 

4. I x [Max)] 2 [Mbxf dx = 2rir ( “ + + .) F 5 2 " + ^) 


ET II 351(10) 


/>a ^ 

1. / x* -1 J ^(x) J v (a — x) dx = 2 A ^ ■ 

"'° m—O 

2. 8 f x x ~ 1 (a — x)~ l J M (x) /^(a — x) dx 

Jo 

oA 00 

= -E 

/T77 4^ 


A - ( _ 1)m r(A + /x + to) r(A + to) 


to! r(A) r(/n + to + 1) 


A+/i+i/+2m( a ) 


[Re (A + /x) > 0, Re v > —1] 


2 a ^ (-l) m r(A + ^ + TO)T(A + TO.) 
av m\ T(A) T(u + m + 1) 

m = 0 \ / 


ET II 354(25) 


(A + /i + ^ + 2rn) J A+/i+;/+2 m( a ) 


[Re (A + /t) > 0, Re ^ > 0] ET II 354(27) 


3. x^{a-xy J M (x) J v {a-x) dx = ^ aM+t/+ ^ 


[Re/i > — Rei/>— |] 

ET II 354(28), EH II 46(6) 
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6.582 


4. f x"(a - xY +1 J M (x) J „{a - x) dx = T ^ ^ ^ a M+t/+i J (a) 

J o V27rr(^ + v + 2) 2 

[Rezx> — 1, R.e /./ > — | ] 

5. f x"(a - x)-»~ l J^{x) J„{a - x) dx = * ^ ^ ~ ^ a " J v {a) 

Jo r(/x + ^ + 1 ) 

[Ret' > R.eyx > — |] 


6.582 

6.583 

6.584 

1. 8 

2. 8 


ET II 354(29) 


ET II 355(30) 


r°° 1 

/ x^x - K „ (I* - 6|) dT„(x) dx = -=(26)-" r (i - /x) r(/i + I/) r( M - x/) dT„(6) 

Jo V 7r 

[6 > 0, R.e /i < ,[ , Re/x>|Reix|] 

ET II 374(14) 

f 00 M-l/ , XX t , U\TS t \ J JnT{n+v)T{n~v) 

J o X (x + b) 11 K ^{x + b) K v {x) dx = 2 "fr"r(/x + 1 ) K ^ b > 

[|arg 6 | < 7 r, Re /x > |R.ezx|] 

ET II 374(15) 


r oo x 


e-i 


H^\ax) - e e " H ( 1} (axe") 


dx = — f — V 

2 m m\ \r dr ) 


,e-2 




(x 2 — r 2 ) m+1 

[to = 0, 1, 2, ... , Imr >0, a > 0, |R.e // < R.e 0 < 2m + |] WA 465 


cos - (g — v)i r J„(ax) + sin -(g — z/)7r Y „(ax) 


r e-i 


■ dx 


(x 2 + fc 2 ) m+1 

_ (- X r +i / d \- rK _ 2 

2 m • to! \kdk J 


[k e ~ 2 K„{ak)\ 


[to = 0, 1, 2, ... , R.e k > 0, a > 0, |R.e u\ < R.e g < 2 to. + |] WA 466(2) 

o [°° ( T t \ ■ \r ( m x x ~ v dx a m K„ +m (ak) 

3 - J q {cos^ J v {ax) - srni^r Max)} ^ + fc2)m+1 = 2m , m!A .„ +m 

[to = 0, 1, 2, . . . , Refc>0, a > 0, — 2 to — |<R.e^<l] WA 466(3) 


/»oo 

4. / {cos [(|g — jzx — /x) 7t] J v (ax) + sin [(|g — — /x) 7r] Fj/(ax)} 

do 


r-e-i 


(x 2 + fc 2 f +1 


dx 


7 rfe^- 2 "- 2 


2 sinjx 7 r • I\/x+ 1 ) 


(H" r (^ + H 

r (iX+ !)r (i 0 + |ix- /x) 


lF2 


p+i/ fl+i/ „ a 2 k 2 

M) I/ + !; — T- 


1 F 2 


(iqfc)-r(i g -n 
r(i - i/)r (|p>- §1/ - /x) 

[a > 0, R.efc>0, |Rei/| < Reg < 2Re/x+ |] WA 407(1) 


q — v q — v a k 

; a, 1 — is: 

2 2 ^ 4 
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5. f 


J m (b n x) 
i = i 


" 


'1 

< 

cos 

2 ( 

. 




Q + Z) & ~ ‘ 


sin 


J v (ax) 

\ (e + ^m- 


Y v (ax) 


r e-i 


x 2 + k 2 


dx 


I nj ( b n k ) 


f=i 


K v {ak)k 


0-2 


Re k > 0, a > ^ | Re bj | , Re p + ^ jij > |Re i/| 


WA 472(9) 


6.59 Combinations of powers and Bessel functions of more complicated arguments 


6.591 


2 . 


3. 


4. 


5. 


6 . 


n OO 

1. / a: 2l/+5 J„ + i f — J K u (bx) dx = v / 27r& _ " _1 a I ' +3 Ji+ 2 v \V2abj K 1+2l/ fV2ab) 

[a > 0, Re b > 0, Re v > —1] 

ET II 142(35) 


y, 2V-\- 9 


2l7+ 9 


J x 2u+ 2 Y v+ 1 ^ K„(bx)dx = v 1 a 1/+3 Y 2 „+i (V2ab'j K 2v+ \ (y/2 db^ 

[a > 0, Re b > 0, Re v > —1] 

ET II 143(41) 

K v+ 1 K v {bx)dx = v / 27rfr~"~ 1 a 1/+3 2^+1 (e*™y/2ab^ K 2u +i (e~ V2ab^J 

[Rea > 0, Re b > 0] ET II 146(56) 

J„_ 1 ^ K v {bx)dx= V2Ttb u - l ai~ u K 2v _\ (V2 ab^j 

sin(i/7t) J 2v -\ (V2 a&j + cos(vi r) l^-i \/2ab ''j 

[a > 0, Re 6 > 0, Rev < 1] ET II 142(34) 


J x 2l/+ 2 Y v _i ^ K u (bx) dx= — \j^b l/ 1 a 3 " sec(^7t) K 2v _\ (^V2ab 


J 2 v—i ( v 2 ab ) — J i_ 2 i/ [Y2abj 

[a > 0, Re v < 1] 


ET II 143(40) 


r»~~ 2 t / + 9 


t . ^ J v {bx)dx 

= — ^icosec(2i/7r)6 I/_1 a 3_t/ [e 2 "" Ji_ 2 „(«) J 2 ,-i(t) - e" 2 ^ 1 J 2 „_i(u) Ji_ 2 »] 

. = (|ai>);^ e* 1 ", = (|a&) 2 e - ^ 1 , a > 0, b > 0, — |<Re^<3l ET II 58(12) 
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' 2 K i ( — ) Y u (bx) dx = V2nb 1 ' 1 a? v Y 2l/ _i (V2ab) K 2 u-i (V2ab) 

2 Vcc/ V / V / 

[b > 0, Re a > 0, Re v > J] 

ET II 113(30) 


1 J fi(ax) ,/„( — ) dx = 


a v e b v T + Ag — 1 1 /) 

22,-,+t r(j/ + !) r ( y + T ^ _ l - + ^ 

/ V—U — Q v+LL-Q a 2 b 2 \ 

X ° Fs ’ 2 +1 ’ 2 +1; T^J 

a^+er^-l/z-lg) 

+ 2 2p+e+ir( A i + i)r(i A i+ + |g + i) 

( . u — v + g v+u + Q a 2 b 2 \ 

x oF3 V M+ ’ 2 + ’ 2 + 

[a > 0, & > 0, — Re (/./ + |) < Re g < Re (i/ + |)] WA 480(1) 


6.592 


!. j x\l - x)-- y, (.^) dx = 2-a- cot(^) ^ [ ( [ ^ f + * , 


v ; r(1 + ^ )r (A + 1 + /t+ §i/) 

x 1 F 2 + 1 + 1 + z/, A + l + /t + 

0 „ _* , , r(/x)r (a + 1 - \v) 

’T(l-v)T (\ + l + n-\v) 
x 1 F 2 ^A — + 1; 1 — v, A + 1 + ft — 7^v\ — 

[Re A > -1 + \ |Re v\, Re /./ > 0] ET II 197(76)a 


—2 v a " cosec(^7t)- 


2. 10 J x x (l—x) 11 1 K v ( y a^fx)dx 

_,r(i/)r( M )r(A + i-ii/) ^ ( x , , , , , x a 2 \ 

- 2 a r(A + l + /t-H ^(A + l-a^l-^A+l + M-s^xJ 


,r(-^)r(A + i + Hr( / t) , , .. 

+ 2 a r(A+l + n+\v) i^ 2 ( A + 1 + 7)V, 1 + V) 


2 ’ 1 5 ’ 


— v\ — 
2 4 


9^— 1 /„2 v. — \ 

1 TV, A n 21 / “ 2 A 


r MGS hr 


4 1 1/,0, | - A - n 


OB 159 (3.16) 


[Re A > — 1 + 1 1 Re v\, Re fi > 0] 


ET II 198(87)a 
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3. 11 

4 . 

5 . 

6 . 

7 . 

8 . 

9 . 

10 . 

11 . 

12 . 

13 . 

14 . 

15 . 


J x x (x—l) ,J ' 1 J v (a-v/a?) dx = 2 2X a 2A Gi3^-j- 


— H , A + A — 5 


1 W) 

2 v ) 


/ oo 

x x (x — l)^ -1 K„ (aVa?) dx = r(/x)2 


2A— 1 — 2A ^,30 
a Or 33 


/ a; 2 (1 — a:) 2 J„ (ay/x) dx = 
Jo 

/ a; -2 (1 — x)~i I v (ay/x) 

Jo 


J i 




n2 


l2 


da; = 


' 2 (1 — a:) 2 (ay/x) dx = ^7tsec (^ U7r 


a > 0, 

0 < Re n < | - 

Re A] 






ET II 

205(36)a 

( « 2 

0 





u 

-/*»§ 

^ + A, — + A 

) 


[Re 

a > 0, 

Re fi > 0] 

ET II 

209(60)a 

[Re 

// > - 

i] 


ET II 

194(59)a 

[Re v > — 

i] 


ET 1 

1 197(79) 

(1) + '-. 

(1)] 

Mi) 



[ Reza| < : 

i] 


ET II 

198(85)a 

[Re 

a > 0] 



ET II 

208(56)a 


J ^ a; 2 (a; — 1 ) 2 K v (ay/x) dx = K » (J^ 

J aM(l — a;) _ i y v (ay/x) dx = n ^cot(i/7t) J % — cosec (vir) 


[|Reza| < 1 ] 


ET II 195(68)a 


/ °° 

x~^ v [x — l)^ -1 J u (ay/x) dx = r(/i)2 /i a _M J !/ _ M (a) 


[a > 0, 0 < Re ya < | Re v + §] 

ET II 205(34)a 

/ OO 

x~^ v (x — l)^ -1 J_„ (ay/x) dx = r(/a)2 /i a _M [cos(^7t) J u _ tl (a) — sin(z 27 r) Y v _ tl (a)\ 

[a > 0, 0 < Re < \ Re v + |] 

ET II 205(35)a 



x z v {x— 1)^ 1 K v (ay/x) dx = r(/x)2 A1 a M K^-^a) 


[Re a > 0, 

Re > 0] 

ET II 209(59)a 

poo 

/ x~^ v (x — 1)^ _1 Y v (ay/x) dx = 2 M a -M Y^- fl (a) r(/x) 

[a > 0, 0 < Re /./ < ) 

Re v + |] 

ET II 206(40)a 

poo 

J x~^ v (x — 1)^ _1 H^jJ (avic) dx = 2 M a _/i H^l^a) T (/j,) 



[Re n > 0, 

Ima > 0] 

ET II 206(45)a 

poo 

j x~^ v (x — 1)^ _1 (ay/ x) dx = 2 M a _/i H^]_^(a) T (n) 



[Re fj, > 0, 

Ima < 0] 

ET II 207(48)a 
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/• i ^ 2 2 ~ u a ~ 11 

16. / x~* v (l - x)^ 1 J v (ay/x) dx = s^ + „_i, M _ y (ffl) 

Jo 1 W 

[Re/z > 0] 

17. [ x~i v (l - x)^ 1 Y v (ay/x) dx= - a cot(zi7r) 

Jo 1 


ET II 194(64)a 


r O) 

— 2' i a _/i cosec(^7r) J M _ i/ (a) r(/z) 

[Re /.t > (1 Re ^ < 1] ET II 196(75): 


6.593 


/ 1 / a \ 

1. / yfxJ^v-x (ay/x) J v {bx) dx = -ab~ 2 J„_i ( — ) [6 > 0, Rezi>— |] 

Jo 2 \ 4 o / 

/•oo — r /„ 2 - 

2 . 


70 


7TCL 

Vx J 2 v—i (ay/x) K v (bx) dx = 


ET II 58(15) 


1 ( 46 ) ~ Lv ~ 1 



[Re 6 > 0, Re^>-i] ET II 144(44) 

.(IC/I 

/•oo / ~2 \ 

1. / x" / 2 i/-i (oa/x) J 2 !/-i (aVi) K„(bx) dx = \fix2~ v a 2l ' _1 6~ 2l/_ 5 J v _ i ( — ) 

Jo 2 V 2 °/ 


6.594 


/•OO 

2. / x v 1 2 v-\ {^ay/x) Y 2 v-i (a\/x) K u (bx) dx 

Jo 


,26 , 

[Re 6 > 0, Re zi > 0] ET II 148(65) 


= \/7F2 12 1 a 2l/ x 6 2 " ^ cosec(i27r) 


H l- ( 26 ) + cos ^ § (™) + sin (^) ( % 


- 2 \ 1 


26 


■2 V 26 


[Re 6 > 0, Re 12 > 0] ET II 148(66) 


a 

26 


Hi J-)-Fi „l — 

%-v 2 b 


nO O 

3. / x 12 </ 2 i /— 1 (ay/x) K 2 v- 1 (ay/x) K v {bx ) dx 

Jo 

= 7r 2 2 _ly_2 a 2l/_1 6~ 2ly_5 cosec(zz- 7 r) 

[Re 6 > 0, Re > 0] ET II 148(67) 

.595 

/>00 n 

1. / x" +1 /„(cx) TT z“ Mi J Mi (a.j^i) dx = 0 

•'0 1=1 

at > 0, Re bi > 0, ^ a,; < c; Re I -n + ^ /z» — - J > Re 12 > —1 

i=i V 2 1=1 / 

EH II 52(33), ET II 60(26) 

/♦OO 71 71 

/ x 1 ^ 1 d t/(cx) J[[ z~ Mi ( 0 * 2 :*) dx = 2" _1 r(j/)c _!y J[[ [6“ w J Mi (a*6i)] Zi = yjx 2 + bf 


z % = Y J ;2 + 6 2 

/ „ 

1 


2 . 


i=i 


1=1 


a, > 0 


/ 1 n ■> \ 

i, Re bi > 0, ^ a* < c, Re I -n + ^ /i* + - J > Re v > 0 


1=1 


1=1 


EH II 52(34), ET II 60(27) 
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6.596 

1. 


2 . 


3. 


4/ 


5. 


6 . 


7. 


roc 


■ 2M+1 ^ 2^r(/x + i) 

dx = r J v _ u _i(az) 

2 + 3 2)^ M U ’ 


ct > 0, Re { ^ ^ ) > Re/x > — 1 


1 J „ ( a\/t 2 + l) 7t 


7o Vf 2 + 1 

/»00 / . 


dt = J § (I) y l (f) [Re v > — 1, a>0] 


c 2 » +1 2^ r(yu + 1) 


dx = — — K u _n-i(az) 




[a > 0, Reyj > —1] 


WA 457(5) 
MO 46 

WA 457(6) 


J,j .- 1 {aVa: 2 + -z 2 } 




J ^ +1 ~ K v (/3z) 


( X 2 + Z 2 )^ + ^ 2/i lr (^) 


[a < /?, Re(^t + 2) > Re ^ > —1] 

ET II 59(19) 


T fo _, J* 2^I»J M (q 2 ) 

/o ^ j ^(x 2 + .T /?" 


J M (aVx 2 + 2 2 ) „ +1 

J v\px) ; =^x ^ ax 


yV + ^ 2 ) A 


= 0 


[Re(/t + 2) > Re m > 0, /? > ct > 0] 

WA 459(12) 


[0 < a < /J] 


F ( a 2 — P 2 ' 


o-ass 2 




x y+1 dx = 


Jy.-U-1 \z\/ol 2 - /3 2 | [a > P > 0] 






[R.e /j > R.e z 2 > — 1] WA 415(1) 

) H-v - 1 

Kp-v-i (z\/a 2 + /3 2 ^ 


a > 0, (3 > 0, Re^>— 1, |argz| < — j 


J u (ux) K M yv^Jx 2 — y 2 J (x 2 — y 2 ) 2 x 1 ' -1 " 1 dx= — exp 


a/m 2 + ' 


nr \ /i — v 

fl-is-l 


KU 151(31), WA 416(2) 

1\1 u v 
2j\ ’ 

H^- v - 1 (j/a/m^+m 2 ) 


R.e /j < 1 , Rez/>— 1,m> 0, M>0,y>0; (x 2 — y 2 ) 2 ° = e^" (y 2 — n 2 ) 2 ° if x < y 
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J u (ux) 


v 2 + y 2 ) ( x 2 + y 2 ) 2 # I/+1 dx 


fl-v-l 


i (yVv 2 -u 2 


[u < u] 


Re n > Re v > — 1, u > 0, v > 0, y > 0; , arg \/ v 2 — u 2 = 0, for > u 


arg (i> 2 — u 2 Y = —7 rcr for v < u, where er = - or a = 


MO 43 

S; '*<*> («v^) (Wtt) ^ 

[a > 0; /3 > a + 7; 7 > 0, Re (2/z + |) > Re 1/ > 0] WA 459(14) 


11. 8 f J v {f3t)t v 1 II ( a kV t2 + x2 ) \/ ( t2 + x 2 ) dt = 2 y x /3 1/ r(t/) JJ [x 

-'° fc=i fe=i 

ra / ]\ 

x > 0, ai > 0, «2 > 0, . . . , a n > 0, (3 > JJ ajt; Re f ny, + -n + - j > Re ;/ > 0 

fc= 1 ' 7 


/■°° J\ (Va 2 + x 2 ) 
lo (a 2 + x 2 Y 


2g7 + 1 % /7t 


x 2l/ 2 dx = v 2 H 1/ (2a) [Re^>| 


MO 43 


WA 457(8) 


6.597 


/»00 _ ^ 

/ i" +1 J \l b(t 2 + y 2 ) 2 (t 2 + y 2 ) 2M (i 2 + /3 2 ) 1 J v (at)dt 

Jo 1 J 

= /3"^ ^(y 2 -/? 2 ) 1 ] {y 2 - p 2 Y itl K v (ap) 

[a > b, Re (3 > 0, — 1 < Re v < 2 + Re /t] EH II 95(56) 


6.598 


J x 2 (1 — a’) 2 (a-y/aj) Ji/ (fr\/l — x) dx = 2 a M & 1/ (a 2 + 6 2 ) 2 ( 1/+M+1 ) J v+fl+1 ^-y/ a 2 + 

[R.e v > —1, Re y > —1] EH II 46a 


6.61 Combinations of Bessel functions and exponentials 


6.611 


e ax J v ((3x) dx = 


1 3 v -y/a 2 + /3 2 — a 


[Re v > —1, Re (a ± z/3) > 0] 


EH II 49(18), WA 422(8) 
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e ax Y v ((3x) dx= ( a 2 + p 2 ) 2 cosec(^7t) 

x ^ (a 2 + p 2 ) 2 + a cos(ui\ r) — /3 _ " (a 2 + /3 2 ) 2 + a | 

[Rea >0, /? > 0, |Rei/| < 1] MO 179, ET II 105(1) 


f°° e~ ax K v {px)dx = n Sm( ^ } 
J o psm(z/7r) suit/ 


o; 7T 

cos # = — ; # ^ — for /3 ^ oo 

P ^ 


[r ,/ (« + /?=*)' - (7^ + «)-' 


ET II 131(22) 


[|Re z/| < 1, Re(a + 0) > 0] 

ET I 197(24), MO 180 


pO O 

/ e~ ax I v ((3x) dx = 

Jo 


a — \ a.* — , 


la 2 — (3 2 


[Rez/ > —1, Rea > |Re/3|] 


MO 180, ET I 195(1) 


3 ( \/ a 2 + P 2 — a] \ • ( a + \J u 2 + 

e~ax h£’ 2 \/3x) dx = ± J \ 1 ± . ; . cos(^7r) - ^ — — 

" p"0a 2 +p 2 I ^ 


\ 2 17 " 

P 2 ) 


[—1 < Re v < 1; a plus sign corresponds to the function a minus sign to the function H ] 2 ' 1 .] 

MO 180, ET 1188(54, 55) 


e ax Hq \(3x) dx = 


POO 

/ e~ ax H™ (fix) dx = 

Jo 


P 2 I 7T P 


, 2i a 
1 In — + 4 / 1 ■ 


[Rea > |Im/3|] MO 180, ET I 188(53) 


1 , 2i , a / /a 

/a 2 + /3 2 I tt 0 V V/3 


[Rea > |Im/3|] MO 180, ET I 188(53) 


pOO 

/ e~ ax Y 0 {px)dx = 
Jo 


/ e“ QX 7T 0 (/S*) dec = . ' 

/o 


-2 , a + y / a 2 + /3 2 

/ hr 

7Ti/a 2 + /3 2 P 


arccos |r 


[Rea > |Im/ 


MO 47, ET I 187(44) 


[Re (a + P) > 0] WA 424, ET II 131(22) 


In % + \ [Re (a + /3) > 0] 


-P 2 \P\P 2 


MO 48 



Bessel Functions 


nb poo pb ( 

10. 10 / ada dkJ\{ka)e~ k ^ = / 1- 

J a J 0 J a y 


/a 2 + /3 5 


(see 3.241 6) 


6.612 


p°o K\a(a 2 + 1) ® 

1. / e~ 2ax J 0 (x) Y 0 (x) dx = — j — — [Rea>0] 

Jo 7 r (a 2 + 1) 2 


ET II 347(58) 


r°° 1 r 1*1 

2. / e~ 2ax I 0 (x)K 0 {x)dx = -K (l - a 2 ) 2 [0 < a < 1] 

do 2 L J 


= 4,, 6 ‘ 


[1 < a < oo] 


1 ( o? H- 3 2 H- 7 2 \ 

3. J = j 


ET II 370(48) 

1 p / a 2 + /3 2 + 7 2 \ 

■ 2 / 3 7 7 

[Re (a ± i/3 ± ij) > 0, 7 > 0, Re// > - J] WA 426(2), ET II 50(17) 


POO 

4. / e~ ax [Jo(/3a’)] 2 dec = 

Jo 


2 2/3 

7Ti/a 2 + 4/3 2 l Wa 2 + 4/3 2 


roo (2 « 2 + /? 2 ) (- 7 ^ 5 ) - 2 (a 2 + /3 2 ) J5 ( ; 

/ e~ 2ax J 2 {fix) dx = P 

/o 7t/3 2 i/a 2 + /3 2 


MO 178 


WA 428(3) 


7*00 

6. / e _3a: 1 1 (x) I m (x) In (x) dx = rig + + r 3 

do 


where 


4-1 2 /n 2( nN 

' 9 96tt 3 I 24/ l 24 , 


and 
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(lmn) 

n 

f2 

t'3 

000 

1 

0 

0 

100 

1 

0 

-V3 

110 

5 /l2 

-y 2 

0 

111 

-Vs 

3 A 

0 

200 

7% 

2 

-2 

210 

3 /8 

- 9 / 4 

Vs 

211 

-% 

2 

0 

220 

73 /36 

_29/ 6 

0 

221 

- 15 /l6 

21 /s 

0 

222 

S /8 

0 

<N 

1 

0 

300 

35/ 2 

21 

-13 

310 

- 79 /36 

_85/ g 

4 

311 

- U /i 

21 / 2 


320 

319 /48 

_H9/ 8 

- Vs 

321 

- 125 / 36 

269/ 30 

0 

322 

35 /l6 

- 213 /40 

0 

330 

50/ 3 

-1046/ 2 5 

0 

331 

^0 

LO" 

CO 

14 % 

0 

332 

35/ 9 

- 1012 /l05 

0 

333 

— 35 /l6 

1587 /280 

0 

400 

994/g 

542/g 

-92 

410 

-515/16 

oo 

00" 

11 o/ 3 

411 

- 9 / 2 

3 57/ 5 

— 12 

420 

12907 /l20 

_ 13903/ 10 

— 6 

421 

-229/16 

l 2 51/ 4 o 

1 

422 

35/g 

- 1024 / 3 5 

0 

430 

2 641/ 48 

— 28049 /200 

Vs 

431 

_ 1505/3 6 

nSOSl/ioso 

0 


( lmn ) 

rr 

r 2 

r .3 

432 

525/ 32 

46 1 7 /i 12 

0 

433 

— 595/^2 

88 °9/ 42 o 

0 

440 

6025/36 

- 620161/ 1470 

0 

441 

- 29175/224 

731379/400 

0 

442 

2975 / 4 8 

31231/ 200 

0 

443 

— 539 /32 

719271/2800 

0 

444 

77 /s 

— 186003 /7700 

0 

500 

92 S 7/ 12 

3005/2 

- 2077/3 

510 

- 189 029/ 180 

- 138331/ 50 

348 

511 

275/4 

5751 /io 

-150 

520 

2897/ 16 

15123 / 2 q 

- 229/3 

521 

93 7 / l 2 

27059/ 30 

24 

522 

509/ 8 

- 4209/28 

0 

530 

3 5 8 9/i 8 

— 7993883 / 3 075 

0 

531 

- 7329/8 

297981/ 7 oo 

- 4/3 

532 

2555/36 

1 87777 / 10 6 o 

0 

533 

- 2233/48 

764399/4400 

0 

540 

1847 V 32 

28493109/ 19 6oo 

- 7/3 

541 

_ 1390 /g 

286274/ 245 

0 

542 

7777 / 3 2 

— 7775589 / 28 QQ 

0 

543 

_ 5621/ 72 

4550057/ 23100 

0 

544 


— 560001/ 6160 

0 

550 

1 97045/ 108 

-101441689/22o 5 o 

0 

551 

_ 12023 /g 

18569853 / 4 qqq 

0 

552 

1683/ 2 

— 5718309/2695 

0 

553 

— 5159/ 16 

2504541 / 3 q 80 

0 

554 

24563/ 312 

1527851 / 7700 q 

0 

555 

— 9251/ 2 q8 

12099711 / 10780 q 

0 


6.613 

6.614 

1. 


it 


2 . 


3 . 


'^\Y Ux = 


!>+ 1) 


D_„_ 1 (ze* 1 ) D_ I/ _ 1 (ze [Rei/>-l] 


MO 122 


l e ~ axj ^ pVx ^ dx= yi exp {rL 






l^+i) 


8a 


_ _g-/3 2 /4a 


[* = 0] 


e _aa: y 2 „ 2x//3®) dx = 


_ 1 £ 
6 2 a 

s/afi 


COt(l/7t) 


rfr + i) 
r(2i/ + i) »• 




M h>" “ - cosec( I / 7 r) W i nu - 


MO 178 


P 


[Rea > 0, | Re u\ < 1] ET I 188(50)a 


l 2v 


dx=^ r r , ( ; +1 > « ,i' 

Va/3 r(2i/ + 1) 2 ’ \a 


[Rea > 0, Re ^ > — 1] ET I 197(20)a 
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6.615 


4. 


3. 


i e. 
e 2 


e ~ax r 2v ( 2\J (3x ) dx= ^^r(i/+l)r(l-i/) ^ 


2-Ja/3 


[Rea > 0, |Rei/|<l] ET I 199(37)a 


5 l e ~ axRi ^ dx= ^ ex »{L 


6.615 / e“ 


/o 


: /„ (2/3-Jx) J v (2')y/x) dx = ^ I v ex P ^ 


\8 a] V 8a 

p2 „2 


[Re v > — 1] 


6.616 


7 (a — ^ a 2 + /3 2 ^ 


1. I 

2. f e~ ax J 0 (j3\/x 2 - l) dx = ^ — exp (-yV + ff 2 ) 

«/ 1 "y QI i - fJ 


s: 


e itx H { 0 1] 


[rsj a 2 — t 2 ^ dt = —2i 


play/ r 2 -\-x 2 

\Jr 2 + x 2 


0 < arg \J a 2 — t 2 < n, 0 < arg a < 7t; r and x are real 

—ioty/ r' 2 -\-x 2 


'Jr 2 + ; 


/ oo 

e~ ,tx H g 2> fry/ a 2 — t 2 j dt = 2 i 

-OO ' ' 

— 7t < arg y/ a 2 — t 2 < 0, — 7t < arg a < 0, r and x are real 

r 1 

5. 3 J e~ ax 7q (by/l — x 2 ^ dx = 2 (a 2 + 6 2 ) sinh \J a 2 + & 2 


MO 181 


MO 178 


MO 179 


MO 179 


MO 49 


MO 49 


[a > 0, b > 0] 


6. 8 

6.617 


e~ xv Jo 


jy/ 1 — x 2 /(a + y) dy = n! 




n— 0 


a 


,n+l 


/*o° .yj-2 

1. / ir 9 _p ( 22 ; sinh a;) e (p+9)x dx = . , [J p (z) y,(z) - J g (z) Y p (z)] 

Jo 4sin[(p - q)n] 


[Re 2 > 0, — 1 < Re(p — g) < 1] 


2. J K 0 (2z sinh x) e 2px dx = — ^ | J p (z) 


d Y p (z) 


PK " J - Y p (z)~ 


dJ p (z) 

d P * v ^’^r 

[Re 2 > 0] 


MO 44 


MO 44 


6.618 

1 . 


e ax J v (Px)dx= exp (— — ^ Ji ( — ^ [Rea>0, (3 > 0, Rei/> — 1] 

2ya \ 8a/ 2 \8a/ 


WA 432(5), ET II 29(8) 
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2 . 

3. 

4. 

5. 


e ~~ Y„(f3x)dx = --^Lexp 




'P : 


1 / IS7T \ 


' fl 2 


tan — Ii,, — M — sec — ) K i .. — 


2 5"V8a 


2 ) * v V 8 a, 


[Rea>0, /3 > 0, |Rei/|<l] 

WA 432(6), ET II 106(3) 


l e "“’ JMWcix = jsec(^) (fexp (£) ifi„ 


e ax2 I„{(3x)dx= ^=exp /i„ f 




[Rea > 0, |Rei^| < 1] 

EH II 51(28), ET II 132(24) 

[Re v > — 1, Re a > 0] EH II 92(27) 


e ax J ^(Px) J „(/3x) dx 


r / /x+iH-1 \ 


X 3 F 3 


r(/x + 1) r(i/ + 1) 

— |— yLi — 1~ 2 ix' — |— yL/. — |— 1 


/3 2 


7 „ ; /t + 1 , v + 1 , v + [i + 1 ; 

2 a 

[Re(^ + n) > -1, Re a > 0] EH II 50(21)a 


6.62-6.63 Combinations of Bessel functions, exponentials, and powers 


6.621 Notation: 
1 


2 L 


V( a + p ) 2 + z 2 - V( a - p ) 2 + 22 

pOO 

1 . / e _aa: J v ((3x)x^ 1 dx 

Jo 


> ^2 


£2 = 


2 L 


\/(a + p) 2 + 2 2 + \/( a — P) 2 + 2:2 


(to) r (^ + ^) /i. + M iz + ^+l 


r(i/ + 1) 


2 ’ 


Z2 + 1; — 




(^) r (^ + ^) / /3 2 y-^ 


WA 421(2) 


r(z/ + 1) 


11-1 rr , z '- M + lz '-/^ 1 , , fJ 2 
H o I ^ 5 — ^ h 1 ; v + 1 ; ^ 


a 

WA 421(3) 


f) r O + M) 


'12 + /X 1 - // + ^ , , (j 2 

F | — - — , \v+l\ 


\J (a 2 + f3 2 Y +fl T(v + 1) V 2 ’ 2 a 2 + f3 2 

[Re(i 2 + ft) > 0, Re (a + */3) > 0, Re (a — z/3) > 0] 

WA 421(3) 

= (a 2 + P 2 Y^ T ( v + M) [« (« 2 + /? 2 )~ r 

[a > 0, /3 > 0, Re (?2 + fj) > 0] 

ET II 29(6) 
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2 . 


/»oo 

/ e~ ax Y v (0x)x> i - 1 dx 
Jo 


= cot 1STT 


f ) + A 4 ) 


(ct 2 + /3 2 ) !/+ ' i r(z/ + 1) 


z, + /z^-/i + l /3 2 


f) r(M-^) 


— cosec Z/7T 


'li-vl-v-n (3 2 

F I — — , r ; 1 


2 ’ 2 


a 2 + /3" 


(a 2 + /3 2 ) M ~ 1/ T(1 — ^) 

[Re n > |Re i/|, Re (a ± i/3) > 0] 

WA 421(4) 

= T{v + p) (/3 2 + a 2 ) 2fl Q~J 1 a (ct 2 + /3 2 ) 2 

[a > 0, /3 > 0, Re p > |Re v |] 

ET II 105(2) 


3. 


4. 


/»oo 

/ x IJ '~ 1 e~ ax K u (f3x) dx = 

Jo 


^(2(3) u T{fi + v)T{n-v) ( 1 1 a-/3 

f /x + i/,i/+ -;p + 


(a + l 3Y+" r(/x+i) * V" ' ' 2’" ' 2’a + /3, 

[Re /it > [Rez'l, Re(ct + (3) > 0] 

ET II 131(23)a, EH II 50(26) 


7*00 jm+1 

g.m+lg-a* = ( — l) m ~*~l/3 — 


da m+1 


^■\/a 2 + /3 2 — a) 


•\/a 2 + /3 2 

[/3 > 0, Ret' > -m - 2] ET 1 1 28(3) 


5. 


10 


/»oo 

/ e _za: Ji (ax) Jj /2 (px) x- 3 / 2 dx 

Jo 


1 1 2 1 c i / ,2 _ pi . 


= aV^i ^ a2 ^ 1 + T arCSin U )+ * 


p 2 -f 2 -p 


6 . 


7. 


10 


10 


[arg a > 0, arg p > 0, arg z > 0] 

J e~ zx J\ (ax) J1/2 (px) x -1 / 2 dx= - \J~ P~ \j P 2 ~ 

[arg a > 0, arg p > 0, arg z > 0] 


10 


f°° —zx T t \ T ( 1 1 / 2 ,7 1 

/ e 2a: Ji (ax) Ji /2 (px) x ! dx=-J ^ ^ — 

do a V trp ^ 

l e ~*’ Max)J °/^ x)xl ' 2 ^= 


[arg a > 0, arg p > 0, arg z > 0] 


[arg a > 0, arg p > 0, arg z > 0] 


9. 


10 


/»oo 

/ e~ zx J\ (ax) J 3 / 2 (px) x~ 3 / 2 dx = 
Jo 


1 1 

V27t p 3/2 a 


arcsin f — ) — t-i\ a? — R 


[arg a > 0, arg p > 0, arg z > 0] 
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1 z 


/»oo 

10. 10 / e~ zx Ji(ax) J 5 / 2 (px)x~ 1/2 dx = . 

Jo V2tt p b/2 a 

/»00 

11. 10 / e~ zx J\ (ax) J 5 / 2 (px) x~ 3 / 2 dx 
Jo 


t\ J a 2 — l\ J \ 1 — 3a 2 arcsin ( — 

V 1 \a 

[arg a > 0, arg p > 0, arg z > 0] 


1 1 
\Z2n p 5/2 a 


t\ ( la 2 22 5 a 2 £ 2 


y/ a 2 — i 2 \ 8 4 8 

- \ (4 + f-l) £i\Ja 2 -i\ + arcsin ^ a 2 z 2 + ^ a 2 p 2 - '^j 

[arg a > 0, arg p > 0, arg z > 0] 

/»oo 

12. 10 / e~ zx J\ (ax) J 5 / 2 (px) x~ 5 / 2 dx 

\ p b / 2 -( p 2 -t 2 f 2 


1 1 


y/2n p 5 / 2 a 

+ zt\\J 'a 2 — l\ 


15 


+ za " arcsin [ — 
a 


3a 2 _ P 2 _ z 2 ^ 
8 2 2 


p 2 3a 2 z 2 l\ 

y - + 6" _ t 


z 3 a 2 £i 

3 \J a 2 — £ 2 


[arg a > 0, arg p > 0, arg z > 0] 
2 


13. 10 e zx J 2 (ax) J 3/2 (px) x 1/2 dx= \J^a 2 p 3/2 

[arg a > 0, arg p > 0, arg z > 0] 

'2 _ vZZS . 

3 p 3 p 3 

[arg a > 0, arg p > 0, arg z > 0] 


r°o H) n 3/2 

14. 10 J e~ zx J 2 (ax) J 3/2 (px)x~ 1/2 dx = \J -~^r 


nO O 

15. 10 / e~ zx J 3 (ax) J 1/2 (px) x^ 1 ^ 2 dx 

Jo 

= j/ 3 [3a 2 - 4p 2 + 12z 2 ] - \j p 2 - { 12€| - 16p 2 + 4f! 2 - 3a 2 } | 


nOO 

16. 10 / e~ zx J 3 (ax) J 3 / 2 (px) x 1 ^ 2 dx 

Jo 


= «/V /a 4 

7r a J 


[arg a > 0, arg p > 0, arg z > 0] 


2 , (p 2 -^) 3/2 1 

3 P 8p 2 \ (t\~£\)l 3 2 \ 

[arg a > 0, arg p > 0, arg z > 0] 


17. 10 j™e- zx J 3 (ax)J V2 (px)x- 1 / 2 dx=^^ yj ' £ 2 - p 2 ^ ^ ^ - 8z 

[arg a > 0, arg p > 0, arg z > 0] 
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/»oo 

18. 10 / e~ zx J3 ( ax ) J3/2 { px ) x ~ 3 ^ 2 dx 

Jo 


2 p 3 / 2 f 9 4 




4 £| _ 24 p 8 £? _ if 1 
p 5 5 p p 5 p 3 

[arg a > 0 , arg p > 0 , arg z > 0 ] 


/»oo 

19. 10 / e _zx J 3 ( ax ) J3/2 ( px ) x ~ 5 / 2 dx 

Jo 


2 P 3/2 J 4 jA 4 ~ 3 

7T 3 a 3 


+ \/? l - P 2 


a --p z 


' 2 32 , 12 „ 2 4 „ 2 24 a 4 l ? a 2 l ? I ? 

a 2 + — p 2 - --^+-2+ 11 11 1 


15 


a ■ P 

5 - arcsm | — 

0 0 


16 / 9 3 



6.622 


F°° dr 

1 . / ( Jo ( x ) — e ~ ax ) — = ln 2 a 

Jo x 

/■oo »(«+*) 

2 . / — — — Jq(x) dx = —i Hq (u) 

Jo U + X A 


3 5 p 2 16 / 9 4 24 p 4 30 p 4 

[arg a > 0 , arg p > 0 , arg z > 0 ] 

[a > 0 ] 


NT 66(13) 
MO 44 


3 . I e 
Jo 


6.623 


—x cosh C 


I v ( x ) x ,t 1 dx = 


[2 ( n Q„-l (co sh a) 

dx = J j 

V 71 sinh ,J 2 a 


[ Re(/x + v) > 0 , Re (cosh a ) > 1 ] 

WA 388(6)a 


1. r t - WiI= MiV 1 L 

Jo v^(a 2 +P 2 y + * 

2. 

Jo pp (a 2 + P 2 ) l ' + * 


[ R . e ^>— 4 , Rea >| Im / 3 | 


[ R . e v > — 1 , Rea > |Ir 


WA 422(5) 


WA 422(6) 


3 . 


> _ ax T m .dx (Va 2 +P 2 ~o) 

e ax J V ( P x ) — = 2 


vP" 


[ Rei / > 0 ; Rea > |Im/3|] (cf. 6.611 1) WA 422(7) 


6.624 


POO 

1 . / xe~ ax K 0 ( Px ) dx = 

Jo 


^2 _ R2 


P 2 


In 



- ) - 1 

P 1 V \p 


- 1 


MO 181 
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7T 1 

2/3a + /3 


/>oo 

2. / \fxe~ ax K ± i(/3x) dx = 

Jo 2 

/»00 — 1/2 

3. / e"* 2 ^ 2 - 1 )” KJt)t v dt= w , 


r(i/ — /z + 1 ) 

s 2_i)-i(> 

r(-r/-/z) 






[Re (zz ± /z) > —1] 


4. [°° V2 /_„(*)**' dt = r( ^ P£(*) [Re(z/ + /z) < 0] 

Jo fjz 2 14 2 ^ 


5. 


f°°e-t z (z 2 -i) * Ifi (fir dt = 

Jo 


(z 2 - 1)> 1 
T(y + fi + 1) 
(2 2 - 


^(*) 


[Re(z/ + /z) > -1] 


MO 181 

EH II 57(7) 
EH II 57(8) 

EH II 57(9) 


/»00 

6. / e ~ tcos9 (tsinO) t v dt = r(zz + /z + 1) (cos0) 

Jo 


[Re(zz + /z) > —1, 0 < 9 < \-k\ 

EH II 57(10) 


7. 


6.625 


' J v {bx)x v {2bYT(v+\) ™ 1 

e ™ - 1 X (n 2 7T 2 + fc 2 )"^ 


[Rez/>0, |Im 6| < 7t] WA 423(9) 


1. 


2 . 


3. 


„\— V — 1 


(1 — a;)' 2 igira* J v (ax) dx = 


2" ! 'a ! 'r(A)r(/z) 


r(A + /z) r [y + 1) 


2 F 2 ( A, v + — ; A + /z, 2 v + 1; ±2zo; 


[Re A > 0, Re /z > 0] ET II 194(58)a 


.) 


[ x"(l — x)^ 1 e ±lax J v(ax) dx = 1 F 1 (v + /z + 2zz + l;±2za 

Jo -\/7r 1 (/z + 2zz + 1) \ 2 / 

[Re/z > 0, Rezz>— 1] ET II 194(57)a 


(2c/rr(i/+ §)r(/z) 


/„ I “ (1 - I), '" e± ““ J -<“ ) * = vsFr (f . + 2, + 1) 


) 


1 F 1 yv + —;// + 2z/ + 1; ±2 a 

[Re/z > 0, Rezz > — |] 

BU 9(16a), ET II 197(77)a 


4. ( 1 S-'(l-xr-'e l °*Uax)1x= 

Jo r(zz + 1 ) r(A + n + v) 

x 2 F 2 H - 2 > ^ + 1, /z + A + z/j ±2a^ 


5. jV«( 1 - x)--‘ V. (ixz) a-1"^ = ^ F r( ( r + ) 2„) e, ^“~ i 


[Re/z > 0, Re (A + z/) > 0] ET II 197(78)a 

r(2zt) 


v^r(l + 2/z) 

[Re (f v — ^ — /z) < 0, Re k > 0] 

BU 129(14a) 



704 


Bessel Functions 


6.626 


~ A (x — lY~ 1 e~ ax I v (ax) dx = 


5 -A.O 


7. x A (x— 1 ) M 1 e ax K v (ax) dx = T(^)y/Tr(2a) x G 23 (^ a 


\ | —/X, V — X, —13 — X J 

[0 < Re n < | + Re A, Re a > 0] 

ET II 207(50)a 

A n 30 I °’ 5 “ A ^ 


'(x — 1) M : e ax I„(ax)dx = 


[R.e/z > 0. Re a > 0] ET II 208(55)a 
( 2 a)^r(§- / x + I /)r(/x) 
v / 7i : r(i — n + 2v) 

x 1 F 1 n + v;l- n+ 2v\ -2o^J 

[0 < Re /i < \ + Re z/, Re ct > 0] ET II 207(49)a 


/»oo 

9 I 


[R.e /.x > 0, Re a > 0] ET II 208(53)a 


/ OO 

a .-^-J(x-i)M- le -o 1 * A ' i/ ( aa; ) da; = v^; r (/x)( 2 a)-3e- Q R7_ jU)1/ (2a) 


[Re// > 0, Re a > 0] ET II 207(51)a 


J (l — x 2 ) 1 ^ 2 xe aa: 7i ^b\/l — x 2 ^ dx = ? jsinha — a (a 2 + 6 2 ) sinh i/a 2 + 


[a > 0, b > 0] 


6.626 


x^e^* J m (/3x) J„( 7 x) dx= P 7 2- v -*or x -> l - v ^ 


n—v—ii —X—n—v y- r(A + // + z/ + 2m) 
r(i/+ 1) m!r(/x + m + l) 

x 7 ra =0 7 

(“I?) 

[Re(A + /x + v) > 0, Re (a ± i/3 ± fy) > 1] EH II 48(15) 


It av+n 


2. f e 2ax J v ((3x) J ^((3x)x v+l1 dx = — - — ^ + 2 ) P_ 

Jo V 7T 3 


f 2 COS 1/+,i WCOs(v — 

X / j , dip 

Jo (a 2 + /3 2 cos 2 </>)" M \J a 2 + fl 2 cos 2 ip 

[Re a > |Im/3|, Re(zx + /x) > — |] WA 427(1) 


_KT ( , g 


/ e 2ax J o{(3x) J \{f3x)x dx = — 

J o 

J e~ 2ax 7 0 (/3x) I\{f3x)x dx = — ^ | 


27 r/3 y a 2 + f3 2 

a z — p A \ a J a \ a / J 
[Re a > Re /?] 


WA 427(2) 


WA 428(5) 
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r°° 1 / n \ li— v— 2n — 1 / n\ 1 

5. 10 J X v -' t+2n e- xx J^ax) J„(px)dx= -j= (-) (0 


: 1 V 

r(/x-i/-n + 5 ) ^ 


xa 


-2q 


r* llp dx 


Y {v + n+ q+\) (y — fi + n + |) 

9 !r(i/ + 9 + §) 

,2 \ 9 


2i/+2g / 2 




1 — x^ 


6.627 


where ^ \/( a + P ) 2 + - 2 - \/(a - p) 2 + z 2 J [/z > i/ + 2n, n = 0, 1, . . . , i/>— |] 

r-" 1 / 2 7te a K v {a) 


x 


6.628 


3. 


4. 


5. 


6 . 


7. 


-e x K v (x)dx = 


[|arg a\ < it, |Rei/| < \ 


x + a ' yfd cos(^7r) 

r>00 

1 . / e - xcos P j _ u (xsin/3) x M dx = r(/x — + 1 ) (cos/3) 

ao 


ET II 368(29) 


0 < /? < — , Re(/i — j/) > — 1 


WA 424(3), WH 


2. / e x cos @ Y „ (x sin (3) x* 1 dx = — 


sin fi'K T(n-u + l) 
sin(yz + za)7t 7t 

Q u (cos (3 + 0 • i) e 5 *' 7 ” + Q v (cos f3 — 0 • i) e _5 


— ? 127T7 


Re(/j + i/) > —1, 0 < (3 < 


WA 424(4) 


e” (1 — x ) 


2v- 




MO 118a 


a; cosh a 


(x sinh a) x p dx = T(z/ + /z + 1) P v (cosh a) 


[Re(/z + v) > — 1, |Ima| < \n r] 

WA 423(1) 


2 * cosha PT„ (x sinh a) x p dx = . ^ r(/z — v + 1) Q u (cosh cr) 


sin(r/ + n)i r 


[R e(/z + 1) > | Re v\] 


WA 423(2) 


r —x cosh c 


I 1/ (x)x p ‘ 1 dx = — 


cos v-K 


Q„_l (cosh a) 

/X 2 


sin(^ + i/)7r ( sinh a ) ^-2 

[Re (/i + z/) > 0, Re (cosh a) > 1] 

WA 424(6) 


x cosh a 


K l/ (x)x M 1 dx = w — r(/i — z/) r(// + z/) 


(cosh a) 

(sinh a ) 5 

[Re /j > |Rei/|, Re (cosh a) > —1] 

WA 424(7) 
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6.629 


pOO 

6.629 8 / x - 1 t 2 e- xacos ' pcos ^ J ^ (axsin^a) J„ (axsintp) dx 

Jo 


= T (/z + v + |) a 2 P v 0_ i (cos<p) P^i (cos '0) 


a>0, 0<<p<|, 0<V><|, Re(/i + i/)>-^ 


ET II 50(19) 


6.631 

1. 


3. 


4. 


5. 


6 . 


>e-“- a„(0r)<fc = if, 


2^+i a s(M+^+i)r(^ + 1) 


r + 1) 

/3a^ r(i/ + 1 ) 


v + n + i p 2 

; i/ + 1; 

2 ’4a 


exp |-rUv„(f 
1 8a/ 2 ^’ 2 V 4a. 


BU 8(15) 


[Re a > 0, Re(/t + i/) > —1] 

EH II 50(22), ET II 30(14), BU 14(13b) 


pOO 

2. / x^e -01 * Y v {f3x)dx 

Jo 


= —a 2 ^(3 1 sec 


v — [i 


7r exp 


8a 


r (I + 5^+5^) • 


r(i + xO 


sin 


'0 


7T I M 1 , , 1 . , — + — 


V4a 


5 M, 5 ^ \ 4a 



[Re a > 0, Ren > |Rei/| - 1, P > 0] ET II 106(4) 


pOO 1 

/ a^e"^ 2 #„(/&) da; = -a^/T 1 r 

do 2 

7°° 2 B v 

/ a; y+1 e _ax J„(Px)dx = exp 

Jo (2a)" +i 

pOO 

/ a^-V 0 ® 2 J„(/3a) dx = 2 I '“ 1 /3 

Jo 




V 2 


4a 


exp ( x— 1 W 


8a , 


[Ren > |Rei'| — 1] 

[Rea > 0, Ret' > —1] 


V 4 «, 

ET II 132(25) 


, i " \ 


WA 431(4), ET II 29(10) 


[Rea > 0, Re ^ > 0] ET II 30(11) 


COO ou 

y.v+1 ±iax t t a~\ ■ 


X e 


J„(/3x ) dx = 


(2a) y+1 


7. f xe ax J v (Px) dx = ^3 exp 
Jo 8a 2 


exp 


_fP 

8a 


±i 


v+\ P 2 
2 n 4a 


[a > 0, — 1 < R.eic < |, p > 0] 

ET II 30(12) 


'/3 2 


- 1 1 


'/3 : 


■2\ 1 


2 " 2 \ 8aJ 2 " +2 \8a, 

[Re a > 0, Re > —2] 


ET II 29(9) 
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x n+1 e ax I n (2ax) dx = 

4a 


10 . 


6.632 


E 7 ^ 2a ) 

r——n 

[n = 0, 1, . . .] 

n— 1 

E 7 ^ 2a ) 

~=1 —n 

[n= 1,2,...] 

r°° 2 

/ e" x s 2 "^ 1 [n = 0,l,...; n + Re/z>-l] 

Vo 2 


/ oo 

a; 1_n e _ax I n (2ax) dx = 


1 

4a 


ET II 365(8)a 


ET II 367(20)a 


BU 135(5) 


x 2 exp 


!_ 

— (a; 2 + a 2 — 2ax cos ip) 2 x 2 + a 2 — 2 ax cos </?] 2 K v (x) dx 


= na 2 sec(^7t) P„_i (— cosip) K v {a) 
[|arga| + |Rey>| < n, |Re^| < |] ET II 368(32) 


6.633 

1. 


t **+*+*+»** ( 13 


2 ^+m+i r(i/ + 1) ^ ml r(m + u + l) 

y ' m— 0 v 7 

„, 2 ' 


2 

4a 


x F I — m, — n — m; v + 1; 


[Re a > 0, Re(/x + ^ + A) > —2, /? > 0, 7 > 0] EH II 49(20)a, ET II 51(24)a 


2. ^ e ** J p (ax ) J p {f3x)xdx = E exp 


3. 


2i/+l — ax 


'2^T 


7 r 

4’ 

a > 0, 

p > 0 

exp 

TT) 

V 2a/ 



KU 146(16)a, WA 433(1) 


/*°° 2 I / 

4. / xe~ ax I A fix) J v ( jx) dx = — exp [ 

Jo 2 « V 

/♦OO 

5. / a; A_1 e _0!X J p ((3x) J v (f3x) dx 

Jo 


[Rea > 0, Rei/>-§] ET II 347(59) 


Id 2 — 7 2 

4a 


j 

"Ua, 


[Rea > 0, Re ^ > — 1] ET II 63(1) 


y—iy—fi—l — ^ (r'+A+/x) ^ ( 2 ^ 2 ^ 2 ^0 

p r(/x + 1) r(i/ + 1) 


x 3F3 


u 11 Iv 11 v + u + X , „ , /3 2 

2 + 2 + 2’2 + 2 + ’ 2 ;M + 1 ,^ + 1 ,M + ^ + 1 ;-- 

[Re(i/ + A + /x) > 0, Rea > 0] WA 434, EH II 50(21) 
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6.634 


6.634 / xe 2a [I v {x) + I- V (x)\ K v (x) dx = ae a K v (a) [Rea>0, — l<Re^<l] 

Jo 

6.635 


[Rea >0, (3 > 0] 


1 = 

pOO 

2. / x~ x e~ * Y V (I3 x) dx = 2 Y „ f \J2 a/3] iTj, f s/2a, 

Jo V / V 


[Rea >0, (3 > 0] 


ET II 371(49) 


ET II 30(15) 


ET II 106(5) 


3. f x 1 e * !3x Jv(jx') dx = 2 J v |\/ 2 a \/ /3 2 + 'y 2 — /3 j |-\/2a \//3 2 + 7 2 + f3 | 

[Re a > 0, Re (3 > 0, 7 > 0] 

ET II 30(16) 

6.636 J x~ 2 e~ a 'J x J u (/3x) dx = r (y + |) D_ v _i j 1 ^2 - 3 Q:e -j ,r * j (3-3^ 

[Rea > 0, /? > 0, Rei/>— |] 

ET II 30(17) 


6.637 


/*°° _ 1 1 - 
1. / (/3 2 + x 2 ) 2 exp — a (/3 2 + a ’ 2 ) 2 J v (‘jx)dx 

Jo L J 


= (a 2 + 7 2 ) 2 — a ji<'i i ,j^/3 (a 2 + 7 2 ) 5 +a j 

[Rea > 0, Re /3 > 0, 7 > 0, Rei/>-l] ET II 31(20) 


/*°° _ JL 1- 

2. / (/3 2 + a; 2 ) 2 exp — a (/3 2 + a ’ 2 ) 2 Y„( r yx)dx 

Jo L J 

= — sec (~^“) K± v { ^/3 (a 2 +7 2 ) 5 +a | 

x (a 2 + 7 2 ) 2 + a | + sin ("f-) 7 5"{^ ( q2+72 ) 5 


[Re a > 0, Re/3 > 0, 7 > 0, |Rei/|<l] ET II 106(6) 


f°° _1 1 - 

3. / (x 2 + (3 ) 2 exp — a (x 2 + /? 2 ) 2 K v (^x)dx 

Jo L - 1 

= ^ S6C (t) ^s" a +( Q;2 -3' 2 ) 5 a^(« 2 ^7 2 ) S j 


[Re a > 0, Re/3 > 0, Re (7 + /3)>0, \Rev\ < 1] ET II 132(26) 


6.64 Combinations of Bessel functions of more complicated arguments, exponentials, 
and powers 


6.641 


POO / ‘ 

J \fxe~ ax J ± 1 ( x 2 ) dx = ^ ' 


7ta /a 

4 ““ H tJ i X 


F Ti ( 4 



6.645 
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6.642 


l. 10 J x- 1 e-°*Y v ^jdx=2K v (2y/a)Y v (2^ 

2. J^x-'e-™ H W ^ dx = H £’ 2) (VS) K v (VS) 


[Re a > 0] 


Ml 44, EH II 91(26) 


6.643 




c ^ 'e ax l 2 v (2PV%) dx = 


x M 2 6 ax k 2 u (ZflVx) dx = 


r(2i/ + l) 


[Re (n + v + 7^) > 0] 


[Re (fi + v + 7 ^) > 0] 


BU 14(13a), Ml 42a 


r (fj, + v + |) r (/x — v + i) ^ 


[Re (/.r + i/ + |) > 0] , (cf. 6.631 3) 

Ml 47a 


/»00 

4. / a^+W" 011 J„ (2@V%) dx = n\p v e~ 

J o 


! / (&' 
- _ —n — v — 1 7-12 / H 

a L n I — 


[n + i/ > —1] 


MO 178a 


oo ex (-dl\ 

5. [ x~^e~ ax Y 2v (PV%) dx = -\f^~ , sm(un)I v 

Jo V Q cos(^7 r) 


'P) + ± K jr' 

8a 7t \ 8a , 


[|Rei/| < \ 


2a V a 


6.644 


6.645 


r^- ax k - ov^> * = e* 

J e~d x J 2v (2 aVx) J v (bx) dx = exp ^ ^ 2 ) J " 


e2 “ “ 


Ml 48a 


(a: 2 — l) 2 e ax J„ (pV x 2 — l) dx = 1 1 


/ a 2 b \ 1 

" U 2 +&v 

[Re p > 0, 6 > 0, Re ^ > — |] 

ET II 58(17) 


a 2 + /3 2 -a R' i„ - \/a : 


/»00 

/ 


-1 &=J-^(a 2 +i3 2 ) 3 5 tf„ + i U/a 2 + /3 2 


MO 179a 


MO 179a 
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6.646 


3. 3 J (l — x 2 ) ax 1 1 (b\/ 1 — x 2 ) dx = ^ (cosh \/ a 2 + fo 2 — cosh a) 

[a > 0, b > 0] 


6.646 

1. f ( I e-“* J„ ( pVx 2 - 1 ) dx = 


l + 1 


exp (-\/a 2 + /3 2 ) / ^ 


x/a 2 + f3 2 ya + sj a 2 + f3 2 J 

[Re i/ > — 1] EF 89(52), MO 179 

exp (p-^/a 2 - /3 2 ) / p \" 


2 r(Sf)' e '” J '('” /?ri )‘ b - \ a+ v^ 


[Ret' > —1, a > /3] 

r{Z/ + ^ [iV ta 6 ®) - yV 8 r(-!/, fey)] 

4/ 

i /q 

where x = p — s, y = p + s, s = (p 2 — a 2 ) [Re(p + a) > 0, |Re(^)| < 1] . 


MO 180 


37 


dt = 


2 sa v 
■2 „2\l/2 


ME 39a 


6.647 


1. I x A 2 (/3 + x) A 2 e ax K 2 f_ l | \/x(/3 + ®) 

Jo 


dx 


= p eha0 r (i - A + y) r (i - A - M ) W\ m (*!) R^a,/x (*a) 


-Zi = \j3 [a + \/ ct 2 — 1^ , z 2 = \J3 (a - \J a 2 - l) 
[|arg /5| < 7T, Rea > — 1, Re A + [Re p\ < |] ET II 377(37) 


2 . 


pOO 

/ (a + i)-b-ie- Icosh( if„ 

\J x(a 

+ x) 

Jo 




dx 

1 f VI T 


= - sec 
2 


/ VTT\ 1 

(~ 2 ~) 62 

[—1 < Re v < 1] 


^ G aet ) ^ G ae ~ 


ET II 377(36) 


3. 11 / :r A- 2(a; — x)~ x ~^ e~ xsinht I 


2/4 


a;(a — a’) 


dx 


= e 


_ r — fa/2) sinh t 2 F (I + A + /f) F ( 5 ~ A + ^) A 

a[r( 2 y + l)] 2 A ’ M V2 

[Re /t > |Re A| - |] 


Ma.u I zae* ) M_ x ^ f "ae 4 


ET II 377(32) 


“ « (* + & , K 


6.648 / e , 

i-oo vae^ + Z^ 


(a 2 + (3 2 + 2a/3 cosh x) 2 J dx = 2 K u - e ((3) 

[Re a > 0, Re f3 > 0] ET 1 1 379(45) 
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6.649 


pOO 

1. / K (2z sinh x ) e (l/+Ai)a: dx = . " , [^( 2 ) ^( 2 ) - ^( 2 ) F„(z)] 

Jo 


4sin[(i/ — /i)7t] 


[Re 2 > 0, — 1 < Re(^ — n) < 1] 


MO 44 


POO 

2. / J„ +jU (2a;sinhi) e^ v ~^ t dt = K u (x) / M (a;) 

Jo 

[Re(// — fi) < Re(;/ + /i) > —1, a; > 0] EH II 97(68) 


/•OO 1 

3. / y„_ /i (2a;sinhf)e _(l/+/i) ‘df = . . . rr {/ M (a:) if^a;) - cos[(i/ - /z)7t] /^(a;) IT^a:)} 

Jo sin 7 r(/x - ^)J 


. r / \ , L- 1 MV* 1 '/ P) " J J M 

Sin[7T(/X — V)\ 

[|R.e(ax — /x) | < 1, Re(z 2 + n) > — a; > 0] EH II 97(73) 


4. J K 0 ( 22 sinh x) e 2 " x dx = | J v {z)^^^- - ^"^( 2 )— 


6.65 Combinations of Bessel and exponential functions of more complicated argu- 
ments and powers 


6.651 

1. 


pO O 

/ x A+ ^e _ ^ a x (|a 2 x 2 ) Jv{(3x) dx 

Jo 


1 oA+l o—X— h ^21 ( P 2 l-/i,l + /i\ 

P G23 V2a 2 /», |,fc / 


h — | + |A -T k — f “E ^ A 




|arga| < — , (3 > 0, — | — Re(2/z + v) < Re A < 0 


ET II 68(8) 


2 . 


3. 


x x+ l e \ a x k M (|a 2 a; 2 ) J u ((3x) dx 




2 ’ ^ / 


h — ^ /c — 




|arg a| < — , Re (A — v 2 fi) > - 


ET II 69(15) 


pO O 

/ a; 2 ^— +! e -|«x 2 ^ (l aa .2J ^ 

Jo 


'1 \ av—2y.—l 

= 2^+Hn a)-i r ( + P ^ 

2 ' r ( 2 d 3~ 


(?' 

2 a, 

[Rect >0, P > 0, Re^ > 2Re/i + \ > — |] ET II 68(6) 


„ , 1 1 

1 -Fl ( 2 + ^'1 2 — d + 
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6.652 


4. 


5. 


/»oo 

/ x 2,l+u+1 e~^ a x (ja 2 x 2 ) J v {0x) dx 
Jo 


H-cMl -lll-lv-l nv^ (1 + 2 /x + v) ( | o | | | 3 0 2 \ 

V7t2 a 0 — 7 — ; — 37 - ifT 1 + 2/x + i/, p + i/+-, — -—7 


r(p + i/+ |) V 


2 ’ 2 a 2 / 


[|arga| < j 7 t, Rezx>— 1, Re(2/u + v) > — 1, 0 > 0] ET II 69(13) 

/»oo 

/ aA^+lg-iaz 2 J M (l a;r 2^ K V {0 X ) dx 

Jo 


2^-3 


= ^/3-^-ia-^-^-Jr(2/z + Z 3+l)r( Al +i)exp(|-) ( f- 


' 0 2 


V' 


8a , 


. 4 a , 


2k = — 3p — 1 / — 2 m = p + ^ + | 
[Rea>0, Re /x > — Re (2/x + v) > — l] ET II 146(53) 


6 . 


7. 


9. 


6.652 

6.653 

1. 


2. 


xe * ax J i v (j/3x 2 ) J„(jx) dx = 2 (a 2 + p 2 ) 2 exp ( — 


07 


J 1 


Pi 2 


xe 4<xx Ii (l-aa; 2 ) J v {Px) dx = ( - 7 ta 0 1 exp ( — — 

2 ' * ' \ / ^ \ / /"v/ 


a 2 + P 2 J ^\a 2 + P 2 , 

[7 > 0, Rea > |Irn/3|, Reix> — 1] 

ET II 56(2) 

P 2 \ 


2a J 

[Re a > 0, 0 > 0, Re v > —1] 

ET II 67(3) 


J o xl " e ^ Ms" 2 * 2 ) J»(Px)dx= ^^exp^-^) 


D 


—2v 


[|arga| < 0 > 0, Reix>— |] 

ET II 67(1) 


Iv+i ( 1 ^ 2 ) j v{px)dx = exp 


D— o,,_ 


2^—3 


[|arga| < j 7 t, Rei/>— 1, 0 > 0] 

ET II 67(2) 


„2v~ V+az) 


Iv \ — \ dx = 


r( 4 ^ + 1 ) e° ! 




2 4y r(t/+ 1) a u+1 “3 y .2 l 

[Re(i/+i) >0] 


Ml 45 


exp 


MM +i > 2 > 


/ nh \ (it 

M -±=2I v {a)K v [b) [0 < a < 6 ] 

= 2 K v {a)I v (b) [0 < 6 < a] 

[Re v > -1] WA 482(2)a, EH II 53(37), WA 482(3)a 


exp 


MM + “ 2 > 


K, 


/ ZW \ dx 


= 2 K v {z) K v [w) 

V X / X 

[|argz|< 7 T, |argu>|< 7 T, arg(z + w)] < j 7 T WA 483(1), EH II 53(36) 
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6.654 

6.655 


6.656 

1. 


2 . 


J x 2 e sx ax K „ dx = V^ira 2 (/3\/a) 


ME 39 


\(3 2 + x 2 ) 5 exp 


OCX 

/3 2 + x 2 


J u (jx) dx = 7 *e 01 J 2 v (2ay/^) 

[Re (3 > 0, 7 > 0, Re v > — 

ET II 58(14) 


- (£— 2 ) cosh t j 


2v 


2 (z£) 2 sinhf dt = I u {z) K „(£) 


[Re v > — Re(£ — z) > 0] 


EH II 98(78) 


- (£+ 2 :) cosh t 


2v 


2 ( 2^) 2 sinh f dt=- K u (z) K v (£) sec(^7r) 


|Rev| < 5 , Re^ 2 2 +£ 2 ^ >0 

EH II 98(79) 


6.66 Combinations of Bessel, hyperbolic, and exponential functions 

Bessel and hyperbolic functions 


6.661 

1. 


sinh(ax) K v (bx) dx 


2 . 


cosh(aa;) K v (bx) dx 


7 r cosec ( ^ ) sin v arcsin ( | ) ] 

2 V b 2 - a 2 

[Re& > |Rea[, 


7tcos v arcsin (|)] 
2 \Jb 2 — a 2 cos (~j^j 


[Re b > |Rea|, 


| Re ix | < 2] 

ET II 133(32) 


|Re^| < 1] 


ET II 134(33) 


6.662 Notation: 
1 


ti = 


2 L 


i /(6 + c ) 2 + a 2 - \/{b — c ) 2 + a 2 


h = ^ \/(b+ c) 2 + a 2 + \/{b— c ) 2 + a 2 


l . 10 [ cosh((ix) K o(ax) J oi'jx) dx = —=L=L= 

Jo V u + v 

+ a 2_ /3 2_ 7 2 

- a 2 + /3 2 + 7 2 

k 2 = v(u + v)~ 1 [Rea > |Re/3|, 7 > 0] 

ET II 15(23) 


u = - y (a 2 + (3 2 + 7 2 ) — 4a 2 /3 2 


v = -{\J (a 2 + (J 2 + 7 2 ) — 4a 2 /3 2 
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2 . 


10 


alternatively, with a = 7 , b = (3, c = a, 

K(k) 


cosh(&a;) Kq(cx) Jo(ax) dx = 




2 _ *-2 


0 2 _ „2 


k Z = 


— C 


sinh(/3:r) 7Ti(aa;) J 0 ( 7 ®) dx= a 


uE{k) — K(k) E(u) + 


-RT (fc) sn u dn u 


[Rec > | Re 6 1 , a > 0] 


cn u 


cn 2 u = 2y 2 < (ct 2 + /3 2 + y 2 ) 2 — 4a 2 /? 2 2 — a 2 + /3 2 + j 2 


-1 


k 2 = t - ( a 2 - /}* _ 7 2 ) + ^2 + 7 2 ^ _ Ac 2^ 

[Re a > | Re (3\, 7 > 0] 

ET II 15(24) 


alternatively, with a = 7 , b = (3, c = a, 


sinh(6a;) Ki(cx) Jo(ax) dx= c 


-1 


u E(k) — K{k) E(u) 


K(k) snudn u 


cn u 


cn u = 


e 2 -, 


r, k 2 = 


q-£ 2 


[Rec > | Re & | , a > 0] 


6.663 

r°° 1 

1. / K y±li (2z cosh t) cosh [(/z =p v)t]dt= - K ^( 2 ) K„{z) 

Jo z 



[Re 2 > 0] 

WA 484(1), EH II 54(39) 

2. 

/»oo 

/ Y^+v (2z cosh t) cosh[(/z - v)t\ dt = j [J ^(z) J„{z) - Y ^(z) Y v (z)] 

Jo 4 




l z > 0 ] 


EH II 96(64) 

3. 

/ J n +v (2z cosh t) cosh[(/j, - u)t]dt = --[J^z) Y v {z) + J v (z) Y ^{z)} 

Jo 4 




[ z > 0 ] 


EH II 97(65) 

4. 

r°° 1 

/ J M+I/ (2z sinh t) cosh[(/z - z/)t] dt = - [I v (z) K ^( 2 ) + I ^(z) K„(z)\ 

J 0 ^ 

[Re(zz + n) > — 1, Re(/z — u) < §, 

2 > 0 ] 

EH II 97(71) 

5. 

r°° 1 

/ ( 2 z sinh t) sinh[(/z - v)t\ dt = - [I„(z) K^(z) - I^z) K u (z)} 

Jo z 

[Re(zz + n) > — 1, Re(/z — v) < §, 

2 > 0 ] 

EH II 97(72) 


6.664 

1. f J 0 (2zsmht)smh(2vt) dt = s ^ n ( un '> [K„(z)} 2 [|Rezz|<|, z > 0] EH II 97(69) 

Jo 71 
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2. / Y 0 {2z sinh t) cosh(2z4) dt = [K„(z)] 2 [|Re^|<|, 2 > 0] 

Jo n 


EH II 97(70) 


3. 


Y o (2z sinh t) sinh(2z/f) dt = 




cos(^7t) [K v (z)Y 

7 r 


[|Re^| < z>0] 

r°° ^2 

4. / Kq (2zsinhf) cosh2i/f dt = — { J 2 (z) + N 2 (2)} [Rez>0] 

Jo 8 

5. J Kip (;zsinh2t) coth 2 "t dt = — T T - n - Jj W v ^{iz) W v ^(—iz) 


EH II 97(75) 
MO 44 


|arg z\ < —, |Re/t| +Rer/ < 5 


f 00 1 

6. / cosh(2//x) /sr 2! y (2a cosh x) dx = - R' At+l/ (a) K M _^(a) 

Jo 2 


[Re a > 0] 


MO 119 


ET II 378(42) 


6.665 / sech x cosh(2Ax) 7 2jU (a sech x) dx = — — — ^ M \^{a) M _\^{a) 

Jo 2a [r(2/x + 1)]“ 

[|ReA| - Rep < §] ET II 378(43) 

Bessel, hyperbolic, and algebraic functions 

6.666 / aT +1 sinh(ax) cosech(7tx) J„(/3x) dx = — y^(— l)" _1 ?t" +1 sin(no:) 7sT„(n/3) 

0 7t 

,/u n=l 

[|Rea|<7r, Rez/> — 1] 

ET II 41(3), WA 469(12) 

6.667 

l. 3 

2 . 


cosh (\Ja 2 - x 2 ) smh f 7 2 i/ (x) n T ( l t \ T ( 1 

dx= -I v I -ae I 7„ I -ae 

Vr-r z 


‘cosh (\J a 2 — x 2 sinhf) Kn^(x) n 2 r , n , ,, , ,,, 

^ dx = — cosec(^7t) [7_„ (ae 4 ) 7_„ (ae ) — 7„ (ae 4 ) 7„ (ae )] 

V a 2 — x 2 4 

ET II 367(25) 


[Re v > -5] 
-v {ae ) 7 _jy ( 

[|Re v \ < \] 


ET II 365(10) 


Exponential, hyperbolic, and Bessel functions 

6.668 Notation: 


ti = 


1 

2 L 


\/(7 + c ) 2 + a 2 - 1/(6 - c ) 2 + a 2 


^2 = ^ 


2 L 


\/(b+ c) 2 + a 2 + \/(6 — c) 2 + a 2 
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1 . 


10 


2 . 


10 


/ e ax sinh((3x) Jo (-yx) dx= (a/3)ir 1 1 r 2 1 (r 2 — ri) 2 (r 2 + r±) 2 

Jo 

r i = \Ay 2 + (/3 — a) 2 , r 2 = \/t 2 + (/3 + a) 2 , [Rea > |Re/3|, 7 > 0] ET II 12(52) 

alternatively, with a = 7 , b = /3, c = a, 


r°° _ 

/ e ca: sinh(foc) Jo{ax) dx = -g ~jn 

Jo “2 ~ *1 


[Rec > |Re 6 |, a > 0] 


/ e aa: cosh(/3a;) Jo ( 7 a:) dx = (a/3) 2 r 1 V 2 1 (r 2 — j*i) 2 (r 2 + ri) 2 
Jo 

ri = \/7 2 + (/? — a) 2 ; ^2 = Vl 2 + {/3 + a) 2 , [Rea > |Re/3|, 7 > 0] ET II 12(54) 

alternatively, with a = 7 , b = (3, c = a, 


/»oo 

/ e -ca: cosh( 6 x) Jo(ax) dx = 
Jo 


/2 _ p2 
*•2 


[Rec > |Re 6 |, a > 0] 


6.669 

1 . 


coth [ -x 


“I 2A 


g— /3 cosh x J 2 ^ [a sinh x) dx = 


r (I ~ ^ + m) 

aT(2fi + 1) 




A, fi 


(a 2 + /3 2 ) 2 - (3 


x 


(a 2 + /3 2 ) 2 + /3 


[Re/3 > |Rea|, Re(/x-A)>-§] BU 86(5b)a, ET II 363(34) 


2 . 


coth -x 
2 


2A 


g— /3 cosh x y 2ii (q/ sinh x) dx 
scc[{y + X)x] WAj#i ( v ^2^ + ^ 


tan[(/x + A) 7 t] r (| — A + /x) 


^A,p 


a 2 + /3 2 + /3) I v « 2 + /3 2 - 


aT( 2 /x+l) " A,M 

[Re/3 > |Rea|, Re A < § - |Re/x|] ET II 363(35) 


3. 


5. 


0 — ^ (aici 2 )^ cosh a; 


coth ( -X 


"I 2u 


iT 2jLl (t A / a i a 2 sinh x) dx 

_r(l+n-is)T(l-n-v) 


2 t v / aia 2 

^ l± 2 /i ^ 

Re ^ < Re — - — , Re 


W v>li {ait) W v ^ (a 2 i) 




> 0 


BU 85(4a) 


4. 

noo 

1 g— ^ (aia2)t cosh tc 

coth ( 7 

ni 


Jo 

L V z 

: / j 


“2v JJ 1 ^ i _|_ 1^ — jy\ 

1 2 ^ (V a i «2 sinh x) dx = ^ 2 ^ + ^ W Vttl {ait) M Vtli {a 2 t) 

[Re + n — v) > 0, Re pi > 0, ai> a 2 ] BU 86(5c) 


0 2us tanh 6 


i 


f \ ds 

2m I cosh s / cosh s 


r (| + n + r (5 + n — v ) 

v / ^[r(i + 2 M )] 2 


M Vlll (x) M- V ^{y) 


[Re (ir" + ^ + /.t) > 0] 


BU 83(3a)a 
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6 . 


^lus— x i z y tanh s j 


( y/xy \ ds 
2m \coshs ) coshs 


r(i + ^i + r/)r(i + ^ — v ) 

Vxy [r(i + 2 ^)] 2 

[Re ("F^ + \ + 


M V}fl (x) M Vili 

aO >0] 


(y) 

BU 84(3b)a 


6.67-6.68 Combinations of Bessel and trigonometric functions 

6.671 


/»00 

1. / J v (ax) smfixdx = 

Jo 


3. 


4 . 


sm v arcsm 


P 


/»00 

2. / J„(ax) cos (3x dx = 

Jo 


V 

a) 

[(3 < a] 

v^ 2 

-p 2 

= oo or 0 


[P = «] 


ol v cos ^ 

[P > «] 

v 7 /? 2 - 

a2 {P + V f3 2 ~ a 2 ) 


[Re v > — 2] 

cos ( v arcsin U ) 


_ \ 


\P < a ] 

\f~OL 1 

! - P 2 

= oo or 0 


[/3 = a] 


— a v sin ^ 

[/3 > a] 

Vp 2 ~ 

a 2 {p + V fJ 2 — ® 2 ) 


[Re v > — 1] 


WA 444(4) 


Y v (ax) sin(6a:) dx 


( VTT \ / 2 . 2\ — § 

■ f b M 

— (a 2 — b ) sm 

z/ arcsm — 

V 2 / v ' 

L W \ 


^cosec(^) (fo 2 -a 2 ) 5 
x / a _!y cos(i^7r) \b — (fo 2 — a 2 ) ; 


Y,y(ax) cos(bx) dx 
tan(^f) 


— a 


b-{b 2 -a 2 Y 


cos 


arcsm | — 
a 


(a 2 — b 2 ) 2 

— sin {p 2 — a 2 ) 2 ja -1 ' b—(b 2 — a 2 ) 2 + cot(W) 


+a 


i-i — 1/ 

b — (b 2 — a 2 ) 2 cosec(^7t) 


WA 444(5) 

[0 < b < a, |Re i/| < 2] 

[0 < a < b, | Re v\ < 2] 

ET I 103(33) 

[0 < b < a, | Re v\ < 1] 


[0 < a < b, | Re v\ < 1] 

ET I 47(29) 
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5. / K„ (ax) sin(6x) dx 


— ^7ta " cosec (a 2 + b 2 ) 2 l (b 2 + a 2 ) 2 + b — (b 2 + a 2 ) 2 — b 


[Rea >0, b > 0, |Rei/| <2, v± 0] ET I 105(48) 


6. / K v (ax) cos (bx) dx 


(b 2 + a 2 ) 2 sec ^^^ja v b+(b 2 + a 2 ) 2 


' \ b + (b 2 + a 2 ) ^ 

[Re a > 0, 6 > 0, |Re v\ < 1] ET I 49(40) 

[0 < b < a] 


7. / J o(ax) sin(bx) dx = 0 


9. 


Vb 2 — a 2 


/'°° 1 
/ J p(ax) cos(bx) dx = . — r 

/o Va 2 -6 2 

= 00 
= 0 


/»oo 

/ /2r!+i(«ic) sin(&x) dx = (— l) r 

Jo 


\J a 2 — b 2 


= 0 


[0 < a < b] 

[0 < b < a] 

[a = 6] 

[0 < a < b\ 

Tin+i ( - ) [0 < b < a) 

[0 < a < b] 


10 . 


/»oo 

/ J 2n(^0 COs(6#) dx = ( — 1) 

JO 


V^T^Ca) l ° <b< “ ] 

= 0 [0 < a < b] 


11 . 


2arcsin(-) 

/ Y 0 (ax) sin(6x) dx = a 

Jo ttVo 2 ^!? 

2 1 


7T V& 2 - a 2 


In 


6 b 2 


a V a 


- 1 


12. / Yo(ax) cos(bx) dx= 0 




[0 < b < a] 
[0 < a < b] 

[0 < b < a] 

[0 < a < b] 


ET I 99(1) 


ET I 43(1) 


ET I 99(2) 


ET I 43(2) 


ET I 103(31) 


ET I 47(28) 
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13. / Kq ( fix) sin ax dx = 

Jo 


14. 8 / K 0 (/3x) cos ax dx = 


1 


a / or 


Va^W ln lf3 + W + \ 


2 s /a 2 + (3 2 


[a > 0, /3> 0] WA 425(ll)a, MO 48 
[a > 0] WA 425(10)a, MO 48 


6.672 

1. 


J u (ax) J v (bx) sin(cx) dx 
= 0 


1 


2 y/ab " 2 V 2ab 


b 2 + a 2 — c 2 


[Re v > — 1, 0 < c < b — a, 0 < a < 6] 

[Re v > —1, b — a < c < b + a, 0 < a < 5] 


cos(^7t) 
7 x\fab 


Q v -b - 


b 2 + a 2 — c 2 


2 ab 


[Re v > —1, b + a < c, 0 < a < 6] 


ET I 102(27) 


2. J J v (x) J- V (x) cos(bx) dx = ^ P„_i {^jb 2 — 1^ [0 < b < 2] 

[2 <b] 


= 0 


ET I 46(21) 


f°° 7T 2 

3. / K v (ax) K„{bx) cos(c;c) dx = — = sec(i^7r) P v _ i [(a 2 + b 2 + c 2 ) ( 2ab )~ 1 ] 

Jo 4 Vafe 2 


/•OO l / 

4. / K u {ax) I u (bx) cos(cx) dx = — = Q„ i ( 

Jo 2\fab 5 V 


[Re(a + 6)>0, c > 0, |Rei/| < |] 

ET I 50(51) 

a 2 + b 2 + c 2 ' 

2 ab 

[Rea>|Re6|, c > 0, Rez^>— |] 

ET I 49(47) 


/•oo ^ 

5. / sin(2ax) [J„(;r)] 2 cte = - P V J% (l — 2a 2 ) [0 < a < 1, Re^>— 1] 

Jo ? 2 


= — cos(^7 r) (2a 2 — l) [a > 1, Re^ > —1] 


ET II 343(30) 


/■oo 1 

6. / cos(2ax) [/^(rr)] 2 (Jcc= — Q„_i (l — 2a 2 ) [0 < a < 1, Re^ > — |] 

J 0 ^ 


= sin(z/7r) <5 y _i (2a 2 — l) a > 1, Re^ > 


ET II 344(32) 


7. / sin(2aa;) Jo(^) Y o{x) dx= 0 


K 


(1 -a- 2 r 


[0 < a < 1] 
[a > 1] 


ET II 348(60) 
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[ K 0 (ax ) I 0 (bx) cos(cx) dx = 1 = K j 2V ^ = 

/ o A/c 2 + (a + 6) 2 I i/c 2 + (a + &)" 


9. 


/•oo i 

/ cos(2ax) Jo( a; ) i A o( a: ) lf(a) 

Jo tt 


= -— Ki- 
na \a 


10 . 


POO -I 

J cos(2ax) [y 0 (z )] 2 dx= — K ^\/l — a 2 j 


= — K { \ l - 4 


[Rea > |Re6|, c > 0] 
[0 < a < 1] 

[a > 1] 

[0 < a < 1] 

[a > 1] 


6.673 

1. 


2 . 


J„(ax) cos — Y,y(ax) sin sin(6x) dx 

= 0 

J Y „ (ax) cos + Jv{ax) sin cos(bx) dx 


= 0 


2 a v \/b 2 — a 2 


&+ (b 2 - a 2 ) 5 +6 - (6 2 — a 2 ) 5 


/■tt/2 

3.* / [cos a; / 0 (a cos a’) + /i(acosa;)] dx = 

Jo 


e a - 1 
a 


6.674 


[0 < b < a, 
[0 < a < 6, 


[0 < 6 < a, 
[0 < a < b, 


pa °° 

1. / sin(a - a:) J„(a;) dx = a J„+i{a) - 2i/^(-l) n J„+ 2 n+ 2 (a) 

"'° ra =0 

[Re v > — 1] 

/>a oo 

2. / cos(a — a:) J„{x) dx = a J u (a) — 2u V^(— l) n J„ + 2 n +i(a) 

Jo „,_n 

[Re v > — 1] 


n=0 


r 

3. / sin(a — x) J 2 n(%) dx = a J 2 n+i{a) + (— l) n 2n 

Jo 


cos a 


m— 1 

[« = 0 , 1 , 2 ,...] 


ET I 49(46) 

ET II 348(61) 


ET II 348(62) 

| Re v\ < 2] 

[Re v\ < 2] 

ET I 104(39) 

|Rez/| < 1] 

|Re^| < 1] 

ET I 48(32) 


ET II 334(12) 

ET II 336(23) 

(a) 


ET II 334(10) 
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4. / cos(a — x) J 2 n{x) dx = a J 2 n{a) — {—l) n 2n 

Jo 


sin a - 2 ^](-l) m J 2m +i(a) 


m = 0 


[« = 0 , 1 , 2 ,...] 


ET II 335(21) 


5. / sin(a — a;) J 2 „+i(:r) cte = a J 2n+2 (a) + (— l)"(2n + 1) 

Jo 


sin a - 2 ^](-l) m J 2 m+ i(a) 


m = 0 


[« = 0 , 1 , 2 ,...] 


ET II 334(11) 


6. / cos(a - x) J 2 n+i(x) dx = a J 2 „+i(a) + (-l) n (2n + 1) 

Jo 


cos a - Jq ( a) - 2 ^](-l) m J 2m (a) 


[n = 0,1,2,...] 


7. 


6.675 

1. 


/ sin( 2 ; — a:) Jo (a;) dx = z Ji(z) 
Jo 

/ cos(z — x) J o(x) dx = z J o(z) 
Jo 


/ J„ (a\fx) sin(6x) dx = — 5- 
/ 0 46s 


ET II 336(22) 
WA 415(2) 

WA 415(1) 


, a V1T \ y 

cos — — Ji„_i 


r\ 


86 4 J -* v 2 ^86, 


a U7t 


— — sin — — } J 


86 4 / 2^+2 V 86 , 


[a > 0, 6 > 0, Re v > —4] 


ET I 110(23) 


POO 

2. / J„ (a^/x) cos(6a;) da; 

Jo 


m 


. 1 a V7T \ t 

sin — — Ji, 1 


r\ 


86 4 y 2 " 2 \ v 86 / 


„ . .a 2 vn\ 

— + cos — J 


8 6 4 7 ^+2^867] 


[a > 0, 6 > 0, Re ^ > —2] ET I 53(22)a 


poo 1 / > 

3. / Jo (aVx) sin(6a;) dx = - cos I — 

Jo " \46 / 

f 00 1 / fl 2' 

4. J J 0 (ay/x) cos(6a;) dx = - sin ( — 


6.676 


/*°° 1 / ab\ ( 

1. / J„ (ayfx) J„ (b\fx) sin(ca;) dx = - J „ ( — ) cos ( 

Jo c v 2c 7 V 


[a > 0, 6 > 0] 

[a > 0, 6 > 0] 


a 2 + 6 2 U7T 

4c 2~ 


ET I 110(22) 
ET I 53(21) 


[a > 0, 6 > 0, c > 0, Re v > —2] 

ET I lll(29)a 


/»oo ^ f &b\ ( 

2. J J„ (ay^) J v (b\/x) cos (ex) dx = - J „ f — \ sin ( 


1 T { ab\ . (a 2 + b 2 vn\ 


4c 2 7 

[a > 0, 6 > 0, c > 0, Re v > —1] 


f°° 1 /a 2 \ 

3. / Jo {a\/x) K 0 (a\/x) sin(6x) dx = — iTo ( ) [Rea >0, 6 > 0] 

Jo ^ \ ^b J 


ET I 54(27) 
ET I 111(31) 



722 


Bessel Functions 


6.677 


J 0 (y/ax) Ko (Vox) cos (bx) dx = I 0 - L 0 


[Re a > 0, b > 0] 


5. f K 0 (y/ax) Y 0 (y/ax) cos(bx) dx = K 0 [Re v / a>0, b > 0] 

J q Zb \Zb/ 

r oo 2 

6 . / Ko^Vaxei^ K 0 (^Vaxe~i^cos(bx)dx=^ H ° (^) ~ Y ° (^) 


[Re a > 0, b > 0] 


ET I 54(29) 
ET I 54(30) 


ET I 54(31) 


6.677 


1. f Jq (bV x 2 — a 2 \ sin(ca^) dx= 0 [0 < c < b\ 

J a ' ' _ 

cos aye 2 — b 2 ) 

— V / \n ^ u ^ 


c 2 — & 2 


[0 < b < c] 


ET I 113(47) 


2. r ex P (-.CF^?) [0<c<6] 

Ja V ' \b 2 — C 2 

— sin (aVc 2 — b 2 ) 

_ v / 


Jo ( ct v a: 2 + 2 2 ) cos /?x dx = 


/ c 2 — b 2 


cos zWa 2 — P 2 


1 a 2 — (3 2 


[0 < b < c] 


[0 < (3 < a, z > 0] 
[0 < a < ft, z > 0] 


ET I 57(48)a 


MO 47a 


Yq (a\/x 2 + z 2 ^j cos fix dx = — ^==== sin a 2 — ft 2 

= . 1 exp i~z\j P 2 - 

V/3 2 - a 2 V 


[0 < P < a, z > 0] 


^—z\/ P 2 — a 2 ^j [0 < a < P, z > 0] 


MO 47a 


POO 

/ Ko a\J x 2 + P 2 cos^x) dx = — exp f — /3-y 7 a 2 + j 2 ) 

Jo L J 2\/a 2 + 7 2 ' ' 


Jo ( &v a 2 x 2 ) cos (ex) dx = 


sm ay cr + 


[Re a > 0, Re p > 0, 7 > 0] 


J Jq ^ b\ [ . x 2 — a 2 ^j cos (cx) dx = 


/b 2 + c 2 
1 (a\/b 2 — c 2 
Jb 2 — c 2 


[ 6 > 0 ] 


[0 < c < b, a > 0] 
[0 < b < c, a > 0] 


ET I 56(43) 


MO 48a, ET I 57(47) 


ET I 57(49) 
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8 . 


9. 


6.678 

6.679 

1. 


2 . 


3. 

4. 


5. 


6 . 


7. 


6.681 

1. 

2 . 




exp I ifj^/a 2 + 7 2 


i /2 .- 1/2 


7t > arg \J P 2 — x 2 >0, a > 0, 7 > 0 


ET I 59(59) 


r 00 , 9 w , x iexp (~i/3y/a 2 +i 

j H { 0 (a\/p 2 — x 2 j cos (7a;) dx = / a 2 + ^ 2 


\J a 2 + 7 : 

— 7t < arg P 2 — x 2 <0, a > 0, 7 > 0 


K 0 (2y/x) + ^ Y 0 (2yfx) sin(6a;) dx = ^ sin [6 > 0] 


ET I 58(58) 
ET I 111(34) 


J 2v 


26sinh ^ sin(Ar) dx 


i \I if— ib(&) A i/+i b (a) d if+ibi^Qf) K ls-ibi®)] 

[a > 0, b > 0, Re v > —1] 

ET I 115(59) 



2 a sinh 


(Jd'j cos (bx)dx 


dif—ib{Oj) A i/-( -ib(ct) I if-\-ib(tt) K v — ibi^Cl) 

[a > 0, b > 0, Rez/>— |] 







ET I 59(64) 


J 2v 

/ x ' 

2 a cosh ( — 
V 2 2 

J cos (Ar) dx — ^ \J if-\-ib{,Of) Y u -ib(a) J v 

— ib(cJ) Y v+ibi®)] 

ET 1 59(63) 

Jo 

2 a sinh 

2 2 
sin( 6 x) dx = — sinh( 7 rfe) [AT ib (a)] 

7T 





[a > 0 , 

b > 0 ] 

ET 1 115(58) 

Jo 

2 a sinh 

cos (bx) dx = [Iib(a) + I- ib (a)] K ib (a ) 





[a > 0 , 

6 > 0 ] 

ET 1 59(62) 

Y 0 

2 a sinh ^ — ^ 

1 2 2 

cos( 6 :r) dx = cosh( 7 rb) [AT, ;b (a)] 

7 r 





[a > 0 , 

6 > 0 ] 

ET 1 59(65) 

K 0 

2 a sinh 

2 

cos(Ar) dx = |[J, ; 6 (a )] 2 + [y, ;b (a)] 2 | 




[Re a > 0, b > 0] ET I 59(66) 

7 r 

cos(2 fix) J 2 1/ (2acosa;) dx = — J v+fl {a ) J i/ _ /i (a) [Rer/ > — |] ET II 361(23) 

7T 

cos(2 fix) Y 2 V (2a cos x) dx= — [cot(2z/7t) J u+ ^{a) J u -^(a) — cosec(2r/7t) J ^_ v (a) J- fJ/ - u (a)\ 

[|Rez/|<§] ET II 361(24) 
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6.682 


3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

12 . 

13. 8 

6.682 

l . 7 

2 . 


cos(2 fix) l 2 v (2a cos x) dx = — I u -^(a) I v+/i (a) [Ret' > — \ 


cos (vx) K v (2a cos x) dx = — I o(a) 7sT„(a) [Reiz < 1] 

/ Jo(2zcosx)cos2nxdx = (—l) n nJ^(z). 

Jo 

/ Jo(2zsinx)cos2nxdx = nJ^(z). 

Jo 

7T 

/ cos(2n7t) Y 0 (2a sin x) dx = — J n (a) Y n (a) [re = 0,1,2,...] 

Jo 2 

/ sin(2/xx) J 2 v (2a sin x) dx = 7rsin(/t7r) J^-^a) Ju+^a) 

Jo 

[Re v > — 1] 

/ cos(2p,x) J 2 v (2a sin x) dx = 7rcos(/i7r) J^-^a) J^+^a) 

Jo 

[Ret/ > -§] 

7T 

7^+^ (2^ cos x) cos[(^ — dx = — J v (z) J^(z) [Re(iz + /j) > —1] 


cos[(/x — u)x] I n+v (2a cos a;) dx = — I p 


[Re(/x + v) > -1] 


ET I 59(61) 
WA 484(3) 
MO 45 
WA 43(3), MO 45 
ET II 360(16) 

ET II 360(13) 

ET II 360(14) 
MO 42 

WA 484(2), ET II 378(39) 


cos[(/z — v)x\ K ^ +v (2acoscc) dx = — cosec [(/z + i/)7r] [/_ M (a) I- V (a) — / M (a) /„(a)] 


[|Re(/t + i/)| < 1] 


K u _ m (2a cos a;) cos[(m + i/)ar] dx = (— l) m — I m (a) K„(a) 


[|Re(re — to) | < 1] 


ET II 378(40) 


WA 485(4) 


J v _ i (a; sin i) sin iy+ 2 tdt = y — J„(;r) 

[re may be zero, a natural number, one half, or a natural number plus one half; x > 0] MO 42a 


j J v (2 sin a;) sin" a: cos 2 " x dx = 2" 1 v / 7rr ^re + ^ 2 

[Ret/ > -§] 


MO 42a 
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6.683 


© 


^ r 


fi — V 


1. I J u (zsinx) 1^ (zcosx) tan^ +1 xdx = y J ^(z) 

Jo r» ( _j_ 1 


f 2 , 1 , - z i z 2 

2 . / (zi sinx) (2:2 cosx) sin 17-1- xcos M+ xdx = r= 

■ /o y( 


[Re z/ > Re /t > —1] 
z l z 2 Ji'+n+l (^\/ Z 1 d~ Z 2^j 


zi+zir^ +i 

[Re z/ > —1, Re /i > —1] 


r § ^ 00 ^ 

3. / ©cos 2 x) Jfj, ©sin 2 x) smxcosx dx = - y~[(— l) fc J^+^-^fc+i©) 

Jo Z k = o 


[Rei/> — 1, Re/x>— 1] (see also 6.513 6) 


4. / J ^ (2; sin 0) (sin #) 8 (cos 0) d6 = ©© 


,7/3 _ V+r'.r'-M+lW 


2 m-i^+i r©) 

[Re 1/ > — 1] 


5. I Jfj, ©sin#) (sin#) 1 M d# = 


H„_i(«) 


6. / Jfj, (asin#) (sin#© (cos#© e 1 d# = 2 8 r© + l)a 8 1 J e+ll+ i(a) 

Jo 

[Re > — 1, Ren > —1] 
WA 406(1), 


7. 


J v (2zsin#) (sin#© (cos 0) 2u dO 


_ 1 y, (~l) m z v+2m r © + m + §) T (1/ + §) 


771=0 


1 ! r© + r?z + 1 ) r( 2 i/ + to + 1 ) 


= 2 2 © + i) [J„©© 


[Re 


(2 sin#) (sin#© +1 (cos#) 2u d6 = 2 


y I/-l 

T ( ^ ^ ) sin 2 

/ 7T V 2 

[—1 < Re i/ < |J 

2i/+l 7/1 ^ (2 ^2i/+i ©) 


9. / ©sin 2 #) J u ©cos 2 #) (sin#©" (cos 9) 1 dd = 

Jo v ' ^ M 2 2 -+ir© + i)v© 

[Re ^ > -5] 


WA 407(4) 

WA 410(1) 

WA 414(1) 

WA 407(2) 
WA 407(3) 

EH II 46(5) 


EH II 47(10) 

EH II 68(39) 

WA 409(1) 



726 


Bessel Functions 


6.684 


10. / ( 2 sin 2 9 ) J u (z cos 2 9 ) sin 2A1+1 0 cos 2 " +1 9 d9 = 


r (^ + |) r (^ + |) j ^ + v + i ( z ) 

2y / 7T : r(/l + v + l)y/2z 
[Re/x>— Rei7 > — |] WA 417(1) 


6.684 


l. s 


(sin x) 


2i> 


2. / (sinx? 


/„ ^ ^a 2 + /3 2 — 2a/3 cos x^) 
^ \J a 1 + /3 2 — 2 a(3 cos x'j 

Y v (^Ja 2 + (3 2 — 2 a/3 cos x^) 
^ y?* 2 + P 2 — 2 a(3 cos 


4- dx = 2^r ( 1 / + ^ Jl/(a) J " (/3) 


2) a v fJ v 
[Ret/ > -§] 


d® = 2*' v ^r(i/+^ j " (q) F " (/?) 


ET II 362(27) 


2) a v P v 

[\a\<\/3\, Rei/>-|] ET II 362(28) 


6.685 / secxcos(2Ax) 7T 2 /x (asecx) dx = — W \^{a) W -\^{a) [Rea>0] 

Jo 2a 

6.686 

i r . / 2w, u vsf . /& 2 i/+i \ T fb 2 \ 

1. J q sin (ax ) J„(fa) rfx = -^sin - —nj J i v j 

0 Z 00 / 2\ T (U \ A 4™ ( b 2 u+1 

2. / cos [ax ) Jv{bx) dx = cos I 

Jo z^Ja \ 


ET II 378(41) 


7T 1 J 1 . , , 

8a 4 7 5Mg a 


[a > 0, 6 > 0, Re ^ > —3] ET II 34(13) 
b 2 ' 


[a > 0, b > 0, Re v > —1] 


ET II 38(38) 


/*oo 

3. / sin (ax 2 ) Y u {bx) dx 

Jo 


4 ? 

= - —= sec 
4 Va 


(?) 


/& 2 3*7 + 1 . T 

cos — 7 r J 


\8a 4 y \8a 


. . 6 2 17-1 

— sm ( - — i — - — 7r y 


8a 4 7 5" V ga 


' 6 2 ' 


[a > 0, 6 > 0, -3 < Re i7 < 3] ET II 107(7) 


/»oo 

4. / cos (ax 2 ) Y u (bx) dx 

Jo 


4-y/a 


sec 


sm 


(?) 

6 2 3i7 + 1 


8a 4 ^ \ 8 a 


7 r Ji 


. b 2 17-1 

+ cos - — i — - — 7t y 


8a 4 7 z \8a 


b 2 


r°o 1 

5. / sin (ax 2 ) JAbx) dx = — sin 

Jo b 


1 . ^ 
4 a 


[a > 0, 6 > 0, -1 < Re 17 < 1] ET II 107(8) 
[a > 0, &>0] ET II 19(16) 
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6 . 

7. 

6.687 

6.688 
1. 

2 . 

3. 

6.69- 

6.691 

6.692 

1. 

2 . 

6.693 

1. 


2 2 9 / 6 2 \ 

/ cos (ax 2 ) Ji(bx) dx = - sin 2 [ — ) 

J o V K ’ b \8aJ 

r°° 1 

/ sin 2 (ax 2 ) J \(bx) dx = — cos 
Jo 2 b 

J C ° S (in) ^ 2 " K ‘ 2l ‘ (' X6 ~ **) dx 


[a > 0, & > 0] 

[a > 0, 6 > 0] 


ET II 20(20) 
ET II 19(17) 


+ v) ^ W i,v (« eif ) ( ae_lf ) 

[a > 0, |Re^| < j] ET II 372(1) 


7 , . ^ u 71 t ( Vx 2 + z 2 + x\ ( Vx 2 + z 2 - x\ 

J v (nz sin t) cos (/zx cos t) dt = - J« I /i I J § I H I 

[Re v > — 1, Re 2 > 0] MO 46 

(sinx) I/+1 cos (/3cosx) (asinx) dx = 2“^ ( q2 + /? 2 ) i J„+i (a 2 + 0 2 )' 

[Re i/ > — 1] ET II 361(19) 

cos {(z — () cosd] J2v ‘Z^fzC'Sva.O dd = ^ J v (z) J V (Q 

[Rez/>-i] EH II 47(8) 


-6.74 Combinations of Bessel and trigonometric functions and powers 


o b 3 

xsin(frx) K 0 (ax) dx = — (a 2 + b 2 ) 2 


[Re a > 0, b > 0] 


ET I 105(47) 


1 3 — — 1 o 

x K u (ax) I y {bx) sin(cx) dx = — -{ab)~^ c (u 2 — l) 2 Q v _i(u), u = {2ab)~ 1 (a 2 + b 2 + c 2 ) 

[Rea>|Re6|, c > 0, Rez/>— §] 

ET I 106(54) 

D 1 

x K u (ax) Kjy(bx) sin(cx) dx = — (ab)~*c ( u 2 — l) 2 r(| + i^)r(|— v) P~\(u) 

u = (2 a&) _1 ( a 2 + b 2 + c 2 ) [Re(a + b) > 0, c > 0, [Re v\ < |] ET I 107(61) 


r T ( , ■ n dx 1 • ( 

/ J „ ax sinpx — = — sm 
Jo x v V 


. P 

v a, resin — 
a 


a v sin ^ 


{p + \[W 


[P < a] 
[0 > a] 


[Re v > — 1] 


WA 443(2) 
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r r , t dx 1 ( ■ p\ 

/ J v \ax) cos [dx — = - cos v arcsm — 
Jo X V \ OtJ 

OL V COS 

v(f3+ \J(3 2 - a 2 ) 


[(3 < a] 

[(3 > a] [Re v > 0] 


WA 443(3) 


Y v (ax) sin(6x)- 


1 ( V ' K \ ■ \ ■ (b 

= tan — sm v arcsm — 

v \ 2 J \a 


1 /VI T 

= — sec — 
2v V 2 


[0 < b < a, 

(^) |a-c°s(^) b—(b 2 — a 2 ) 2 - a" b — {b 2 

[0 < a < 6, 


r°° dx 

/ Jv{ax) sin(6a;) — 

Jo ® 

\J a 2 — b 2 sin [v arcsin ( ^ ) ] b cos [v arcsin ( ^ ) ] 

v 2 — 1 v (v 2 — 1) 

-a v cos (f ) [b + vVb 2 - a 2 

v ( v 2 — 1) [b+ yjb 2 — a 2 \ V 

r°° dx 

/ Jv(ax) cos (6a;) — 

Jo x 

a cos Uv — 1) arcsin (|)] acos \(v + 1) arcsin (|)] 

2 v(v — 1) 2 v(y + 1) 

a v sin(^) a v+2 sin(^) 


f°° / / \ • d® * 

/ Jo(ax) sm a; — = — 
Jo £ 2 


= arccosec 0 


[0 < a < 1 ] 

[a > 1] 


| Re v\ < 1] 

1 "I ~ V 1 

-r] } 

|Rei/| < 1] 

ET I 103(35) 


[0 < b < a, Re v > 0] 

[0 < a < b, Re v > 0] 

ET I 99(6) 


[0 < b < a, Re v > 1] 


a sm (-T-) a 1 sm T 

v 2 ; v 2 ; [0 < a < b, 

2v(v — 1) b+ y/b 2 — a 2 2v(v + l) b + \/b 2 — a 2 + 


Re v > 1] 

ET I 44(6) 


r t , i • R dx *■ 

/ Jo{x)sm(3x — =- 
Jo x 2 


= arcsin (3 


f°° r T . , . dx , „ 

/ [Jo{x) — cosasj — = In 2a 

Jo x 

( z dr 9 J* 1 . 

/ J„(x)sm(z-x ) — = -Y'(-l) fc J v+ 2 k+i{z) 

Jo x v't'n 


1(3 > 1] 

[/ 9 2 < 1 ] 
\(3 < -1] 


[Re v > 0] 


NT 66(13) 


WA 416(4) 



6.697 


Bessel and trigonometric functions and powers 


729 


pZ J -| c\ 00 

10 . / J„(x)cos(z- x ) — = - J v {z) + - y>l) fc J v+ 2 k{z) 

Jo XV v^ 

[Re v > 0 ] 


WA 416(5) 


6.694 10 



[0 < b < 2 a] ET I 102(22) 
[0 < 2a < b\ 


6.695 

1 . 

2 . 


3 . 


4 . 


6.696 


6.697 

1 . 


sin ax sinha /3 

2 1 .2 J o(ux) dx = — K 0 {pu) 


Jo P 2 + x 

f°° cos as 


P 

g-a/3 

J 0 (ux) dx = 5— io(/ 3 «) 


Jo /? 2 + s 2 — — 2 p 


X 2 + P 2 


sin(as) Jo{lx) dx = — e 0/3 IoilP) 


x 2 + P 2 


cos(ax) J 0(7%) dx = cosh(a/ 3 ) K 0 (Pj ) 


f°° dx ( a N 

/ [1 — cos(as)] Jo(Px) — = arccosh I — 

Jo x \P j 


= 0 


[a > 0 , 

Re/3 > 0, 

u > a] MO 46 

[a > 0 , 

Re/3 > 0, 

—a < u < a] 

MO 46 

[a > 0 , 

Re/3 > 0, 

0 < 7 < a] 

ET II 10(36) 

[a > 0 , 

Re/3 > 0, 

a < 7 ] 

ET II 11(45) 

[0 < p < 

a] 


0 

A 

Q 

A 

ET II 11(43) 



sin [a (a: + P)\ 
x + P 


J o{x) dx 


^ j " a cos pu 

Jo a /1 — u 2 

nJ 0 (P) 


du 


[0 < a < 1] 
[1 < a < 00] 


WA 463(2) 
WA 463(1), ET II 345(42) 


2. 

/'°°sin(s + <) T . . , 7t T . . 

/ ,. Jo{t)dt= J 0 (x) 

[s > 0] 

WA 475(4) 

3. 

f°°COs{x + t) 7T 

/„ * + ( 2 r " W 

[s > 0] 

WA 475(5) 

4. 

J / — sin[cv(a: + /J)] Jo(bx) dx = 0 

[0 < a < b] 

WA 464(5), ET II 345(43)a 

5. 

/■°° sin[a(a; + /3)] [ ] 2 f T ^l 2 

/ „ . J n +l(x) dx = n J n+ l(P) 

J — oo X “h p L J L J 

[2 < a < oo, 

n = 0,1,.. .] 


ET II 346(45) 
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6 . 


bm ^ + /3 ^ J n+±( x ) J-n-i{x)dx = 7T J n+ i(/3) J_ n _ i(/3) 

[2 < a < oo, n = 0, 1, . . .] 


7. 


J )j,[a(z + x)] J„[a( C + x)] ^ _ 


( 2 : + x)^ (C + x) 1 


r(// + i/)V?^- ■/„+„_ i[q(s-<)] 

r(/t + i)r(^+i) ' ( 2 _ C )^-I 

[Re(/x + v) > 0] 


ET II 346(46) 


WA 463(3) 


6.698 


F 00 / 2 cos [2 

1. J \fx J v+ 1 (ax) J_„ + i («x) sin(6x) dx = y — — 


t^arccos(^)] 


V4a 2 — 6 2 


= 0 


Z* 00 / 2 cos [2 

2. / \/x J,._i(ax) J _,._i(ax) cos(bx) dx = \ — — 

7o 5 J V 7 t6 v 


^ arccos 


(£)] 


•\/4a 2 — b 2 


= 0 


[0 < 6 < 2a] 
[0 < 2a < 6] 

[0 < b < 2a] 
[0 < 2a < 6] 


ET I 102(26) 


ET I 46(24) 


3. J \fx I i_ v ^ 2 a;r ^ ^\+v ^2 aa ) s ^ n (^ a: ) dx 


7 r 

= ,, 26“ 


— 2i2 


6 2 )' 


Va 2 + V 2 

[Re a > 0, b > 0, Re v < |] 

ET I 106(56) 


4. J o yfil_,_ v Qax) K_, +u Qax) cos(6x) dx = ^ a ~ ^ b+ ^ ±l 


2u 


[Re a > 0, b > 0, Re v < | 


ET I 50(49) 


6.699 


1. jTV Max) si »(fa) *= F | 


[0 < b < a, — Re ^ — 1 < 1 + Re A < § 


= flA /.-fr+A+l) F ( P + A + 1) 

r(* + i) 

f *2 \ is 1 + A + z/ 


= l 2“ 




x F 


V 2 


, a 

Z/ + 1; 6 2 

[0 < a < b, — Re v — 1 < 1 + Re A < |] 

ET I 100(11) 
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x x J v {ax) cos (bx) dx 


-fA) ■p / 1+A+i^ \ 

1 2 ) F I 

(\ + A + v 

1 + A — v 

1 b 2 \ 

(^) 1 

\ 2 ’ 

2 



[0 < b < a, — Re v < 1 + Re A < §] 

(f ) I/ & _ ( 1/+1+A ) r (1 + A + i/) cos [f (1 + A + v)] ( l + X + v 2 + \ + v a 2 \ 

= i> + i) F — ’ 2 — + 

[0 < a < b, — Re v < 1 + Re A < |] 

ET I 45(13) 


x x K /j,(ax) sin (bx)dx = 




V 2 ’ 2 ’2 ’ oV 

[Re (—A ± (i) < 2, Re a > 0, b > 0] 

ET I 106(50) 


J x x K ^(ax) cos(bx) dx = 2 X 1 a x 1 T ( ^^2 — ~^) 


H + A + 1 1 + A — n 1 b 2 \ 

2 ’ 2 ’ 2 

[Re (—A ± n) < 1 , Re a > 0, b > 0] ET I 49(42) 


/»00 

/ x v sin(ax) J„(bx) dx = 

Jo 


^2 v b v (a 2 — b 2 ) 

T {\-v) 


x v cos (ax) J v {bx) dx = —2 U ' ^ ^ T ( - + u \ b u (a 2 — b 2 ) v 2 




1 < Re v < \ 


1 < Re v < | 



ET II 32(4) 

[0 < b < a, 

Rer/| < |] 

[0 < a < b, 

Re v\ < §] 


ET II 36(29) 


/»oo 

/ x v+1 sin(ax) J v (bx) dx 

Jo 


= _ 2 i + ~ a ^) b , T L + 3_y a 2_ b 2y 

= -^r ab " r ( , ' + D 


r°° (a 2 — b 2 )~''~ 

/ x v+1 cos (ax) J i/ (bx) dx= 2 1+l 'y/nab l/ — = r- 

J 0 V (-2- V ) 


[0 < b < a, — | < Re v < — |] 

[0 < a < b, — | < Re v < — |] 

ET II 32(3) 

[0 < b < a, — 1 < Rei/ < — |] 

[0 < a < b, — 1 < Rei/ < — |] 

ET II 36(28) 
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f 1 1 

9. / / sin(ax) J„(ax) dx = [sinaJ 1/ (a) — cosa J„+i(a)] 

Jo 2u + 1 


[Re v > —1] 


f 1 y 1 

10. / x u cos(ax) Jv(ax) dx = [cosaJ v (a) + sina J„+i(a)] 

Jo 2u + \ 


[Re 7 > — | 


ET II 334(9)a 


ET II 335(20) 


x 1+u K u (ax) sin(fcx) dx = \pK(2a) v T ( - + v ) b (b 2 + a 2 ) 2 v 


[Re a > 0, b > 0, Re v > — |] 

ET I 105(49) 


J x* 1 K lt (ax)cos(bx)dx = ^y/n(2a)^T (b 2 + a 2 ) M 2 


/»oo 

13. / x v Y„_i(ax) sin(6x) dx= 0 

Jo 


2 u ^a w ~ 1 b 

r (^-) 


(b 2 -a 2 Y 


[Re a > 0, b > 0, Re /z > — |] 

ET I 49(41) 

[0 < b < a, |Rez/| < |] 

[0 < a < 6, IRez'l < \\ 


ET I 104(36) 


/»oo 

14. / x v Y v {ax) cos(bx) dx= 0 

Jo 


= —2 V yfli 


(tf~a 2 Y v - 


[0 < b < a, |Re v\ < |] 
[0 < a < b, | Re v\ < |] 


ET I 47(30) 


6.711 


/»oo 

1. / x*' - '' J,u(ax) J v {bx) sin(cx) dx = 0 

do 


[0 < c < 6 — a, — 1 < Re z/ < 1 + Re /t] 

ET I 103(28) 


/»oo 

2. / a; l,_A1+1 J M (a x) J v (bx) cos (ex) dx = 0 

Jo 

[0 < c < 6 — a, a > 0, b > 0, — 1 < Re v < Re /z] ET I 47(25) 

3. [ J u (ax) J v (bx) sin(cx) dx = 2"~ ,l ~ l a fJ, b~ v . 

do r(/x + 1) 

[0 < a, 0 < b, 0 < c < b — a, 0 < Re z' < Re n + 3] ET I 103(29) 


4. f J M (ax) J e {bx) cos(cx) dx = 2 e ~ fJ, ~ 1 b~ e a >1 — — 

do R(/x + 1) 

[6 > 0, a > 0, 0 < c < b — a, 0 < Re g < Re n + 2] ET I 47(26) 
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r°° T (- — v) a ( 

5. / x 1 - v sin(2ax) J v (x) Y v (x) dx = ^pr — -FI 

Jo V W W 2T(2v- \)T(2 -v) \ 

[0 < Re v < | , 0 < a < l] 


3 3 

--v 1 --2v,2-v\of 


ET II 348(63) 


6 . 


10 


argsin (zx): x v M 4 (ax) J v ( px ) dx = z — 3 


T(v)a^p~ v [ p 2 a 2 2z 2 


7 . 10 / cos (zx)x v M 3 J M (ax) J „ (px) dx = 7 — 


2n-v+3 T(p + 1) [v-1 p + 1 3 J 

r (v) a ti p~ v 


2^~ v + 3 T(p + 1) 


P a „ o 

1 - 2 z 2 


v — 1 p + 1 


6.712 

1. 


x v [ J v (ax ) cos(ax) + Y v (ax) sin(aa;)] sin( 6 a’) dx = (tf _|_ 2 ab) 

r ( 2 / 


[b >0, -1 < Re v < \] ET I 104(40) 

\/n(2a) 1 ' 


2. f x v [ Y v (ax ) cos (ax) — J u (ax) sin (ax)] cos(bx) dx = — . ( b 2 + 2 ab) 

Jo r ( 2 w 


ET I 48(35) 


3. 


x v \J v (ax) cos(aa?) — Y u (ax) sin(ax)] sin( 6 x) dx 

= 0 


2 1 '0F&" 

) 


( b 2 — 2 ab) 


4. 


a:" [Jj/(aa;) sin(aa;) + Y v (ax) cos(aa;)] cos(bx) dx 

= 0 


r (l ; 


[0 < b < 2a, —1 < Re v < |] 

[2a <6, — 1 < Re v < |] 

ET I 104(41) 

[0 < b < 2a, | Re v\ < 5] 

2 [0 < 2a < b, | Re v\ < |] 

ET I 48(33) 


6.713 

1. 


a : 1 2 "sin( 2 aa;) j[Jj,(a;)] 2 — [y„(a ;)] 2 j dx 


sin(2i^r)r(|- l /)r(|-2i/)a /3 3 _ 0 2 

nT{2 _ v) F[-~u,--2v,2-v,a 


[0 < Re v < § , 0 < a < l] ET II 348(64) 


POO 

2. / x 2 ~ 2u sm(2ax) [J v (x) J u - i(x) — Y v (x) Y v - i(x)\ dx 

Jo 


sin(2i^r)r(§-i/)r(§-2i/)a /3 .5 0 2 

nT(2-u) V 2 2 2V ' 2 V ' U 

[5 < Re v < j, 0 < a < l] ET II 348(65) 
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6.714 


3. 


/»oo 

/ x 2 ~ 2v sin(2aa;) [J v (x) Y v _i(x) + Y v (x) J v -\{x)\ dx 

Jo 


^ ^ - v, ^ - 2u; 2 - v\ a 2 


r ( 2 i/ - |) r (2 - 1 /) V 2 ’ 2 

[|<Rei/<§, 0 < a < l] ET II 349(66) 


6.714 


1. 


sin(2aa;) [x v J v {x)} 2 dx 


[0 < a < 1, |Rei/| < \ 


.-^r (! + ■>) (i i 2 

2y/nT(l-u) V 2 2 

7 — E- E + i/, ^ + 2i/; 1 + v; At ) [a > 1, |Re v\ < i] 

2r(i + i/)r(i -2i/) V 2 2 a ; L 


ET II 343(31) 


2 . 


cos(2ax) [x v J u (x)] 2 dx 

a~ 2v r(i/) / 11 2 

20Fr(i- i /) F r + 2’2 ;1 1/50 

r(-j/)r(i + 2i/) „/i i 2 

+ 2 ,r(i-,) f U + ^2 W + ^ 2 

sin(i/ 7 r)a- 4l/ - 1 r(i+2i/) /l 1 


[0 < a < 1, — j < Re v < | 


6.715 

1. 

2 . 

6.716 


r(i + l /)r(i-i/) 


/ sin(x + /3) •/„(£) dx = — sec(. vtt)(3 v J - v {, 3) 

!o x + P 2 


/ cos(a; + /?) J^(x) dx = — — sec(vi:)p v Y - v ((5) 

lo x + p 2 


F T + iy ’T+ 2 ^ 1 + l/ ;— [a > 1, -|<Rei/< 


ET II 344(33) 


[ | arg /5 1 < 7r, |Rez/| < |] ET II 340(8) 
[ | arg /? | < t r, |Rer/| < |] ET II 340(9) 


1 . f x x sin(a - x) J „(x) dx = 2a x+1 Y ^ w tEEx + ^ T ~ ( u + 2n + 1 ) J v+ 2 n+\(a) 

Jo ^ R(i/- A)I> + A + 3 + 2n) 

[Re (A + y) > -1] ET II 335(16) 

2. [ x x cos(a — x) J v {x) dx = — _|_ 2a x+1 

Jo X + is + l 


E 


(-l) n r (i/ — A + 2n — 1) Y{v + A + 1) 
T(u - A) I> + A + 2?t + 2) 


(j/ + 2n) J„+2n(a) 


[Re (A + i/)>—1] 


ET II 335(26) 
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6.717 [°° Sm[ “ {X + ® ] J„+ 2 n(x) dx = ir(3~ v J v+2n {P) 

J- oo X v {x + P) 

[l < a < oo, n = 0,1,2,...; Re v > — |] ET II 345(44) 

6.718 

r°° x v 

1. / -5- — sin(ct:r) J v { jx) dx = p v ~ x sinh(a/3) KJft 7) 

J o a; 2 + p 2 

[0 < a < 7, Re /? > 0, — 1 < Re ^ < |] ET II 33(8) 

r°° x v+1 

2 . / — ^ — r cos (ax) J v ( jx) dx = /3" cosh(a/3) K V U 37) 

Jo + p 2 

[0 < a < 7, Re /? > 0, -l<Rei/<|] ET II 37(33) 

/•oo l-v 

3. / — ^ sin(ax) J v ("yx) dx = -/3 _1/ e _Q/3 I v {Pl) [0 < 7 < a, Re/3>0, Re^>— il 

J Q x 2 + p 2 2 

ET II 33(9) 

/•OO — 1/ 

4. / cos(aa?) J^a:) dx = ^/3~ 1/ ~ 1 e~ a/3 J„(/3 7) 

J 0 x 2 + p 2 2 

[0 < 7 < a, Re 0 > 0, Re v > — |] 

ET II 37(34) 


6.719 


j" a sin (/3a:) 

1 0 Va 2 — a? 


1 cos (/3a;) 
y/a 2 — x 2 


J„(x) dx = TT^2(-l) n J 2 n +l(aP) J\ v+n +\ (h a ) J (i a ) 

n— 0 

[Re i/ > —2] ET II 335(17) 

2 00 

J„(x)dx=^J 0 (a/3) J i„ (| a) + tt ^(-l) n J 2n (a/3) (|a) Ji„_ n (|a) 


[Re 1/ > — 1] 


ET II 336(27) 


6.721 


1. J y/x J 1 (a 2 x 2 ) sin(bx) dx = 2 3 / 2 a 2 VnbJi 

[b ■ 

2. J y/xJ_i (a 2 a; 2 ) cos(bx) dx = 2~ 3 ^ 2 a~ 2 yfirb J_ 1 ^^“ 2 ^ 


[&> 0 ] 


[ 6 > 0 ] 


3. J y/x Y 1 (a 2 x 2 ) sin(bx) dx = —2 3 ^ 2 y/nba 2 Hi 

4. J y/x Y_ 1 (a 2 a; 2 ) cos(bx) dx = — 2~ 3 ^ 2 Vnba~ 2 H_ 1 ^^“ 2 ^ 


ET I 108(1) 


ET I 51(1) 
ET I 108(7) 


ET I 52(7) 
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6.722 


/•OO 

5. / \fxK i (a 2 a; 2 ) sin(6x) cte = 2^^ 2 \/ ^ 3 ba~‘ 
Jo 4 

/»oo 

6. / (a 2 a; 2 ) cos(bx ) dx = 2^ 5 ^ 2 \/tt 3 ba 

Jo 4 




|arga| < — , 6>0 


_I \y4a 2 

[&> 0 ] 




ET I 109(11) 


ET I 52(10) 


6.722 


1. 


( a2;c2 ) (a 2 ® 2 ) sin(6a;) dx = V^nb ^ ^,§ (^ 2 ) 


M 


* V 8a 2 


5 7T 

Ret/ < |arga| < — , b > 0 
o 4 


ET I 109(13) 


/»oo 

2. 10 / \fxJ_x_ v (a 2 x 2 ) J_i + „ (a 2 # 2 ) cos(6x) dx 

J 0 


r Q) 


3 _ 3 3 3 7 a 

23/%3/ 2r (3) r (5_ l/ ) r (! + z ,) 2^3 ^> 8 +l/ ; 8 >4’ 8 ; ^ 4a 

1 [2b 

o\ c0 

a z V 7t 

6 5 / 2 ^ /2 



15a 4 



MC 


/»oo 

3. / \/^ ■/!_„ (a 2 ® 2 ) Ji +!/ (a 2 a; 2 ) sin(6a;) dx 

«7 0 


= \l ~b 

7 r 


— 3/2 
e -*7r/8 ^ 


e’ ri / 8 IF 


&V i/2 


§ V 8a 2 

fo 2 e"”/ 2 


JF_ 


fo 2 e 7Ti/ 2 

t \ 8a 2 


1F_ 


6 2 e 


’5 l 8a 2 


6 2 


5 V 8a 2 

[6 >0] ET I 108(6) 

/»oo 

4. / \fxKi_ v (a 2 x 2 ) /_i_„ (a 2 # 2 ) cos(bx) dx 

= V2nb~ 3 /2 r ( § .7.^) IF 

r (|) - 8 V»< 

[Re < | , b > 0] 

f°° o 0 0 1 

/ x J„ (x 2 ) [sin(t 27 r) ,/„ (a: 2 ) — cos(^7t) F„ (a; 2 )] J4„(4aa;) dx= - J v (a 2 ) J (a 2 ) 

•/o 4 

[a > 0, Rei/>-l] ET II 375(20) 


M 


-) 

8 a 2 ) 

ET I 52(12) 


6.723 
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6.724 

1. 



2 . 


x 2X J 2 u(- 


\ — 2i> rz„ 2A— 1 ^ (A v + 2) — - ,1 . a?b 2 


= \ X - Av ^a zv b 
+ 4 ~ x ~ 1 a 


r(2i/ + 1) r(i/ - A) oFs[2u+l,u-X+-,u~X; ^ 


— A— 1 2A+1 ^ ^ 2) _ /l . .3 ... 3 a 2 b 2 \ 


0 F 3 -,A-i/+-,i/ + A+ -: 


r , , , ,3A V2"' ‘ ' 2’ 

r I v + a + - 


2’ 16 ) 


'-f <ReA<Rei/-§, a > 0, b > 0] ET I 53(14) 


6.725 

1. 


J sin(6x) , , , \ , F* ■ ( ° 2 U7r 7T \ ( a2 ' 

=— (aWx) ax = — \ — sin — J * — 

Jx v y V 6 V 86 4 4 / 2 \8b , 


[Re z/ > —3, a > 0, 6 > 0] 


ET I 110(27) 


„ f°°cos(bx ) T / 1 — . , Fir fa 2 ui r 7t\ 

2 - l -^- J -^ dx = \lb ax {s6-T-i) J i‘ 


[Re 1 / > —1, a > 0, 6 > 0] 


ET I 54(25) 


3. J x^ v J u (ayFc) sin(6x) dx = 2 12 lc °s^^- — 


[—2 < Rez/ < |, a > 0, b > 0] 

ET I 110(28) 


r°° / 2 \ 

4. J x* u J„ (a\/x) cos(bx) dx = 2 _l/ 6 _!y_1 a 1/ sin ( 


[—1 < Rei/ < a > 0, 6 > 0] 

ET I 54(26) 


6.726 


r°° _i , . 

1. J x(x 2 + b 2 ) J„ [a\/ x 2 + 6 2 J sin(cx) dx 


ITT 

= W-a 
= 0 


~ v b " + 2c (a 2 — c 2 ) 4 J„_! ^6\/ a 2 — c 2 ^j [0 < c < a, Rez/>| 


[0 < a < c, Re 1 / > |] 

ET I 111(37) 
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6.727 


roo . y 

J (a ; 2 + b 2 ) [ a\ / x 2 + b 2 j cos(cx) dx 


= J ^ a v b 1/+ 2 (a 2 — c 2 ) 2U 4 J i (b\/ a 2 — c 2 ^ [0 < c < a, 6 > 0, Re ^ > — |] 


/■OO 1 / x 

J x (x 2 + 6 2 ) A"±„ |av x 2 + b 2 J sin(cx) dx 


[0 < a < c, b > 0, Re^ > — |] 

ET I 55(37) 


= J-a''b v+ %c(a 2 + c 2 ) 5 1 K _ v _ f [bVa 2 + c 2 


[Re a > 0, Re b > 0, c > 0] ET I 113(45) 


roo i . , 

J (x 2 + b 2 ) T2U K u ya\/ x 2 + b 2 J cos(cx) dx 


= J -a* v b** v (a 2 + c 2 )* 5 " 4 A^ ± „_i (6vWc 2 


[Re a > 0, Re b > 0, c is real] ET I 56(45) 


J ( x 2 + a 2 ) ^ Y v [b\/ x 2 + a 2 ^j cos(cx) dx 


= ^ — (ab) v (b 2, — c 2 ) 2l/ 4 i ^av& 2 — c 2 J [0 < c < b, a > 0, Re^>— |] 

= — ^~^(ab)~ 1 ' (c 2 — 6 2 ) 2iy 4 K v _t [a\/ c 2 — b 2 ^ [0 < b < c, a > 0, Re^>— |] 

ET I 56(41) 


6.727 

x 9 f a cos (ex) 
Jo Va 2 — x 2 


J v ( b\Ja 2 - x 2 ) dx=^Ji„ | 


b 2 + c 2 -c) Ji„ | (\/b 2 + c 2 + c] 
[Re ^ > —1, c > 0, a > 0] 


ET I 113(48) 


J„ (b\/x 2 -a 2 ) dx = | Ji„ [“ (c- Vc 2 + b 2 )] J_i v [| (c+ \/c 2 + 6 2 ) 

[0 < b < c, a > 0, Re v > —1] 

ET I 113(49) 

■0=J» (Wx 2 - a 2 ) dx = -\ji v [| (c- Vc 2 -& 2 )] r_i v [£ (c+y^-b 2 ) 

[0 < b < c, a > 0, Re v > —1] 

ET I 58(54) 


J (a 2 — x 2 ) 2l/ cos x/„ (^\f a 2 — x 2 ^ dx = 


2*'+ir(i/+ 1) 


[Re zv > — i 


WA 409(2) 
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6.728 

1. 


a" sin (ax 2 ) J„(6x) dx 


y/n b 

fk^J 2 


b 2 


b 2 \ . fb 2 vn\ 


8 a 4 / 3^-3 I 8a 


cos Ji„_i — — sin ( — ) J 


h'2 \ 1 


8 a 4 J " 2^+2 \8aJ\ 


[a > 0, 6 > 0, Re v > —4] ET II 34(14) 


/»oo 

2. / xcos (ax 2 ) J „(bx) dx 

Jo 


y/nb 

8^ 


b 2 \ . fb 2 V7 t\ 


b 2 

cos [ — - ) J 1„+1 ( — ) H-sin ( ) Jj„_i [ — 


8a 4 / 3 y+ 3 V 8a 


V 8a 4 J 2 "-a V8a, 


/■oo 2 1 /3 2 

3. / Jq(/3x) sin (ax 2 ) x dx = — cos - — 

Jo 2 a 4a 

4. / Jo(fJx) cos (ax 2 ) x dx = — — sin 

Jo 2a 4a 


[a > 0, 6 > 0, Re v > —2] ET II 38(39) 

[a > 0, P > 0] 


[a > 0, P > 0] 


MO 47 


MO 47 


fb 2 


5. / x" +1 sin (ax 2 ) J v {bx) dx = — — ^ — — cos ( — 

/ o v ' v ’ 2 ! '+ 1 a ! ' +1 \4a 2 


6. / x" +1 cos (ax 2 ) J v (bx) dx = 


fb 


sin — 


[a > 0, b > 0, -2 < Re v < \\ 

ET~II 34(15) 

r\ 


2 u+1 a v+1 \4a 2 J 


[a > 0, b > 0, — 1 < Re v < |] 

ETJl 38(40) 


6.729 

1. 


r°° 1 / 

/ xsin (ax 2 ) J v {bx) J u (cx) dx = — cos I 
Jo 2a \ 


b 2 + c 2 vi r 


4 a 


J „ 


[a > 0, 6 > 0, c > 0, Re ^ > —2] 

ET II 51(26) 


2 1 / 

2. / xcos (ax 2 ) J v {bx) J v (cx) dx = — sin I 

Jo 2a \ 


1 . f b 2 + c 2 vn 


4a 


2 J Jv (2a) 

[a > 0, 6 > 0, c > 0, Re ^ > —1] 

ET II 51(27) 


6.731 

l. 11 


xsin (ax 2 ) J v (bx 2 ) J 2v(2cx) dx 

1 


: sm 


\b 2 — a 2 J \b 2 — a 2 


be 2 


1 


: COS 


ac 


2 y/a 2 - b 2 \a 2 -b 2 J \a 2 - b 2 


J , 


6c 2 


[0 < a < b, Re^ > —1] 

[0 < b < a, Rer' > —1] 

ET II 356(41)a 
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6.732 


2 . 


10 


3. 


a; cos (ax 2 ) J„ ( bx 2 ) J 2 v(%cx) dx 

1 


cos 


2 Vb 2 - a 2 V &2 -a 2 

1 


ac 


Ju 


be 2 


b 2 — a 2 

be 2 


6.732 

6.733 

1. 


2x /^52 y a 2 _ b 2 J “ " y a 2 _ b 2 

r°° / x 2 \ 

/ a; 2 cos ( — I Fi(x) 7Ti(x) dx = — a 3 K 0 (a) [a > 0] 

Jo V 2 «/ 

r ( ^ / a \ dx 

/ sin ( — ) [sinx Jo (a;) + cosx Fo(*)] — = 7t J 0 (/a) Y 0 (,/a) 

J Q V ZX / X 


[0 < a < b, Re v > — |] 

[0 < b < a, Re v > — |] 

ET II 356(42)a 

ET II 371(52) 



[a > 0] 

ET II 346(51) 

- COSX Jq(x)] = 7T Jo 

X 

(Va) Y 0 (Va) 



[a > 0] 

ET II 347(52) 

Y Jl (V a ) Kl W a ) 

[a > 0] 

ET II 368(34) 

^Y 1 (^)K l (yft) 

[a > 0] 

ET II 369(35) 


6.734 


cos (a^fx) K„(bx) 


dx 


= — = sec(^7t) 

2 Vb 


D, 


V2bJ 


D 


' y/2 b) 


+ D v _i i - 


a 

V/bJ 


D 


a 

y/Tb) \ 


6.735 


poo 

1. / x 4 / 4 sin (2a/x) J_i(x) dx = y/na 3 ^ 2 Ja (a 2 ) 

JO 4 4 

poo 

2. / x 1 / 4 cos (2a/x) J i (x) dx = V^a s ' 2 J_ 3 (a 2 ) 

0 

pOO 

/ X 1 / 4 sin (20-^) J a (x) dx = \pKC?^ 2 J _ i (a 2 ) 

pOO 

/ x 1 / 4 cos (2a/x) J_ 3 (x) dx = \pKO?l 2 J i (a 2 ) 

0 


[Re 6 > 0, | Re i/| < §] ET II 132(27) 

[a > 0] ET II 341(10) 

[a > 0] ET II 341(12) 

[a > 0] ET II 341(11) 

[a > 0] ET II 341(13) 


6.736 

l. 11 

2 . 


/ x 1//2 sinxcos (4ay/x) Jq(x) dx = —2 3 ^ 2 ,/tt cos (a 2 — ^ J 0 (a 2 ) — sin ^a 2 — ^ Y 0 (a 2 ) 

J 0 

[a > 0] ET II 341(18) 

J x -1 / 2 cosxcos (4ay/x) Jo(x) dx = —2~ 3 / 2 y/n sin ^a 2 — ^ J 0 (a 2 ) + cos [a 2 — ^ Y 0 (a 2 ) 


>0] 


ET II 342(22) 
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3. J x sinxsin (4a\/^) Jo( x ) dx = y^cos (a 2 + ^ Jq (a 2 ) 


4. 


5. 


>0] 


£ 1 ^ 2 cos x sin 


(4ay / x) Jq(x) dx = y^cos — do (a 2 ) 


[a > 0] 


ET II 341(16) 


ET II 342(20) 


f x - 1 / 2 sinxcos (4ay/x) Y 0 (x) dx = 2 3 sin |a 2 — ^ Jo (a 2 ) — cos ^a 2 — ^ F 0 (a 2 ) 

0 

[a > 0] ET II 347(55) 

/»oo 

6. / x -1 / 2 cosxcos (40-^) yo(^) dx 

Jo 

= —2 ~ 3 / 2 -v/7t 3 cos ^a 2 — ^ Jo (a 2 ) + sin ^a 2 — ^ Yq (a 2 ) 


>0] 


ET II 347(56) 


6.737 

1. 


[°° sin (a\/x 2 + b 2 ) 7t 

/ , J„(cx) dx = — J i I( 

to Vx 2 + b 2 v ; 2 3" 


— \/a 2 — c 2 ^ J_i„ ^ + \/a 2 — c 2 ^j 


[a > 0, Re6>0, c > 0, a > c, Re^>— 1] ET II 35(19) 


2 . 


3. 


4. 


5 . 


/'°°cos (aVx 2 + b 2 ) 7 r 

/ , J u (cx)dx = ——J i, 

/o \/x 2 + 6 2 V ^ 2 3^ 


(a — x/aJJ-c 2 ^ 


Y 


(a+ \fa 


[a > 0, Re6>0, c > 0, a > c, Re^>— 1] ET II 39(44) 


‘cos (Wa 2 - x 2 ) 7t 

— d„(cx) dx = — J i 




2 3" L2 


(v/6 2 + c 2 -fe)] Ji„ [| (\/& 2 + c 2 + &) 


, , cos (Va 2 — a; 2 ) , . 

x" +1 V„ „ 7 J„(a:) dx = 


/7nx 


2i/+l 


\/a 2 — 


x * 


2" +1 r ( i/+ - 


[c > 0, Re v > —1] 
[Re z/ > —1] 


ET II 39(47) 
ET II 365(9) 


, , sin (aVb 2 + x 2 ) , 

x" +1 V , , , ’ J„(cx) dx 


y^63+"c" (a 2 -c 2 ) 4 2V J i (b\/a 2 —c 2 ^j [0 < c < a, Re6>0, 


— 1 < Re ^ 


= 0 


[0 < a < c, Re 6 > 0, —1 < Re ^ < |] 

ET II 35(20) 
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6.738 


6 . 


r°° xV+1 cos (aVx* 


\J x 2 + b 2 


=r— - J u (cx) dx= — (a 2 — c 2 ) 4 2 ^ Y i ^fe\/a 2 — c 2 ^j 


0 < c < a, Re b > 0, — 1 < Re v < 


1 


L 

= (c 2 - a 2 )” 1 ” 2 " ^+1 (Vc 2 - a 2 ) 


0 < a < c, Re b > 0, — 1 < Re v < - 


ET II 39(45) 


6.738 


1 . J x v+1 sin (b\/ a 2 — x 2 ^j J v (x) dx = \J^ aU+ *b (l + b 2 ) 2l/ i J v+ 3 

[Re v > — 1] 

2. J x v+l cos [a\/ x 2 + b 2 ^j J„(cx) dx 


ay 1 + 6 2 


ET II 335(19) 


= J|a6^ic^(a 2 -c 2 )- 


= 0 


cos ( tw ) J^+3 ( W a 2 - c 2 ) - sin ( to /) Y^+3 (V« 2 - c 2 ) 
[0 < c < a, Re6>0, — l<Rez^<— |] 


[0 < a < c, Re 6 > 0, —1 < Rez/ < — |] 

ET II 39(43) 


6.739 I x 

Jo 


- 1/2 


COS ( byjt — ; 
yJt — X 


Jlv (ay/x) dx = TT J v 


Vt 

2 


(^V a 2 + b 2 + 6 ^ 
[Re i/ > — | 




^ ^\/a 2 + 6 2 — 6^ 

EH II 47(7) 


6.741 

1. 


f 1 cos (n wcceos x) 7t /a\ /a\ 

Jo v 7 !^ 2 ,7l/(ax) ^ = 2 J 5(^) bJ I 2 J 

[Re(/x + i/) > -1, a > 0] ET II 41(54) 

„ l 11 cos [( 1 / + 1) arccosxl T . . , Hr /a\ T /a\ 

2. | Max)dx=^-cos(-)j r+i (-) 

[Re v > — 1, a > 0] ET II 40(53) 

„ /' 1 cos [(v — 1) arccosa;l T . . , jn . / a\ / a\ 

3. | — y,M d x= v /-s,„(-)i„ i (-) 

[Rez/>0, a > 0] ET II 40(52)a 


6.75 Combinations of Bessel, trigonometric, and exponential functions and powers 


6.751 Notation: 


i/(& + c) 2 + a 2 - y/{b — c) 2 + a 2 


y/{b + c) 2 + a 2 + y/(b — c ) 2 + a 2 
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1. 




[Re a > 0, b > 0] 


2. [ e 2 ax cos (bx) In ( -ax ^ dx = — %= , ~*~ 

Jo V2 ) V2bV^+¥VbW< 


/»oo 

3. 10 / e _bx cos(ax) Jo(cx) dx = 

Jo 


a 2 + 6 2 

[Re a > 0, b > 0] 
1/2 


ET I 105(44) 


ET I 48(38) 


' 2 + c 2 — a 2 ) 2 + 4 a 2 b 2 + b 2 + c 2 — a 2 


+ c 2 — a 2 ) + 4 a 2 b 2 

[c > 0] 


ET II 11(46) 


alternatively, with a and b interchanged, 

r°° ,/e 2 ~ b 2 

/ e~ ax cos (bx) Jo{cx ) dx = 

J o "2 — *1 


[c>0] 


6.752 


r°° dx ( 

l. 10 / e ax Jo(bx) sin(ca;) — = arcsin I 

Jo x \ 


2c 


= arcsin | — 

, *2, 


sja 2 + (c+ b) 2 + ^Ja 2 + (c - &) 2 ^ 

[Rea > |Im 6|, c > 0] ET I 101(17) 


2. 10 f°° e~ ax Ji(cx) sin(bx)— = -(1-r) = - — ^ ^ , 

Jo x c c 


r 2 a 2 

6 2 = 1 * c > 0 

j j 1 — 


ET II 19(15) 


Notation: For integrals 6.752 3-6.752 5 we define the auxiliary functions 

h{a) = h{a, p, z) = J \/{a + p) 2 + z 2 - s/(a- p) 2 + 2 2 
ti{a) = i\{a,p,z) = J \/(a + p) 2 + z 2 + \/(a- p) 2 + z 2 
when a > 0, p > 0, and z > 0. 


3- 10 \ o e zx J v+1/2 (ax) J u+1 (px)^/xda 


= a^-Wp 
= a’^ /9 


—i/—i C +2 a(p 2 -Cl) 


1/+1/2 P' y+1 xAI 


[Ret: > |Ima| + |Imp|] 
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6.753 


6.753 


0 ^ J v-\-l/2^ x ) Jv(px) I — 

z Jo V x 

„^/o /' 2 1 1 


= a" +1/ V 


W V 1 - ° 2 /^i V^2 


, 7 


v > — i, Re z > |Ima| + |Imp|] 


F°° dx 

5. 10 / e za: sin(aa’) Ji(px)^- = 

do a ; 2 


~ ° 2 (a — \/ a? — l\ 


; + 2 arcsin UJ 

[Rez > |Imo| + |Imp|] 


J sin (a;a sin ip) _ 


xa cos <£ cos 'ifj 


( {p \ ^ 

tan — J sin(^) 


Rez/ > —1, a > 0, 0 < (p 0 < ^ ^ ETII 33(10) 


2. r cos(;MSin7/>) e _ Ittc08yco ^^ (rrasin^) dx = v~ 4 (tan cos [yip) 

Jo x V 2 / 

7T" 

Re 72 > 0, a > 0, 0 < </?, ip < — 


ET II 38(35) 


f x v+1 e sx sin(fcr) J u (ax) dx = — r(n + |)i?. 2iy 3 [6cos(i/ + |)y + ssin(i/ + |)y>] 

do V n ' 


Ren>— Res > |Ima| + |Im6|, 


R 4 = ( s 2 + a 2 - & 2 ) 2 + 46 2 s 2 , y; = arg (s 2 + a 2 - b 2 - 


4. 8 / a; l/+1 e sx cos(bx) J v (ax) dx = r(i/ + |)i? 2v 3 [scos(n + |)</> — 6sin(n + |)(/?] , 

do v 7r 


R.en>— 1, Res > |Ima| + |Im6|, 


R 4 = (s 2 + a 2 - b 2 )~ + 4 & 2 s 2 , = arg (s 2 + a 2 - b 2 - 2*. 


/»oo 

5. 10 / x v e~ ax cos v cos ^ sin (ax sin t/>) J v (ax sin dx 

_ o^ r ( I ' + i) „-v-l (■ 


. /3 

tan — = 
2 


= 2" 2 a " 1 (sin</j)" (cos 2 ip + sin 2 ipcos 2 ip) v 2 sin [(i/ + |) /?] 

V 1 

tan ip cos a > 0, 0 < </? < ^, 0 < ip < Re // > — 1 ET II 34(12) 
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Combinations of Bessel, trigonometric, and exponential functions and powers 
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rOO 

/ x v e~ ax cos ^ cos ^ cos {ax sin ip) J v {ax sirup) dx 
_ o^ r + 5) / • ,„x 


= 2 V — v 2 y a " 1 (sin<^) 1 ' (cos 2 ip + sin 2 ipcos 2 p) " 2 cos [(^ + 4 ) /3] 

V 7T 

tan ^ = tan ip cos p a > 0, 0 < ip, ip < Rei/>— ^ ET II 38(37) 


6.754 


roc r~ 2 / 1 2 

1. J e~ x2 sm{bx)I 0 (x 2 ) dx= I 0 — 

2 . J e~ ax cos (x 2 ) J 0 (x 2 ) dx = J ° (l6 

3- J e~ ax sin (x 2 ) J 0 (x 2 ) dx = J ° (l6 


[&> 0 ] 


ET I 108(9) 


1 [tt \ f a 2 \ fa 2 7 r\ /a 2 \ ( 7r 

4V2[°Vl6y V 16 4/ V 16 / v 16 4 

[o > 0] 

1 /7F I" /a 2 \ . /a 2 7t\ /a 2 \ , /a 2 7r' 

4V2 0 I 16 / \ 16 4/ 0 I 16 / V 16 4, 


9 

a 7 r 


6.755 


1 . J x "e x sin (4a\/S) I v {x) dx = (2 3 ^ 2 aj e 0 W i_ 3 u i_ i v (2a 2 ) 


[a > 0, Re v > 0] 


ET II 366(14) 


rOO 

2. / x~ v ~^e~ x cos (4a-\/S) Iu{x) dx = 2^ v ^ 1 a u ~ 1 e~ a W_3 u i v {2a 2 ) 

Jo 2 ’ 2 


[a > 0, Re ^ > — |] ET II 366(16) 

_ 1 r ( § — 2v) 2 / *?\ 

^ V 2 / U/„ ... fo^ 2 \ 


3. Jx v e x sin {kay/x) K v {x)dx = ( 2 ?/ 2 aj n ^ 2 X — — ye a W 3 „_ 1 _ i_ i„ (2a 2 ) 

[a > 0, 0 < Re ;/ < |] ET II 369(38) 

4. [ x~ u -^e x cos Ua^/Pc) KJx) dx =2i v - 1 Tra v - lT -^^ 2V le a2 W3 v _iJ2a 2 ) 

Jo T(± + v) 2 ’ 2 v ' 


a > 0, — \ < Re v < \ 


ET II 369(42) 


rOC 

5. / x e ~^e~ x sin {Aa^Jx) K u {x) dx = 

Jo 


y/naT{g + v)T{g — v) ( 3 1. 

2^r(p+i) 2F2 [s + ^,Q-^^e+-,-2a 


[Re g > | Re v\] 


ET II 369(39) 


6. f x e 1 e x cos (4ay/x) K v (x) dx = ^ ^ \ 2 p 2 (gJ rV 

Jo 2 e r {g+ 2 ) V 

[Re g > | Re v\\ 

roc 1 

7. / x~ l l 2 e~ x cos (4a\/x) Io( x ) dx = —=e~ a K 0 (a 2 ) 

Jo \2 tt 


1 1 

v,Q~v, 2 ,e+ 2 ; — 2a " 


ET II 370(43) 


ET II 366(15) 
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6.756 


8. f X 1 ^ eX cos Ko( x ) dx = Kq (a 2 ) [a > 0] 

r°° ^ 

9. / x~ l ^ 2 e~ x cos (4ay/x) K 0 (x) dx = ——n 3 ^ 2 e~ a /o (a 2 ) 

Jo V 2 


ET II 369(40) 
ET II 369(41) 


6.756 


7*00 

1. / x~^e~ a ^ x s : m (a\fx) J v (bx) dx 

Jo 


\/2irb 


r u +- \d i — 





,Vb 


VbJ 


[a > 0, b > 0, Re v > -1] ET II 34(17) 


/»00 _ 

2. / x~ie~ a 'J x cos (a^/x) J u (bx) dx 

Jo 


V27r6 



L> 



+ l ~ 


*a 




[a > 0, &>0, Re ^ > — |] ET II 39(42) 

7°° 1 /o 2 \ 

3. J x- 1 / 2 e~ a '/ x sin(a\Jx) Jo(bx)dx = —all l—J Ki 


|arga| < — , 6>0 


4. J x 1/2 e “^cos(a^) J 0 {bx)dx= (^) E 


|arga|<-, 6>0 


ET II 11(40) 


ET II 12(49) 


6.757 


/»oo 

1. / e _6a: sin [a (l — e _;r )] J*, (ae - *) dx 

Jo 


= 2 E 


n=0 


(-1)" I> - b + 2 n + 1) T (i/ + 6) 
I>-6+l)lV + fe+2n + 2) 


[Re b > — Re 


(i/ + 2n- 1) J„ + 2n+i(a) 

ET I 193(26) 


/»oo 

2. / e _ba: cos [a (l — e _a: )] /„ (ae _a: ) dx 

Jo 


J u { cl ) \ , n r(is — 6+2n)r(t^ + &) . t / \ 

+ E 2 (- X ) W.. \ , , , o_ , 1 , (^ + 2n)J, +2n (a) 


t' + fe ' v ' T(v — b + 1) T(v + b + 2n + 1) 


[Re b > — Re v] 


ET I 193(27) 


6.758 f 2 e i ^~^ e (cos O)^ (Xz)~ v ~^ J v+ ^{Xz) dO 
■'-f 

= Tr(2az)~^(2bz)~ 1 ' J ^(az) J„(bz); X = yj 2 cos 9 ( a 2 e ie + b 2 e~ l9 ) 

X = yj 2 cos 0 ( a 2 e ie + b 2 e~ l6 ) [Re(v + n) > —1] EH II 48(12) 
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Bessel functions and the logarithm, or arctangent 
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6.76 Combinations of Bessel, trigonometric, and hyperbolic functions 


6.761 


[ coshxcos (2osinhx) J v (be x ) J v (be x ) dx = ^ ^ [0 < a < b, Rez^>— 1] 

Jo 2 y/b 2 -a 2 


= 0 


[0 < b < a, Re v > —1] 

ET II 359(10) 


6.762 


6.763 


/»00 

/ cosh x sin (2a sinh x) [j„ ( be x ) Y v ( be ~ x ) — Y v ( be x ) J v (be~ x )\ dx 
Jo 

= 0 

= — — cos(^7t) (a 2 — b 2 ) K^v 2 (a 2 — b 2 ) 1 ^' 2 

pOO 

/ cosh x cos (2a sinh x) Y v ( be x ) Y v ( be ~ x ) dx 
Jo 


[0 < a < b, | Re v\ < \~\ 

[0 < b < a, | Re v\ < |] 

ET II 360(12) 


4 / i 2 2\-!/ 2 T r o / ,2 2 N 1 / 2 

= (6 - a ) J 2 v [2 (5 - a ) 

= — cos(z27t) (a 2 — 5 2 ) 1 ^ 2 iT 2l/ ["2 (a 2 — fr 2 ) 1 ^ 2 


[0 < a < b, |Re i/| < 1] 
[0 < b < a, | Re v\ < 1] 


ET II 360(11) 


6.77 Combinations of Bessel functions and the logarithm, or arctangent 


6.771 


6.772 


x^ + 2 In 2 ; J„(ax) dx = 


2 M-| r (^ + |) 
r(^ + i)a^+l 


v — fl 1 


- — In — 


r°° 1 

1. / lnx Jo(ax) dx = — [ln(2a) + Cj 

Jo a 

2. [ In x J\ (ax) dx = — In f-^ + C 

Jo a L V 2 / 

r°° 2 

3. / In (a 2 + or) Ji(frx) dx = - [K 0 (ab) + In a] 

Jo 0 

p 00 2 

4. / J 1 (ix) In x/l + f ' 4 dt = — ker x 

Jo % 

Joibx) dx = 


. , H+v 3 \ 

' 2 h 4/ + ^ V 2 ’ 4 

[a > 0, — Re v — | < Re /i < 0] 

ET II 32(25) 


WA 430(4)a, ET II 10(27) 
ET II 19(11) 
ET II 19(12) 
MO 46 


6.773 


f°° In (x + y/x 2 + a 2 ) 

0 v^ 2 + a 2 


y/x 2 + a 2 + x . . dx 

Jo{bx) 


ab 

2 


T A "o ( " 7 T ) +lna/ 0 ( ^ I tfo ( ^ 


y 


a6 N 

2 " 


6.774 / In 

Jo v x 2 + a 2 — x 

6.775 [ x [in (l + x/aM 


x/x 2 + < 


[a > 0, 5 > 0] 

ET II 10(28) 

[Re a > 0, b > 0] 

ET II 10(29) 

e~ ab ) 


[Re a > 0, b > 0] 

ET II 12(55) 
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Bessel Functions 


6.776 


6.776 


6.777 


/ a; In ( 1 H — 2 j Jo(bx) dx = - 

r°° 2 

/ J i ( tx ) arctan t 2 dt = kei x 

Jo % 


- — aKi(ab) 
b 


[Re a > 0, b > 0] 


6.78 Combinations of Bessel and other special functions 


6.781 


1 fb\ 

/ si(aec) Jo(bx) dx= — — arcsin - 

Jo o \aj 


= 0 


[0 < b < a] 
[0 < a < b] 


6.782 


/»oo 

1. / Ei(— x) Jo (2 \fzx) dx = 

Jo 


2 . 

3. 


si(ec) Jo (2y/zx) dx = — 


e~ z - 1 
z 

sin z 


POO 

/ ci(ec) Jq (2i /zx) dx = 
Jo 


z 

COS 2 — 1 


r°° dr 

4. / Ei(— x) J\ (2 y/zx) —j= — 

Jo V 1 


dx Ei(— z) — C — In 2 




5. 


si(x) J 1 (2y/zx'j 


r°° dr 

6. / ci ( 2 ) J 1 (2Vii) = 

Jo aA 


dec f - si ( 2 ) 


dec ci( 2 ) — C— In 2 


7. 

6.783 


Ei(— ec) Eq (j2'/zx) dx = 


C+lnz — e 2 Ei(— 2 ) 


f °° 22 2 / 6 2 \ 

1. J ecsi (crec 2 ) Jo(bx) dx = — — sin ( — -J 

pOO 

2. / ecci (a 2 er 2 ) Jo{bx) dx = 

Jo 

r°° 1 

3. / ci (a 2 x 2 ) Jo(bx) dx = - 

Jo b 


2 

62 




[a > 0] 
[a > 0] 


d( h) +ln (^ ]+2C 


r°° 1 

4. / si (a 2 er 2 ) Ji(bx) dx = - 

Jo b 


— si 


4 a 2 


[a > 0] 
[a > 0] 


6.784 

1 . 


r°° r (v+~) f b 2 

x v+ [1 — 4?(ax)] J v {bx)dx = a- V b2T ^ + ^ exp ) M \v+\,\v+\ 


/o 


7 r 


|arga| < — , b > 0, 


ET II 10(30) 
MO 46 


ET II 13(6) 

NT 60(4) 
NT 60(6) 
NT 60(5) 
NT 60(7) 
NT 60(9) 
NT 60(8) 
NT 63(5) 

ET II 13(7)a 
ET II 13(8)a 

ET II 13(8)a 
ET II 20(25)a 



Re v > — 1 J 

ET II 92(22) 



6.792 


Integration of Bessel functions 
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a- [1 - <J>M] Mbx) dx = V^ a ^r(l"+ if exp [i? ) 

7 r 1 

|argo| < — , Re v>—~, b> 0 


ET II 92(23) 


1 ex P 27 - ; 


/*oo CXp ( — — — X J T / \ "| 5/2 

6.785 — l-<I>(-^=) K v (x) dx = sec(r/7r) j[J l/ (a)] 2 + [y„(a)] 2 j 

[Rea > 0, | Re v\ < \] ET II 370(46) 

nOO 

6.786 / X ,J -' 2lJ+2n+2 e x2 T (fj,, x 2 ) Y v {bx) dx 

, ,« r (1 “ M + v + n ) r (I ~ M + n ) ( h2 \ur ( b2 \ 

\n is an integer, b > 0, Re(^ — n + n) > — |, Re(— /t + n) > — Re ^ | — 2n] 

ET II 108(2) 

f 00 x ^+2n-\ 

6.787 / —7 J v (bx) dx = 0 

7 0 J3(a + x, a — x) 

[tt<6<oo, -1 < Rez, < 2a- 2n - |1 ET II 92(21) 


6.79 Integration of Bessel functions with respect to the order 


6.791 


/ OO 

K ix+iy (a) K ix+iz (b) dx = ir K iy - iz (a + b) [|arg a\ + |arg b\ < n] ET II 382(21) 

-OO 

/ OO 

J„- X (a) J M+X (a) dx = J M+y (2a) [Re(/x + v) > 1] ET II 379(1) 

-OO 


ET II 379(1) 


/ OO 

j K+x(®) J \ — x(&) J J I/ — jc(®) dx 
-00 

r(« + A + /i + z/ + i) 

r (ft + A + 1) r(A + fi + 1) F(/i. + z/ + 1 ) r (y + ft + 1) 


ft+A + /i + I/+l /“C — |— A — |— — |— i-' — |— 1 tv \ n -\- v tv + \ + 11 + v 

x.F.I 7 . 7 . j + 1 ' 2 + 1; 


« + A + 1 u + j/ + 1,k + A + 1,A + // + 1,// + i/ + 1,i/ + k + 1; — 4 a* 


[Re (ft + \ + n + v) > -1] ET II 379(3) 


6.792 


/ OO 

e™ K ix+iy (a) K ix+iz (b) dx = ne~* z K i{y _ z) (a - b) 

-OO 


[a > b > 0] 


ET II 382(22) 
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Bessel Functions 


6.793 


2 . J e iex K v+ix (a) K v _ ix ((3) dx = tt ( ^ + ^ (V « 2 + /3 2 + 2 a/? cosh gj 


[|arga| + |arg/3| + |Img| < 7r] 


ET II 382(23) 


/ OO 

e {TT-j)x Kix+iy (a) K lx+iz (b) dx= ire- py- az K iy _ iz (c) 

-OO 

[0 < 7 < 7 t, a > 0, b > 0, c > 0, a, /3, 7 — the angles of the triangle with sides a, b , c] 


ET II 382(24), EH II 55(44)a 


4 - 11 H v-iM dx = 2 * (j) H™{hk) 


h = ae 2 c + be 2 C , k = y ae l c + bez c [a,b> 0, c is real] ET II 380(11) 


/ OO 

a -^-x 6 -,+x e cxi J/i+;c ( a ) J„_ x (&) dx 

-OO 


2cos (f) 

a 2 g-|ci _|_ 52gjCi 


‘ 2M+5!' 

ex P : 


ex P ^+^|[2cos(^-J (^a 2 e = c * + 6 2 e 2 c *jj j 

[a > 0, b > 0, |c| < 7r, Re(/t + i/) > 1] 

[a > 0, b > 0, |c| > 7r, R e(/i + i/) > 1] 

EH II 54(41), ET II 379(2) 


6.793 


1. j e 0X1 [J „-i X (a) Y v+ix {b ) + Y v _ ix {a) J v+ix {b)\ dx= -2 J 2v {hk) 

h= \J ae3° + &e _ 3 c , k — \J ae~i c + bei c [a, b > 0, lmc = 0] ET II 380(9) 

2. J e~ cxl [J v -i X {a) J v+ i x {b) - Y v - ix {a) Y v+ix (b)\ dx= 2 Y 2 „{hk) 

h = \J ae 2 c + &e“5°, k = \J ae“5 c + 6e3 c [a, b > 0, lmc = 0] ET II 380(10) 

3. 10 f e 1 ^ sech.(nx) [J - ix (a) J ix (/3) ~ J ix (a) J - ix (/3)] dx = 2iH(tr) sign(/3 - a) J 0 (a- 1/2 ) 

J — OO ' ' 


a, (3 , 7 £ K, a, (3 > 0, a = a 2 + (3 — 2 a/3 cosh 7 , H(ct) the Heaviside step function] 


6.794 


1 . J K ix (a ) K ix (b) cosh[(7t — ip)x] dx = ^ iT 0 ( i/a 2 + b 2 — 2a6 cos y>) 

/*°° / 7T \ 7T 

2. / cosh ^-xj K ix (a) dx = - [a > 0] 


EH II 55(42) 


ET II 382(19) 



6.794 


Integration of Bessel functions 
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3. 

4. 

5. 

6 . 

7. 


9. 


10 . 


11 . 


12 . 


13 . 


cosh(^x) K ix+V {a) I\ — dx — ^ d\ 2v 


J sech Jix(a) dx = 2 sin a [a > 0] 

/ °o . . 

cosech ( — x J Ji X (a ) dx = — 2zcosa [a > 0] 

J sech(7tx) {[J ix (a)} 2 + [Y ix (a )] 2 } dx = - Y 0 (2a) - E 0 (2a) 

[0 > 0] 

J x sinh {^x^j K ix (a ) dx = ™ [a > 0] 

[ x taxih(nx) K ix (/3) K ix (a)dx = ^ 

Jo 2 


2 a cos 

[2|arga| + |Re £>| < 7 t] ET II 383(28) 

ET II 380(6) 


a (3 


7 r 3 / 2 a 

/ x sinh( 7 rx) K 2ix {a) K ix ((3) dx = , < 

/o 2 /^VP 


x sinh(Trx) _tt 2 

/ 2 1 2 ** ix\P^) K ix \H) „ 

/o a; 2 + n 2 2 

71 

T 


/■°° 7 r 2 

/ x sinh( 7 tx) K ix (a) K ix {P) K ix ( 7 ) dx = — exp 
Jo 4 


|arg (3\ < 7 r, 

|arga| 

< 7T 

a 2 \ 



8p) 



P > 0, |arg 

1 17 1 

a| < 4J 


0 < P < a; 

n = 0, 1, 2, . 

o' 

A 

15 

A 

J? 

n = 0, 1 

,2,. 


ET II 380(7) 

ET II 380(12) 
ET II 382(20) 

ET II 175(4) 

ET II 175(5) 


ET II 176(8) 



Y P ap\ 


2 ' 

V/3 + a + 7 2 



|arga| + |arg/3| < — , 7>0 


xsinh(|x) K i ix (a) K i ix (P) K ix (j)dx= -^-j= 


9 

7T 7 


2 + 4 a/3 
[|arga 


exp 


ET II 176(9) 

(a + P)\J^ 2 + 4a/3 
2^/ap 
arg/3| < 7t, 7 > 0] 

ET II 176(10) 


/»oo 

/ xsinh( 7 rx) 7T i ia , +A (a;) K i ix _ x (a) Ki x (-y) dx= 0 [0 < 7 < 2a] 

[(7 + 2) 2A + (7-2) 


2 2 A+ 1 a 2A ,z 

0 = ^T 2 - 4a 2 [0 < 2a < 7 ] ET II 176(11) 
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6.795 


6.795 

1. 

2 . 

3. 

4. 


2 . 


cos (bx) Ki x {a) dx = — e acoshb 


|Imb| < — , a > 0 


f CO ^ 

/ J x (ax) J_ x (ax) cos(7ra) da; = - (l — a 2 ) “ [|a| < 1] 

Jo 4 


EH II 55(46), ET II 175(2) 
ET II 380(4) 


J irb 

xsin(aa;) K ix (b) dx = — sinhaexp (— 6 cosh a) 


it i 7T 

|I ma l < 2> 


b > 0 


ET II 175(1) 


J sin[(z/ + ia;)7r] 
n + v + ix 


K„ +ix (a) K„-i x (b) dx= it 2 I n (a) K n+2l/ (b) [0 < a < b\ n = 0,l,...] 

= 7t 2 K n+2v (a) I n {b) [0 < b < a; n = 0,l, ...] 


5. 

6.796 

1. 

2 . 

3. 

4. 

5. 

6.797 

1. 


(l \ 7 T 3 / 2 b 

/ xsin -nx K i ix (a) K; x (b ) dx = — ==- exp 

J o V 2 J 2 V%a 


8 a 


r°° 6 2 vx cos(bx) 


J i X (a) dx = —i exp (zacosh b) 


J- oo sinh(7ta;) 

J cos (bx) cosh ^ ^ 7tx^ K ix (a) dx = ^ cos (a sinh b) 

J sin (bx) sinh ^ 2 ?nr ^ Kix( a ) = ^ s i R ( a sinh b) 

f °° 2 tt 2 

/ cos(6a;) cosh(7ta;) [K ix (a)\ dx = ——Y 0 
Jo 4 


|arga| < — , 6>0 


[a > 0, b > 0] 


r°° _2 

/ 2 7T 

/ sin(6a;) sinh(7ra;) [iTj x (a)] dx=—Jo 

Jo 4 


2a sinh 


2a sinh ( - 


v 2, 

[a > 0, b > 0] 


[a > 0, b > 0] 


ET II 382(25) 

ET II 175(6) 

ET II 380(8) 
EH II 55(47) 
EH II 55(48) 

ET II 383(27) 

ET II 382(26) 


/»oo 

/ xe KX sinh(7ta;) T(is + ix) T(v — ix) H^}(a) (b) dx 

Jo 


= i2 v \fnT (4 + v) (ab) v (a + b) 1 'K u (a + b) 

[a > 0, 6 > 0, Re zz > 0] ET II 381(14) 


xe KX sinh(7ta;) cosh(7rx) T(v+ix) T(v—ix) H\'(a) H\ ’{b) dx = 


(2)^ uMf" - Z7t 3/2 2 1 ' 


r (s-^) 

[0 < a < b, 0 < Re v < |] 


(b — a)~ u H^\b—a) 


ET II 381(15) 



6.812 
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3. 


xe™ sinh(7ta;) T ( V + tX ) T ( — ) H\ (a) HfJ ( b ) dx 


iTr2 2 -'(aby (a 2 + b 2 ) * v H ^ (V a 2 + b 2 
[a > 0, 6 > 0, Re ^ > 0] ET II 381(16) 


4. 


5. 


6 . 


7. 


/»00 

/ £ sinh(7nr) r(A + t;r) r(A — ix) Ki X (a) Ki X (b) dx = 2 A ~ 1 7t 3 / 2 (a&) A (a + &)~ A T (A + |) K \(a + b) 
Jo 


[|arga|<7t, ReA>0, b > 0] 

ET II 176(12) 


ab 


f 2 A 7ri 

/ x sinh(27ta;) T(A + ix) T(A - ix) K ix (a) K ix (b) dx = — -y , 

Jo r(i-A) VI b~a 


Kx(\b-a\) 


[a > 0, 0 < Re A < b > 0] 

ET II 176(13) 


/»oo 

/ x sinh(7tx) r (A + \ix ) T (A — \ix ) K i X (a) Ki X (b) dx = 27t 2 
Jo 


ab 


2 Va 2 + b 2 

7 T 


|arga| < — , Re A > 0, b > 0 


K 2 x (vWb 2 ) 

| > 0 

ET II 177(14) 


£ tanh(Tnr) K ix {a ) K ix (b) 1 / tro6 / . /-*— r*\ 

r (1 + r (1 - fix) dX - 2 V exp l Va +6 J 


|arga| < — , 6>0 


ET II 177(15) 


6.8 Functions Generated by Bessel Functions 

6.81 Struve functions 


6.811 

1. 

2 . 


3. 


6.812 

1. 


r , .. cot(^) 

/ I I u (bx)dx= - 

Jo b 


J 2 v ( 2 a\Jb\ 


H v [ — )H v (bx)dx = — 

x 1 b 


H,_! - H v (bx)— = -= J 2 „- 1 2 aVb 


x a 


Vb 


f°° Hi(6x) dx t r T ( (M 


[—2 < Re ^ < 0, 6 > 0] ET II 158(1) 

[a > 0, b > 0, Rei/>— |] 

ET II 170(37) 

[a > 0, b > 0, Rez^ > — |] 

ET II 170(38) 

[Re a > 0, &>0] ET II 158(6) 
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Functions Generated by Bessel Functions 


6.813 


2 . 


3. 


’I l v {bx) 


dx = — - 


2a sin 


7t &cot (^) ( 3 — v 3 + v a 2 b 2 \ 

L„(ab) + 1 F 2 ( l; — ; — ; -y- j 


>"(f) 


1 — It 2 


[Re a > 0, b > 0, [Re u\ < 2] 

ET II 159(7) 


6.813 

1. 


2 *- 1 r(^) (s + v 


/ x s i H u (ax) dx = , , i x 

/ o v ' a-r(|i/-i a + l) 


tan 


a > 0, -1 - Re z/ < Re 5 < min ( 1 - Re z/ 


/»oo 

2. / x - " -1 H„(j:) dx = 

Jo 


7 r 


/o r(z/ + 1) 

'•°° 2-^-^r^ + i/) 


[Re v > — \ 


WA 429(2), ET I 335(52) 
ET II 383(2) 


x _M_ " H M (x) H„(x) dx = 


to 


r (/.t + r (z/ + i) r (n + v + \) 

[R,e(/J + v) > 0] WA 435(2), ET II 384(8) 


r 1 i 

4. / x 1 ' -1-1 H„(ax) dx = - H„ +1 (a) 

do a 

5. X 1 -" H„(ax) dx = 


a > 0, Ret' > — |] ET II 158(2)a 


H l/ _ 1 (a) 

a 


>0] 


ET II 158(3)a 


6.814 

1. 


r^ +1 H ,(M , 2^-!^+^-^ rr { u\ T 7 ,M 

lo (x 2 + a 2 ) 1 ^ ~ r(l - At) cos[(/i + u)n] 

[Reo>0, b > 0, Rett>— Re(At + v) < §, Re(2At + v) < |] ET II 159(8) 


6.815 


1. f x 2 "(l — xY 1 H„ (aVd) dx = 2 M o M r(/x) H A , +;y (o) 

do 


2. f x x 2 " 2(1 — x) M 1 H„ (ay/x) dx = 
Jo 


[Re t' > — | , Re At > 0] ET II 199(88)a 


B(A, /i)a 


^+1 


/ 3 3 x a 2 

2 ^r (i/ + §) 2Fs V 1,A; 2 ,i/+ 2’ a + w_ T 

[Re A > 0, Re At > 0] ET II 199(89)a 


6.82 Combinations of Struve functions, exponentials, and powers 

6.821 

f 00 / \ —n— - 1 

l. 6 / e~ ax H_ n _ 1 (/3x) dx = (— l) n /?" + ^ (a + 2 

•> 0 o ~ F fd 

[Rea > |Im/3|] 


ET I 206(6) 
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, (/3x) dx = f3 n+ 2 ^a + \J o? — (3 2 


e~ ax K Q {(3x)dx = 


/ a 2 +/3 2 +/3 


7t Jo 1 + /3 2 


r°° 2 

4. / e _a:r L 0 (/3:r) dx = — 

do ^ 


arcsm — 


\/a 2 - P 2 
[Rea > |Re/3|] 

[Rea > |Im/3|] 

[Rea > | Re /? | ] 


ET I 208(26) 


ET II 205(1) 


ET II 207(18) 


6.822 


6.823 


e (v+i)x (asinhx) dx = y^cosec^Tt) sinh I v+ 1 - cosh i_^| 

[Re a > 0, — 2 < Re v < 0] 


/»oo 

1. / x x e~ ax H„(&x) dx = 

Jo 


x v e ax L„(/3x) dx = 


b "+ 1 T(A + i/ + 2) 

2 "a A+I ' +2 v / 7r r /^ + 5 


jw+i; 

Jn ( s/a 2 - /3 2 ) 


ET II 385(11) 


A T ^ „ A + ^ + 3 3 3 b~ 


3 F 2 1, — x 1- 1, 


-,u+ — - 


[Rea >0, b > 0, Re(A + 1/) > —2] 

ET II 161(19) 


r( 2 - + 1 )(|)‘ 

vfo^-o 2 ) 5 ' 


p- 2 — 

^ „ t o2 „2\S ! '+J ^ 2 \ a / 


[Re a > [Re /3| , Re ^ | 


ET I 209(35)a 


6.824 


t v e at Lo,. ( 2 -v/a ) dt = „ , , e° 4> 


j-u —at t 
t e Ci_2;y 


1 A n i 

e°7 o ~ 2 ^’ _ 
V 2 a 


6.825 


i e a x H /y (/3x)dx = 


r(i-2z/)a 2 ^+ 1 ' \2 

z^r (§ + | + f) 


2^ +1 v /7fo; iy+s+1 r(z/+ f) 


/ ^ + 5 + 1 3 3 /? 2 

2F2 l ’ 2 ; 2^ + 2 ; “4a^ 


7T " 

Re s > — Re ^ — 1, |arg a| < — 

ET I 335(51)a, ET II 162(20) 


6.83 Combinations of Struve and trigonometric functions 


7*00 

6.831 / # _I/ s'm(ax) H^&x) dx = 0 

Jo 


= OT -(V>i: 

r(-+a 


[0 < b < a, Re // > — |] 
[0 < a < b, Re v > — |] 


ET II 162(21) 
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6.832 


6.832 

6.84- 

6.841 

6.842 

6.843 

1. 

2 . 

6.844 

6.845 

1. 

2 . 

6.846 

6.847 


J q V^sin(ax) Hi ( 6 2 x 2 ) dx = -2 3/2 V^^ Y j 

[a > 0] 


ET I 109(14) 


-6.85 Combinations of Struve and Bessel functions 

,v-iu-v [0 < b < a, (Ret'l < |] 

= 0 [0 < a < 6, | Re v\ < §] 


7*00 

/ H^_i (ax) Y v (bx) dx = —a v ~ x b~ 
Jo 


/»oo 

/ [Ho (ax) — Yo(ax)] Jo{bx) dx = 

J 0 


4 K ^ 


7t(a + b ) \ a + b 

[a > 0, b > 0] 


ET II 114(36) 

ET II 15(22) 


f°° 1 

/ J 2v (ay/x) H „(6x) dx = — - Y 
Jo b 


1 „ /a 2 ' 
46, 


[a > 0, b > 0, — 1 < Re v < |] 

ET II 164(10) 


(2 ay/x) H„(ftx) dx = ^-T(u + 1) ^ 


[Re a > 0, b > 0, Re v > —1] 

ET II 168(27) 


cos ( fl - U n j (ay/x) - sin ( P - - n ) (ay^) 


fl — V 


K M (ay/x) H „(6x) dx 


= — RFi 1 [ — ) R7 ! ! ( — 

a 2 l 26 j l 26 


|arga| < — , 6 > 0, Re z, > [Re /z| — 2 


ET II 169(35) 


pOO 

Jo 

53 I 

1 

a 

1 “ r -(-) 


L V X / 

\xJ 1 


J - (V) +si " ( ‘") H - (v. 


- jr 2 „ (2ay/x) + F 2i/ (2av / x) 


H J/ (6x) dx = - 


' abj 

[|arga|<7t, 6 > 0, |Rei/|<|] 

ET II 73(7) 

— R"2i/ (2a\/bj — Y 2v (2aVbj 

[a > 0, 6 > 0, — | < Re v < 0] 

ET II 170(39) 


H !/ (6x) dx = ^ J v 


a > 0, 6 > 0, [Re i/| < \ 


ET II 169(30) 


VTT .VK 

cos — J „ {ax) + sin — H„(ax) 


1 i'Tp = S [7l ' < “* ) “ L 4“*)l 


[a > 0, Re k > 0, — | < Re v < 2] 

ET II 384(5)a, WA 467(8) 
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6.848 


f°° 2 /a\ u - 1 1 

1. / x[I v (ax) — L- v (ax)]J l/ (bx)dx=-[ T } cos(^7t)^ — 

J o 7 t V 0 / a- + tr 

[Rea>0, b > 0, — l<Re^<— |] 

ET II 74(12) 


/»00 

2. / x [H-^ax) — y_j,(ax)] J v (bx) dx = 2 


cos(i/7t) ! 1 

cl^tt a + b 


6.849 


/»00 

1. / a; K u (ax) H„(6x) dx = a _l '~ 1 &" +1 - 

./o < 


[|arga|<7t, — j<Rez/, b > 0] 

ET II 73(5) 


[Rea>0, b > 0, Re^>— |] 

ET II 164(12) 


2. [ x [K^{ax)f H 0 (kc) dx = -2~^- 1 7ra~ 2 ' i ^ ^ — — ^-^sec^tr), 

./o ^ 

2 = \/ 4a 2 + b 2 [Rea >0, b > 0, |Re/z| < |] ET II 166(18) 


6.851 


f°° fr i 2 r i 2 ! 

J x -j^ J i u (ax) — Y i v (ax) j H u (bx)dx 


4 1 

7 rfe \/& 2 - 4a 2 


j[J !/ (ax)] 2 - [y y (aa;)] 2 | H v (bx) dx 


6.852 


2 3»+2 a 2v b -v-l 
— — — T , r- ( b~ — 4a ) 




[0 < b < 2a, — | < Re v < 0] 

[0 < 2 a <b, — | < Re v < 0] 

ET II 164(7) 

[0 < b < 2a, — | < Re v < 0] 

[0 < 2 a <b, — | < Re v < 0] 

ET II 163(6) 


lo x± * v M x ) H ^ x ) dx ~ (M + J ,_i)r( M+ i)l>+|) 

[Re v > Re(^ + i/) > l] 


ET II 383(4) 


/»oo 

2. / y^aaOH^&aOdcc 

Jo 


2 l+ti-v a H b -v 

r(v- n) 


[0 < b < a, Re(t/ — /x) > 0, — | < Re/t < |] 

(6 2 - a 2 )' y P 1 [0 < a < b, R.e(^ — n) > 0, — | < Re/t < |] 

ET II 163(3) 
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6.853 


2/H-H-i^+i / 3\ 3 3 b 2 

T [ /.I + v + - ) F ( 1, + v — 


poo 

3. I y , ■ - 2; - v -.. ■ - ■ 2 . 2 . 

[Rea>0, b > 0, Re | , Re(/z + u) > — |] ET II 165(13) 


6.853 


POO 

1. / x 1_A1 [sin (/t7t) J fl+U (ax) + cos(/i7t) y /i+1/ (aa:)] H„(6x) dx 

Jo 

[0 < b < a, 1 < Re /i < § , Re z/ > — | , Re(i/ — /x) < |] 


2 . 


3. 


4. 


5. 


6 . 


= 0 


b v (b 2 - a 2 ) 


2\ 1 


[0 < a < 6, 1 < Re/i < |, Rez/ > — Re(z/ — /x) < |] 

ET II 163(4) 


2 M-i a M+^r(/t) 

/»00 

/ x A+3 [7^ (ax) — L_ M (ax)] J v {bx ) dx 

Jo 

= 2A+ . cosH rA _3 Gi 
7 r 

[Rea>0, b > 0, Re (/a + z/ + A) > — — Re z^ — | < Re(A — /a) < l] ET II 76(21) 

pOO 

/ x a+ 3 [H,, (ax) — F M (ax)] J u (bx) dx 

Jo 

= 2 > + i °»W t ->-j G g 


1 b 2 

1+M 1 » 1+ V \ 

2 ’ x 2 ’ ' 2 | 

a 2 

3 I A+13 l+/z 3 , \—v 1 

V 

4 ^ 2 ’ 2 > 4 ^ 2 ) 


1 b 2 

1 M 1+ M \ 

2 ’ x 2 ’ ^ ^ 2 

a 2 

^ I \+v 1 3 i A — is 1 

V 

4 2 ’ 2 > 4 T 2 ) 


[6 > 0, |arga|<7t, Re (A + ji) < 1, Re(A + z^) + § > |Re/x|] ET II 73(6) 


i (ax) — L„ i (ax) J v (bx) dx = \ '—a 1 ' 2 b v , = 

[Rea>0, b > 0, |Re z^| < |] 

ET II 74(11) 

/ x^"^ 1 [7^(ax) - L M (ax)] J„(6x) dx = , — yy- F ( 1, v - \x + — y 

/ o v / 7tr(z/-/t+ |) V 2 2 a 2 

[— 1 < 2Re/t + 1 < Re v + Rea>0, b > 0] ET II 74(13) 


x^-v+i _ L_^(ax)] J^&x) dx = N ^ n , \ F ( 1, - + /x; - + v- - — 




a 2 


[Rea>0, Rez/>— Re/x>— 1, b > 0] ET II 75(18) 


6.854 


L f xHi„ (ax 2 ) K u (bx) dx = T ^ S_i I/ _ 1 i v 
Jo 2 1 2^a7r 2 2 


[a > 0, Re b > 0, Re v > —2] 

ET II 150(75) 



6.857 
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r°° i / b 2 \ 

2. / s Hi (ax 2 ) J v (bx) dx = Y iJ — ) [a > 0, b > 0, — 2 < Re v < §1 

J o 2 ^ v ' v ' 2a 2 \ 4 <V 

ET II 73(3) 


6.855 

1. 

2 . 

3. 


s 2l/+2 


( q \ / CL \ "1 3 ^ / \ / ' 

-J - Ljy+| (-J J v (bx) dx = 25 /^^+i ^ 2 i/+i ( y2abj K 2v+ i (v2a& 


✓•OO 

Jo 

S3 

i 

i 

7© 

5-L 

i 

i 

>8 

1 


L VS/ 

VS/ J 


tia; 


£ 7 i\fab 


y/it b" +1 

[Re a > 0, b > 0, — 1 < Re v < |] 

ET II 76(22) 

1 / \ 
cos(j/7t) K - 2v-i ( 2v ab j 

[|arga|<7t, b > 0, |Rei/|<§] 

ET II 74(8) 


y, 2V-\- 7y 


H >,+ i I - I ^ 


2 5 ^ 2 n~ 3 ^ 2 a l ' + ^b~"~ 1 sin(z/7t) K 2v + 1 ^V / 2a&eJ 7rl ^ 7 C 2 ^+i ^V / 2a6e”^ ,ri ^ 
[|arga| < 7T, b > 0, — 1 < Rei/ < — |] ET II 74(9) 


6.856 


6.857 

1. 


f°° i f a 2 \ 

J xY v (ay/x) K v (ay/x) H„(bx) dx = ^-exp y~2bj 


b> 0, |arga| < — , Rei/>— § 


ET II 169(32) 


x exp 


2 2 
ax z 


iCi 


2 2 
a or 


H„(frs) ds 

= Tf“" 5_li, ’" lcos (?) r (-?) exp (i) H, ‘>“ (?) 

k=\v, m=\ + \v [|arga| < |7t, b > 0, — §<Re(/<0] ET II 167(24) 

2 . J s <T_2 exp ^a 2 s 2 ^j ^a 2 s 2 ^ H„(&s)cis 

2^+2 r(§)r(i/+§)r(^) 

( u + a v + a 3 3 (/ + a b 2 

x 3F 3 (l, — +M,-2--W2> l/ +2’-2 - ;-4^ 


7T 


b > 0, |arga| < — , Re(cr + z/) > 2|Re /x| 


ET II 167(23) 
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6.861 


6.86 

6.861 

1. 

6.862 

1. 


2 . 

6.863 

6.864 

6.865 

6.866 
1. 


Lommel functions 


„A— 1 


S^, v {x) dx = 


r ^(i + a + /x)] r ^(i — a — /x) r ^(i + /x + v) r ^(i + /t — v) 

22- a-m r [ A (xz — A) + 1] r [1 - i (A + X/)] 

[— Re /x < Re A + 1 < §] ET II 385(17) 


c u 

/ (u — x) <7_1 s^v (a\/®) dx 

Jo 

= T(a) 


x /i+1 tt A+cr r(A + !) 


(/X — V + 1) (/X + X 7 + 1) r(A + (7 + 1) 


, , . ,/x-x/ + 3/x + x/ + 3, „ a w 

x 2 F 3 ( 1, 1 + A; , A + <7 + 1; — — 


[Re A > — 1, Re cr > 0] ET II 199(92) 
f °° 1 . , r-\ B [/X, A(1 — A — v) — /xl 

/ 2 ^ (a;-xx) M 1 s (ay/x) dx = 5*+/^+*' (aV«) 

J U O' 

[|arg (ay/u) | < 7t, 0 < 2 Re/x < 1 — Re(A + v)\ ET II 211(71) 


/xe — s„ 1 I — dx = 2 1 v /ar ( 2/x + - £ 1 1 ( ~r 

’i V 2 \ r 0 -M-1,4 9 


[Rea > 0, Re /x > -|] ET I 209(38) 


/»oo 

/ exp[(/x + l)tc] s Mi y (asinha;) dx = 2' i_2 7rcosec(/i7r) T(p) T(ct) 

x[^(S)^(f)-^(l)^(l) 

2g = /x + 1 / + 1, 2<t = /x — x^ + 1 [a > 0, —2 < Re /x < 0] ET II 386(22) 

(•OO g / 1 _ H+v 1 _ H~v \ 

J a/ sinh a; cosh^cc) S^ i (acosha;) dx = — ^J~2V + 3 — ~ ''V+ 3 ’"( a ) 

[|arg a\ < 7t, Re/x + |Rei/| < A] 

EtIi 388(31) 


/»oo 

/ cos(a;r) s ll ^{x) dx 

Jo 

= 0 

= 2 ^-^ r( /i + ^ + 1 ^^~ I/ + 1 


= 0 [a > 1] 

(l-a 2 )^ +i P^j(a) [0 < a < 1] 

ET II 386(18) 

£ _/i sin (ax) S ^ v {x) dx = 2 -A1- 5\/7rr ( 1 - r (i - (a 2 - l) 2/ " 4 (a) 

[a > 1, Re/x < 1 — |Rexx|] 


ET II 387(23) 
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6.867 

1 . 

2 . 

6.868 

6.869 

1 . 

2 . 

3. 

6.87 

6.871 

1 . 

2 . 


j-TT /2 

/ cos(2/xx) S 2 h-i, 2 v (acosx) dx 

1 0 

7r2 2 ' i_3 a 2/i cosec(2zx7t) 

r(l — fi — v) r (1 — + v) L 


. tt /2 


J > l+V ( 2 ) YlJ ~ V ( 2 ) J ^~ V ( 2 ) Y ^ V ( 2 ) 

[Re n > —2, [Re u\ < 1] ET II 388(29) 

cos [(/t + 1) x\ Sw (acosx) dx = 2 A1_2 7r T(p) r(cr) J e J & 

2q = n + v + 1, 2a = /x — v + 1 [Re /x > —2] ET II 386(21) 


r /2 cos(2/xx) , . 7t 2 2 ^ 1 , i? r. , 

/ 7— £2^,21/ (a sec x) dec = WV„ (ae 2 ) (ae 2 ) 

/q COS X CL 

[|arga| < ir, R.e/x < 1] ET II 388(30) 


POO 

/ x 1_M_l/ J v (ax) S ll ,- ll - 2v (x) dx = 

Jo 


\pKa v 1 r(l — /j, — 1 /) 


(a 2 - 1) 




(a) 


2m+2i^ r (p _|_ i) v ^ 

[a > 1, Rezx>— Re(// + i/)<l] 

ET II 388(28) 


pO O 

I x ^ J v(ax) 1 (x) dx 

Jo 

= 2 v - 1 T(v)a~ v (l- a 2 Y [0 < a < 1, Re/x>-l, -le<Reix<|] 

= 0 [l < a, Re /i > — 1, —1 < Re v < |] 

ET II 388(28) 

J x K„(bx) s M) i„ (ax 2 ) dx = ^ T ^/x + + 1^ T ^/x - ^ + 1^ 

[Re^x > ||Reix| — 2, a > 0, R.e b > 0] ET II 151(78) 


Thomson functions 


/ e l3x ber x dx = 

/ 0 ^2 (/ 3 4 + 1 ) 


+ 1 + /3 2 ) 
2 (/? 4 + 1 ) 
(^Tl-/ 3 2 ) 


1/2 


/ e l3x bei xdx = . 

/ 0 yj 2(/3 4 + l) 


ME 40 


ME 40 
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6.872 


6.872 

1. 



2 . 





3 . 

4 . 

5 . 

6 . 

7 . 


6.873 

6.874 

1. 


2 . 


3 . 

4 . 


r°° l l 

/ e~P x ber (2 d/x) dx = — cos — 

Jo P P 

r 00 i i 

/ e~^ x bei (2\/x) dx = — sin — 

Jo P P 

r°° 1 

/ e _/3a: ker ( 2y/x ) dx = — — 

Jo 

/•OO 1 

/ e _/3a: kei (2-y/x) dx = — — 

Jo 2p 

J e _/5x ber„ (2y/x) bei„ (2y/x) dx = 0 J, 0^ sin 0 + 00 


11 11 

^s-a-H-stn-s 1 - 

. 1.1 1 . 1 ' 

Sm p C1 p~ C ° S ]3 S1 /3_ 


J [ber ^ (2^) + bei^ (2\/x)] e ^ dx = 0, 0 


[Re ^ > —1] 

1] 


/o 


00 / \ Pr / 1 \ 

^b e r 2 p2vSj*=^-jJ-lc« 4 ■ 2 , 


[Re v > - 
1 37T 3i27t\ 


[Re v > —\ 


io 


°° e 0 x / f—\ pii ( 1 \ . / 1 3tt 3i/7t 

— be, 2 „ pv2a:j dx = ^ J, U I sm I ? - T + — 


[Re v > —\ 


I x 5 bei V (V®) e 0X dx = 0^ cos (0 + ) [ Re ^ > 


in f A- 4- ^ 


** bei, (v^) e ,3x dx = sin + 4 ) 


1] 

[Re 12 > —1] 


Ml 49 


Ml 49 
ME 40 

ME 40 

Ml 50 

Ml 50 

Ml 49 

ME 40 

Ml 49 

Ml 49 
ME 40 

ME 40 
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6.875 

1. 


O ~0X 


2. I e 
Jo 

6.876 


—(3x 


ker (2i/x) — - lnxber (2-v/x) 
kei (2t/x) — ^ lnxbei (2^/x) 


* = - 
d X =l 


r°° 1 2 

1. x kei x J i (ax) dx = arctan a 2 

J o 2a 

r°° ]_ 

2. x ker x J\ (ax) dx = — In \/ (1 + a 4 ) 

Jo 2a 


. 1 7T . 1 

In p cos - + - sin - 
fJ ^ . 

\ a ■ 1 71 1 

m n sm — — - cos — 
0 4 /? 


[a > 0] 
[a > 0] 


6.9 Mathieu Functions 

Notation: k 2 = q. For definition of the coefficients Ap" 1 and B^J n \ see section 8.6. 

6.91 Mathieu functions 

6.911 

p2n 

1. / cem(z,q)ce P {z,q)dz = 0 [m ^ p] 

Jo 


o2tt 


2 . 


[c e 2 n(z,q)\" dz = 2ir 


A, 


(2 n) 


oo 

-£[■ 


a: 


(2 n) 
2 r 


3. / [ce 2 n+i(z,q)] 2 dz = Ur+i 1 ’ 

Jo r _n L 

p2n 

4. / sem(z,q)se p (z,q)dz = 0 

Jo 

p2ir 00 _ 

5. / [se 2n+ i( 2 ,g)] 2 dz = 

r=o L 

p2iz 00 

6. / [se 2n+2 (z,g)] 2 dz = [^f,"+ 2) 

J 0 r—0 1 

p2n 

7. / se rn (z,q)ce p (z,q)dz = 0 

Jo 


r= 1 

l2 




[m = 1,2,...; i? = 1,2,.. 


6.92 Combinations of Mathieu, hyperbolic, and trigonometric functions 

6.921 


1. 


7 iA^ 

/ cosh (2k cos usinhz) ce 2 „(u, q) du = j r-(— l) n Ce 2 „(z, — q) 

/ o ce 2n (f ,q) 

(q > o] 


Ml 50 

Ml 50 

ET II 21(32) 
ET II 21(33) 


MA 

MA 

MA 

MA 

MA 

MA 

MA 


MA 
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2 . 


r 

cosh (2 k s 


i.922 


TrA {2n) 

'« sin u cosh z) ce 2 n (u, q) du = y- — r(— l) n Ce 2 n (z, —q) 

Q) 

[ 9 > 0 ] 

T TrkB^ 2n+1 ^ 

sinh (2k sin u cosh z) se 2n +i (u,q) du = — — — c(-l)" Ce 2n+ i( 2 , —q) 

Se 2n+l(°>9) 

[ 9 > 0 ] 

T 7 ikA*' 2 ™^ 

sinh (2k cos u sinh z) ce 2n+ i(u, q) du = r-(— 1)" +1 Se 2n+ i( 2 , —q) 

ce 2n+l(§>«) 

[?> 0 ] 

T 7 ikB^ 2n+1 ' > 

sinh (2k sin u sin z) se 2rl +i (u, q) du = — - — — se 2 „+i (z, q) 

se 2n+l(°^) 

[ 9 > 0 ] 

T 7t J \( 2n+ ^ 

cos u cosh 2 cos (2k sin u sinh z) ce 2 „+i (u, q) du = — j - — r Ce 2n +i ( 2 , q) 

2ce 2n+ i(0 ,q) 

[q> 0] 

T 7rB 1 ( 2 " +1 ) 

sin u sinh 2 cos (2k cos u cosh 2 ) se 2 „+i (u, q) du = -p^— 


sin u sinh 2 sin 


(2k 


/ cos u cosh 2 sin (2k sin u sinh 2 ) se 2n+2 (u, 

Jo 

/ sin u cosh 2 cosh (2k 

Jo 


1 ^( 271 + 1,1 

j w — r-Se 2n+ i(2,g) 

2se 2n +i 

[q > 0 ] 

7T kB^ 2n+2 ' > 

COS U cosh 2 ) se 2n+2 (u, q) du = — 7 ^ y Se 2n+2(<2, q) 

2 ® e 2n+2 \ 2’d) 

[q>0] 

. , nkB (2n+2) 

<l) du = o^/ to + 


MA 


MA 


MA 


MA 


MA 


MA 


MA 


MA 


^fc£4 2n+2) 

2^,.; 2 (o.,) Se2 " +2(z>,) 

[<z>o] 

7r B 1 ( 2n+ i) 

cos u sinh 2 ) se 2 „+i(u, q) du = j ^ — y (-1)" Ce 2n+ i( 2 , -q) 

2 se 2 „ + i ( 2 Al) 

[q > 0] MA 

7t2l (2n+1) 

cos u sinh 2 cosh (2k sin u cosh z) ce 2 „ + i(w, q) du = — l) n Se 2n+ i( 2 , —q) 

2ce 2 „+i(0,g) 

[q > 0 ] 

nkB din+2 ' > 

sin u cosh 2 sinh (2k cos u sinh 2 ) se 2 „+ 2 (u, q) du = 2 

2 SC2„_|_ 2 ^ 2') 1 


MA 


nk B (2n+2) 

2 -j^(-ir +1 Se 2n+2 ( 2 , -q) 

2s e 2n+2 

\ nl 
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f-K ^^g(2n+2) 

/ cos u sinh z sinh ( 2 k sin u cosh z) se2 ra +2 (u, q) du = - — - — . — r(— 1)" Se 2 n + 2 (z, —q) 
Jo 2 se' 2n+2 (0 ,q) 


5 . 


6 . 


7 . 


2n+2(0j q) 

[q> o] 


6.923 

1. 

2 . 

3 . 

4 . 


/»00 

/ sin (2 k cosh 2 cosh u) sinh 2 sinh u Se2 n +i («, q) du = — 

Jo 


nBi (2n+i) 

4 se 2 „+i r,q) 
[ 9 > 0 ] 

nBi (2n+l) 


Se 2n +i (z,q) 


f°° nBA 2n+1 > 

/ cos ( 2 k cosh 2 cosh u ) sinh 2 sinh u Se2 ra +i ( u , q) du= -q r- Gey 2n+1 (z,q) 

Jo 4 se 2rt +i ( o 7r, <?) 


4 se 2n+ i (|7t,g) 
[ 9 > 0 ] 

fc7rB 2 (2n+2) 


Z 100 kTrB 2 (2n+2 > 

/ sin ( 27 c cosh 2 cosh u) sinh 2 sinh u Se2 n +2 (u, q) du = j-, r- Gey 2ra+2 (z, q) 

Jo 4 se 2n+2 ( 2 n,q) 


[q> 0] 

kTrB 2 ( ' 2n+2) 

/ cos (2fccosh 2 cosh u) sinh 2 sinh u Se27t+2(u, q) du = p, r- 80277+2(2, q) 

Jo 4se 2 „+2 ( 2 7r,g) 

[q> 0] 

roo 

/ sin ( 2 k cosh 2 cosh u ) Ce 2 n (u, q) du = p r- Ce 2 n (z, q) 

Jo 2 c e 2 n( 2 7r, g) 

[ 9 > 0 ] 

roo n A ( - 2n ' > 

/ cos ( 2 k cosh 2 cosh u) Ce 2 n (u, q) du = p + Fey 2 n (z, q) 

Jo 2ce 2n ( 2 7 r,q) 


[q > 0] 


r ° o fc 7 ryl^ 2 ” +1 '* 

/ sin ( 2 k cosh 2 cosh u) Ce 2n+1 (u, q) du = - — - — x —p + Fey 2n+1 (2, q) 

Jo 2ce 2n+1 (%n,q) 


[q > 0] 


f°° k'KA^ 2n+1 ' > 

/ cos ( 2 k cosh z cosh u) Ce 2 n+ i(u, q) du = — ^—p, r- Ce 2 n+ i(z, q) 

Jo 2ce 2ra+1 ( 2 7t, q) 

[q> 0 ] 


6.924 

1. 

2 . 


irA^ 

/ cos (2/c cos u cos 2) ce 2n (u, q) du = p rce 2n (z,q) 

Jo ce 2 „( 2 7r, q) 

[q > 0] 

/•7T TtkA < ' 2n+1 ' > 

/ sin (2fccos ucos 2) ce2„,+i (it, (7) du = -p, + ce 2n+i( z > q) 

Jo ce 2n+1 ( 2 Tr,q) 


MA 


MA 


MA 


MA 


MA 


MA 


MA 


MA 


MA 


[q > 0] 


MA 


MA 
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6.925 


3. 

4. 

5. 

6 . 

6.925 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 

6.926 


cos ( 2 fccos w cosh 2 :) ce 2 n (u,q) du = 


7 tAj 


(2 n) 


Ce 2 n (z,q) 

[<Z>0] 


piz 

/ cos (2/csin / usinh2:) ce2n(^ ? q) du = 
Jo 


ce 2 „ (§7 r,q) 


/t( 2n ) 

[«> 0 ] 

(2n+l) 


/’ 7r TtkA y ’ 

/ sin ( 2 k cos u cosh z) ce 2n +i (w, q)du = ^ r- Ce 2n +i (2, (?) 

Jo ce 2 n+l (2^9) 

[9>0] 


/-7T nkB^ n+1 ^ 

/ sin ( 2 k sin w sinh 0) se 2 „+i (u, q) du = n 1 — r Se 2n+ i (z, q) 
JO se 2 ra+lv^i Q) 


[l > 0] 


MA 


MA 


MA 


MA 


Notation: z\ = 2 k\J cosh 2 £ — sin 2 77, and tana = tanh £ tan r\ 

p2tt 

/ sin [z\ cos(6 — a)] ce 2n (9, q) dQ = 0. 

Jo 

p2n 

/ cos [21 cos(0 — a)] ce 2n (9, q) dd = 

Jo 

f 2n 2 tt kA^ 2n+1 ^ 

/ sin [z x cos (9 - a)] ce 2 „+i(6», q) dd = 1 T v Ce 2 „+i(£, q) ce 2n+1 (rj, q) 

Jo ce 2 n+i(0, q) ce 2n+1 - 


2 -kAJ 

, n \ ° — TT v Ce 2nU, q) c e 2 n (v, q) 

ce 2 n ( 0 ,q) ce 2n (2 n ^q) 


(•2-k 


CC2n+l(0> O) C®2n+1 

( 5 ^ 9 ) ' 

0 


2 TrkB[ 2n+1) 

Qp r 

se2n+i(0, q) se2„+i (\ 

77 , q) 

0 


0 


2 tt fc 2 £ 2 (2 " +2) 

. Se. 


fK 7T fci?( 2 ” +2 ) 

/ sin u sin 2 sin ( 2 k cos u cos 2 ) se 2„+2 («, 9) du = r- se2„+2(z, q) 

Jo 2se , 2n+2 (f ,q) 

[q > 0 ] 


MA 

MA 

MA 

MA 

MA 

MA 

MA 

MA 

MA 



6.941 


Eigenfunctions of Helmholtz equation 


767 


6.93 Combinations of Mathieu and Bessel functions 


6.931 

1. 


2 . 


Jo | k [2 (cos 2 u + cos22)] 1 ^ 2 | ce 2 n (u, q) du ■■ 

Y 0 |fc [2 (cos 2 u + cosh2t:)] 1//2 | ce 2 n (u, g) du ■ 


A, 


(2n) 


1 2 


ce 2 „(0,g) ce 2 „ (^ 9 ) 


27 r 


2 

ce 2 n(0,g) ce 2 „ 

(5-«) 


c e 2 n(z,q) 


Fey 2 n(z,q) 


MA 


MA 


6.94 Relationships between eigenfunctions of the Helmholtz equation in different 
coordinate systems 


Notation: Particular solutions of the Helmholtz equation in three-dimensional infinite space 

V 2 'L + kH = 0 

in Cartesian (. x,y,z ), spherical (r,9,<j)), and cylindrical ( p,z,</> ) coordinates are 

* *,fc v fc, (*, V, z) « e <(fc-*+fcvi/+fc.*) with k 2 = k 2 x + k 2 y + k 2 z 
*im(r, 0, 4) oc e im ^Z l+1/2 (kr) PF( cos 0) 

« e*"*^*) Z, +1/2 (px/^fcf) 

with P ; m ( cosP) the associated Legendre function, Z is any Bessel function, m = 0,1,..., Z; l € N, 
r 2 = p 2 + 2 2 , p = rsin#, z = r cos 9, <f> = arccot (x/y), and k 2 = k 2 — k 2 . 

6.941 

1. j\ ipz J m (py^v) PT (£) dp = Ji +V 2 {kr) P T (£) 

[p > 0, l >m> 0] 

2. e~ ipz J l+1/2 (kr) PT (£) dz = (py/^?) P? (£) 


3 . 


[p > 0, l > m > 0] 


/* OO 

/ Jm(pkt) COS 

. f x\ 

k x x + marcsm — 

dx 

Jo 

L Vp/J 




-l) m 


\At - k% 



b.2 
^ x 


m arccos 



= 0 


[*2 < fc t 2 ] 
K > fc 2 ] 
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6.941 


4. 


5. 


6 . 


7. 


9. 


10 . 


Ym (. pkt ) COS 


k x x + m arcsin 
(— l) m ^ 


dx 


V k t ~ k x 
(- 1 ) 


77 


O') 

;+i/2 


y\] k t ~ k x + TO arccos 

exp - ”‘ sig " <*•> "“ osh (t) 

(fcr) Pr (^) e~ ikzZ dx = (p^W^K 2 ) P? (y) 

[P > 0] 


[k 2 x < k 
[k 2 x > k 


The result is true for j = 1 if 7r > arg \Jk 2 — k 2 > 0, for j = 2 if — 7t < arg yjk 2 — k 2 < 0. 

/_” Hii’ rr (|) C‘-> dh, = i‘- m ^H^ l/2 (kr) FT (i) 

The result is true for j = 1 if 7r > arg \Jk 2 — k 2 > 0, for j = 2 if — 7t < arg \Jk 2 — k 2 < 0. 

J°° Ji+i/ 2 (kr ) P r Q e- ikzZ dz=i m ~ l ^^J m (py/W^k f) Pr (y) [ k l < k 2 ) 

= 0 [kl > k 2 ] 

f k Jm (py/W=k f) Pr (y) dk z = J t+ i/ 2 (*r) P, m (^) 

/_°° ^;+i/2(fcr) Pr (^) e~ ikzZ dz= i m ~ l yj^- Y m (p^k^kl) P f (y) [*£ < 


9 r 
K1 T 


K m (p\/k 2 - fc 2 ) 


pr ( 


> k 2 


i~k 


Ym (p^/kYTk 2 ) p r (y) e ifc **dfc, 

/ cos [fc z 2 + |7t(m - ?)] Pr ^y^ 77m (p\Z k 1 - k 2 ^ e lkzZ dk z 

= V^r »Wh-) *>!"(;) 


4 

7T 
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7. 1-7.2 Associated Legendre Functions 


7.11 Associated Legendre functions 

7.111 / P v (x) dx = sin^R” 1 (cost/?) 

J COS if 

7.112 

1. J P™(x) P™(x)dx= 0 [n^k\ 

1 _ 2 (n + m)! r _ n 

_ 2n + 1 (n — to)! [ * ] 


2 . 

3. 


r ' mnpnn , / i l-(-ir+ fc (n + m)! 

<9n 0) P fc {X)dx= (-1) 


/-I 


( k — n)(fc + n + l)(n — m)\ 


i-i 


P u (x) P a {x) dx 

27 r sin 7 r(cr — 77 ) + 4 sin(7ti/) sin(7rcr) [i ip(v + 1) — tp(a + 1)] 
7t 2 (<t — v) (er + v + 1) 

7 t 2 — 2 (sin 7 tv) 2 + 1) 

n ~ lV+ l 


MO 90 


SM III 185, WH 
EH I 171(18) 


[cr+v+ 1^0] EH I 170(7) 
[er = v] EH I 170(9)a 


4. 


rl „ ^ [V>0 + 1) - + 1)] [1 + cos( 7 tcr) cos(j 77 t)] - f sin 77(77 - a) 

(cCi/XpC) 


1-1 


(<J — u) (ft + 77 + 1) 

[er + 77 + 1^0; 77 , a ^ —1, —2, —3, . . .] 

EH I 170(11) 

| 7 t 2 — Ip' (l 7 + 1) 1 1 + (cos 77 7 t)^ 


277 + 1 


[77=77, 77^ -1,-2, -3,...] 

EH I 170(12) 


5. 


rl , 1 — COS7t((7 — 77 ) — 27T 1 sin(7T77) C0s(7tcr) [ 7 / 7(77 + 1) — ^(<T + 1)1 

1 i/\X) (J CIX — 


1-1 


(77 — er) (77 + a + 1) 


sin( 2777 t) ip'( 77 + 1 ) 
7t(2t7 + 1) 


[Re 77 > 0, Re er > 0, er ^ 77 ] 

EH I 170(13) 


[Re 77 > 0, er = 77] 

EH I 171(14) 


7.113 Notation: A = 


r(j + f)r(i + f) 
r(i + f)r(i + D 


1. f P v {x) P a {x) dx = 
Jo 


A sin ™ cos ^ — A 1 sin ^ cos 11 f- 

^7r(er — 77)(cr + 77 + 1 ) 


EH I 171(15) 
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7.114 


2 . 

3. 

7.114 

1. 

2 . 

3. 

7.115 

7.12- 

7.121 

7.122 

1. 

2 . 

3. 

7.123 

7.124 



Q v ( x ) QA x ) dx=z 


1p(lS + 1 ) — 1p(<r + 1 ) 



P u {x) Q a (x) dx 


A- 1 cos - 1 

(cr — zc)(cr + is + 1) 


7T 

2 


[A — A - 1 ) sin n A+A (^4 ^ - 1 ) sin 

(a — is) (a + v + 1) 

[Re v > 0, Re a > 0] 

[Re is > 0, Re a > 0] 


7 r(cr— i') 
2 


EH I 171(16) 
EH I 171(17) 



P v (x) Q a (x) dx = 



<2 *, 0*0 Q a ( x ) dx = 


1 

(cr - is) (a + v + 1) 


[Re(cr — ic) > 0, R.e(cr + is) > — 1] 


ET II 324(19) 

ip(a + 1 ) - ij)(v + 1 ) 

(cr - z/) (cr + zc + 1) 

[Re(zc + cr) > — 1; ct, i/ ^ -1, -2, -3, . . .] EH I 170(5) 


j~ mxfdx -_tA±R 

f°° 1 

/ Q„(x)dx= — — — 

J 1 zc(zc+l) 


[Rezc > -§] 
[Re zc > 0] 


-7.13 Combinations of associated Legendre functions and powers 




sin c^Pj, (cos (/?) + cos <p P l (cos <p)] 


EH I 170(6) 
ET II 324(18) 

MO 90 



dx = 


1 (n + m)\ 
2 to (n — 777.)! 



ra*)] 2 


dx 

1 — x 2 


r(l + /x + z/) 
2/xr(i — /.z + zc) 



[^r»] 2 


dx 

1 — x 2 


n\ 

2 (n — zc) r(l — + 2zc) 



Pn( X )Pn( X ) 


dx 

1 — x 2 


= 0 


[0 < 777. < n] MO 74 

[Re n < 0, is i_i is a positive integer] 

EH I 172(26) 

[?7 = 0, 1, 2, ... ; Re is > n] 

ET II 315(9) 

[0 < 777 < 77, 0 < k < 77; 777 ^ fc] 

MO 74 


J 1 x fc ( 2 - zr)- 1 (l - x 2 ) P™(x) dx = (-2) m ( 2 2 - l) Q™(*) • 2 fe 

[777 < n; k = 0, 1, . . . , ?7 — to; 
2 is in the complex plane with a cut along the interval (—1, 1) on the real axis] 

ET II 279(26) 
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7.125 


/■ ('-*■)•■ ™ ™ ™ *- 

^ r (™ + I) r (t - k + \) T (t - l + \) T (t - n + \) 


(s - l)\(s - n)\ r (s + |) 

[2 s = k + l + n + m and 2 t = k + l — n — m are both even 
l > m, m<k — l — m<n<k + l + m] 

ET II 280(32) 


7.126 


1. f P v {x)x a dx = 
Jo 


y /n 2~ cr ~ 1 T(1 + a) 


2 . 


T (l + \a - \v)T + \v + \) 

(— i) m 7r 1 / 2 2 _2m — i r (i±^) r(i + to + 1 /) 


[Recr > — 1] 


EH I 171(23) 


/ x a P™(x)dx= ,, i \ /q „ 

/ 0 r (2 + 2 TO ) r (2 + 2 + 2") r ( 1 “ TO + 


/m + t' + lm — v in „ _ 3 + a + m A 

2 + 1 ;”* + 1 .— 2 — a) 

[Rea > — 1; to = 0,1,2,*...] ET II 313(2) 


3. 


4. 


7.127 

7.128 

1. 


f 1 7 r 1 / 2 

J ^ x a P£(x)dx= — y 


„ ^-« + l ,.+ 


3+2 


2 


3 + a — fi 




[Recr > —1, R e/x < 2] 


ET II 313(3) 


..m- 1 


Q v (ax) dx = T{n)a~ " (a 2 - l) Q~ fl (a) 


[|arg(a — 1)| < 7T, Re/x>0, Re(zc — /x) > — 1] ET II 325(26) 

ET II 316(15) 


f (i + *) CT Pu(x) dx = ^ 2{rn + 2 — T [Reff > ~ 1] 

J_ 1 r(cr + 1/ + 2) r(l + CT - ic) 


(1 — x) 2tl (l + x) 2 ^ 2 (z + x)^ 2 P^(x)dx 


1-1 


r(n- I) (2 -i)^s (^ + i ) _1/2 


7r l/2 e 2/*7 r» p (^ _|_ j,) p(^rj — i/ — 1) 


x <! Qt 




1 / 2 ' 




(^f 


Q 


fi-1 


m 


1 / 2 ' 




1 + 0 


1 / 2 ' 


[— | < Re /.r < 1, 

0 is in the complex plane with a cut along the interval (—1, 1) of the real axis] 

ET II 317(20) 


2 . 


(1 — x) 2tl (l + x) 2 ^ 2 (z + xy 2 P„{x)dx 


2e -2^r(i + A ,) 

7T 1 / 2 r(/r — u) r (/i + v + 1 ) 


(^-ir Qt 


(i± i )-] CVl [(i±i)- 

[—5 < Re // < 1, 

0 is in the complex plane with a cut along the interval (—1, 1) of the real axis] 

ET II 316(18) 
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7.129 


7.129 


/ P u (x) P\(x)(l + x) x+v dx = 


2 A+^+i [r(A + V + 1 )] i| 


[T(A + 1) I> + 1)] T(2A + 2v + 2) 


[Re(V + A + 1) > 0] 


EH I 172(30) 


7.131 

/ OO 

(x — l) _5/i (^ -)- 1) 2^-2 _|_ xY~2 P£( x) dx 


[Re(^ + Z/) < 0, Re(/i — v) < 1, |arg(z + 1)| < n\ ET II 321(6) 


2. J (x — 1) 2M (x+ 1) 2M 2 (z + xY 2 P^(x)dx 

_ 7 r 1 / 2 r(i-/t-i/)r(2- A i + i2) (2-i)#*-a (x + i) _1/2 

" r (§-/*) 


pV 


1 + Z 


1 / 2 ' 


pV>~ 


m* 


[Re /x < 1, Re(/x + zx) < 1, Re(/x — zx) < 2, |arg(l + 2)| < 7t] ET II 321(7) 


7.132 

1. 

2 . 

3. 9 

4. 


5. 


6 . 


/ i 

(l — x 2 ) X 1 P^(x)dx = 


7t2 m r (a + |/u) r (a — g/Lt) 


(a; 2 — l) A 1 Pn(x) dx = 


r (A + \v + \) T (A - \v) T (-|/x + ^ + 1) r (~\n - \v + \) 

[2 Re A > |Re/x|] ET II 316(16) 

2^-1 r (a - In) r (1 — a + \v) r (§ - a - \v) 


r (i — \n + H r (| - |/x - H r (1 - a - §m) 

[Re A > Re /.x, Re(l - 2A - zx) > 0, Re(2 - 2A + v) > 0] ET II 320(2) 

r (*’ - l) A " «(*)* = e--‘ r( ^ + K + r t 1 - A + j") r (A + If.) r (A - 

h 2 2 -^r(i + \ v - i M )r(i + A+ \v) 

[|Re fi\ < 2 Re A < Re v + 2] 

ET II 324(23) 

2^T{\ + \a)T(l+\a) 

r (! + h a - \ v - \p) r (h a + \ v ~ \p + I) 

[R.e /./, < 1, Rea > — 1] EH I 172(24) 
(-1 ) m 2 -m-i r (1 + 1 a) r (1 + |a) r (1 + m + zx) 


^(l-x 2 ) 2,1 P»{x)dx = 


(l — x 2 ) 2 P™(x)dx = 


r(l — to + zx) r (l + |a + 2 to — |zx) r (| + |a + \m + |zx) 

[Rea > —1, to. is a positive integer] EH I 172(25), ET II 313(4) 


[' ( 1 - x rP“Mdx= ^- 1 r(i + . i -^)r(| + k) 

L [ > ’ r(i-rtr(| + , + p-i,.) 


, v — zx + 1 zz + zx ix . 3 + a — zx 

x 3F2 [ 2 ’ 2 ’ 1 + d ~ 2 ’ 1 ~ M, 2 — L + ^ 1 


[Re (77- |/x) > — 1, Re a > -l] ET II 314(6) 
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7. 


r°° i 

J x~ p (x 2 — l) 2 > 1 P p (x)dx = 


9P+M-2 p / p I p+p—v— 1 \ 

-fM nn/J Z 1 l 2 ) 1 l 2 ) 


V^ T (p) 

[Re /./ < 1 , Re(p + /r + ^) > 0, Re(p + n — v) > 1] ET II 320(3) 


7.133 

1. 


2 . 




Q v {x){x - u) p 1 dx = T(Y)e^ 1 ( u 2 - l ) 2>1 Q v ^{u) 

[|arg(u — 1)| < 7r, 0 < Re/t < 1 + Re i/] MO 90a 

(x 2 - 1) Q~ x {x){ x - m)^" 1 dx = r(/i)e^ (u 2 - 1 ) Q ! J a " a1 (w) 

[|arg(w — 1)| < 7r, 0 < Re/t < 1 + Re(^ — A)] ET II 204(30) 


7.134 

/ OO 

( x - l )^ 1 ^ 2 


l) 2fl P%{x) dx = 
[Re A > 0, 


2 X+P r(A) r(-A — fi — u)T(l — X — fj, + u) 
r(i — n + v) r(— n — v) r(i — \ — Y 

Re(A + fi + v) <0, Re(A + n — v) < 1] 


ET II 321(4) 


2 . 



1) ilJ, P p {x)dx = 
[Re (A — n) > 0, 


2 X p sin7r^r(A — Y) r(-A + /x — v) T(1 — A + fj, + v) 
-1(1 - Ai 

Re(/z - A - v) > 0, Re(/z — X + v) > — 1] ET II 321(5) 


7.135 

1. 

2 . 


'-1 


(l-^ 2 ) ^(z-x)- 1 P p +n (x)dx = 2 e- l ^(z 2 -l) ^Q p 


M+n 


(*) 


[n = 0,1,2,..., Re fx + n > — 1, z is in the complex plane with a cut along the interval (—1,1) 
of the real axis.] ET II 316(17) 

/ °° 

(x - l)*- 1 (x 2 - l[r 2 (x + z)~ p P p { x) dx 

2 x+p - p r(A - p) T(p - X - n - v) r (p - X - n + v + 1) 


r(i — fi + v) r{-n — v) r (i + p — a — Y) 
x 3 .F 2 ( Pi P ~ A — fi — v, p — A — /x + + 1; /9 — A + 1, p — A — /x + 1; 


1 + z 


+ rM r(i - rt 211 ^ + 1 ) > ~ > .ft (*.-»■ 


— A — 1 — /z + ^;l — /z, 1 — p + A; 


1 + * 


[Re A > 0, Re(p — A — p — v) > 0, Re(p — A — p + v + 1) > 0, |arg(z + 1) | < 7r] 

ET II 322(9) 
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/ OO 

(. x — 1) A_1 ( x 2 — l) M 2 (x + z)~ p P p {x) dx 

sin(^7t) r(A — (i — p)T (p — A + p — u)r(p — A + p + z^ + 1) 

2P-A+ M7rr (i + p _ a) 

x 3.F2 ( Pi p — A + /x — z^, p — A + p + z/+l;l + p— A, 1 + p — A p: 


1 + z 


r(A-p)r(p- A + p) 
r(p)r(i - p) 


(* + i) 


A —p—\i 


x 3^2 A - p, -i/, z'+ljl + A- p-p, 1 — p; 


1 + z 


[Re(A — p) > 0, Re (p — A + p — z/) > 0, Re(p — A + p + z' + l) >0, |arg(z + 1)| < 7t] 

ET II 322(10) 


7.136 

1. J (l — x 2 ) A 1 (l — a 2 x 2 ) P ^ 2 P u (ax) dx 

7t2^r(A) ( p + z/l-p + zxl 2 

r(i + A)r(i-|p-Hr(i-ip + H V 2 ’ 2 ’2 + A ’ a 

[Re A > 0, -1 < a < 1] ET II 318(31) 

/ OO 

(x 2 — l) A 1 ( a 2 x 2 — l)^ P p {ax) dx 

_ r(A) r (i - a - |p+ \v) r(| - a - |p - \v) 
r (! - \d + H r {\ - \ v - \d) r(l - A - p) 
x2^V-"- 1 2 Fi r-^' .l-A-^il-A-p;!-! 


2 . 


3. 


[Re a > 0, Re A > 0, Re(zx - p - 2A) > -2, Re(2A + p + v) < 1] ET II 325(25) 

r (^±i) r(A) r (1 - A + >‘f) 2^" 


(x 2 — l) A 1 (a 2 x 2 — l) 2lJ, Q p (ax)dx = 


!>+§) 


//i + ^+1 u is 3 o 

X 2F1 2 )1_A+ ^- ;Zy+ 2 ;a 

[|arg(a- 1)| < 7t, Re A > 0, Re(2A - p — z/) < 2] ET II 325(27) 


7.137 

1. 


2 . 


/ OO 

x-^-i(x-l)~^-i(l + ax)i p Q p {l + 2ax)dx 

= n~ l ' 2 e~^ 1 T(\-p)a^[Q p (1 + a) 1/2 ] 
[|arga|<7t, Re p < \, Re(p + v) > — 1 ET II 325(28) 

/ OO 

x~^-h(x - l)-'*- 1 (1 + ax) sA1 <30(1 + 2ax) dx 

= — r'/V^rf-p^Ja^^ (l + aS)- 1 / 2 qm+ 1 [(l + a) 1/2 j Q p [(l + a) 1 / 2 " 

[|arga|<7r, Rep<— Re(p + v + 2) > 0] ET II 326(29) 
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J x ^ 2(1 — x) ** 2 (l + ax) P„{1 + 2ax) dx = 7T 1 / 2 T (| - /i) jp£ (1 + a) 1 / 2 | 

[Re /.x < |arga| < 7 r] ET II 319(32) 

[ (1 + ax)* M P£(l + 2ax) dx 

Jo 

= n 1 ' 2 r (-1 - /z) a^+i P^ 1 [(1 + a) 1/2 ] P£ [(1 + a) 2 ] 
[Re /i < — , |arga| < 7r] ET II 319(33) 

[ *>"-3(1 - x)^(l + a®)- 3" P£(l + 2 ax) dx 
Jo 

= TT 1/2 r (i + /z) a" 3** P£ [(1 + a) 1/2 ] p;^ [(1 + a) 1/2 

[Re /i > — |arga| < 7r] ET II 319(34) 


9. 


10 . 


®3f*-s(l - x^-i (1 + ax) - ’** P£( 1 + 2 ax) dx 

= It r 1 / 2 r (/z - i) a*"*** (1 + a)^ 1/2 {p^ [(1 + a) 


1/2 


pA 4 


(1 + CL 


+(/z + ^)(1 — y + v) P u M 

'(i+«) I/2 ' 

py 

1 V 

a+«) 1/2 ' 


[R e/z > j 

[, |arga| 


[ x 2 2 (i_x) M 2 (1 4. ax) 2/2 Q^(l + 2ax) dx 

Jo 


= 7 T 1 / 2 r (| - m) a 1 ^ [(1 + a) 1 / 2 ] [(1 + a) 1//2 J 

[Rep < |arga| < 7r] ET II 320(38) 


x 2 2 (1 — x) M 2 (1 + ax) Qv(X + 2ax) dx 

= V/ 2 r (-/z - i) (1 + a)- 1/2 a^+3 


(1 + a) 1/2 Q£ (1 + a) 1/2 + P£ (1 + a) 1 / 2 Q» +1 (1 + a 


[R.e/z<— |arga| < 7T ET II 320(39) 


[ 1 [* (! + 574-)] 2A P^(l + 7x)dx 

Jo 


1 


-<r 

[ReA<l, Re/z>0, |arg7 j/|< 7r] ET II 193(52) 


y ( 1 + -7 y 


P^O + 'yy) 


ry i 

(y- x) m_1 x < 7+ 5 a_1 (1 + i 7 x) _2A P*(l + 7 x) dx 

•A) 


r(l-A)r(a + /i) 3j?J 1 + 1 - + « - J-™ 

[Recr > 0, Re fz > 0, |7J/| < 1] ET II 193(53) 



776 


Associated Legendre Functions 


7.138 


11. A y - *) # ‘" 1 [*(l - x)]"5 A P a (1 - 2x) dx = r(ji)[y(l - P A ^( 1 - 2y) 

Jo 


[Re A < 1, Re y > 0, 0 < y < 1] 

ET II 193(54) 


12. J\y - a;) # ‘-V + 3 A - 1 (l - x)"5 A P a (1 - 2s) dx 

r( M )r(a) 2/ ^- 1 


r (cr + At) r(l - A) sF2(-v,l + v,<r,l-\,* + KV) 

[Recr > 0, Re At > 0, 0 < y < 1] ET II 193(155) 


7.138 


/»oo 

/ (a + x) 
Jo 


— (i — v — 2 


a — x \ p fa — x 


a-\- x J \a + x 


dx = 


[Tfc + i/ + !)] 

[r(At + 1) r(i/ + 1)] 2 r(2At + 2v + 2) 

[|arga| < 7t, Re(/x + tt) > -1] 

ET II 326(3) 


7.14 Combinations of associated Legendre functions, exponentials, and powers 

7.141 


1. / e~ ax (x-l ) A ~ 1 (x 2 -l) jM P^(x)dx = 


a A ° 


G 23 I 2 a 


1 + At, 1 

A + At, — v, 1 + v 


T(1 — At + v) T(— At - v) 

[Re a > 0, Re A > 0] ET II 323(13) 


2. / e-° 3: (x-l) A - 1 (x 2 -l )^QZ(x)dx 


T^ + y+l)e^\_ x a ^ 22 


2T(u — /t + 1) 


-a~ ^e~ a G H ( 2 a 


1 + At, 1 

A + At, v + 1, — v 


[Re a > 0, Re A > 0, Re(A + At)>0] ET II 325(24) 


3. J e ax {x-l) x 1 (x 2 — l) 2(1 P£(x) dx = — 7t 1 sin(zt7r)a M A e a G 23 ^ 2 a 


1,1 - At 

A — At, 1 + v, —v 
[Re a > 0, Re(A — At) > 0] 


ET II 323(15) 


/ OO 11/ 

e~ ax (x - l) A - : (x 2 - 1) 2M Q£(x) dx = -e /i7r, a A1_A e _ ° G | 2 (2a 


1 — A 4 ) 1 

A — at v + 1) — ^ 

[Re a > 0, Re A > 0, Re(A — y) > 0] 

ET II 323(14) 


5. 


/ OO ! 

e~ ax (x 2 - 1)~ !M P£(x) dx = 2 1 ' 2 ! r-^a^-s jr„ + i (a) 


[Re a > 0, Re y < 1] 


ET II 323(11), MO 90 


7.142 


x + 1 

x — 1 


P^i W dx = ^ W n tV (a) [Re /t < 1, v - \ ^ 0,±1,±2, . . .] 

BU 79(34), MO 118 
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7.143 


[a:(l + x)]-^e~ 0x P£(l + 2s) dx = K v 


[Re/z < 1, Re /3 > 0] ET I 179(1) 


n l \ 2^ p %0 

1+-J e-l } *PZ(l + 2x)dx= — W^ +l (P) 

[Re n < 1, Re/3 >0] ET I 179(2) 

7.144 

nO O 

1. / e- 0x x x+ ^~ 1 {x + 2)^ Q^(l + x)dx 

Jo 

r(z/ + /i + l) f sin(z/7r) _ , 1 x 

“ I> - J + 1) { 2^+» s m(„>r) E + t A + n; f + 1 : 2« 

~ .f 1( 1, + "l ’\ E („ - „ + 1, ■ A : 1 - „ : | 

2 1_ ^/3 a sin(/z7t) v p P 

[Re /? > 0, Re A > 0, Re (A + /z) > 0] ET I 181(16) 


e ^ x (a: + 2)^ Q£(l + x)cfe = E{-v,v + 1, A- /z : 1 - /z : 2/3) 

[Re /3 > 0, Re A > 0, Re (A - /z)] > 0 ET I 181(17) 


7.145 


e ~0x f 1 1 e 0 

L l — I F "\(TTW- 1 \ iz= T w "+ l ' MW -‘- i ' aim 


[Re/3 > 0] 


r°° 2 r r /i\i 2 r /i A 

2- J x~ x e-^Q_ h (l + 2aT 2 ) dx=-Uj 0 ^P)\ + [Y 0 \^fi 


[Re/3 > 0] 


/-OO 1 

3. / x~ 1 e~ ax Q„ (l + 2a; -2 ) dx = - [r(z/ + l)] 2 a -1 W_ u _ i 0 (az) IR_„_ i 0 (— ai) 

Jo 2 2 ’ 2 ’ 


7.146 


pOO 

1. / a;-W-^P^(vTT^) dx = 2»f3^-ie% W y+l ^ +l (f3) 

J 0 


ET I 180(6) 


ET II 327(5) 


[Re a > 0, Re v > — 1] ET II 327(6) 


[Re/z < 1, Re/3 >0] ET I 180(7) 


P$ (VT+^> dx = 2^/3^-iel W^ + |,i,+ |(/3) 


[Re/z < l,Re/3 > 0] 


ET I 180(8)a 
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3. J y/xe-P* P 4 J 4 (Vl + a; 2 ) P~ 4/ 4 (V 1 + z 2 ) dx = 


7.147 


7.148 


7.149 


1 / 7t 


( 4/3 ) H 


'1 


(2) 


2 V 2/3 V 2 / V 2 
[Re f3> 0] 



ET I 180(9) 


f°° x x ~ 4 (x 2 + a 2 )^ e-P* P: 

Jo 


{x 2 + a 2 ) 1/2 


dx 

2-"- 2 a A+I/ 


G 


32 / a 2 /? 2 


1 _ A l-A 
1 2 > 2 

n 1 A+zx+i/ A — 

2 ’ 2 ’ 2 


tiT(-//-z/) ^ 24 ^ 2 

[a > 0, Re (3 > 0, Re A > 0] ET II 327(7) 

J_{ 1 - ^"^(l + a;)2 /i+l/_1 exp P(J(*) ^ W 2 i„_„_ j ,i„(y) 

[Re y > 0] ET II 317(21) 


(a 2 + /3 2 + 2a/3x) ^ 2 exp — (a 2 + (3 2 + 2a(3x) 1,z P„(x)dx 


1/21 


= 2tt x (a/3) 1/2 R' J/+ i(a)ir i/+ i(/3) 
[Rea > 0, Re /3 > 0] ET II 323(16) 


7.15 Combinations of associated Legendre and hyperbolic functions 


7.151 


1. 


(sinh x) 


a—1 


' (cosh x) dx = 


2 1 Mr (! a +lM)r(ii/-ia + l)r(i-ia-^) 


r (In + \v + 1 ) r (i + - |t/) r (1 + \n - |a) 

[Re (a + n) > 0, Re(^ — a + 2) >0, Re(l — a — i/) > 0] EH I 172(28) 


2 . 



(sinh x) a 1 


<50 (cosh x ) dx = 


6**2"-° r Q + ^ + |m) r (1 + \v - 1 q) 

r (! + - 5^) r (5 + ^ + 5 a ) 

xr(5a+|/i)r(|a-2M) 

[Re (a ± p) > 0, Re(i^ — a + 2) > 0] 


EH I 172(29) 


7.152 


e ax sinh 2,i (^x) P 2?! 2m [cosh (|a;)] dx 


T (2fi + \) T(a — n — fj) T (a + n — /t + |) 

4 ^Y / 7 tr(a + n + n + 1 ) T (a — n + n + |) 

[Re a > n + Re /z, Re /j > — 4 ] 

ET I 181(15) 
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7.16 Combinations of associated Legendre functions, powers, and trigonometric 
functions 


7.161 


r 1 i 

/ (l — x 2 ) 2 ^ sin(aa;) P„(x) dx 
Jo 


n i/2 2 n-\-i r ( A + 1 ) ( 


r 1 + 


x 2 F 3 


A — /x — v \ p / 3+A — /x - \-is 


1 + A A 3 A — ii — v 3 + A — 11 -\- v or 

1 _l — •_ 1 _| L i • 

2 ’ 2 ’ 2 ’ 2 ’ 2 ’ 1 


[Re A > — 1, Re ft < 1] ET II 314(7) 


r 1 _i 

2. / x x ~ x (l — a; 2 ) 2 ^ cos(ax) P£(x) dx 

Jo 


r 1 + 


Tri/ 2 2 ^-a F (a) 

A — /z + zA /l + A — /z — v 


/A A + 1 1 1 + A — /x — v A — /i + i'' A 
X 2Fs V2’ 2 ’ 2’ 2 ’ + 2 ’ 

[Re A > 0, Re /i < 1] ET II 314(8) 

1 2 ^^ 172^— 5 

(x 2 — l) 2 M sin(ax) P?. (x) dx = — 7-; , , — r — 7 , , — 7 S 1 , 1 (a) 

[a > 0, Re /./, < | , Re(/i + 1 /) < l] 

ET II 320(1) 


7.162 


pOO 

1. / P„ (2 x 2 a~ 2 — l) sin(6x) dx = — 
J a 

POO 

2. / P^ (2 x 2 a~ 2 — l) cos(bx ) dx 

J a 


4 cos(^ 7 t) 


J ^+l ( 2 


[a > 0, S > 0, — 1 < Re v < 0] 

ET II 326(1) 


= -- a 1 — — - y .^1 — y_ 


[a > 0, b > 0, -1 < Re 1 / < 0] ET II 326(2) 


/•OO r 

3. J (x 2 + 2) 2 sin(ax) P” 1 (a; 2 + l) dx = 2 _1 / 2 7r _1 asin(^7t) K u+ i ^2 _1 / 2 aJ 


> 0, — 2 < Re < 1] ET I 98(22) 


4. f (x 2 + 2) 1 ^ 2 sin(ax) Ql {x 2 + l) dx = — 2 3 ^ 2 naK v+ i ^2 1,/2 a ) /„ + 1 ^2 1//2 a^ 

<7 0 

[a > 0, Re 1 / > — |] 


ET 98(23) 
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,°o ^2 

5. / cos(ax) (l + x 2 * ) dx = sin(t^7r) 

J o 7r 


K 




h \V2j\ 

[a >0, -1 < Re v < 0] ET I 42(23) 


6. ^ cos{ax)Q l/ (l + x 2 ) dx = ~^ K v+ i 7 ^+| 

[a > 0, Re v > —1] 

J cos (ax) (2x 2 - 1) dx = | J ^+1 (0 (0 


7. 


7.163 


[a > 0] 


ET I 42(24) 


ET I 42(25) 


1. J (x 2 - a 2 ) ^ * sin(hx) p\ v (ax" 1 ) dx = b~ v ~ s cos (ah - ^ + 0 

[a > 0, |Rei'| < |] ET I 98(24) 

f 1 1 

2. / x _1 cos(ax) (2x -2 — l) dx = — -7rcosec(^7t) iFi {{v + 1; 1; ai)) \F\ (v + 1; 1; — ai) 

Jo 2 

[a > 0, -l<Rei/<0] ET II 327(4) 


7.164 


poo 

1. J x 1 ^ 2 sin (hx) P (\/l + a 2 x 2 J 


l2 Mlar'b-V 2 

dx = 


T(\ + v)Y(\-v) 


K, 


!y+5 \2a, 

[Rea>0, b > 0, — |<Re^<|] 

ET II 327(8) 


2. J x 1 / 2 sin(6x)P// 4 (^TT^) Q u ^i (\/l + a 2 x 2 ^ dx 


+ /h 




ah2r(r/+|) ^ +5 V 2 a/ " +2 \2a, 

[Re a > 0, 6 > 0, Rei/>-|] ET II 328(9) 


3. J x 1 / 2 sin(hx) P„ 4 / 4 (\/l + a 2 x 2 ^ P u -i (\/l + a 2 x 2 ^j 


dx 


yrr 


a^x^ 


z-26 1 / 2 


AT 


AT 


V^T (| + «/) r (I - u) V2a; V2a, 

[Re a > 0, 6 > 0, -|<Ret/<§] ET II 328(10) 


4. f^si^)pV‘(VTT^)p^‘(VTT^) 


dx 


Z- 2 ^ 1 / 2 


v^ r (| + ^)r(|-i/) 


AT 


l/+s \ 2a . 


[Re a > 0, 6 > 0, -|<Rei/<|] ET II 328(11) 
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5. J x 1 / 2 cos (bx) P[/ 4 ^\/l + a?x 


6 . 


dx = 


(?) 


- 1/2 




K v+ 1 ( - 


5 V 2 «, 

[Rea>0, b > 0, — |<Rez/<— \] 

ET II 328(12) 


/| e l« r ( i/+ |) 


I A) k„ m i f — 


a& 1 / 2 r(i/+§) v+ *.\2aJ i ' +5 \2a, 

[Re a > 0, b> 0, Re^>-§] ET II 328(13) 


7. f> c«(M p;V‘ (vTT?) ?T‘ (yiTTT) 


dx 


v'TT 


a~ 2 b V 2 


^+3 \ 2a , 


v^r (| + ^)r (| - 1/) 

[Re a > 0, 6>0, -|<Re^<i] ET II 328(14) 


J x 1 / 2 cos(bx) P]J A ^\/l + a 2 x 2 ^ P?^ ^\/l + a 2 x 2 ^ 


dx 


v'TT 

2- 2 6V 2 


a^x' 


A", 


AT, 


V^r (| + */) r (| - “""S V2a; “ ^ V2a, 

[Re a > 0, 6 > 0, |Re z^| < |] ET II 329(15) 


7.165 


7.166 


7.167 


/ cos(ox) P v (coshx) dx 
1 0 

sin(z 27 r) r ( 1 + v + ia\ r ( l + v - ia\ r ( v + ia\ r ( v — ia 
; ly 2 J V 2 J ly 2“ J y 2~“ 

[a >0, -1 < Re v < 0] ET II 329(18) 

f" , (^a + i/x) T (\a - hi) 

/ M ( C0S ( / 9 ) SUl <pd(p= 77j 7 7 7 — 7j 2 / 77 7 77- 

/ 0 r (2 + 2 a + 2 V ) V (2“- 2^) r (2A+ 2^+ 1 ) r (2A- 2^+2) 


f P„ M (cosx) P,,* 7 [cos(a — x)] 

Jo 


[Re (a ± /i) > 0] MO 90, EH I 172(27) 


sin(a — x) 


sinx 


v dx 2 V T(/x - ?7) r (77 + 5) (sina) r 
sinx i/nTfr) + /i + 1) 

[Re /./ > Re?/ > — |] 


Pj, M (cos a) 


ET II 329(16) 

7.17 A combination of an associated Legendre function and the probability integral 


7.171 J (x 2 — l) exp (a 2 x 2 ) [1 — <f>(ax)] P^(x) dx 

= 7T _ 1 2^ t— 1 r f 1 +P + p \^fP~ l/ 


3 a z 

. „ , - . „ , 2 ffi_i 1 , i„ (a 2 ) 

V 2 J V 2 J * / 

[Re a > 0, Re /j < 1, Re (/i + 1 /) > —1, Re(/x — v) > 0] 

ET II 324(17) 
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7.18 Combinations of associated Legendre and Bessel functions 

7.181 

/ OO 

P v _ i (x)x 1 ^ 2 Y v (ax) dx = 2~ 1 / 2 a~ 1 [cos (|a) J„ Qa) — sin (|a) Y v (^a)] 

[a > 0, Re^ < |] ET II 108(3)a 


r oo i 

2. / i (a;)® 1 / 2 J v {ax) dx = [cos (|a) 1© ©a) + sin ©a) (|o)l 

J i 2 y 2 a 


[|Rei/| < | 


ET II 344(36)a 


7.182 


1. 


4. 


5. 


/•OO 


^ ^ (a: 2 - l) aA 2 P\ 1 {x)J v {ax)dx= 


2 A +^a- A r (| + i/) 


S X— !/,A + !/(cO 


[a > 0, R.e zv < | , Re(2A + © < |] 

ET II 345(38)a 


•© 1 I “ 


©MD + ’V* (§)'«© 


poo ± 

2. / (a; 2 — l) P^_ i (a;) J„{ax) dx 

J l v 2 

= _ 2 -3/2 7r l/2 a M-| 

[— | < Re/i < 1, a > 0, |Rei/| < § + 2Re/i] ET II 344(37) 

/ OO x 

[cc 2 — l) 2>l P^_ k (x) Y u (ax) dx 

[— j < Re/i < 1, a > 0, Re(2/x — v) > — 5 ] ET II 349(67) 


^(l-a: 2 ) 2fl P£(x) J I/+ i(ax)dx= 2 (|o) ©,+ § (§0) 

[R.e /./ < 1, Re© — © < 2] 


/ OO -L 

;r 2_M (x 2 — l) 2M P^_i(x) K u {ax) dx = (27r) _1 / 2 a M *» K v (|a) 1 (§a) 

[Re /it < 1, Rea > 0] 

6. J a© -1 " 2 (x 2 — l) 2>i P^_i(x) K u (ax) dx = yj~^a~ 3 ^ 2 e"^ a W ^^{a) 

[Re /x < 1, Rea > 0] 

7. x^~i (; x 2 - 1) 2M P*_i(x) K v {ax) dx = ^/|azr 1/2 e _ 5° W^_ 1)I/ (a) 


ET II 337(33)a 


ET II 135(5)a 


ET II 135(3)a 


[Re /Li < 1, Rea >0] ET II 135(4)a 


J x M 2 [x 2 — l) 2>1 P ^,_3 (x) K v (ax) dx = \J^ C 


a L e 2° (a) 

[R.e /x < 1] 


ET II 135(6)a 
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9. 


10 . 


i.._i i 


11 . 


1/2 (x 2 - l ) 4 P 2 v (2x 2 - 1) K v (ax) dx = -K- 1 J 2 a~ v 2 v - 1 


K P+ 1 1 - 


(i) 


[Re u > Re a > 0] ET II 136(11) 

/ OO 111 

x 1/2 ( x 2 - 1 ) 2 "~ 4 Py v {2x 2 - 1) Y v {ax) dx 

= K +! © (|) - (|) ^ ©] 

[Rev>— a > 0, Re^+ |2Re/x + 1| < §] ET II 108(5) 


/ OO 111 

x 1 / 2 (x 2 — l ) 4 Pji v (2.x 2 — l) J„(ax) dx 

= — 2' J ~ 2 aT v tx 1 ! 2 sec(/x7t) 




[Re i/ > — | , a > 0, Re v — | < 2 Re /t < \ — Re v ET 1 1 345(39)a 


12 . 


13. 


14. 


(x 2 - 1) s " PJ) ( 2x 2 - 1) K u (ax) dx = 2 ~ v a v ~ x R M+ i(a) 


[Rea > 0, Re^ < 1] ET II 136(10)a 

r oo i 

/ X {x 2 + a 2 ) 2 ” P 1 ^ (l + 2x 2 a~ 2 ) K v (xy) dx = 2~' 2 ay~ u ~ 1 S 2v , 2 ^+i(ay) 

Jo 

[Re a > 0, Re y > 0, Re v < 1] 

ET II 135(7) 

r°° i 

/ x [x 2 + a 2 ) 2 '' [(/i - v) P v (l + 2 x 2 a~ 2 ) + (y + v) P"_ (l + 2 x 2 a -2 )] K„(xy) dx 
Jo 

= 2 1_1/ /ty _I/_2 S 2v+\,2n{ay) 
[Re a > 0, Re y > 0, Rez^Cl] ET II 136(8) 


15. 


16. 


17. 


(x 2 + a 2 ) 2 '' 1 [P" (l + 2z 2 a 2 ) + P u _^ (l + 2x 2 a 2 )] K v (xy) dx = 2 1 "y " S 2v -i, 2 ^(ay) 


[Re a > 0, Re y > 0, Re v < 1] 

ET II 136(9) 

y - 1 / 221 -^- 1/2 I * ( 2-^)1 2 


/»°° _ i _ i ! y ' z 

/ X 1/2 (x 2 + 2) 3 " (z 2 + l) J„{xy)dx= —T 3 \ r / , It 

jo r(j/ + /i+2)r(^ — /t+ 2 ) 

[— | — Re 1 / < Re y < Re v + \ , y > 0] 


ET II 44(1) 


r 1/2 {x 2 + 2) 2 " 4 Qp +2 (a; 2 + l) J v {xy) dx 

= 2 (2-V\) /„ + , ( 2 -V»„) 

[Rei/>-l r Re(2/x + i/) > — §, y > 0] ET II 46(12) 
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7.183 


7.184 

1. 


2 . 


3. 


4. 


5. 


x 1 M (l + a 2 x 2 ) 2M 4 (±iax) Jv(xy) dx 

= V" 1 j„ (i a -iy) Kfi (i 0 r 'y) 

[— | — \ Re v < Re/t < 1 + Re v, y > 0, Rea>0] ET II 46(11) 


r- 1/2 (x 2 - l) 2/i 4 P_ l l (a;" 1 ) J„{xa)dx = 2 1 / 2 a- 1 - A1 7T- 1 / 2 cos [o+ |( v - 


x~ v {x 2 — l) 4 ’ 


-5+" 


^ p"-* 
r V 


[|Re ytt| < Re^>— 1, a > 0] 

ET II 44(2)a 


(2a; -2 - 1) AT ^(ax) dx 
j l 

= * 1/2 2 -"a- 2 ^ i(«) W^i^a) 

[Rei/<§, a > 0] ET II 370(45)a 

J x v (l + x 2 ) 4 + 2 <5^ +2 ^1 + J v (ax) dx 

A-kv c\V „—V—2 Pn /3 . . \l2 n 


= -ie^7T-2 2^a" 


X W_ M _1 „+!(«) 


(l — a; 2 ) ® l/+ * a (2a;- 2 - l) J„{xy)dx 
= rAy 


[r (| + m + ^)] r (l + zy_ / x ) 


COs(u7r) _ _ , 

r(2 + 2i/) M+|,^+^ a 


sin(/.t7t) 




-i( a ) 


r(^ + /i+|) ” /i+5,1/+ ’ 

[a > 0, Re(/a + i/)>— Re(/U — z/) < |] ET II 46(14) 


,r (§ + M + z')r(i + i/-m) 


(2tt)V 2 [r (| + t,)] 2 
- A + ^;2za + 2;tyj 
[y > 0, — | — Re v < Re /t < Re v + |] ET 1 1 45(3) 


x i_Fi [ v + y + —\2v + 2\ iyj \F\ f v + /i + — ; 2v + 2; — iy 


(a: 2 + a 2 ) 4 2 " Qji ^ (l + 2a 2 a; 2 )K„(xy)dx 

= A^ 2 2~ v ~ x a~ v ~^- y v ~ 2 [T (§ + /a - ^)] 2 j (iay) (-my) 

[Rea>0, Rey > 0, Re/i>— Re(/z — v) > — |] ET II 137(13) 


6 . 


(a; 2 + l) 4 ^ Qfr v (l + 2x 2 )j u (ax)dx 

-,- 2 ie- ira 7 T 1 / 2 r(| + M -i/) 


= 2-"oT 


M , i i(a) i i(a) 


r( 2v) " ^+5.^-2^ " 

[a > 0, 0 < Re v < Re /a + |] ET II 47(15)a 
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7. 


x v (a; 2 + a 2 ) 4 ^ Q^_ ” (l + 2a 2 x 2 )K v (xy)dx 


= le 


[r(i - X { [j„_, (I)] 2 + [y„_, (I)] 2 } 


[Rea > 0, Rey>0, Rev < 1] ET II 136(12) 


7.185 / x 1/2 Q v _i[(a 2 + x 2 ) x ]j„(xy)dx = 2 1/2 7tj/ 1 exp - (a 2 - j) / y J v {\y) 

J o 2 L J 

[Re i/ > — 5 , y > 0] 

,-,-1 „ fl-X 2 \ Mxy)dx = y 2, [rT{u+1)] -2 Ko{y) 


7.186 




[Re i/ > 0] 


ET II 46(10) 

ET II 13(10) 


7.187 


1. f xP"(y/l + x 2 ^K„ (xy) dx = y 3/2 S v+ 1 >M+ 1 (y) 

<7 0 


2 . 


3. 


[Re i/ < 1, Re t/ > 0] ET II 137(14) 


A-l 


^\/l + a 2 x 2 ^ J 0 (xy)dx = 2TT 2 y l a 1 cos(A7t) 


2a/ J 

[Rea>0, | Re A | < y > 0] 

ET II 13(11) 


/»00 

/ a; (l + £ 2 ) 1 P" (Vl + a: 2 J K v (xy)dx = y ~ 1/2 S„_i^ + i(y) 

*7 0 


[Re i/ < 1, Re t/ > 0] ET II 137(15) 


4. J xP^ v (Vl + a 2 £ 2 ) Q m (\/l + a 2 x 2 J J„(xy) dx 


y -i e -k^T(l + y + ^) 

aT(l + y-\v) V2a 


(£)W£) 

[Rea >0, y > 0, Reytt > — |, Rei/ > — l] ET II 47(16) 
5. J x P^_ i ^\/l + a 2 a’ 2 ^ ^\/l + a 2 ® 2 ^ Jo(xy)dx 

= ^ r ^ + V ) (!) (!) 

[Rea>0, 2/ > 0, Rea > — Re//<l] ET II 14(15) 


6. J x P^_ i ^\/l + a 2 x 2 ^ P i (\/l + a 2 x 2 ^ Jo{xy)dx 

= 2-!r~ 1 y~ 2 cos(an) (0 

[Rea >0, 2 / > 0, |Rea| < |] ET II 14(14) 

7. fx [p»_ h (yi + a 2 x 2 ) } 2 Jo(^y) ^ = -tTT-V 2 (|) [ (e*^) - ( e_ ”^) 

[Rea >0, y > 0, |Rea| < Re // < l] ET II 14(13) 
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/»oo 

/ x (l + a 2 x 2 ) 

Jo 


2 „ 2\~ 1 / 2 p-h-h 1 ' 
r v 


^\/l + a 2 x P^ ^ \/ 1 + a 2 x 2 ^j Jv(xy) dx 


K , + l (l) 


7ta 2 r(f + /z+ |)r(| - /t+ i) 

[Re a > 0, j/ > 0, -§<Re/z<|] ET II 46(9) 


9. 


J a; |p m 2l/ | J u (xy)dx 


K, +h (&) 


7tar (1 + ^ + 1^) r (gi/ — /t) 

[Rea>0, y > 0, — |<Re^<— Rer/>— l] ET II 45(7) 


10 . 


(l + «V)- 1 / 2 f^ 


1 + a 2 x 2 ^ P^+j ^\/l + a 2 x 2 ^ J u (xy) dx 

K, + l (&)*„+#(&) 


7 ra 2 T (2 + ij/ + /t) T - /x) 
[Rea >0, y > 0, — | < Re/t < — j] ET II 45(8) 


7.188 

1 . 


2 . 


3. 


7.189 


' (a 2 + x 2 ) 


A »- 1 


Va 2 + : 


y»- 2 e -ay 


J v (xy) dx = 

r(^ + ^) 

[Rea > 0, y > 0, Ret/>— 1, Re/t>|] ET II 45(4) 


„, w 2 2 \i v r, t x 2 +2a 2 \ (2a) 1/+1 y 

" (* +a) 2 P„ ( — 7Tf=^ ) J ^ x v) dx = 


2a\Jx 2 + a 


v+l-.-v-l r 


*„+> i ^ 


m 2 


ttT(-u) 

[Re a > 0, — 1 < Re v < 0, y > 0] 


ET II 45(5) 


A" (x 2 + a 2 ) 5 " P„ 


- 1 {^AA) x(lv)dx 


\-V n ,V-l 




_ ( 2 af-vy 

[Re a > 0, y > 0, 0 < Re v < 1] 

ET II 45(6) 


1 . J™ { a + xYe~ x PZ 2 » (^+‘^jI ll {x)dx = Q 

\— \ < Re n < 0, — ^+Re/t<Rer/< — Re /./] ET 1 1 366(18) 


2 . j™ (x + a)-A~ x P ~ 2>1 (l+v) A( x )dx 


2‘ v- 1 r(y + v+\)r(y-v-\)e a 


7t^/ 2 r (2y + v + 1) T(2y - v) W \-A+^ 
[|arga|<7t, Re/t>|Re^+||] ET II 367(19) 
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3. 


4. 


5. 


J x ^e x P 2fl ^1 + — ^ K^(x + a) dx 

= t r - 1 / 2 2^- 1 C os(/i7t) T(fj, + u+\)T(fj,-u+l) W i _ /Jj i +I/ (2a) 
[|arga| < 7t, Re/u > |Reix + ||] ET II 373(11) 


f x = M ( x + a ) 1 ^ 2 e x i ( — — — ^ K v (a + x) dx = * l^-a 2^r(/x,2a) 
Jo v ~* \a + x J V 2 

[a > 0, Re fi < 1] 

f°° 0 3 

/ (sinha’) M+1 (cosh:r) _2At_5 P~ M [cosh(2a;)] I i (asechx) dx 

Jo 2 


ET II 374(12) 


2 M 2 T(n — v)T{n + v+l) 

^/2 a M+|[r( /i + i)] 2 " + ^ (a) 

[Re /./, > Re v, Re /x > — Re v — 1] ET 1 1 378(44) 


7.19 Combinations of associated Legendre functions and functions generated by 
Bessel functions 

7.191 

C li l 

1. / x 1 /' 2 ( x 2 — a 2 ) 4 2iy P^ +2 (2x 2 a~ 2 — l) [H„(a;) — Y v (x)\ dx 

J a 

_ 2 _ly_2 7t 1 / 2 acosec(^7r) cos(i/7t) |[y„ (>|a)] 2 ~ [■/„ (|a)] 2 | 
[— 1 < Re/x < 0, Rei/<|] ET II 384(6) 

/>o° 

2. / a: 1 / 2 (x 2 - a 2 y 1/4 ~ u/2 P^ 1 ' 2 ( 2x 2 a~ 2 - l) [/_„(*) - L v (x)} dx 

Jo 

= 2 _iy_1 7r 1 / 2 acosec(2/x7r) cos(i 27 t) | [/„ ( 5 a )] 2 — [/_„ (|a)] 2 | 
[— 1 < Re/x < 0, R eis<±] ET II 385(15) 


7.192 

1 . 


f\^-^/ 2 (l-x 2 ) {v " 2)/4 P[y i u / y )/ \x)S,yax)dx 


= 2^-3/2 7r i/2 a -(,-x,-i)/ 2 r ( d+JJ+l\ r f /i^+3\ cos / 


x [J v (\a) y_ (M _„ +1)/2 (|a) - (|a) J_ (M _ y+1)/2 (|a)] 

[Re(/x — x^) < 0, a > 0, |Re(/x + v)\ < 1, R e(/x — 3^) < 1] ET II 387(24)a 
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2 . 


/ OO G , 

x 1/2 (x 2 - l) 2 pp{x) S /lA/2 {ax)dx 

2 - 3/2-W3— » a /3-l r r - l) 


TtV^d-M) V*+i, *+1/2(0) 

[Re f3 < 1, a > 0, R.e(/t + — (3) < — Re(p — — (3) < ET II 387(25)a 


7.193 


/ OO 

x~ v (x 2 - l ) 1 4 " /2 PU2-I12 ( 2x ~ 2 _ x ) S nA ax ) dx 


2^- u a v - 2 Tr 1 / 2 T ( 3 % M ~ 1 ) 


PF PjCT (ae i7r / 2 ) PF p , CT (ae"^ 2 ) 


Pli+p.) 

p = |(/z+ 1 — i/), a = v — [Re(p — ^) < 0, a > 0, Re^<|, Re(3i/ — p) > l] 

ET II 387(27)a 


/ OO 

x ( x 2 — l) ^ PJ( (2^ 2 — l) S/j,,v(ax) dx 


_ ^-i r (^f±i + A)r(^pi-A) 

2 r(tfl)r(^) 5 A1 -,+i.2A+i(a) 

[Rei/<1, a > 0, Re(/z — ^ + A) < — 1, Re(p — v + A) < 0] ET II 387(26)a 


7.21 Integration of associated Legendre functions with respect to the order 


7.211 


1. J P_ x _i (cos 9) dx = ^ cosec [0 < 9 < 7t] 

2. J P x (cos 6) dx = cosec ^0^ [0 < 9 < 7t] 

noo 

/ x tanh(7tx) P _ i +ix (cosha) dx = 2e~^ a K (e _a ) 

Jo 2 


7.212 


7.213 


7.214 


7.215 


[a > 0] 

p -\+ix ( cosh b ) dx = Qa- 1 (cosh 6) [Re a > 0] 

1 


a 2 + x 2 


/»oo 

/ sinh(7rx) cos(ax) P 1 . ? >(6) dx = . 

Jo y v ' ^2(6 + cosh a) 

/•OO 

/ cos (for) P[\ . (cosh a) dx = 0 
Jo 2 +KC 


(sinh a) A 


r (| — p) (cosh a — cosh 6) 


[a > 0, |6| < 1] 

[0 < a < 6] 

r [0 < 6 < a] 




ET II 329(19) 
ET II 329(20) 

ET II 330(22) 
ET II 387(23) 

ET I 42(27) 


ET II 330(21) 
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7.216 


7.217 


cos (bx) r(/x + ix) r(/i — ix) ^ , (cosh a) dx = 


y/f F(m) (sinha) M ^ 

(cosh a + cosh 
[a > 0, fe > 0, Re p > 0] 


ET II 330(24) 


J ^ + ix'j T - zx^ T - ^ + zx^ (cos6») I v _i +ix {a) K u _i +ix (b) dx 

= v / 27t(sin 0y 2 ( — ^ K v {io) 
\u> J 

u = (a 2 + b 2 + 2abc.os9) 1/2 ET II 383(29) 


2. J ^ xe™ tanh(Trx) P_ i +ix (- cos 0) H ( ?\ka) HfJ{kb) dx = - ~^’ R e l/c "; 

i? = (a 2 + b 2 — 2abcos9) 1 ^~ [a > 0, b > 0, 0 < 9 < 7t, lmfc<0] ET II 381(17) 

POO 1 

3. / xe’ 1 ’® sinh(7tx) T (i/ + zx) T{v — zx) P^ i + . (— cos 9) H^J (a) H^}{b) dx 

Jo 2+lx 

= .-(2») 1/2 (™ <>r 4 (f)V 2> tR) 

R = (a 2 + b 2 — 2abcos9) 1 ^ 2 [a > 0, b > 0, 0 < 9 < n, Rez^>0] ET II 381 (18) 

r°° i , 77-1/2 / n u\ x i._i 

4. / xsinh(7tx) T(A+zx) T(A— zx) lTj x (a) lTj x (&) P% (/3) dx = — ( — ) (/3 2 - l) 2 4 K\{z) 

J o 2_f " v2 \ z J 

z — \J a 2 + b 2 + 2abj3 |arga|<^, |arg(/3 — 1)| < zr, ReA>0 ET II 177(16) 


2(a6) 1/2 j 


7.22 Combinations of Legendre polynomials, rational functions, and algebraic 
functions 


7.221 


1. f P„(x) P m (x) dx = 0 [; 

J - 1 


to rz] 


2. 6 f P n (x) P m (x) dx = 

Jo 


2 n + 1 


2n 1 


[m = n\ 


( — 1)2 ( m_ f n Pm\n\ 

2 m+n- i( m _ n ) (n + rn + 1) [(f)!(^)!]‘ 


WH, EH I 170(8, 10) 


[rz — to is even, to. ^ zz] 
[?z is even, to is odd] 


f 2n r /2 77, \ 

3. J P 2 n {cos tp) d<p = 2ir ( J2” 


MO 70, EH II 183(50) 
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7.222 


7.222 


1. J x m P n (x)dx = 0 


[to < n] 


2 . 


3. 


2 m+n +i [(m + n)!] 4 


f (1 +x) m+n P m (x)P n (x)dx= 2 

7-1 (m!n!) 2 (2m + 2n + 1)! 


J (l + x) m n 1 P m (x) P n {x) dx = 0 

r 1 0^.2 

4. J (l - x 2 ) n P 2 m{x) dx = 


[to > n] 


(n — to) (2m + 2?r + 1) 




P2m{x) dx 


[to < n] 


5. / x 2 P n+1 (x) P„_i(x) dx = 

Jo 


n(n + 1) 

(2n — l)(2n + l)(2n + 3) 


7.223 [ { ffl(x ) P n ~.:i{x) - P n -i(x) P n (z)} dx = -- 

V_ i z — a; n 

7.224 [ 2 ; belongs to the complex plane with a discontinuity along the interval from 

1. J (z-x)- 1 P n {x)dx = 2Q n (z) 

2. J x(z — x)- 1 Pq(x) dx = 2 Q 1 (z) 

3. J x n+ \z - ayT 1 P n (x) dx = 2z n+1 Q n (z) - ^ 2?j 

4. J x m (z — x)~ l P n (x) dx = 2z m Q n (z) [m<n] 

5. J (z - x)~ x P m { x) P n (x) dx = 2 P m (z) Q n {z) [to < n] 

6. J (z - x)~ x P n {x) P n+1 {x) dx = 2P n+1 (z) Q n (z) - 


n + 1 


7. J x(z - a;) 1 P TO (a;) P„(x) da; = 2z P m (,z) Q n (z) [to < n] 

8. J x(z - x)~ x [P n (x)f dx = 2z P n (z) Q n (z) - 


2 n + 1 


7.225 


1. J (x — t) 1/2 P n (t) dt = ^n + 0 (1 + x) 1/2 [T n {x) + T n+ i(x)] 

2. J ( t - x)~ 1/2 P~ 1/2 P n {t) dt = (1 - a;) _1/2 [T n ( x) - T n+1 (a 


ET II 277(15) 
ET II 278(16) 

WH 

WH 

WH 

-1 to +1.] 

ET II 277(7) 
ET II 277(8) 
ET II 277(9) 
ET II 277(10)a 
ET II 278(18)a 
ET II 278(19) 
ET II 278(21) 
ET II 278(20) 

EH II 187(43) 
EH II 187(44) 
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3. J (1 — x) 1 / 2 P n (x)dx = 


2 3/2 

2n -T 1 


/ I 9 /7\ 

(cosh2p — x)~ X ^ 2 P n {x) dx = exp[— (2n + 1 )p\ 

-1 2n + 1 

[p > 0] 

= P({x ) Q e {y) (1 < x < y) 


5. 


10 


Pi{z) dz 


2 7-1 yj ( xy - z) 2 - ( x 2 - 1) ( y 2 - 1) 


= Pi(y) QA X ) (i < y < x) 


7.226 


1 . J (l - X 2 ) 1/2 P 2 m(x)dx = 


T(\+m) 


ml 


2. J x{l-x 2 ) 1/2 P 2m +i(x)dx = 
ri 


r (l + m)r(|+m) 

to! (to + 1)! 


3. J (1 +px 2 ) m 3/2 P 2m (x) dx = 2 ^ 2 + 1 (~p) m ( 1 + p) 


— m— 1/2 


[\P\ < 1] 


7.227 


f x (a 2 + x 2 ) 1 P n (l — 2x 2 ) dx = 

Jo 


a + (a“ + l) 


1 / 2 ' 


2n + 1 


[Rea > 0] 

7.228 6 l T(1 + y) f Pi(x)(z - x )-^ 1 dx = (z 2 - l) _/i/2 e“ i7r/i Q?{z) 

2 J - 1 

[* = 0,1,2,..., 


EH II 183(49) 


WH 


ET II 276(4) 
ET II 276(5) 


MO 71 


ET II 278(23) 


|arg(*- 1)| < tt] 


7.23 Combinations of Legendre polynomials and powers 


7.231 

1. 

2. 6 



(~irr(TO-|A)r(i + |A) 

2r ( _ l^) r ( m + 1 + 1^) 


[Re A > -1] 


P 2 m+i(x) dx 


(-i) m r(TO.+ i - |A)r(i + U) 
2r(i-iA)r(TO + 2 + iA) 


[Re A > -2] 


EH II 183(51) 


EH II 183(52) 


7.232 

1 . J (1 - X ) 0 -- 1 P m {x) P n {x) dx 

2 a r(a)r(n-a+l) , 1 1 

= Tvi vF7 — I 7TT 4i^3 {-m, TO + 1, a, a; 1, a + n + 1, a - n; 1) 

1 (1 — a) 1 (n + a + 1) 

[Rea >0] ET II 278(17) 
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7.233 


2 . [ (1 — x) a 1 (l + x) b 1 P„(x)dx =- — zF 2 {~n, 1 + n, a; 1 , a + b; 1 ) 

J-i T(a + o) 

[Re a > 0, Re b > 0] ET 1 1 276(6) 

3. j\ 1 - ,)-■ P„(l - 7*) <ix = PiT-'d - 7) 

[Re /./ > 0] 


r(/t + n + 1) 


ET II 190(37)a 


4. J (1 — x)^ 1 x v 1 P n (l-'yx)dx= 3F2 ^-n,n+ l,y; !,// + 1/; ^7^ 


[Re// > 0, Re ^ > 0] ET II 190(38) 


7.233 


[W'P (1-2 x 2 )dx= ^ 

7o ’ 2T(/x + n + 1) T(/t — n) 


[Re/t > 0] ET II 278(22) 

7.24 Combinations of Legendre polynomials and other elementary functions 

\ d\ n ( e a 

7.241 / P n (l-x)e~ ax dx=e- a a n ( — f- ' ' 

7o V \ada 

1 d 


= a n 1 + 


7.242 


7.243 


P n (e~ x ) e~ ax dx = 


2 da) \a” +1 / 

[Re a > 0] 

(a — l)(a — 2) • • • (a — n + 1) 

(a + n)(a + n — 2) ■ ■ ■ (a — n + 2) 

[n > 2, Re a > 0] 


ET I 171(2) 

ET I 171(3) 


1. / P 2„(cosha;)e ax dx = 


2 . 


3. / P2n(cosa;)e ax dx = 


4. 


(a 2 — l 2 ) (a 2 — 3 2 ) • • • a 2 — (2n — l) 2 


a (a 2 — 2 2 ) (a 2 — 4 2 ) • 

• • [a 2 - (2n) 2 ] 



[Re a > 2 n] 

ET 1 171(6) 

a (a 2 - 2 2 ) (a 2 - 4 2 ) 

■ ■ ■ [a 2 - (2n) 2 ] 


‘ (a 2 - 1) (a 2 - 3 2 ) • • • 

[a 2 — (2 n + l) 2 ] 



[Re a > 2n+ 1] 

ET 1 171(7) 

(a 2 + l 2 ) (a 2 + 3 2 ) • • • [a 

2 + (2 n - l) 2 ] 


a (a 2 + 2 2 ) (a 2 + 4 2 ) • • • 

[a 2 + (2n) 2 ] 



[Re a > 0] 

ET 1 171(4) 

a (a 2 + 2 2 ) (a 2 + 4 2 ) • 

• • [a 2 + (2n) 2 ] 



7o ; (a 2 + l 2 ) (a 2 + 3 2 ) • • • [a 2 + (2n + l) 2 ] 

5- 11 j\ ixa P n (x)dx = i n ] f^J n+h (a) 


[Re a > 0] 

[n = 0, 1, 2, — , a > 0] 


ET I 171(5) 


GH2 24 (171.10) 
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7.244 

1. 

2 . 


7.245 

1. 

2 . 


3. 10 


4. 


7.246 

7.247 

7.248 

1. 


2 . 


7.249 

1. 


f ^ 7T" / CL\ ‘^ 

P n (1 - 2a: 2 ) sin ax dx = - \ J n+ 1 [a > 0] 

P n (l-‘2x 2 )cosaxdx= |(-1)" J n+ i J_ n _i 

[a > 0] 

l «*«<»= ^( 2 ”)( 2 ,r+i 2 ) 

f P„, (cos 9) sin „9 *> = 2(» - m+ l)( n - m + 3) ■■■(» + m - 1) 
Jo (n — to) (n — to + 2) • • • (n + rn) 

= 0 


ET I 94(2) 


ET I 38(1) 


MO 70, EH II 183(5) 

[n > to and n + m is odd] 

[n < to or n + m is even] 

MO 71 


[ P2n+i (sin a sin 0) sin </> dtp = (-l) n+1 ^L+i ( cos a ) 

Jo (2n + 1) t (n + 2) 

[a ^ \ (2n + 1 ) 7t , n an integer] 


cos(aa:) P n (x) dx= 0 


= (-W?W“) 


/ „ / . 2 . 2 M ■ , 2sm(2n + 1)0 

/ P n (1 — 2 sm x sm 0) sin x dx = — — — 

/ o V ' (2n + 1) sin 9 


[n is odd] 

[n = 2t; is even] 


GH2 24 (171.10a) 
MO 71 
ET I 94(1) 


/' ^ r/a* / 7r 

J ^ ^ 2 n+i(a:)sinax-^= = (-l) n+ J 2n+ |(a) [a > 0] 

(a 2 + b 2 — 2a6x) sin I" A (a 2 + b 2 — 2abx) 1 ^~] P n (x ) dx = ir(ab )^ 1 / 2 J n+ i (aA) J n+ i (6A) 


/: 


[a > 0, 6 > 0] 


ET II 277(11) 


(a 2 + b 2 — 2a6x) cos |^A (a 2 + 6 2 — 2a6x) J P n {x) dx = — 7r(a6) 1//2 J„ + i (aA) Y n+ i (6A) 

[0 < a < 6] ET II 277(12) 


P n {x) arcsin xdx= 0 


= 7 r 


(n-2)!! 


2§("+U ( n + 1 V 
2 


n is even 


[n is odd] 


WH 
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Associated Legendre Functions 


7.251 


2 . 


t=0 


P n (x) = -7^2[ X + \/x 2 -1 COS ^ 


[t, > n] 


7.25 Combinations of Legendre polynomials and Bessel functions 

7.251 

1. [ xP n (l - 2a: 2 ) Y u (xy) dx = ^ 1 y^ 1 [S 2n+1 (y) + tt Y 2n+1 (y)\ 

Jo 


2 . 


[n = 0, 1, ... ..j y > 0, ^ > 0] 

ET II 108(1) 


:P„(l-2x 2 ) K 0 (xy)dx = y 1 


( — l) n+ K 2n +l(y) + 2 'S , 2 ra+l(t 2 /) 
[y > o] 


ET II 134(1) 
ET II 13(1) 

ET II 338(39)a 


3. [ xP n (l - 2x 2 ) J 0 {xy) dx = y 1 J 2n +i{y) [y > 0] 

Jo 

4. J xP n (l-2x 2 )[J 0 (ax)} 2 dx= ^^-^{[J n {a)] 2 + [J n+1 (a)] 2 } 

r 1 X 

5. / a; P n (l — 2x 2 ) J 0 (ax) F 0 (ax) d® = — — — r [J„(a) F„(a) + J n + i(a) F„+i(a)] 

Jo 4(2n + 1J 

ET II 339(48)a 

6. [ x 2 P n (l-2x 2 ) J 1 (xy)dx = y~ 1 (2n+l)~ 1 [(n+l)J 2n+2 (y)-nJ 2n (y)] 

Jo 

[y > 0] ET II 20(23) 

2~ l '~ 1 a u [r (|/x + \v)\ 2 


1 T’n (2x 2 — l) J„(ax) dx = 


+ 1) T (\n + + n + l)T (\ + - n) 

( u+ v n + v u + v a + v c 

x 2 F 3 + n;-- 

[a > 0, R e(n + v) > 0] ET II 337(32) 


7.252 


7.253 


7.254 


e ax P n (l — 2x) I o(ax) dx = 


2n + 1 


[In(a) + 7 n +i(a)] 


[a > 0] 


l-n/2 

/ sin(2x) P n (cos2x) J 0 (asinx) dx = a -1 J 2 n+i(a) 

Jo 

[ X P n (1 - 2x 2 ) [7 0 (ax) - L 0 (ax)] dx = (-1)" [/ 2 „+i(a) - L 2n+ i(o)] 
Jo 


>0] 


ET II 366(ll)a 
ET II 361(20) 

ET II 385(14)a 
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7. 3-7. 4 Orthogonal Polynomials 

7.31 Combinations of Gegenbauer polynomials C”(x) and powers 

7.311 

f 1 _1 

1 . J (l — x 2 ) u 2 Cn(x) dx = 0 [n > 0 , Rez/>— |] 

T(2v + n) T(2p + n + 1) T (u + \) T (p + \) 


ET II 280(1) 


2 . 


3. 


c n + 2 P(l-x 2 Y *C v n {x)dx = 


2"+! r(2i/) T{2p + l)n! T(n + v + p+ 1) 

[Re p> — Rez/>-i] ET II 280(2) 

2 ti+,,+ g r(/ 3 + i)r(i/ + |) r( 2 t- + „) r (/3 - 1 - + f) 

l-i n\ T(2v) r(/3-z/-n+f)r(/3 + z/ + n+§) 

[Re (3 > — 1, Re;/ > -|] ET II 280(3) 
2«+/3+i r ( a + ]_) r(/3 + 1) T (n + 2 z/) 
n\T{2v)T{a + (3 + 2) 


4. J (1 — a;) Q (1 + a:)^ C^(x) dx = 


x 3 -F 2 n, n + 2 z/, a + 1 ; v + a + 0 + 2 ; 1 

[Rea > — 1, Re/3 > — 1] ET II 281(4) 

7.312 In the following integrals, 3 belongs to the complex plane with a cut along the interval of the real 
axis from —1 to 1 . 


1 . 


2 . 


x m (z-x)~ 1 {l-x 2 ) v ^C v n {x)dx=—— 
-1 1 Ky) 


771/225 * {z 2 -iy v i Q v ~l_ j( 2 ) 


a: n+ 1 ( 2 ; — x ) _1 (l — x 2 )^ 5 (7^(x)dx = 


3 . 6 

7.313 

1 . 

2 . 


[to < n, Rei/ > — |] ET II 281(5) 

(,» - i )*"- 5 qzIm 

7 r2 i_ 2iy _„ n , 

~r(i/)r(i/ + n + i) 

[Rez/ > — 5 ] ET II 281(6) 

i (^-^)- 1 (1 - C v m (x) C" n (x) dx = ( z 2 i)^~i G v m {z) 

[to < n, Rez/ > — |] ET II 283(17) 


Z — 1 


(l-*T 5 C^( a; )^( a; )^ = 0 


(i-^T 3 [C v n {x)f dx = 


n2 1 ~ 21 ' r( 2 z/ + n) 
n!(n + u) [T(z /)] 2 


[to 7 ^ n, Re z/ > — 

ET II 282(12), MO 98a, EH I 177(16) 

[Rez/ > -§] 

ET II 281(8), MO 98a, EH I 177(17) 
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Orthogonal Polynomials 


7.314 


7.314 

1 . 

2 . 

3. 


( 1 -&)*'-» ( 1 + *)■'-* [ C v n {x)f dx = 


i-i 


(i - x y—yi + xy 1 '- 1 [c v n {x)Y dx = 


7 r 1 / 2 r (y — |) T(2v + n) 
n\T(v)T(2v) 

[Rev > \] ET II 281(9) 

2 3v ~ \ [T(2 u + n)] 2 T (2n + z/ + \) 

(n!) 2 r(2i/)r(3^ + 2n+ i) 

[Re i/ > 0] ET II 282(10) 


j\l-x)^ +2n -i{l + x y-^ [C v n {x)f dx 

_ 7T 1 / 2 [r {u + I)] 2 r (u + 2n + I) r (2i/ + 2n) r (31/ + 2n - §) 


2 2 "+ 2 ™ [ n j r {v + n + * ) r(2z/)] 2 T (2i/ + 2n + i) 

[Re i/ > g] ET II 282(11) 


f{i-xy-Hi + xy +m - n -i c- m (x) c v n {x) dx 

22-2v-m+n JT 3/2 y(2v + n) T (y — | + to — n) T (| — v + m — n) 


= (- 1 )^ 


i!(n — to)! [r(r /)] 2 T (5 + z/ + to) T (| — v — n) T (| + to — n) 

[Rez/ > n > in] ET II 282(13)a 


y a - zr -1 (i + 5 ^(*) c:( X ) dx 

2 3i/_ 3 r(z/+ |)r (2z/ + to) r(2i/ + n) r (z/ + I + to + ?t) r (2 — z/ + — to) 
m!n! T(2z/) r (§ — v) T {v + \ + n — to) T (3z/ + | + to. + n) 

[Re z/ > 0] ET II 282(14) 

jjl-xy-*{l + xf'' +m+n -i C v m {x) C„(x) dx 

2 4u+m +n-i [p y _(_ 1 ^ p( 2v + to + n)] 2 r [y + to. + n + T (3z/ + m + n — 5) 
r [v + to + 5) T (v + n + 5) T (2z/ + to) r(2z/ + n) r(4i/ + 2?n + 2n) 

[Re z/ > g] ET II 282(15) 

J (l-i)“(l + x)^C(i)C"(i)(iz 

2 q +^+5 r(a + 1) r (1/ + I) r (z/ - a + n - I) r(2/z + to) r (2z/ + n) 

r(2/u) r(2z/) 

3 

a + n + - , a 

[Rea > — 1, Rez/>— 5] ET II 283(16) 


m\n\ r(z/-o - |)r(z/-a + n+ |) 

/ 3 1 3 3 

x 4 -F 3 ( —tzt, to. + 2/x, a+l,a — z/+-;/z+-,z/ + a + n+-,a — z/ — n+-;l 


7.315 


[ (! - a 2 ) ^ 1 c '2n(« a; ) = l/l-r] C n U (2a 2 - 1) 

/-i 1 (2^+ 2) 

[Re z/ > 0] 


ET II 283(19) 
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Gegenbauer polynomials C„(x) and elementary functions 


797 


/ I 021^ — i | fpj'jy')] 2 

(1 -x 2 Y C v n (cos a cos (3 + x sin a sin (3) dx = — ^ ^ — C” (cos a) (cos 0) 

[Re v > 0] ET II 283(20) 

7.317 

1. [\l - xr-^-% C X n (1 - JX) dx= r ( 2A + ^) r ( A +l) r M p(a,/3) (1 _ ) 

Jo r( 2 A)r(A + /z + n+ \) n K U 

a=\ + /i— /3 = A — fj, — \ [ReA>— 1, A 0 0, — Re/t>0] ET II 190(39)a 

2 /’(i xv-v-^ri 1T)l ,. T - r < 2A + ") r M r M 

A' ' ” l y> n!r(2A)r(^ + o 

/ 1 7 

X 3 F 2 I -n, n + 2A, A + -, fi + — 

[2X0 0,-1, -2,..., Re /j > 0, Re v > 0] ET II 191(40)a 


7.318 


(0- (1 - =er' c; (1 - ar 2 y) dx = F( f + ")F (•> + I) FM ,„, w _ 

Jo v ; ; 2r(2^)r(n + ^ + n+ i) n V 

a = v + (T—\, /3 = v — a — \ [Rei/>— Recr > 0] ET II 283(21) 


7.319 


1. J\ 1 - xf V " 1 C 2 a „ (7a: 1 / 2 ) dx = (-10 


r(A + n)r(//)r(i/) / . 1 2 

3F2 -n,n + A, v\ -,n + w, j 2 


n\ T(A) r(/it + v) * V ’ 2 

[Re /« > 0, Re 1 / > 0] ET II 191(41)a 


2 . ra-xr-'^cu0'0 *_<=i>^w x^+iirT+i) 

7o + V / n! r A r U + V + i 


r(A) r (/x + 1 / + 

1 

2 i 2 >/ i + 1/ +2 ; 

[Re/z>0, Re ^ > — |] ET II 191(42) 


x 3F2 I -n,n + A+ l,i/ + + i/+ ^;7 2 


7.32 Combinations of Gegenbauer polynomials C”(x) and elementary functions 


7.321 


7.322 


(1 - x 2 Y 1 e ia:c C v n {x) dx = ^ nlrff + n) o ~‘' Jv+n{a) 


J* a [x( 2 a - xW~i C" n - l) e" 6 * dx = (- 1 ) : 


[Rei/>-|] ET II 281(7), MO 99a 

, tr r(2^ + n) ( ay _ ab 

n!I» (2i) ' 

[Rei/ > — 5 ] ET I 171(9) 


7.323 

1 . 



Cn (cosyj) (sin 0 f‘ v 


dtp= 0 

= 2- 2ly 7rr(2z2+l)[r(l + z/)]" 2 


[n= 1,2,3,...] 
[n = 0] 


EH I 177(18) 
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Complete System of Orthogonal Step Functions 


7.324 


2. 11 / C 1 ^ (cos i/ cos ip' + sin sin ip' cosy?) (sin ip) 21 ' 1 dp 

Jo 

= 2 2 "~ 1 n\ [T(r/)] 2 C'^(cosV’) C^(cosip') [r(2 is + n)]^ 1 
[Re v > 0] EH I 177(20) 


7.324 

1 . 


^ (1 - x 2 Y~ h C" 2n+1 (x)smaxdx = (-1)"/^ + ^ + 1} J ^+i( a ) 


2 . / (l — x 2 ) v 2 C 2n {x) cos ax dx = 


(2n+ l)\T(v)(2aY 

[Re v > — 5 , a > 0] 

(— l) n 7r r(2n + 2 j/) J, +2n (a) 


(2n)!r(^)(2a) 1 


[Re i/ > - \ , a > 0] 


ET I 94(4) 


ET I 38(3)a 


7.325* Complete System of Orthogonal Step Functions 

Let Sj(x) = (— 1)L 2 J X J for j £ N and Cj(x) = (— 1) L 2 -? X + 1 / 2 J for j £ 0 + N where [z\ denotes the integer 
part of z. Thus, Cj(z) and Sj(z) have minimal period j and manifest even and odd symmetry about 
x = 1/2, respectively, and so are the discrete analogues of cos2njx and sin 2njx. Furthermore, for j £ N 
let j denote its odd part: the quotient of j by its highest power-of-two factor. Then for all j and k £ N, 
if (j, k) denotes their highest common factor and [j, k] denotes their lowest common multiple: 


1 . 

2 . 


Sj(x)sk(x) dx 


XPJ if Hi = k / k 

0 otherwise 


Cj(x)c/~(x) dx 


(_l)(i+fc)/ 2 +i 0 ^) if j/j = k/k 
0 otherwise 


7.33 Combinations of the polynomials C u n (x) and Bessel functions; Integration of 
Gegenbauer functions with respect to the index 

7.331 

J™x 2n+1 -" (x 2 - 1 y~ 2n ~ l C v 2 ~ 2n Q J v {xy) dx 

= (- 1 )" 2 2 n-,+i y -,+ 2 n-i [( 2 U )!]- 1 T( 2 i/ - 2 n) [T(i/ - 2 ?r)f 1 cos y 
[y > 0, 2n — | < Re v < 2n + |] ET II 44(10)a 


1 . 
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7.332 


p oo I3ir /i /i 

1. / x v+1 (x 2 +/3 2 ) _3!/_i C^i (x 2 + f3 2 y 1/2 (3 J v+ | +2n (x 2 + /3 2 ) 1/2 a J „{xy) dx 

Jo 1 J 2 L J 


f / 2 \ V 2 ' 

= [o? - in [/? (« 2 - S/ 2 ) 1 ' 2 ] C£?, (l - y 

[0 <y < a] 


[a < y < oo] [a > 0, Re/3 > 0, Ret' > —1] 

ET II 59(23) 


pOO i 3 i _ _ 

2. / x v+1 (x 2 +/3 2 ) _5l/_I 3 (3(x 2 +P 2 ) 12 J v+ i +2n (x 2 +(3 2 ) 1/2 a J u (xy)dx 

Jo L J 2 L J 

r , 2 \ i/ 2 ' 

= (-1 )"2 1 / 2 7r -V2 a |- V ( a 2 _ 2/ 2 )- 1 / 2 cos [/3 (a 2 - y 2 ) 1/2 ] (l - 


[0 < y < a] 


7.333 


7.334 


[a < y < oo] [a > 0, Re/3 > 0, Re^ > —1] 

ET II 59(24) 


(sin x) v+1 cos (a cos 9 cos x) Cn 2 (cos x ) J v (a sin 6 sin x) dx 


= (- 1 ) 2 (— J (sin 9) v Cn * (cos 6) J i +n (a) [n = 0,2,4,...] 


[Re v > — 1] 


r 71 i 

2. / (sina;) 1/+1 sin (acos^cosx) Cn 2 (cos x) J v (a sin 9 sin x) dx 

Jo 


[« = 1,3,5,...] 

WA 414(2)a 


[n = 0,2,4,...] 


= (-!)’ 


(sin 9) v Cri 2 (cos 9) J v+ i +n (a) [n = 1,3, 5, . . .] 

[Re v > — 1] WA 414(3)a 


1. [' (sin xf c: (cos x) TM dx = iglt + ") X+M , 

J o l o v L n\Y\y) ol v p v 


lo = (a 2 + (3 2 — 2a/3 cos x) n = 0,1,2,...; Rev > — \ ET II 362(29) 


(sin x) 2v C v n (cosx) TlM ^ = , 

v ' nV ' u v 2*' _1 n! T(v) a" f3 v 


to = (a 2 + (3 2 — 2a/3 cos x) \a\ < |/?|, Rez^ — \ ET II 362(30) 
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Complete System of Orthogonal Step Functions 


7.335 


Integration of Gegenbauer functions with respect to the index 

pc-\-ioo 

7.335 


nC-\-lOG 

/ [sin(a7r)] _1 t a C v a (z) da = —2 i (l + 2 tz + t 2 ) 

J C— 200 


[— 2 < Re v < c < 0, |arg (z ± 1)| < 7r] 

EH I 178(25) 


7.336 


J sech(7ta;) (v - \+i^j K„_t +ix (a) I„_i +ix (b) G v _ i +ix (-cos <p) dx 


_ 2~ v+1 {ab) v , 

— w K y {uj) 



oj = \J a 2 + b 2 — 2 ab cos ip EH II 55(45) 

7.34 Combinations of Chebyshev polynomials and powers 

7.341 J [T n (x)f dx = 1 - (4n 2 - l)' 


, -l 


ET II 271(6) 


7.342 


7.343 


U. r 


/- 1 


(l — S/ 2 ) 1 ^ 2 (l — z 2 ) l,z + yz 


1/2 


dx = 


n + 1 


1. 


/-i 


^ dx 

T n {x) T m (x) -,=== = 0 
v 1 — x z 

7 r 

= 2 

= 7T 


2. J \J\- x 1 U n {x) U m (x) dx= 0 [' 


U„{y) U n (z) 

[|y| < i, M < i] 

[m n] 

[to = n 0] 

[to = n = 0] 


ET II 275(34) 


7 r 
2 


to ^ n] 
[to = n] 


7.344 


1- J {y-x) 1 (l - y 2 ) 1/2 T n (y) dy = tt U n -i(x) 

2- J (y-xy 1 (l- y 2 ) 1/2 U n -i(y)dy = -irT n (x) 


[n = 1,2,...] 
[n= 1,2,...] 


7.345 


1. J (1 — ®) 1 ^ 2 (l + a;) rn n 2 T m (x) T n {x) dx = 0 [to > n] 

2. J (l-x)- 1 ^(l + x) m+n -iT m (x)T n (x)dx = 


to > nj 

7t(2 in + 2n — 2)! 
2™+"(2m — l)!(2n- 1)! 

[to + n 0] 


MO 104 

ET II 274(28) 
ET II 274(27), MO 105a 


EH II 187(47) 
EH II 187(48) 

ET II 272(10) 

ET II 272(11) 
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[ Cl _ x ) 1/2 (l + x] m+n+ i U (x) U ( x)dx— 7r(2m + 2 n + 2)! 

J_S j 1 j m[ ’ n[ } 2"*+«+2(2m + l)!(2n + l)! 

J (1 — a;) 1 / 2 (l + x ) m ~ n ~ * U m (x) U n (x) dx = 0 [m > n] 

J (1 - x)(l + x) 1/2 U m (x) U n (x) dx = 


2 5 / 2 (m + l)(n + 1) 


(to + n + I) (to + n 4- |) [1 — 4(m — n) 2 ] 


ET II 274(31) 
ET II 274(30) 

ET II 274(29) 


i-i 


(1 + x) 1/2 (1 - x) a 1 T m (x) T n (x) dx 

7ri/ 2 2 a -3 r(a) T (n — a + i) ( 11 1 

= -771 777 — ; , ix~ 4F3 —to, m,a,a+ -,a + n+-,a- 

r(i-a)r(a + n+5) \ 22 2 

[Re a > 0] 

(1 + 2;) 1 / 2 (1 — a;)“ _1 U m {x) U n (x) dx 

71-1/22 “- 3 (m + 1) (n + 1) r(a) T (n — a + |) 

r (§-a) r (| + a + ?x) 

( 1 .3 3 

x 4F3 ( -to, to + 2, a, a - -j -,a + n + -,a ■ 


n + 2 ;1 


ET II 272(12) 


2 2 

[Re a > 0] 


7.346 

7.347 

1. 


f 1 s-l rr, / \ dx _ 7T 

Jo S 2*B(i + i S +in,i + i S -in) 

[Re s > 0] 

f (1 - .)• (1 + .)' T.W * = 2 ^(nT r ^)r ( 4 + 1) 

'_i (2n)!i(a + p + 2) 


n-- ; ! 


ET II 275(32) 


ET II 324(2) 


x 3 F 2 ( —n, n, a + 1; -, a + /3 + 2; 1 


[Rea > — 1, Re/3 > — 1] ET II 271(2) 


2 . 


1-1 


(1 - *)“ (1 + x)> U {x)dx . ^ B+M2 \^+m 2 T(a + l)T W+ l) 
' ' ' + 1 1 (2n + 2)! T(a + /3 + 2) 


x 3 .F 2 ( — ?+ u + 1 , 0 '+ 1; — , o + /? + 2; 1 


7.348 

7.349 


J (l-£ 2 ) 1/_ U 2 n{xz) dx = TrP n (2z 2 - l) [l-l < 1] 


1-1 


(1 - X 2 ) 1/2 T„ (l - x 2 y) dx = — it [P n ( 1 - y) + P n - i(l - 2/)] 


ET II 273(22) 
ET II 275(33) 
ET II 222(14) 
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7.351 


7.35 Combinations of Chebyshev polynomials and elementary functions 


7.351 


7.352 


J x 1/2 (! -x 2 ) 5 e *° T n (x) dx = tt 1/2 D n _ i ( 2 a 1/2 ) (2a 1/2 ) 


X U r 


1. 


2 . 


a (a 2 + x 2 ) 


-1/2' 


dx = 2 n 1 £ I n + 1, 


/o (a 2 + x 2 ) 371+1 (e 7rx + 1) 2n 

[a (a 2 + x 2 ) 1 ^ 2 


[Re a > 0] 
CL T - 1 


ET II 272(13) 


[Re a > 0] 


x U r 


1 1 dx = - C(n + 1, a) — 

/ 0 {a 2 + x 2 Y n+1 {e 2 ™ - 1) 2 4 2n 

[Re a > 0] 


7.353 

1. 


(a 2 + x 2 ) 2 sech ( -7tx T n a (a 2 + x 2 ) 


-i/2' 


dx= 2 1 


CL T - 1 


C n, — r- - c n, 


= 2 1 “”$ ( — 1, n, 


[Re a > 0] 


4 

CL -T 1 


ET II 275(39) 


ET II 276(40) 

cl -T 3 


2. / (a 2 + x 2 ) 


r (1 \i 

-2 

L v 2 J\ 

T 

■ 1 n 


a (a 2 + x 2 ) 1 ^“J dx = 7t 1 ?i2 1 n £ ( n + 1 
[Re a > 0] 


ET II 273(19) 

CL T - 1 


ET II 273(20) 


7.354 


1. I sin (xy 2 ) cos (l - x 2 ) 1 ^ (l - y 2 ) l/2 2 T 2n +i{x) dx = (-l) n n T 2 n+i(y) J 2 n+i{x) 


ET II 271(4) 


2. I sin (xy z) sin (l - x 2 ) 1/2 (l - y 2 ) 1/2 2 t/ 2 n+i(x) dx = (-1)"tt (l - y 2 ) i/Z U 2n+1 (y) J 2n + 2 {z) 


1/2 


/-1 


3. 


4. 


/-1 

/■1 


/-1 


ET II 274(25) 

cos(xyz) cos (l - x 2 ) 1/_ (l - y 2 ) 1/2 z T 2n (x) dx = T 2n (y) J 2n (z) ET II 271(5) 

cos(xyz) sin (l - x 2 ) 1/2 (l - y 2 ) 1/2 z U 2 „(x) dx = (-l) n 7t (l - ■y 2 ) 1/ 2 U 2n {y) J 2n +i(z) 

ET II 274(24) 


7.355 


1. / T 2 n+i{x) sin ax 

Jo 


2. / T2n(x)cOSaX 


dx 


dX = (-1)^ J 2 n+i(a) [a > 0] 


vT^-x 2 


= (“ 1)"^ J2n{a) 


[a > 0] 


ET I 94(3)a 
ET I 38(2)a 
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7.36 Combinations of Chebyshev polynomials and Bessel functions 

7-361 L 1/2 Tn ^ J A x V) dx = 02 /) (^ 2 /) 

[y > 0, Re v > — n — 1] 

7.362 (x 2 - 1 )~ l T n Q K^(ax) dx = ^ W i n Ja) W_i n ^(a) 

[Rea > 0] 

7.37-7.38 Hermite polynomials 


7.371 

7.372 

7.373 

1. 


J H n (y) dy = [2(n + 1)] _1 [H n+1 (x) - H n+ 1 ( 0 )] 

(— l) n 7r 1 / 2 (2n)! r (a + ^) L^(x) 


i-i 


(l - t 2 ) a 2 H 2 n (Vxt) dx = 


T(n + a + 1) 

[Rea > —\\ 


e y H n (y) dy = 7f„-i(0) - e * H n -i(x) 


[see 8.956] 


2. [ e g2 H 2 m{xy) dx = {y 2 - l)' 

7-oo m - 


7.374 


/ OO 

e - * 2 H n ( x) H m (x) dx= 0 [to ^ n] 

-OO 

= 2" • nl \fn [m = n] 


2 . 


11 


f e~^ H m (x) H. (») ds = (-1) W + r [ m + ” +1 ^ 


= 0 


[m + n is 
[to + n is 


3. 

4. 

5. 


/ e * H m(ax) H n (x) dx = 0 [to < n] 

J — OO 

f e - * 2 H 2 m +n(a,x) H n { x) dx = ^2" ( 2m + n )~ ( 0 2 _ j)" 1 a « 

7-00 m! 


e ~2a 2 x 2 Hm{x) Hn{x) dx= 2 ^=l a - m -n-l (j _ ^2) ”T f + 

1 — m — n a 2 


x 2 F 1 — m,n; 


2 ’2a 2 -l, 

[Rea 2 >0, a 2 to . + n is even] 


/ OO 

e -(*-y? Hn (x) dx = TT^ 2 y n 2 n 

-OO 


ET II 42(1) 

ET II 366(17)a 

EH II 194(27) 

EH II 195(34) 

EH II 194(26) 
EH II 195(28) 

SM II 567 

SM II 568 

even] 

odd] 

ET II 289(10)a 
ET II 290(20)a 

ET II 291(21)a 

ET II 289(12)a 


6 . 


ET II 288(2)a, EH II 195(31) 
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7.375 


/ OO 

e -(*-y) 2 Hm{x) Hn{x) dx = 2 n n 1 ^ 2 m\y n ~ m L n ~ m (-2 y 2 ) 

-OO 

[m < n] 


9. 


/ OO n 

e -(x-y) H n (ax) dx = 7+ 2 (l — a 2 ) 2 H r 

-OO 


' — OO 
roo 


ay 


(1 — a 2 ) 1/2 


BU 148(15), ET II 289(13)a 
ET II 290(17)a 


0 -{x-y ) 2 


H m (ax) H n (ax) dx 


min (ra,n) 

= 7+ 2 2fcfc! 

k—0 


m + n 

(l-a 2 )~” fc 77 


m+n— 2/c 


10. I e 2u H n (x) dx = (27tm+ 2 (1 — 2m) 2 H n y( 1 — 2m) 1//2 


[0 < u < | 


ay 

(1 -a 2 ) 1/2 _ 

ET II 291(26)a 


EH II 195(30) 


7.375 


/ OO 

e -2 * 2 i+(x) H m (x) H n (x) dx = n -^ m+n+k ~^ T(s - k) I\s - m) T(s - n) 

-OO 

2s = k + m + n + 1 [fc + m + n is even] ET II 290(14)a 


/ OO 

e - ® 2 H k (x) H m (x) H n (x) dx = 

-OO 


2 m+ 2 +k 7T 1 / 2 k\m\n\ 

(s — /c)!(s — m)!(s — n)! 

2s = m + n + k [k + m + n is even] 

ET II 290(15)a 


7.376 

1. 

2 . 


e lxy e * 2 H n (x) dx = (27r+ 2 e ^ H n (y)i r ‘ 


MO 165a 


' — OO 

/»oo 


e- 2ax \ v H 2n (x)dx= (-l)' 1 2 2 "-i-5 lyr ( 2 ) r ^ n+ 2) 


f — n, 


+ 1 1. 1 

2 ’ 2’ 2a 


+7ra+ +1 ) 

[Rea > 0, Re ^ > — 1] BU 150(18a) 

3. = ( _ ir2 ^i ^K^)++l) p t + 1; ?; 2 i) 

[Rea > 0, Re^ > —2] BU 150(18b) 

/ OO 

e"* 2 H m (x + y) H n (x + z)dx = 2 n -K V l 2 m\z n ~ m L n ~ m (-2yz) 

-OO 

[m < n] 

/»00 L 2 J I -p / 

/ x a -^e^ x H n (x)dx = 2 n Y, 1 ^- 
Jo ,^ 0 m\(n — 2m)! 


ET II 292(30)a 


nl r(a + n 2m) ^ l) m 2~ a— n 


[Rea >0, if n is even; Rea > —1, if n is odd; R.e/3 >0] ET I 172(ll)a 


7.378 
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7.379 


f xe H 2m+1 (xy) dx = 7 r 1/2 ( ' 2? ” — y {y 2 - l) ? 
7-00 ml 

/ OO 

x n e~ x2 H n (xy ) da; = ir 1/2 n\P n (y) 

-OO 


7.381 


7.382 


7.383 


j ' / n = £\ 

(a; ± ic) 1 ' e _x H n (x) dx = 2 n ~ 1 ~ I 'ir 1 / 2 ^ 2 y exp [±^tt(is + n)i ] 


EH II 195(28) 


EH II 195(29) 


ET II 288(3)a 


p OO 

/ x _1 (a ; 2 + a 2 ) 1 e~ x H 2n+ \(x) dx = (— 2) n 7r 1 / 2 a -2 2^77.! — (2n + l)!e^ a H _ 2n _ 2 ( ccs/2 j 

a o L V / J 


ET II 288(4)a 


poo 

/ ff 2n+ i (Vi) dx = (— l)” 2 "( 2 n + l)!!^ 1 / 2 ^ - l)>- n “i 
Jo 


J e (h /3x) # 2 „+i (^/(a- 0)x} dx = (-l) n ^y 

j ~^ e ~ [b ~ 0)x H 2 n (\/(a-/3)x) dx = (-l) n v^ 


[Rep > 0] EF 151(261)a, ET I 172(12)a 

— ( 2 ?i + l)! ( 6 -g) n 

n! (&-/?)"+§ 

[Re (6 - /3) > 0] ET I 172(15)a 


; ( 2 n)! ( 6 -a) n 
n! (6 — /3) n+ 5 
[Re (b - /?) > 0] 


ET I 172(16)a 


poo 

/ a; a_ 3 " _ 1 e _b:l: H n (Vx) dx = 2” r(a)6 _ ° 2 Fi (— |n, | — \n\ 1 — a\b) 

Jo 


Re a > bn, if n is even, Re a > bn — i , if n .is odd, Re b > 0, 


Tl 

If a is even, only the first 1 + — terms are kept in the series for 2 Fi 


POO 

5. / x~ 1/2 e- px H 2n (y/oc) dx= (— l)” 2 n ( 2n-l)!!7r 1 / 2 (p-l)>- ra -5 

Jo 


7.384 


7.385 


.e~ bx H 


dx = y — (l — A 2 b 1 ) 2 H r 
[Re b > 0] 


ET I 172(14)a 


MO 177a 


/A 2 -i 


ET I 173(17)a 




r(n + b+ 1) 
[Re 6 > — 5] 


ET I 174(23)a 
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7.386 


2 . 


7.386 

7.387 

1. 


— bxTj r~ ... j / \nc\2n / (J2n ~F 1) - I\^) jb r \ 

& H 2 n+i v sv 1 e dx ( 1) 2 v tts , i - i L n ys) 

L J r(n + 6+f) 

[Re 6 > 0] 

x-^e-t H n e~ px dx = 2 n n 


e * sinh ( V2 Bx 


x)dx = 2 n -^ 7 r 1/2 f3 2n+1 ei 132 

r oo . 

2. J e~ x2 cosh (V2/3X) H 2n {x) dx = 2 n “ V /2 /3 2n e^ 2 

x) dx = (-l)"2 n -5 7r 1/2 /3 2rt+1 e-^ 2 


7.388 


1. 


2 . 


e x sin v2 dx 


2f3x\ H 2 n+i(ax) dx = (-l) n 2 1 7r 1 / 2 (a 2 - l) n 2 e ^ H 2n +i 


/»°° 

3. / e"* 2 cos ( V2/3x) id 2n (x) dx = {-l) n 2 n ~\ 1/2 (3 2n e~^ 2 

Jo ' ' 

2/3x') H 2n {ax) dx = 2 _1 7^ 1/,2 (l — a 2 ) n e~ ^ H 2 


ET I 174(24)a 
EF 129(117) 

ET II 289(7)a 
ET II 289(8)a 

ET II 288(5)a 

aft \ 
V2(a 2 - 1) 1/2 J 

ET II 290(18)a 
ET II 289(6)a 


a/3 


\/2 (a 2 — 1) 1/2 


/*00 . . 2 

5. / e _!/2 [iJ n (j/)] 2 cos (V2f3y) dy = 7t 1/2 2 ri_1 n!e _ ^ L„ (/3 2 ) 

do v ' 

/>oo 2 / z.2 n 

6. 11 J e~ x2 sin (6x) i7„(x) i7„ +2m+ i(x) dx = 2" _1 (-l) m v^rn!& 2m+1 e~T £ 2m+1 ( y 

[&> 0 ] 

7. /°° e “" 2 c°s(6®) ffn(x) 7d„ +2m (x) dx = 2"-5^/|n!(-l) m 6 2m e-T L 2m f ^ 

[ 6 > 0 ] 

7.389 f (cos x) n H 2n a( 1 — secx) 1 ^ 2 dx = 2 _ ™(— l) n 7r^— ^ \H n (a)] 2 
Jo L J (n!) 


ET II 290(19)a 
EH II 195(33) 

ET I 39(ll)a 

ET I 39(ll)a 
ET II 292(31) 


7.39 Jacobi polynomials 

7.391 

1. j\l-x) a {l + xf (x) (x) dx 

= 0 

2«+/3+i r(a + n + 1) r (/3 + n + 1) 
n! (a + f3 + 1 + 2n) T(a + (3 + n + 1) 


[to yf n, Rea> — 1, Re/3> — 1] 

[m = n, Rea > —1, Re/3 > —1] 

ET II 285(5, 9) 
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x)' (1 + x)' *<*>(«) * . 2Wlr ,^ + r r l^m^ 1 + a) 

nl r (p + a + 2) r(l + a) 

x 3 -F 2 ( — ti, a + /3 + n + l,p+l;a + l,p+a + 2; 1) 

[Rep > -1, Rea > -1] ET II 284(3) 

■*ni - .)• *•*<.) * - 

n! 1 (a — p — n + 1) 1 (a + a + n + 2) 

[Rea > — 1, Rea > — 1] ET II 284(1) 

xY{l + xf P™ (a-) dx = 2 ' 3+P+1 r , ( ^ + 1} r , ( g + n + 1} r(Q ~ P + n) 

' v 3 n v ' n! r(a — p) r(/3 + p + n + 2) 

[Rep > — 1, Re/3 > — 1] ET II 284(2) 

x) a - l (l + xY Ip^Ix)] 2 dx - 2a+/jr ( a + n + 1 ) r (/ 3 + n + 1 ) 

x) (i + x ) [r n (x)\ ax- n!ar(a + /3 + n+l) 

[Re a > 0, Re (3 > -1] ET 1 1 285(6) 

,)-<! + x)» [P<«.-»(X)1 2 dx _ ^ + T(» + l)[r(a + .» + lTTO + 2„ + l) 

L -I x / 7 r(n!) 2 r(a + l)r(2a + /3+2n + 2) 

[Rea>-|, Re/3 > — l] ET II 285(7) 


I (1 - X Y (1 + xf P^\x) P^ix) dx 

_ 2P+P+ 1 r(p + n + 1) r(/3 + n + 1) T (a + (3 + 2n + 1) 
n! T(/3 + p + 2n + 2) T(a + /3 + n + 1) 

[Rep > — 1, Re/3 > — 1] ET 11285(10) 

/> - ^ ^ ^ w * - 2 "^ 1 ; r tT;:„ + + 1 n r(ri 

[Re/3 > — 1, Re p > 0] ET II 286(11) 

J\ i - *r (i + dx 

2“+ <T + 1 r(a + n + 1) T (a + /3 + m + n + 1) T(a + m + 1) T(a - (3 + 1) 
m!(n — m)! T (a + /3 + n + 1) r(a + a + to + n + 2) T (a — /3 + to — n + 1) 

[Rea > — 1, Rea > — 1] ET II 286(12) 

j\ 1 - *) p (1 + ^(s) d* 

2/3+p+i r(a + /3 + TO + n + l)T(/3 + n+l) r(p + to + 1) T (a — p — to + n) 
m!(n — to)! T(a + /3 + n + 1) T (/3 + p + to + n + 2) T(a — p) 

[Re/3 > — 1, Rep > — 1] ET II 287(16) 

j\l - p)“(l + p)^ 3 Pl Q ^(p) dp = ^ [p^+W^o) - (l - a:)“ +1 (l + xY +1 P^ +1 \x) 

EH II 173(38) 
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7.392 


7.392 


i. J x x ~\i -xy - 1 p^' 0 \i-^x)dx 

r(a + n + i)r(A)r(^) 


n! r (a + 1) T(A + n) ^ (~n,n + a + fi + 1, A; a + 1, A + W - 7 


2. f 1 x^il-xy- 1 P^' 0) ^x-l)dx 

Jo 


[Re A > 0, Re /j > 0] ET II 192(46)a 


1 , n r(/3 + n + i)r(A)r( M ) ^ , , , , M 

“ (-1) n! T (/3 + 1) T(A + /x) 3 F 2 ^-n,n + a + /3+l,A;/3+l,A + M ;- 7 Ja 

[Re A > 0, Re /x > 0] ET II 192(47)a 

3 . j\ a { 1 - xr- 1 pW\ 1 - 1X ) dx = T ^ a + + n ^™ P { n a+ ^\ 1 - 7 ) 

[Rea>— 1, R.e /j > 0] ET II 191(43)a 

4. jW - X)-- p!.»'«(7X - 1) * = - 1) 

[Re /3 > — 1, Re /x > 0] ET II 191(44)a 


7.393 


[■i 

1. / (l — a; 2 )^ sin Pgn+i (*) dx = 

7o 

7 1 

2. / (l — a; 2 )^ cosbxP^\x) dx = 
Jo 


(-l)"^r(2n + zx + 2) J. 


2n+i/+ 




25 -! '(2n + l)!6" + 5 

[6 > 0, Re ^ > —1] 
(— l)"2-a Vir(2n + !/ + !) J 2n+ „ + i (&) 

(2n)!6 iy +3 

[6 > 0, Re v > —1] 


ET I 94(5) 


ET I 38(4) 


7.41-7.42 Laguerre polynomials 

7.411 

1. / L n (x)dx = L n (t) - L n+ i(t)/(n + 1) 

Jo 

2- J* £“(*) dx = L a n {t) I“ +1 (t) - (" + “) + ( 

3 - j\«±\{x)dx = -Ll{t)+(^ + n a ^j 

4. I Zx m (x) L n (t a?) dx = iy m _|_ n (£) -^m+n+iX^) 

Jo 


n + I + a 
n + 1 


5 - E 


fc=0 


UO 


' L k (x) 
k\ 


dx 


= e f - 1 


[t>0] 


MO 110 
EH II 189(16)a 
EH II 189(15)a 
EH II 191(31) 

MO 110 
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7.412 




[Rea>— 1, Re/i>0] 

EH II 191(30)a, BU 129(14c) 


[\ 1 - *)*- V" 1 L a n {(3x) dx = r( ?w nm + r( f ^ (~ n ’ A; a + 1, A + M : /3) 
7 0 n! T(a + 1) r(A + /x) 


[Re A > 0, Re /z > 0] ET II 192(50)a 


7.413 


7.414 


/■*"( i - w tan - 11 

Jo rain! 1 (a + p + ra + n + 2) 

[Re a > — 1, Re/3 > — 1] ET II 293(7) 


/»oo 

/ e-^“( a; )^ = e^[i“(y)-K_ 1 (2/)] 

J e~ bx L n ( Ax) L n (/ux) dx = ^ /!+i ^ 


(6 - A - ^)" f 6 2 - (A + /x)6 + 2A/x 

6” +1 " 6(6 — A — /i) 

[Re b > 0] 


EH II 191(29) 


ET I 175(34) 


/»oo 

/ e -:E a;“L“(a;)L“(a;)da;=0 [m ^ n, Rea>-1] BU 115(8), ET II 293(3) 

Jo 

= r ( a + n + j) [ TO = n? Rea > 0] BU 115(8), ET II 292(2) 


e- te a: Q L“(A®) (/xz) cfc = 


e _x a;“ + i/ 2 L^(x) L^(x) dx = 


r(?n + n + a + 1 ) (6 — A) n (6 — /i) m 

m!n! ^m+n+a+1 

[ 6(6 - A - /i) ' 

L (6-A)(6-/z)J 

[Rea > — 1, Re 6 > 0] ET I 175(35) 

r(a + n + l) 2 r(a + m + 1) T (a + |) T (to — 5) 

?z!to! T(a + 1) T (—5) 

x 3F2 (-n, a + |, |; a + 1 , § - m; l) 


y;f ffl+m ~ 1 V fe ,~ 1) "7 

nW ^ V to / 6"- m+1 

m=0 x 7 


[Re 6 > 0] 


/»oo 

/ e~ bx L n {x)dx = (6-l) n 6-”- 1 [Re 6 > 0] 

[°°e- st y L«(t) dt = r( / j + |mQ- + n + 1) g - /3 - 1 p (_ n , /j + 1; a + 1; 
7o n! T(a + 1) V 


ET I 174(27) 


ET I 174(25) 


e~ st t a L°(t)dt = 


r(a + ?i + l)(s-l) r 
n!s“+" +1 


[Re/3 > —1, Res > 0] 

BU 119(4b), EH II 191(133) 

[Rea > —1, Res > 0] 


EH II 191(32), MO 176a 
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7.415 


9. 


10. 6 


13. 


+/3 L a m (x) L^x) dx = (-1 r + "(a + W (“ l m ) 

\ n J \ m J 

[Re (a + (3) > —1] 

2 2a r(a+|)r(n+i) 


ET II 293(4) 


/ e bx x 2a [L^(x)] 2 dx= 2 oil 

/ o 7t (n!) 2 b 2a+1 


x F ( —n, a + ^ — n; ( 1 — 


T(a + n + 1) 


Re a > — - , Re b > 0 


n. fe-V-' g(x) ds = m n ^ (1 + + ^ - 7) [Re 7 > 0] 

r oo 

12. / e~ x ( s+ 1-3 2 )x m+/3 (aix) L £ (a 2 X) dx 

Jo 


ET I 174(30) 
BU 120(4b) 


r(i + /.t + /3) r(i + /i + k) j d k 

k\k\ T(l + n) 


dh k 

A 1 = 


( 


1+M+/3 1 _i_ M+/3 .1 I ... A 2 
2 ’ 1 ' 2 J - 1 - ' r 1 -* B 2 

(1 — /i) 1 +M£ 1 +M+/3 

B = S 


h — 0 

2 4aia 2 /i „ , ai + a 2 l + /i 


Re [ s + 


«i + a 2 \ 

2 ; 


(1 -h) 


2 5 


2 1 -h 


> 0, cii > 0, 02 > 0, Re(/i + /?)>—! 


BU 142(19) 


exp 


— x s + 


a i + 0,2 A 
2 ) 


x M L^(aix) L%(a 2 x) dx = 


r(l + fi + k) ' bfi ' p(^,o) 

^1 -\-fi-\-k k 


A. 

boh 


b 0 — s -\ , 6^ — &o^2 + 2aia2, &2 — s — 


R.e^t > — 1, Re s + 


ai + a 2 \ 


> 0 


2 7 

BU 144(22) 


7.415 

7.416 

7.417 

1. 

2 . 


f\ 1-*) 

Jo 


ii-l \-l -0 x r« 


L“(/3x) dx = 


r(a + n + 1) 

n! r(a + 1) 


/: 


B(A, /t) 2 F 2 (ct + n + 1, A; a + 1, A + /x; — /3) 
[Re A > 0, Re/j>0] ET II 193(51)a 


x m "exp 


-^{x-y) 2 


(2t r) 1/2 _n±™ 


L™- n (x 2 ) dx = v ~" /» '"2 ■ //., 


n! 


ly 

72 


7T r 


72 


v—2n— 1 ,,—ax 


e~ ax sin (bx) L v 2 ~ 2n ~\ax) dx = {-l) n iT{v) 


BU 149(15b), ET II 293(8)a 

6 2 " [(a — ib)~ u — (a + ib)~ v \ 

2(2n)! 

[b > 0, Re a > 0, Re v > 2 n] 

ET I 95(12) 


v — 2 ti — 2 —ax 


e~ ax sin (bx) 77+1 ( ax ) dx = (-1)” + r(i/) 


6 2n+1 [(a + f6)-" + (a-i&)- l/ ] 


2(2n + l)! 

[6 > 0, Re a > 0, Re v > 2 n + 1] 

ET I 95(13) 
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Laguerre polynomials 
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3. 


4. 


7.421 


„i'—2n„—ax 


r2n-l/„^ -nn+lTV,.^ 2 " 1 [(«* “ ib ) " ~ ( a + ib ) 1 


e ax cos (bx) L^_ 2 n(ax) dx = i(— l) n+1 T(u) - 


l e ax cos(bx) V^ n 2n 1 {ax) dx = {—l) n T{v) 


2(2n — 1)! 

[b > 0, Re a > 0, Re v > 2n — 1] 

ET I 39(12) 

b 2n [(a + ib)~ v + (a - ib)-") 

2(2n)! 

[b > 0, Re v > 2 n, Re a > 0] 

ET I 39(13) 


7.418 

1. 


e sin(6x) L n (x 2 ) dx = (-l) n ^n!--L= j[£>_„_i(i6)] 2 - [Z)_„_i(-i6)] 2 | 


\/2tt 


[b> 0 ] 


2. J e 2 x2 cos(bx) L n (a: 2 ) dx = (n!) *e 2 fc2 2 " H n (-^=) 

[b> 0 ] 

3. j™^e-**\m{bx)lZ + $ (\x 2 ) dx = ^b 2n+1 e~^ (*£) 


ET I 95(14) 


ET I 39(14) 


[b> 0 ] 

= d ^ b 2n e -^ L nH ( l h 2 


ET I 95(15) 


[b> 0 ] 


4. J x 2n e cos (bx) Ln 2 (^a; 2 ^ dx = 

5. ^ a^e"^ 2 L“ Qa; 2 ^ L «” Q (^ 2 ) sin ^ da: = (f ) ’ ye ~ ^ L « L «” Q 

ET 

a; 2 ^ cos(xy) dx = (|) ' e"^ 2 £« Qy 2 ^ L”““ 5 jQy 


1 ,\ . /I 


e“* x 1“ -x 2 L“ 5 


ET I 39(16) 

> 

2 

j 

ET II 294(11) 

N 

2 


ET II 294(12) 


/»oo 

7.419 / a:" +2l/_ 5 exp[— (1 + a)x] L 2 " (ax) K v (x) dx 

Jo 

7T 1 / 2 r(n + ^+ i)r(n + 3i/ + i) 


, J 1 ( n + v + n + 3^ + 2^ + 1; — -a 

2"+ 2 *'+in!r(2i/ + l) V 2’ 2 ’2 


[Rea > —2, Re(n + z/) > — Re(n + 3^) > — ET II 370(44) 

1. Ln (l^ 2 ) Jo{ - x y ) dx=ia ~ ^ T ^ ^ 

/*°° 2 

2. / a:e _a: L„ (a; 2 ) Jo(xy)dx = 

Jo 


v n+l 


2a(/3 — a) 

[y > 0, Re a > 0] 


~)—2n— 1 


2 2n — l u 2 

— j— y e * y 
nl 


ET II 13(4)a 
ET II 13(5) 
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3- j^x 2n+v+1 e^ L v n +n Qx 2 ) J v [xy) dx = y 2n ^e~^ L" n +n (^y 2 

[y > 0, Re v > —1] 


4. 


5. 


I ,u+l e -0 x L u ( aa ,2) J^ xy ^ dx = 2 -„-lp- v -n-Hp _ a )«^ e -fc 


ay 

L4/3(a — P)\ 


e~^ x x u+ Vi 


2g(l - q) \ 


J u (xy) dx = 


n n+v + 1 2 

q -e-^inlT 


(7-l) r 


k>0] 


MO 183 


ET II 43(5) 


MO 183 


f°° 2 1 / 7/ \ 2n+i^ , 

6.* x v+1 e~ x L v n (x 2 ) J v {xy)dx = — (-J e" 7? 


7.422 

1. 


^ +1 e-^ 


r 1 1/ i 2 

Ln (ax 2 ) J v (xy)dx 

= — — t r (n + 1 + 4^) (2/3) _!y_1 e _ fe 
7rn! v z 

n 

xE 


2 . 


!=0 


x" +1 e aa: LJ^ 17 (ax 2 ) L a n ( ax 2 ) J u (xy) dx 


( _iyr(n-i + i)r (z + |) 

(2a~P\ 

21 

1 T v 
\ L 2 1 

ay 2 

T(l+l+\v){n-l)\ 

\ P J 

2(3{2a- (3) 


[y > 0, Re /3 > 0, Re i/ > -1] ET II 43(7) 


= (-l) m +"(2 a)- v - x y v e-£* L!” _ " _<T ( L" _m+<T_I ' ( —) 

\4 a/ \4a/ 

[y > 0, Rea>0, Rez'>— 1, ti/0, <r^0, a^l] ET II 43(8) 


7.423 

1. 


2 . 


^ L n ff 2 n+i ( 2 ^ 1 ) sin(xy) dx = 7 e 5 y2 L„ Qy 

Ln (^ 2 ) // ‘ 2rl (2^) C0S ^^ da: = (|) 


2n+l 


y 


2V2y 

ET II 294(13)a 


e~* v L n ( ) H 2n 


2V2 


ET II 294(14)a 


7.5 Hypergeometric Functions 


7.51 Combinations of hypergeometric functions and powers 


7.511 



F(a,b; c; 


-z)z~ s - 1 dx = 
[c ^ 0, -1, 


r(a + s) r(6 + s) r(c) r(— s) 

T(a) T(b) T(c + s) 

—2, . . . , Re s < 0, Re(a + s) > 0, 


Re(6 + s) > 0] 


EH I 79(4) 
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7.512 


1. I x a 7 (1 — a;) 7 ,3 1 F(a, /3; 7; x) dx = 




m + f 


r (i + a) r (i + 1 - / 3 ) r (7 - 

-f -0)>». 


Re ct + 1 > Re 7 > Re /3, Re ^7 

2 . / 7; X) * = r(7) r( ' ,) r(<3 - 7 + 1) r (7 - P + a) 

Jo 


ET II 398(1) 


r(7 + «) r (7 - p) r(/? - 7 + p + 1 ) 

[n = 0, 1, 2 ; Re p > 0, Re(/3 - 7) > n - 1] ET II 398(2) 


3. f x p 1 (l^a;) /3 p 1 F(a, /3; 7; x) dx = 
Jo 


r (7) r(p) r(/3 - p) r (7 - a - p) 


r(/?) r (7 — a) r (7 — p) 

[Re p > 0, Re(/3 — p) > 0, Re (7 — a — p) > 0] ET II 399(3) 

„ f 1 7 -in v -1 u r( 7 )r(p)r (7 + p-a-/?) 

J 0 r(7 + p — a) r( 7 + p — p) 

[Re 7 > 0, Re p > 0, Re(7 + p — a — (3) > 0] ET II 399(4) 


3 F 2 (a,/3,p; 7 ,P + cr; 1) 


5. f x p ^^{l-xy 1 F(a, P; 7; x) dx = 

Jo r(p + cr) 

[Rep>0, Recr > 0, Re(7 + a — a — /?) > 0] ET II 399(5) 

6. 10 J x^il-x) 0 -*- 1 F (a,/3;A;y) dx = B(\,0 - \)(1- z/b)~ a BU 9 

7. 11 J a; 7_1 (l — x) 6 ^ 1 ^ 1 F(a,f3\ 7; xz) F (6 — ct, 5 — (3\ 6 — 7; (1 — x)£) dx 

= r(7) r ( ( ^ 7) (4 - 0“ +/J ~ 4 F(a, /3; S-, z + ( - zQ 

[0 < Re 7 < Re 5, |arg(l — z)\ < 7r, |arg(l — C) I < tt] ET II 400(11) 


8. f x' 7 1 (1 — x) e 1 (1 — £0) s F (a, /3; 7; xz) F 
Jo 


6,0-r, e; 


(1 — 2)2 
(1 — xz) 


dx 


r( 7 )r(e) 


F (a + S, /?; 7 + e; 2:) 


r(7 + e ) 

[Re 7 > 0, Re e > 0, |arg(z - 1)| < tt] ET II 400(12), Eh I 78(3) 


9. J x 1 1 (\ — x) p 1 (l — zx) a F(a, fi'j'Y'jX) dx 

_ r(7) r(p) r(7 + p - a - /?) 


r (7 + p-a)r (7 + p-/ 3 ) 




X 3F2 P, O’, 7 + p - a - /3; 7 + p - a, 7 + p - /?; 


2-1 


[Re 7 > 0, Rep>0, Re (7 + p — a — j3) > 0, |arg(l — z)| < 7t] ET II 399(6) 
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/»oo 

10. / x 7_1 (x + z)~ a F (a, / 3 ; 7; — a:) dx = 

Jo 


r( 7 ) T(a — 7 + a) r (P — 7 + a) 


r(cr) T(a + (3 — 7 + a) 
x F (a — j + a, /3 - j + cr-, a + f3 — 7 + cr-, l — z) 

[Re 7 > 0, Re(a — 7 + a) > 0, Re (/3 — 7 + cr) > 0, |argx|<7r] ET II 400(10) 


11. J (1 - x) M 1 x v 1 p Fq (ai, . . . ,a p ; v, 6 2 , . . . , b q \ ax) dx 

I>)I» 


- y(h+v) pF q {a u ...,a p -,p, + v,b 2 ,...,b q \a) 
[Re /x > 0, Re ic > 0, p < q + 1; if p = q + 1, then |a| < 1] ET II 200(94) 


12 . ^ (1 x)^ x pFq (dx, ... 7 dp, 7 . ■ . 7 bqi ax ) dx 

r(M)i» 


r( A t + jy) p+ 1 - F 9 + 1 «17 ■ • • , p + v, 61, . . . , b q ; a) 

[Re ji > 0, Rerc>0, p < q + 1, if p = q + 1, then |a| < 1] ET II 200(95) 


7.513 


J X s 1 (l -x 2 ) v F (-n,d;fe;x 2 ) dx = (u + 1, 3F2 (-n, a, 6, 1 

[Re s > 0, Re // > -1] ET I 336(4) 


' V+ 1+ 2’ 1 


7.52 Combinations of hypergeometric functions and exponentials 


7.521 


7.522 


I & pFq (&17 ... 7 dp 5 ^1 7 .-. 7 bq 7 t) dt = — p+l.Fq (l, dx, . . . , dp 5 &1 7 • • • 7 bq , S ) 

Jo s 

[p < q] 


EH I 192 


l- 11 [ e Aa: x 7 1 2 Fi(a, /?; 5; -a) dx = g(a,/3,7 : 6 : A) 

7o r(a)r(/3) 

[Re A > 0, Re 7 > 0] EH I 205(10) 

2. 6 [ e- bx x a - x F dx = 2 a e b ^-T(a)(2b)i~ a K v (b) 

Jo V 2 2 2 / v tt 

[Re d > 0, Re 6 > 0] ET I 212(1) 


3. / e _ba: x 7_1 F(2a, 2/3; 7; —Ax) dx = r( 7 )b 


-7 


a+/3-| 


e 2X W i -a-/3,a-/3 
[Re 6 > 0 . Re 7 > 0, |argA|<7t] 


BU 78(30), ET I 212(4) 

POO 

4. 6 / F(d, a — c+ 1; 6; — t) dt = a: a_f ’r(6)4'(d, c; a;) 

Jo 

[Re 6 > 0, Re x > 0] EH I 273(11) 

pOO 

5. JCX pFq (dl 7 . . . , dp 7 b\ , ... 7 bq 7 dx) (ix R(^) p-\-lFq ( S 7 d X , . . . 7 dp, 61 , . . . , 6g, d) 

Jo 


[p < q. Re s > 0] 


ET I 337(11) 



Hypergeometric functions and exponentials 


J x 13 1 e 2 -F 2 (— n, n + 1; 1, /?; x) dx = r(/3)/i ,3 P n ^1 — — ^ 

[Re /j > 0, Re/5 

J x l3 ~ 1 e~^' x 2 F 2 ^—n,n;P, -;ir^ ^ x = r(/3)/t _/3 cos 2?tarcsin 


[Re n > 0, Re 0 > 0] ET I 218(6) 


[Re// > 0, Re /? > 0] ET I 218(7) 


/»00 

I X^ n 6 ^ mFn (^1? • • • 5 Pi 5 • • • 5 Pn> Ax) dx 

Jo 


— r (Pn) P mFn— 1 &!»•••? ^m 5 Pi ? • • • ? Pn— 1 5 


[m < n; Re p n > 0, Re p > 0, if m < n\ Re p > Re A, if m = n] ET I 219(16)a 


/»oo 

IX e M mFn (Pi ? • • • 7 ®m 5 Pi 5 • • • 7 Pn 5 Ax) C&C 
Jo 


— r(< 7 )/X m+l-P'n ® 1 > • • • ? ^5 Pi? • • • 1 Pr) 


[m < n, Re cr > 0, Re p > 0, if m < n; Re p > Re A, if m = n] ET I 219(17) 


7.523 


7.524 


/ oo 

{x - W 2 p+i iX (ax) dx = T(p)e~^ a W^i jX (a) 


[Re p > 0, Rea > 0] 


1. J™ e ~ Xxp ( a ’ # \ ; ~ x2 ) dx = A “ +/3_1 s i-*-p,*-p( x ) 

[Re A > 0] ET 

2. J' e pFq (at, . . . , rip, ^ 1 , • • • , t — -s p+ 2 F q , . . . , rip, 1, — , , . . . , 6^, — ^ 

[p < q\ 

3. f e~ st 0 Fq (-, , 1; dt = s _1 exp (s~ q ) 

Jo \q q q q q J 


[p < q\ 


ET II 401(13) 


MO 176 


MO 176 


7.525 


/»oo 

1. I X e ^ mFn (&1 5 • • • > ^m? Pi •> • • • 5 Pn5 (Ax) ) dx 
Jo 


w\-o- / (JCT+1 cr + /c — 1 /fcA\ \ 

— 1 [O’jp m-\-kFn I tt l 7 • • • 1 a mi ^ ^ 5 • • • j ^ 5 Pi 5 • • • j Pn 5 I I I 

ra + fc < n + 1, Re cr > 0; Re p > 0, if m + k < n; 
Re (// + fcAe ) > 0; r = 0, 1, . . . , k — 1 for m + fc = n + 1 


ET I 220(19) 
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7.526 


poo 

2. / xe~ Xx F(a,p-,l,-x 2 ) dx = X a+ ^~ 2 

Jo 


7.526 


1. 


/»7+zoo 


e st s b F I a. b\ a + b — c + 1; 1 I dx = 27tx 


/ 7— ZOO 


[Re A > 0] 


T(a + b — c + 1) b _ 


ET II 401(14) 


r(h)r(h-c + i) 


t 4 >(a\c;t ) 


Re b > 0, Re(6 — c) > —1, 7 > 


1 


2. / e- t i 7 " i (a; + £)- a (j/ + i)- a F 


EH I 273(12) 

(* + ()(» + ()] <* = r( 7 )*(a,c;x)«(a',c ;i ,), 

7 = a + a / — c+1 [Re 7 > 0, xy ^ 0] EH I 287(21) 


, t(x + y + t) 
a, a ; 7; 


poo 

3. / aR- 1 (a; + j/)- a (;r + .t)- / V :i: .F 

Jo 


a, for, 


x{x + y + z) 


(x + y)(x + z)\ 


dx 


= T( 1 ){zy)-^e u ^ W v ,„(y) W x ^(z) 


rr a,m 

2v = 1 — a + /3 ^ 7; 2A = l + a — /3 — 7; 2/x = a + /3 — 7 

[Re 7 > 0, |argy|<7t, |argz|<7t] 

ET II 401(15) 


7.527 

pOO 

1. / (l — e _x ) A 1 e~^ x F (a,p-,j-,Se~ x ) da = B(/x, A) 3 F2(ct, /3, /x; 7, /x + A; (5) 

Jo 

[ReA>0, Re/x > 0, |arg(l — <5)| < 7t] ET I 213(9) 


pOO 

2. / (l — e -a: ) M e _aa: i* 1 (— n, n + (3 + n; /3; e _a: ) dx = 

Jo 


B(ct, /x + n + 1) B(a, (3 + n — a) 


pO O 

3. / (l-e " 1 ) 7 e _ '“F(a,/3;7 ;l-e- x ) d® = 

Jo 


B(ct, P — a) 

[Re a > 0, Re/x > — 1] ET I 213(10) 

r (7 t ) r (7-Q~/? + A^)r(7) 
r (7 — a + /x) r (7 — /3 + /x) 

[Re /.x > 0 , Re/x > Re(a + P — 7 ), Re 7 > 0 ] ET I 213(11) 


pOO 

4. / (l-e - *) 7 1 e~^ x F [a, P;^-, 6 (l - e~ x )] dx = B(/x, 7) F(a, /3; /x + 7; 5) 

[Re/i >0, Re 7 > 0, |arg(l — <5) | < 7r] ET I 213(12) 
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7.53 Hypergeometric and trigonometric functions 

7.531 

1 . dx = 2 — 

[y >0, Rea > Re/3 > |] 

ET I 115(6) 

2. cos yx F (a, /3; i; -c 2 x 2 ) dx = 2-“-' 3+1 7r C -“- V +/3_1 

[/./ > 0, Re a > 0, Re/3 > 0, c > 0] 

ET I 61(9) 


7.54 Combinations of hypergeometric and Bessel functions 

/* oo 

7.541 / ^a+f*- 2 ^- 1 ^ _|_ Jf^[(x + l)z] F (a,/3; a + /3 — 2z/; — x) dx 

Jo 

= 7I--2 cos(^tt) r (i - a + u) r (i - /3 + v) r(7)(2z)“£~*' Y W i 7 _ i (/3 _ a) (2z) 

7 = a + /3 — 2^ [Re (a + /3 — 2z/) > 0, Re (| — a + z/) > 0, Re (^ — /3 + z^) > 0, | arg | < § 7r] 

ET II 401(16) 

7.542 

1. 


< 7 — 1 


,F P - 1 (ai, . . . , a p ; bi, . . . , b p - 1; -Ax 2 ) Y „(xy) dx 

r(&i)...r(6 p _ 1 ) p + 2 ,i 

(jr * 


2A5 <t r (ai) . . . r (a p ) P+2 ' P+3 \4A 


a j= a J- 2 ’ = 5 0 = 1 - 9 ; b j= b j~^ 


h* ft* 

’ • 5 U p+1’ 

h,k,al,...,a*,l 
• 5* = i 

2 


a 

b J = b 3 

V , z/ , 1 + z/ 


j = 1,.. . ,p- l;h = fc = — 2 5 2 

[|argA|<7r, Recr>|Re^|, Rea, > | Ren — |, y > 0] 

ET II 118(53) 


2 . 


C7 — 1 


,F p (a 1 ,...,a p -,b 1 ,..., b p ; -Ax 2 ) 7 v (xy) dx 


r(6i)...r(6 p ) p+2,1 

C_T * 


2A5 <t r (ai) . . . r (a p ) p+2 ' p+3 {4A 


h* h* 1 

u o > • • • > u p > 1 

h,k,a*,...,a*l 


b 0 = 1 ~^ a *j= a j~ 2 ’ h 3* = b 3- 2 ’ J = /l= T- fc =“o. Z = - 


1 + z/ 


J 2 ’ J -T 2’ " 2 ’ 2 

[Re A > 0, Re cr > |R,e z/|, Re aj > \ Re a — | , y > 0] 

ET II 119(54) 
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7.542 


„(T —1 


x“ * v F q (a 1 ,...,a p ;b 1 ,...,b g ; -Ax 2 ) Y v (xy) dx 


= — 7 t 1 2 ry 1 y a cos 


a + v a — v 


r I — Z ) y a ~ v 


4A 


* P+2F q ^ai, ■ ■ ■ , dp, 2 > 2 j 1 ■ ■ ■ ) ^9! 

[y > 0, p < q — 1, Re a > Re //|] ET II 119(55) 


^ 1 p-F? ( a i> - - - , 61 , , bq ; -As 2 ) K„(xy) dx 


VT- 2 ..-CT ( a + v\^(cj-v 


= 2"“ V" r j r j P+ 2 F, (a,, . . . , a p , ^ 


[Rey >0, p < q — 1, Ren > |Re^|] ET II 153(88) 


poo 

I x ^ p Fp • • • 5 ^1? • • • ) ^p? ) J v(pty) dx 

2^r(fe 1 )...r(& p ) „p +M /y 2 


y 2 P+ 1 r(a 1 )...r(«p) G P+ 1 ’P + 2 V4A 

/l=|+P+|z7 fc=|+p— 

[y > 0, ReA>0, — 1 — Re^ < 2 Rep < 5 + 2Rea r , r = l,...,p] ET II 91(18) 


1 , b\, ... ,bp 

h , , . . . , cip, /c 


pOO 

I X P rn-\-lF m (^1 ? • • • > ^m+1 5 ^1 j • • • 5 ^ mi ^ J v (xy) dx 
Jo 


2 2p r (&i) . . . r (b m ) y _2p_1 m + 2 ,t 

(_T -> 


1 , b l ,...,b, 

h, d\, . . . , k 


r(a 1 )...r(a ro+1 ) m+ i’ ro+ 3 V4A 2 

/l=5+p+5^, fc=| + p— 

[y > 0, ReA>0, Re(2p + z/) > — 1, Re (p — a r ) < |; r = l,...,m+l] ET II 91(19) 


pOO 

/ s ' 5 (a, /3; 7 ; — A 2 x 2 ) J„(xy) dx 

Jo 


2*r(7) r ,-u a y 2 

T(a)T(/3) y 24 14A 2 


1 - a, 1-/3 

1 + (5 + v 1 + 5 -v 

0 , I- 7 , 


2 2 
[y > 0, Re A > 0, — 1 — Re ^ — 2 min (Re a, Re /3) < Re 5 < — |] ET 1 1 82(9) 


r x s p / Q. _A 2 x 2 ) J (xw) dx - l -i-M r>3i 

J 0 F( - ’^ 7 ’ X x ) J v {xy) dx T ( a ) T (p) G24 4 A 2 


r («)r(/3) 4 , 

\ 1 2 7 ” ’ 2 

[y >0, Re A > 0, — Re ^ — 1 < Re 5 < 2 max (Re a, Re /3) — |] ET 1 1 81(6) 


1 . 7 

1 + d + 0 l + ^-i/ 

, Q(, p, 


poo 

/ x " +1 J 1 (a, /?; 7 ; — A 2 x 2 ) Jv(xy) dx = 

Jo 


2 - + 1 r( 7 ) _„_ 2 „ 30 { y 

r(a)r(/3) 


y " " Gl3 1 4A 2 


z' + l, a, (3 


[y > 0, ReA>0, — 1 < Ret' < 2 max (Re a, Re/3) — § ET II 81(5) 
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10 . 


11 . 


12 . 


13. 


„v+\ 


_ 2»-— Wr(i/ + 1) 


r ' '' r -«(!) 

[y > 0, ReA>0, — 1 < Rez^ < 2 max (Re a, Re/3) — |] ET II 81(3) 


F (a,/3;v + 1;~AV) J u (xy) dx = A a+/3 r ( Q ) V " " ~ A a-/3 


^°V +1 F (a, /3; z, + 1; -A 2 ® 2 ) *r„(*y) dx = 2 r(i/ + 1) S 1 _ a ^ a _y (|) 


[Re y > 0, Re A > 0, Re z/ > —1] 

ET II 152(86) 


J x v+1 F ^a, /3; ^ + V + 1; — \ 2 x 2 'j J v (xy) dx 




K 


(v — P+1) 


ar 


7rir(a)r(/3)2d-i 
[y >0, — 1 < Rez^ < (2 max (Re a, Re /3) — |)] ET II 81(4) 


/»oo 

/ x a+ z F (a,/3;7; — A 2 ® 2 ) Y u (xy) dx = 

Jo 


\ ^ 1 y 5T(7) 41 ( y 2 


G 35 y 4A2 


1 ~V,l~P,l 
h, k,a — p, [3 — p,l 


/ o V2T(a)T(/3) 

h=\ + \v, k=\-\u, l =-\-\ v i P=\ + \ a 

[y > 0, ReA>0, Re a > R,e u\ — Reer<2Rea, Recr<2Re/3] ET II 118(52) 


14. 


15. 


16. 


17. 


18 . 


I x ‘’ +2f ( 1’ 1 2-‘' ;3 2’- xV ) Y ^yi dx = (i - „) K - (n ) K *+' (i\) 

\y > 0, ReA>0, — §<Rez/<— il 

ET II 117(49) 


x l,+2 p | i ) 2v + v + 2; — A 2 ® 2 ^ Y v (xy) dx = 7t ^2 ‘'A 2 " 3 ^(^ + 2) 


M&) 


r(2z/+ f) L 
\y > 0, Re A > 0, — b < Re v < ^1 

ET II 117(50) 

l x " + F l 1 '" + “ + 2 ; 2 ; " A * ) ’'■'<*») * = r („ + - + !) K * (a) 

[y > 0, ReA>0, — §<Rez'<|, Re(2y + v) > — |] ET II 118(51) 


J x 2a+l ' F ^a — v — - , a; 2a; —X 2 x 2 ^j J v (xy) dx 


iF (A + a) T (A + a + v) 

^<21— v— 201.^20.— I yV +2 


w 


£ —Oi,— ik—V 


(!) 


w 


•> a. J i/ 


( e "'!) 


f - W7 


5 «• 5 " 


( e "!)j 


[y > 0, ReA>0, Ret/< — 5, Re(a + 1/) > — 5 ET II 80(1) 


J x 2a v F + a — a; 2a; — A 2 x 2 ^ J v {xy) dx 

_ 2 2a ~ 1 ' r (| + a) y"- 


A 2a_1 r(2z/) 


M 


a— ^ , 17 — 


^(!) 


V W: 


— CUM — 


(!) 

ET II 80(2) 
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7.543 


7.543 


{ 1 4\ 2 \ 

1. x- 2 *- 1 F {^-+a,l + a;l + 2a;--^-j J v (xy)dx = \~ 2a I i v+a {\y) K i v _ a {Xy) 

[y> 0, Re A > 0, R.ez/ > -1, Rea>-|] ET II 81(7) 

2 . J x v+1 ~ 4a F ^a,a + ^■ ly + “ 2 ^ J v (xy)dx 

[y > 0, ReA>0, Rea — 1 < Rez/ < 4 Re a — |] ET II 81(8) 


7.544 


f°° r 1 4x 

/ x v+1 (l + x)~ 2a F a, v + -\2v+ 1; 7 — — J u (xy)dx 
Jo l 2 (1 + x) z \ 


r(^ + l)r(z^ a-Fl) 2i/-2a+l 2(a-i/-l) j / \ 

r(a) y vKV) 

[y > 0, -1 <Rez/<2Rea- §] ET II 82(10) 


7.6 Confluent Hypergeometric Functions 

7.61 Combinations of confluent hypergeometric functions and powers 

7.611 


r -1 W t \ ^ 7 t 2 2 fe sec(/x7t) 


[|Re/r| < | 


ET II 406(22) 


2. ^ *- M t ,„M H^,„ W Jr = () , _ _ A) 


[Re y > — 5 , Re(fc — A) > 0] 

BU 116(11), ET II 409(39) 


/»oo 

3. / a : -1 W^fc.pO) Wa,^) da; 

Jo 


{W«Az)} - = 


11 1 
(fc - A) sin(2/x7t) r (5 - k + y) T (| - A - /z) r (| - k - /x) T (5 - A + //) 

[\Rey\ < \\ BU 116(12), ET II 409(40) 

2 dz _ 7 r + y - k) y- k) 


z sin 27t y T (| + y - k) T - y - k) 

[|Re Ml < §] 



(h~ K 

) 

[ r ( 

l~ K ). 

] 2 


BU 117(12a) 
BU 117(12b) 
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6 . 

7. 11 


x p 1 W k,n{x) W -k,n( x ) dx = 


r(p + i)r (\p+ \ + n) r (\p+ \ - \i) 


2r (l + ip + fc)r(i + \ p — k) 

[Rep > 2 |Re ji\ — 1 ] 

/» OO 

I x^ 1 W k ^(x) W\A X ) dx 

r(i — /t + v + p) r(i + /i + v + p) r( — 2^) 


ET II 409(41) 


1 3 

v + p, - - A + v] 1 + 2v, - - k + v + p; 1 


r (| - a — t^)r (| - k + v + p) 
x 3 F 2 ^ l- n + v 

r(i + n — v + p) r(i — n — v + p) r(2i/) 
r (| — a + ^ r ( § — k — v + p) 

( 13 

x 3^2 [l + n-v + p, 1 — H — I/ + p, - ~ X - u;l - 2 u, -- k - u + p -,1 

[|Re n\ + [Re v\ < Rep+ 1] ET II 410(42) 


7.612 

1. [ t b ~ l iFi(a; c; - 1 ) dt = ^ F ( a ~ — [0<Re6<Rea] EH I 285(10) 

Jo R(a) T(c — 6) 

2. [ t b ~ 1 '-- $(a, c; t) dt = ^ — C ^ [0<Re6<Rea Re c< Re 6+1] 

Jo r(a) T(a — c + 1) 

EH I 285(11) 


7.613 

1 . [ x' y ~ 1 (t-x) c ~' r ~ 1 1 Fi(a;r,x)dx = t c ^ lT ^^j C - — — iFi(a;c;7) 

Jo r( c ) 

[Re c > Re 7 > 0] 

BU 9(16)a, EH I 271(16) 

2 . J x 13 - 1 ^ - x) 1 ^ 1 iFi(t-, /3; x) dx = ^+7-i lFl ( t . p + 7; t ) 

[Re/3 > 0, Re 7 > 0] ET II 401(1) 

3. J a; A_1 (l — x) 2p ~ x iFi ^ + n — v\ A; a:z^ da; = B(A, 1 + 2/x — A)e3 2 2 _ 5 _M M v ^(z) 

[Re A > 0, Re(2/x — A) > —1] 

BU 14(14) 

4. f a^ _1 (7 - a :) 5 ^ 1 iFi(7; /3; x) 1 F 1 ( 7 ; 6;t-x) dx = + 7 +^+ 7 i/3+A_1 1 -F 1 (7 + 7 ; /3 + <5; 7) 

ao r(/3 + d) 

[Re/3 > 0, Re 6 > 0] 

ET II 402(2), EH I 271(15) 

5- jjV“*(7 - s)""* M fc)ft (*) -x)dx= T %^ + 2u + 2) 1) tlt+V M *+ a .m+-4 W 

Re tt > — - , Re 13 > — - 
2 2 

BU 128(14), ET II 402(7) 
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7.621 


6 . 


f xP-'il-x) 

Jo 


a— (3—1 


i F i ( a; /3; Acc) iFi[<7 — cr, cr — /3', — x)} dx 


T{p)T{a-f3) x 

t e 1^1 (a; m - a 
r(cr) 


[0 < Re/3 < Re a] 


ET II 402(3) 


7.62-7.63 Combinations of confluent hypergeometric functions and exponentials 


7.621 

1. 


2 . 


3 . 


4. 


5 . 

6 . 


7 . 




(§ + -) 


«+*+§ F l a + ^ + 2’^ + ^ + 2 ;2 ^ +1; 2^Tl 


[Re (a + n + |) > 0, Re s > |] 

BU 118(1), MO 176a, EH I 270(12)a 


/•OO 1 

/ e- st ^-s M A> „(gt) dt = +5 r(2yu + 1) (s - § 9) *"'**'* (s + \q) 

Jo 


1 


1 Reg 

Re u > — , Re s > 

2 2 

BU 119(4c), MO 176a, EH I 271(13)a 


e~ st t a WxAqt)dt= 


r (a + fj + I) r (a - /z + I) g ^ + 2 / 1 


r(a - A + 2) 

3 . 1 


S+ 2 q 


—a—fi— % 


x i* 1 I a: + + — , /i. — A + — ; ck — A + 2; 


Re ( a =b n + ^ j > 0, Res>— q > 0 


/»oo 

/ e _st 3 b_1 iFi(a; c; kt) dt, = r(&)s _b F (a, 6; c; fcs -1 ) 
Ao 


= r(6)(s — A;) b F c — a, 6; c; 


k — s 


2 5 - g \ 

2s + q ) 

EH I 271(14)a, BU 121(6), MO 176 


[M > 1*11 

[|s-*> |*||] 


[Re b > 0, Re s > max (0, Re k)] EH I 269(5) 


/»oo 

/ £ c_1 iFi(a; c; £)e _st dt = r(c)s _c (l — s _1 ) ° [Rec>0, Res>l] 

•A) 

/»oo 

/ (a, c; <) e _st dt = 

Jo 


EH I 270(6) 


r(6)r(6-c + i) 


F (6, b — c + 1; a + b — c + 1; 1 — s) 


r(a + b — c + 1) 

[Re b > 0, Re c < Re b + 1, |1 — s\ < 1] 

r(6)r(6^ c + i) _ b F ^ b . a + b _ c + 1 . 1 _ s -i) 


r(a + b — c + 1) 


[Re s > A] 

EH I 270(7) 


r°° „ , m + 2u) r (k- i/) r (A + u + i/) 

/ M k>m (M dz = K V 

Jo r (2 + n + k) r (2 + a* — 

[Re (^ + A + /z) > 0, Re (k — u) > 0] 

BU 119(3)a, ET I 215(ll)a 
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e~ sx M k ^(x)— = 


dx 2T(l + 2p)e~ inK (s- ^ 2 


r ( ^ + fl + K ) 


t) q;-u a«) 


[Re (| + /x) > 0, Re s > | 


BU 119(4a) 


9. 


e~ sx W K>li (x)— = 


dx 7T / s — - x 2 


cos 


P ^-5 (2S) 


[Re ( \ rfc /t) >0, Re s > — \ 


BU 121(7) 


10 . 


c k+ 2#.— i e -|» W'fc, M (a:)da: = 


r [fc + p + r j(2fc + 6 p + 5)] 


(fc + 3/z + r [j(2/x — 2/c + 3)] 

[Re(fe + p) > — Re(/c + 3/x) > — 5 ] 

~BU 122(8a), ET II 406(23) 

11 . / V> V- «'.,„(*) dx = F ( " + [7 >0 F 1 + >■> 

Jo r(z/-K + i) 

[Re (v + | ± /x) > 0] 
r(i + /i + ^)r(i — n + uj 


BU 122(8b) 


12 . 


7.622 


/ e* x x vl W K , fl {x)dx = Y{-K-p) x W , x 

/o r ( 5 - m - «) r (2 + a< - 


[Re (z^ + 5 ± /x) >0, Re (k + v) < 0] 

BU 122(8c)a 


POO 

1. / e _st i c_1 iFi(a; c; 7) 1 F 1 (cr; c; At) dt 
Jo 

= T(c)(s - l)-°(s - A) _a s° +Q_c F [a, a; c; A(s - l)" 1 (s - A)" 1 ] 
[Re c > 0, Re s > Re A + 1] EH I 287(22) 

pO O 

2 . / e _t 7 p iJ 7 'i(a; c; t)’!' (a'; c 7 ; Xt) dt 

= cHa’ F (c - a, /J; 7 ; 1 - A" 1 ) , 

r( 7 ) 

r (q! a') 

p = c — 1, cr = — c, /3 = c — c 7 + 1, 7 = c — a + a 7 — c 7 + 1, C = — . . — , or 

r (a') 


p = c + c' — 2, a = 1 — c — c', P = c + c' — 1, 7 = a 7 — a + c, C = 


r (a 7 — a — c 7 + 1) 

T (o' - d + 1) 

EH I 287(24) 
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7.623 


/»oo 

/ x^e-h* M Xl>lll _ i (aiar) . . .M Xn ^ n _ i (a„x) dx 

J 0 


= a? 1 . . . o{J" (6 + I> + M) 


x Fa ( ^ H - , A^i ^1? • • • 5 l^n ^ri5 . . . , 2 /i n , 


Af = /ti + • • • + Hm A = I (ai + • • • + a n ) 
[Re(r/ + A'/) > 0, Re (6 ± |ai ± h |a n ) > 0] ET I 216(14) 


7.623 


/»oo 

1 . / e _ *:r c+n_ 1 (a; + y ) -1 iFi(a;c;x) dx = (-l) n T(c) T (1 - a)2/ c+n_1 ^(c - a, c; 2/) 

./o 

[— Re c < n < 1 — Re a t n = 0,1,2,..., |argj/| < 7t] EH I 285(16) 

2 . J*x-\t - M k ^x) dx = Qi) 

[Re A: > 0, R ,e/x>-|] ET II 402(5) 

3. /V-‘(( - M k+x ,„ W * = F(A) r f + P + «*.,«) 

Jo r (fc + A + /.t + 5 ) 

[Re (A; + /x) > — Re A > 0] 

ET II 402(6) 

4 ' i ar ""‘ (t - x) "' ei ' Wt -“ (x} dx = r<A> t w r~(i 1 1 1 ,0 r(!-l- X WkxxJ,) 

[Re A > 0, Re(fc + A) < \ — |Re /x|] 

ET II 405(21) 

5. ^ (a: - W7 fe>A (oa;) da: = ^ ^ a~^e^ a W k+ i^ x+ ^(a) 

[|arg(a)| < §7r, 0 < R.e/t < \ — R.e(/c + A)] ET II 211(72)a 

/ OO 

(* - 1 W 2n+±,\( ax ') dx = n^ a W„ + i» 


[Re/z > 0, Re a > 0] ET II 211(74)a 


/»oo 

l (x - l) 




e~'t ax ^ fc>A (ax) dx = r( M )e-5 Q PF fc _ M , A (a) 


[Re /a > 0, Re a > 0] ET II 211(73)a 
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Jo 


„- jOI 


e 2 ° x W k,\{ax) dx 
= r(/t)e“ 5 a sec[(fc — p — A)7t] 


x < sin(/z 7 r) 


r (k — p + A + 2 j 


r(2A + i) 


M k -^\{a) + cos[(fc - A)tt] W k -v, a (a) 


[0 < Re p < Re k - |Re A| + |] ET II 200(93)a 


7.624 

1 . 


rP - 1 


1 2 cr 


£ 2 +(a + 2:) 2 e 2 X M k , i i{x)dx 


—a r(2/i + l)a CT 23 / 

Cr 34 a 


7t 2 r (i + fc + /t) 


2,1,1 - fc + p 


+ p + p, -cr, a, \ - p + p 


[|arga|< 7 t, R e(p + p)>— 5 , Re(fc — p — a) > 0] ET II 403(8) 


2 . 


,,p — 1 


£ 2 +(a + ;r) 2 e 2X W k ,^,{x) dx= — 7t 2 aa cr G 


CT 32 
34 


5 , 1,1 - k + p 

b + V + P,b~ H + p,-a,a 


[|arga| < 7 t, Rep > |Rep| — \ ET II 406(24) 


3. 



1 2a 


x 2 +(a + ;r) 2 e 2 X W k , k ,(x)dx 


cnr 2 a 


n 33 
Or 34 


r(§-fc + /i)r(§-fc-p) 

[|arga| < 7 t, Rep > |Rep| - 5 , 


fa + 1 

\ 2 +M + P>2 ~ P + P’~ a , a J 

Re(fc + p + cr) < 0] ET II 406(25) 


1 " 1 1 " 

£ p_1 (a + a;) -2 a: 2 +(a + :r) 2 e _ 2 ^ Mk tf i(x) dx 

r(2p+l)a CT 


Gi(a 


0, 5, 5 - k - p 

-cr, p + p, p - p, CT 


71 - 2 r ( 1 + k + p) 

[|arga|< 7 t, Re(p + p)>— 5 , Re(fc — p — cr) > — 5 ] ET II 403(9) 


1*1 1 " ^a ^ 

p ~ 1 (a + x )~ 2 x 2 +(a + x ) 2 e~ 2 X W k ^(x)dx 


Gi(a 


0, 5, 5 + /c + p 

-<TP + p,p-p,a 


r(i — fc + p)r(i — fc — p) 

[|arga| < 7 t, Rep > |Rep| — 5, Re(fc + p + cr) < 5] ET II 406(26) 


x p 1 {a + x) 2 x 2 +{a + x ) 2 e 2X W k ,n(x) dx= n 2 a a G 34 a 


> 2 > 2 

-cr, p + p, p - p, a 
[|arga|< 7 t, Rep>|Rep| — 5] ET II 406(27) 


0,i,i -fc + p 
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7.625 


7.625 

1. 


x p 1 exp [— |(a + /3)x] Mf- ^iax) W\^(f3x)dx 

_ r(i + m + v + p) r(i + n - v + p) M+ i _ p _i 
r(f -a + p + p) a p 

(l , _ 3 N a 

X 3 ^ 2 + M + + + J/ + P;2p+1, - — A + p + p; — — 

[Rea>0, Re/3>0, Re (p + p) > [Re — 1] ET II 410(43) 


2 . 


x p 1 exp 


-^(a + Z 3 )® 


W^fc,/x(o;a;) dx 

= p~ p [r (i - k + M ) r (i - *: - M ) r (i - a + v) r (§ - a - v)]- 1 

V 33 ( 0 \ + P,\~ P,l + >^ + p \ 

33 \ a \ + v + p, \-v + p, -k J 
[|Rep| + Re r'l < Re p + 1, Re(fc + A + p) < 0] ET II 410(44)a 


3. 


4. 


x p 1 exp 


x p 1 exp 


~2 ( a + fi)x 


~2^ a ~ ^)x 


W k , M (ax) W \,„(f3x) dx = (3 p g \ § I - 


Wk,ii{ax) W \^{(3x) dx 


|+p, | — 1 — A + p\ 

^ ^ + p, ^ — v p, k I 


ET II 411(46) 


= f 3 - p [r(l-\ + v)r(l-\-v)}- 1 G 


0 

a 

\ 

[Re a > 0, | Re p| + |Re v 


5 + p, 5 — p, 1 + A + p \ 

\ + v + p, \ — v + p,k J 
< Re p + 1] ET II 411(45) 


7.626 



1 

4 


(£ + V) exp 


1 

2 


(£ + i)x 


iFi{a\c;£x) iFi (■ a;c;px ) dx 
= 0 


= |e e [ iFi (a + 1; c; £)] 2 
[where £ and p are any two zeros of the function 


[£ + V, Re c > 0] 

[£ = p, Re c > 0] 
i Fi (a; c; x)] EH I 285 


2 . 





e ^ (£+ 7 d x x c \E' c . £ x ) vj> (a, c; px) dx = 0 

= -rV«[tt(a-l,c;0] 2 

[where £ and p are any two zeros of the function ^(a, c; x)] 


[£ + v ] ; 

[S = ? ?] 

EH I 286 
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7.627 


1. [ x 2X \a + x) p M x W k ^(a + x)dx = — k + p 2\) ^ K \ w k+x ^-\{a) 

Jo f 1 I .. \ 


2. 


r ( 2 “ k + ^ 


|arg a| < 7t, 0 < 2 Re A < - — R e{k + p) 


ET II 411(50) 


x 2X 1 (a + x) p \ x M k 2X (a + x)dx 


r(2A) r( 2 ,. + 1 ) r (t + - 2 A + i) , 
r(fc + p+ i)r(i - 2 A + 2 p) 0 

[Re A > 0, Re(k + p-2\)>-±] ET II 405(20) 


3. 


„2A— 1 / 


(a + x) M W^fc !jLt (a + a;)rfx = r(2A)a A M ^ ^ fc _ A/j _ A ( a ) 

Jo 

[|arga|<7t, ReA>0] ET II 411(47) 

/»00 

4. / ^(a + x) fe - A - 1 e-S x R^, M (a + x) dx = r(A)a fc " 1 W k . x ^{a) 

Jo 

[|arga|<7t, ReA>0] ET II 411(48) 

5. J x p ^ 1 (a + x)~ a e~^ x W k ^(a + x) dx = T(p)a p e^ a G 23 (^ a 


0, 1 — k — a 

-p,\+ H~ a,\ - p- a 

[|arga|<7t, Rep>0] ET II 411(49) 


nOO 

6 . / x p ~ 1 (a + x)~ a e^ x W ktll (a + x) dx 

Jo 


T(p)a p e 2 ( 


G 23 ( a 


r(|-A: + /z)r(|-fc-/x) 

[|arga| < n, 0 < Rep < Re(<r — k )] ET II 412(51) 


k — a + 1,0 

-p,J+p-<j,J-p-a 


7. 


0 i (a+x) (g + x) 2K ~ 1 w dx_ T(±-p- K )T(i + p- K ) 

6 (ax)* kA) x aT(l-2 n) W * Aa) 


[Re ( \ ± p — k) > 0] 


BU 126(7a) 


dx 


/»oo 

_ r(i + 2 p) r (i + p + 7 ) r (>t - p) 


, 1 1 
2 F 2 ( a, k - 7! 2 + d ~ 7, 2 ~ ^ “ T, a 


r (|+M-7)r(5 + p + K) 

r (a + 7 + A + p) r (-7 - 4 - p) i +<t 
r(a) 

( 1 1 „3 

x 2 F 2 |a + 7 + M+ 2’ K + ^+2 ;1 + 2 ^’2 +/i + 7;a 


[Re (7 + a + | + p) > 0, Re (7 — k) < 0] BU 126(8)a 



828 


Confluent Hypergeometric Functions 


7.628 


9. r e -^ x x n+ ^ M^(x)— = (— 1 )"+ V + ^+M° r(l + 2n) rf^-n + K) W.^(a) 

Jo x + a \Z J 


n = 0,1,2,..., Re 


Tl\ ( 1 

-J > 0, Re ( k — /i — - ) < n, |arga|<7t 


BU 127(10a)a 


7.628 


1. j e st e *V C 2 1 F 1 (a; c; t 2 ) dt = 2 1 2c T(2c - 1)^ a + ^; ^s 2 ^ 

[Re c > | , Re s > 0] EH I 270(11) 


2 . 


3. 


dt = 


t 2p 


1 e 2 a* e st Mx,n I — I dt 


[Re a > 0, Re v > — \ , Re s > 0] 

ET I 215(12) 


= 2 -3m-a r(4/z + l)a 3 ( A+A 1 - 1 )s A-A 1 - 1 eT~ W_ »( A+ 3 # 0 > |(a-,o ^ 

[Rea > 0, Rep > — Res>0] ET I 215(13) 


as 


7.629 

l. 8 J t k exp e~ st W k>tl (j) dt = 2 ^ 2k y/ds~ k ~i S 2 k,2v ( 2 V^s) 

[|arga|<7t, Re (fc ± p) > — Res>0] ET I 217(21) 


2. J t fc exp(-^)e 5t dt = 2 v / as fc a 7C 2At (2 v / as) 

[Re a > 0, Re s > 0] 

7.631 


ET I 217(22) 


1. 


x p 1 exp 


(a 1 x — fJx x ) 


W k ^(a 1 x) R7 Al/ (/3x *) dx 


i-i 


= p>[r(l-k + n)r(±-k- fi )]- 
~ n* 1 (P 1 + kl 1 ~ X ~P 

(jt 94 l 1 1 1 1 

V a 2+ Ml 2 ~Mi 2 +l/_ M, 2 ~ V ~P. 
[|arga| < §7r, Re/3>0, Re(fc + p) < — |Re v\ — |] ET II 412(55) 


2 . 


x p 1 exp 


- (a 1 x- fix x ) 


H7 fc!At (a ^ (fix 1 ) dx 


= /?'[r(§-fc + p)r(i-fc-p)r(i-A + I /)r(§-A-i/)]^ 

1 + k, 1 + A — p A 

5 + Ml 5 - Ml 5 + ^-M, 5 - ^ - P ) 

[|arga| < \t r, |arg/3| < §7t, Re(A — p) < \ — |Rep|, Re(fc + p) <\ — |Rei/|] 

ET II 412(57) 


X Gtl ( - 

' a 
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3. 


x p 1 exp 


(a 1 x + /3x 1 ) 


W k ,n(ot 1 x) W\^(/3x 2 ) dx 


= /3 p G 24 ( “ 


a 


1 — k, 1 — A — p 

2 G P‘ 2 AC 2^”^ Ah 2 ^ AC 

[Re a > 0, Re /3 > 0] ET II 412(54) 


7.632 


e st (e ( — l) p 2 exp ( — -Ae 4 Mfc jM (Ae 4 — A) dt 


T(2p + 1) r (A + k — p + s) 


^-fe-is l( u-is(A) 


r(s + 1) " R 2* 

[Rey > — Res > Re(/z — k) — |] ET I 216(15) 


7.64 Combinations of confluent hypergeometric and trigonometric functions 

/*oo 

7.641 / cos(aa;) iJ 7 'i(^ + 1; 1; ix) \F\{v + 1; 1; —fa;) dx 

Jo 

= —a -1 sin(t/7r) P„ (2a -2 — l) [0 < a < 1] ; 

= 0 [1 < a < 00 ] 

[— 1 < R e z' < 0] ET II 402(4) 

/»oo 2 1 rfc) 2 

/ cos(2a ;y) 1 F 1 (a; c; -a: 2 ) da; = — 4|y| 2a_1 e _r ^ (c - |,a+ Gy 2 ) EH I 285(12) 

Jo z 1 (a) 


7.642 11 

7.643 


1. J x Av e 2 x2 sin(6a;) 1F1 Q - 2z/; 2u + 1; ^a; 2 ^ dx = ^ 1 F 1 Q - 2v; 1 + 2v, ^b 2 ^ 

[6 > 0, Re z/ > — j] ET I 115(5) 

2. J x 2 "~ 1 e~^ x2 sin(6a;) M 3i/j „ Qa; 2 ^ dx = y^-^^e - * 62 Qfe 2 ^ 

[b > 0, Re v > — j] 


3. 


a;- 2 - 1 ^ cos(fe) W 3 ^ ( ^a; 2 ) dx = J^b~ 21 '- 1 W Zv , v (\ b 2 


[Re z' < j , b > 0] 

4. J x~ 2v e^ x2 sin(6a;) Qa; 2 ^j dx = \J^ b ~ 2U w 3 u-i,u 

[Re < | , b > 0] 


ET I 116(10) 


ET I 61(7) 


ET I 116(9) 


7.644 


l. 11 J™x- p ~h~i x sin (2 os*) M k ^(x) dx = - |] 3 + exp (-y) ^(a 2 ), 

2p = k — 3/t + 1, 2cr = k + p — 1 [a > 0, Re(fc + p) > 0] ET II 403(10) 
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7.651 


r oo 

J x p ~ 1 sin [cx^J e~* x W k ,/j,(x) dx = 


cr(i + p + p) r (i — p + p) 

r (§ -k + p) 

o,l- 

[Rep > |R.ep| — 1] 


x 2 F 2 ( 1 + n + P, 1 - P + p; ^ , 2 “ k + P’ ~ 


ET II 407(28) 


1 sin (cx^ e^ x W k ,Y x )dx 


7T 2 


r ( 5 — k + n) r (| — fc — /x) 


G 


23 4 


5 + /x-p, \-p-p 
5 , —k — p,0 


poo / \ 

J x p ~ 1 cos [cx^j e~^ x Wk ,n(%) dx = 


x p 1 cos (cx^ e? x W k,fj.(x) dx 


[c > 0, Re p > | Re p\ - 1, Re(fc + p) < \] ET II 407(29) 
T (1 + p + p)T (1 — p + p) 


T(1 — k + p) 

1 1 1 1 , , c 2 

x 2 F 2 [ ^+ P + P, 2 ~ ~ k + p; — — 


[Rep > |Rep| — | 


ET II 407(30) 


r (i - k + p) r (i — k — p) 


G 


\ + p-p,\-p-p 

0 , —k — p,\ 


c > 0, Rep>|Rep| — Re(fc + p)<| ET II 407(31) 


7.65 Combinations of confluent hypergeometric functions and Bessel functions 


7.651 


pOO 

1. Jv J v (xy) M_i /i i v (ax) Wi^ i v {ax)dx 


= ay~ p ~ l 


- + (° 2 + y 2 ) 5 (a 2 + y 2 ) 


[y > 0. Re^>— 1, Re p < } 2 , Rea > 0] ET II 85(19) 


POO 

2. / M k !„(— iax) M _ k 1 „(— iax) J v {xy) dx 

Jo ’ 2 ’ 2 


ae -i( I/ + 1 ) 7r * 


[r(i + v )] y—i—2k 


r (§ + k + |i/)r(| - fc + 1 1 /) 


x (a 2 - y 2 ) 2 \\a+ (a 2 - y 2 ) 2 
= 0 


i 2/c r in 2fc 

a-(a 2 -y 2 Y 


[0 < y < a] ; 

[a < y < 00 ] 

[a > 0, Rei/>-l, |Refc| < j] ET II 85(18) 
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7.652 


[ (b 2 + x 2 ) 2 -b } (& 2 + :r 2 ) 2 +b } J v (xy)dx 

J 0 

„ , . , r , „ i i 2 ! 1 


ay 2p 1 r(l + r/) (a 2 + y 2 ) 2 + 


■ exp 


-b(a 2 + y 2 Y 


r(§ + \v-n) (A 2 + Y 2 y 

\y > 0, Rezv>— 1, Re /./ < | , Rea>0, Re6>0] ET II 87(29) 


7.66 Combinations of confluent hypergeometric functions, Bessel functions, and 
powers 


7.661 

1. 


2 . 


3. 


4. 


5 . 


x 1 W k ,f_i(ax) M- k ^(ax) Jo{xy) dx 


_ -ifcTT r(i + 2/i) k 

r(i + /t + fc) 


1 z/ 2 ^ 2 

1+^2 
a z 


Ql-i 


y 2 \ 2 

1+ ^2 
a z 


[y > 0, Rea>0, Re/x>— Re£;<| ET II 18(44) 


r-oo ^ 

/ a:' 1 M7fc,^(oa:) H7_ fe jli (ox) Jo(xy) dx = -7rcos(/i7t) P p _ .g 

ao z 2 


1+ ^2 
a z 


■>-k 


y2\ 2 

1+^ 

a z 


[y > 0, Rea>0, |Rep| < |] 

ET II 18(45) 


pOO 

/ a 2/i_I/ W^, M (ax) M- k ^(ax) J v (xy) dx 

Jo 


o2/x— iz+2/c 2fc iz— 2/x— 2/c— 1 

— z a y 


T(2p + 1) 


11 1 7/ 

X 3 F 2 [ - - k, 1 - /c, - - k + p; 1 - 2k, - - k - y + v\ 


T (y — k — n+\) 

— k + y, 1 — 2k , - 

[t/ > 0, Rep> — Rea>0, Re(2p + 2k — v) < |] ET II 85(20) 

D 

x 2p ~ u W k^iiax) W k,^(-iax) J u (xy)dx 


= 2 2p - V V U ~ 2P ~ 1 TT~^ 


r ( \ - k + y\ r - k- y 


i -1 ( ,.1 

r 24 [ 
G44 


2 1 0) 2 AC 2 P j 

p+ \,-k,k,p- v + 1 y 

[p > 0, Rea > 0, Rep > |Re/u| — 1, Re(2p+ 2fc — z/) < |] ET II 86(23)a 


POO 

/ x 2p ~ 1 ' W k,p,(ax) M _k,/i{ax) J v {xy) dx 

Jo 


2 , 0 , 2 Hi 2 d j 

\p+ -k,k,p- v + \ J 

[y > 0, Rea>0, Rep>— 1, Re(p + y) > — 1, Re(2e + 2k + v) < |] ET II 86(21)a 


2 2p Iy r(2p + i) „_2p-i ^-,23 ( y 2 
*ir (h-k + p) 44 U 2 
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7.662 


6 . 


x 2p v Wk,n(ax) W- k ,f_i(ax) J „(xy) dx 


r(p + 1 + p) r(p + 1 - p) r (2 p + 2 ) _ 1 2p-1 

T^ + k + p)T^-k + p)T(l + u) V 
X 4-^3 ( P + 1; P + 


, 2 ' 

2' r ' - ' r,r ' - r "’ 9 ' " ' r ’ 9 " ' ’ „2 

[y > 0, Rep > |R.ep| — 1, Rea > 0] ET II 86(22)a 


3 3 y‘ 

- p;- + k + p,--k + p,l + i>;-—r 


7.662 


1. 


i x ^ M -^(r 2 ) w M.i- (H ^ = r (i + p - „) 




,J \2 / p ’ 3 \2 / r(i + iz2-p) 3 p \4 

[y > 0, Rez 2 > — 1] ET II 86(24) 

2. x~ 1 M a _ Pt i v _ y Qx 2 ^ (^ 2 ) J A x v) dx 

= rjltP^j 8 ' -2 (V) "W-.i-* (^ 2 ) 

[y > 0, Re/3 < g, R.e/v > -1, Re(^ - 47 ) > -2] ET II 86(25) 


F 00 _ 7T 

3. / a ; -1 M fe;0 ( fax 2 ) M fcj0 (-fax 2 ) K 0 (xy) dx = — 

Jo lt;) 


■'•is. 



ns- 


[a > 0] ET II 152(83) 

,,2 


4. 


7.663 


x 1 M feiP (fax 2 ) M fc)M (—fax 2 ) K 0 (xy) dx = ay 2 [r(2p + l)] 2 W_ M ,fc ( y- ) ( --j- 


4a 


«y 


4a 


[a > 0, Rey>0, Rep >— 5 ] 

ET II 152(84) 


/»oo 

1. / x 2p 1 F 1 (a; 6 ; —Ax 2 ) J„(xy) dx = 

Jo 


2 2p r(6) 21 ( v“ 

Lr 23 l . . 


r(a)y 2 ^+ 1 2J V 4 ^ 


1,6 

4 + p + 7>v, a 4 + p — 4 i/ 


[y > 0, — 1 — Re v < 2 Re p < | + 2 Re a, Re A > 0] ET 1 1 88(6) 

2. fx- iFi (2a - !/; a + 1; - V) J,(xy) dx = y 2g - |, - 1 e~^ 2 1 ( \y 2 ) 

Jo V ^ / 7t2 T(2a — v) V 4 / 

[y > 0, Rei 2 >— 1, Re(4a — 2>v) > 4 ] ET II 87(1) 


3. 


x 1 F 1 a 


l + a + 12 1 o \ t / \ 7 n 1 / 

o ;~o* ) J v {xy) dx = y 1 F 1 a; 


1 + a + 12 y 2 

2 ’ ~y 

[y > 0, Rea>— Re(a + J / )>— l] 

ET II 87(2) 
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17+1—2 a 


1F1 (a; 1 + v - a; --x 2 I J„{xy) dx 


_ +1 + H 2 o + „ + i 2a _„_ 1 

r(a) V a V 4 ; 

[y >0, Re a — 1 < Re v < 4 Re a — |] ET II 87(3) 


/*OC 

/ x iFi (A; 1; - x 2 ) Jo(ay) dx = [2 2A_1 T(A)] y 2A-2 e - ^ 2 

io 

[y > 0, Re A > 0] 

nOO 

/ a; 1 " -1-1 iFi (a; 6; — Ax 2 ) /„(xy) dx 

Jo 


ET II 18(46) 


2 ^ 1 — a p/ Jj\ 2 f V 2 \ 

— — y— r-2/ a_2 e"fe -ry , 2fc = a-26+z/ + 2, 2/x = a - z/ - 1 

I (a)A2 a+ 2 I/ \ 4/ V 

[y >0, -1 < Re v < 2 Re a - §, Re A > 0] ET II 88(4) 

226— 2a— 17— 1 - 


/» oo 

/ a » 2fc -' y - 1 i_pi ( a; 5; — Ax 2 ) J„{xy) dx = 

Jo 


m \ — a 2a— 26+1/ 

r(a - 6 + 1/ + 1) y 

( y 2 

x iFi [ a; 1 + a - 6 + zx; 


[y > 0, 0 < Re b < | + Re (a + +) , Re A > 0] ET II 88(5) 


7.664 

1. 

2 . 


4. 


[ xW \ v ,ix{-) W_i V4l (-\ K v {xy)dx = 2ay 1 K 2 ^ (2ay)++ K 2 M (2 oy)+ i 

J Q \ X 7 \ X 7 L J 


[Re y > 0, Re a > 0] 


ET II 152(85) 




= -4y 1 | sin [+- \v) n] J 2fl ( 2 y^j + cos [+ - \v) n] Y 2m (2 y^j iC 2/i ^2y^ 

[y > 0, Re (z/ ± 2/z) > -1] ET II 87(27) 

3. f xW 1 (-) PR 1 (-) Y u (xy)dx 

J 0 2 V '» \xj - 2 V ’» \xj 

= 4y _1 [{cos [(/x- +) tt] J 2m (2ys) - sin [+ - +) tt] F 2m ^ 2 ) j iC 2/1 ( 2 y^) } 

[y > 0, |Re/x|<4] ET II 117(48) 


x W _ 1 - Mi ( - J v {xy)dx = 


4T(1 + 2jj)y 


( 2 V h ) K ^ (2 y’) 


r (2 + 2^ + i 

[y > 0, Rezx>— 1, Re/z> — j] 

ET II 86(26) 
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7.665 


5. 






J A x v) dx 

= Aay- 1 [r (\ +fi+ \v)T (± - /z + H] 1 

[y > 0, Rea>0, |Re/z| < |, 


(2iay) 2 J K ^ 
Re v > — l] 


(-2 iay) 2 

ET II 87(28) 


7.665 

1. 


J x 2 J u (ax 1 ^ Ki v _p Qxj M k ^(x) dx 

T{2y + l) 


af (A: + |zz + l) 


^i(fc-M),|fc- j!' ( 9 ) ( 9 


a > 0, Re k > — | , Re y > — | , Reiz> — l] ET II 405(18) 


2 . 


7.666 


x \c+l c ' lFl (a';cf;- X ) J c+c >_2 2(xy)* 


dx 


^_i^L^ 2 / 2 c +2 c l q> (d - a! ,c + c' - a ~ a!\y) iFi(a'\a + a'\-y) 

1 (a + a') 

[Rec' >0, l<Re(c + c')<2Re(a + a , ) + |] EH I 287(23) 


roo 

j x^ c ~ h 1 F 1 [c 


X 2 C 2 1 F 1 (a;c; —2x2^ ^a,c;2:r 2 ) J c _\ 


2(xy) 2 J dx 

,_ c r(c) i c _i 
r(a) y 


-| c— 2a 

l + (l + j/)5 (1 + y)" 3 


[Rec > 2, Re(c - 2a) < |] EH I 285(13) 


7.67 Combinations of confluent hypergeometric functions, Bessel functions, expo- 
nentials, and powers 


7.671 

1. 



1 

2 


(a + l)x 


K v 



M ku {x) dx 


7t 2 r(fe) r(fc + 2i/) 

~~ a k+u Y(k+v+ \) 
[Rea > 0, Re k > 0, 


2 F 1 (k, k + 2v\ 2v + 1; -a x ) 
Re(fc + 2i/) > 0] ET II 405(17) 


2 . 


_ i 

x 2 exp 


--(a - !)a; 


iC 


v \ 2 ax ) w k,n( x ) dx 


nT(—k) T(2y — k) T(—2y — A;) 

r i\ - k ) r (I + y ~ k ) r (I - A* - fc ) 

[Re a > 0 


2 2*+i a fc-«' 2Fl (-fc,2 A i 


Re k < 2 Re y < — 


— k',—2k;l — a *) 
Re k] ET II 408(36) 
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7.672 

1. 



M 




(ax 2 ) J„(xy) dx 


_ Y(2p + 1 ) 2p -2p-i r 21 ( y 2 
-T(y + k+\Y V ° 23 y4a 
[y >0, —1 — Re (\v + p) < Re p < Re /c 


2 /X, 2 + | 

^ + p+ ^i / , /c,^+p — y 
- Re a > 0] ET II 83(10) 


/»0 O 

/ x 2p e~^ ax W k ,p (ax 2 ) J v (xy) dx 
Jo 


r (i + p + \v + p) r (l — p + \v + p) 2 " 1 _ 


r(i/ + 1) r (| — k + \v + p) 


a 2 


x 2 F 2 + /x, A — p; v + 1, - — fc + A; — > 

A = l+y + p [y > 0, Rea>0, Re (p ± p + \u) > — l] ET II 85(16) 

22 Py - 2 p-i 


r°° . 2 ‘l z Pv~ Ip ~ L 

/ x 2p e 2ax Wk n (ax 2 ) J„(xy) dx = — r — j- 7 

Jo ; r(A + /x-fc)r(A -/x-fe) 




5 - /x, I + y 


\ + p+\v, -k, \ + p-\vJ 

\y > 0, |arga|<7r, — 1 — Re (\v -fc p) < Re p < — \ — Re k] ET II 85(17) 


x 2X+ h i x2 M k)[l ( -x 2 ) Y u (xy) dx = ° ~ v " G 34 


2V 1/2 r(2^ + i) 31 /V 

T(J + k + p) 34 V 2 


~P - A, p- A, 
h, k, —A — 5, l 

h =l + y, ^ = -3-5^ 


[y>0, Re(A; — A) > 0, Re (2A + 2/x ± z/) > - §] ET II 116(45) 


ar A+ 5 e jX y„(®i/)da: 


= 2- 1 


r (^-^ + MjrQ-A:-/x 


n -1 


r 32 y 
6 r 34 1 


— /X — A, p — A, l 
h, k, —J — k — A, l 


,-V 2 


/x= 7 + 4 i / , Z = — j — |z 


[y > 0, Re(/c + A) < 0, Re (2A ± 2/x ± z/) > — §] ET II 117(47) 


1 ( v 2 V 


/»oo 

/ x~ 1 J 2 e~^ x M i v _ 1 i v+ i (a: 2 ) J„(xy) dx = (2zx + l)2 _l/ x/ !y_1 

JO 2 4^24 

[y > 0, Re zx > — A] 
I> + 2 ) 2 /" 


ET II 82(1) 


* e s * M i-+bi-+i 


(x 2 ) J„(xy)dx = 


r(zx+|) 2 ^ 


1 -* ( 2 ^ 


[2/ > 0,Rezx > —1] 


ET II 82(2) 
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7.672 


9. 


10 . 


11 . 


12 . 


13. 


f oo xi ( 1 \ 2~ k ] 

J o e _ 3 x M k i u a; 2 J„(xy)dx= 


2~ k T(v+l) y2k -i e - iy > 


+ \ v +\)' 


[ y > 0, Re v > —1, Re k < |] 

ET II 83(7) 


J x v 2/i e M k ^ x 2 J„{xy) dx 

= 2 1 ( § - fc - 3 ^) r ^ y fc +^- 1 e ~ i y2 W a , p Qy 2 ) , 

2a = k — 3/t + ^ + |, 2/3 = k + /i — v — \ 

[y > 0, -1 < Re i/ < 2 Re(fc + /i) - \] ET 1 1 83(9) 

f™x v ~ 2 ^ W k . ± , Qrr 2 ) J v {xy)dx= e^ 2 M a , 0 Qy 2 ) 

2 a = \ + k + v — 3 n, 2/3= | — k + v — y 
[y > 0, R.e^ > —1, Re(^ — 2y) > —1] 

ET II 84(14) 

jTV-^e-i* 2 Qx 2 ) J v {xy) dx 

= 2 1 U +fc ~ 3At+t/) ^~ fc ~ i e Qy 2 ) , 

2a = fc + 3/t — ^ — g, 2(3 = k — /i + v+\ 

[y > 0, Re^>— 1, Re(z^ — 2/t) > — 1, Re (fc — y + \v) < — j] ET II 84(15) 

J x 2 ^~ v e~i x2 M k ^ Qa: 2 ^ ^(®y) dx 

- F ^±a^j«»-«*- ) 1( ^i e -w (^) 

2a = | + fc + 3/i — i/, 2/3 = — \ + k — y + v 

[y > 0, — | < Re/t < Re (fc + — \] ET II 83(8) 

J x 2li ~ v e~^ M k>/i Y v {xy)dx 

= n~ 1 2^ + ^y k ~^^e~i y2 T {2y, + 1) 

X r (5 - k - d) { c °s[(^ - 2y)n} M a , 0 (\y 2 ) 

- sin[(j/ + k — /x)tt] W Q)/3 (§2/ 2 ) | 

2a = 3/x — v + k + 5 , 2 (3 = y — v — k+\ 

\y >0, — 1 < 2Re/i < R.e(2 k + v) + 5 , R.e(2y — v) > — l] ET II 116(44) 
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J x 2/x+v e i* M k ^ (^a: 2 ) Y„{xy)dx 

= 7r -1 2 #<+/ y- # ‘-| r(2yu + 1) 


x r (§ - IX - k) e |cos(2 M7 r) f ^^^3y M a; ^ ( \y 2 ) 

+ sin[(/z — k)n] W (\y 2 ) | 

2a = 3 fi is h - 1 - ^ 5 2/3 = /j, is — /c -|- ^ 

[y > 0, — 1 < 2 Re fi < Re(2/c — is) + Re(2/i + is) > — l] ET II 116(43) 


POO 

/ X ^^e~i ax2 M k >M (ax 2 ) i^(xy) dx = 2^~ k ~^ a^-^ v ^ k) y k -^~i 
Jo 


/ 2 \ / 2 \ 

xr(2/t+l)r(2/x + ^+l)exp(|-) (|-) , 

2k = — 3/t — v — k — 2?ti = /z + i/ — /c+| 

[Rey>0, Rea>0, Re/t>— Re(2/i + i/) > — l] ET II 152(82) 


7.673 


J e -$ax x fa-v-i) M K ^(ax) J v (2 Vbx^j dx 


K -1 1 +n 

b\ 2 


-i( M +i-^) r ( 1 + /i ) e -K. 


r 1 + 


K + ^ 1 + /i 


2 4 y 

Re(l + /t) > 0, Re(teH ~ 2 J~\ > — Im6 = 0 BU 128(12)a 


giax^.i^-1^) ( aa .) j v f 2 Vbx) dx=a~^ 


_ /a\ s^+R+jRt*') 

r(^-«) U; 


x WA s(«+i-^)-i(itm),|(«+^)+j( 1 tm) ( a J 

/i/TU \ 3 1 

Re ( — + k J < - , Re 1 / > — 1 BU 128(13) 
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7.674 


1 . J x p ~ 1 e~^ K J x+V (az 1/2 ) J x . v (ax 1/2 ) W Kll (x) dx 

_ (|a)" A r (I + A + /j, + p) r (| + A - n + p) 
r (i + a + is) r(i + a — v) r(i + a — k + p) 

x 4 ^1 + A, | + A, | + A + // + p, ^ + A — /x — I— /o; 1 —I— A — |— 


1 H - A — Z'', 1 H- 2A, 1 — |— A — k ^5 — Q? 


[| Re ii\ < Re(A + p) + \\ ET II 409(37) 


2. J x p 1 e * K I x+V (ax 1/2 ^) K x _„ (ax 1/2 ^) W k ,n(x)dx 


n 1/2 ^24 f „2 0 ,^h+ V- P,h ~ V- P 
2 4j \ A, v. —A, —v, k — p 


[|Re/z| < Re(A + p) + |Re/x| < Re(^ + p) + \ ET II 409(38) 


Combinations of Struve functions and confluent hypergeometric functions 


7.675 


!■ I H „(x v )dx = -+ G% ( 


2 A r(2/t + l) 22 / y 2 A, mu- A 

/ 2 T(i + fc + ^) G34 V 2 l,k — A — b,h,K 


h = \ + bv, k = b — bv, l = 4 + b> 


[Re(2A + 2/1 + 1 /) > — Re (A; — A) > 0, y > 0, Re(2A — 2k + v) < — |] 

ET II 171(42) 


2. J x 2X+ ?e W k ^(^x 2S j'H. v (xy)dx 


_ 0 i-A-i I y„-l/2,^+i r (l + 5^ + A + /x) r (j + |z2 + A - /x) 

9 r^ + Drd + A-t-H 

f 7 i/ , 7 v 3 3 9 , , y / 

x 3 F 3 ( 1 ,- + - + A + M ,- + - + A- M; -^+-,- + A-fc+- ; ^ y 


[Re (2 A + v) > 2 1 Re /u| — y > 0] ET II 171(43) 


3. J x 2 X+ * e ** 2 W k ,,j, (J^x 2 ^ Tl v (xy) dx 


/l= i + 5 iy ’ K =\-\ v , l =J + \v 

[y > 0, Re(2A + v)> 2|Re/x| — Re (2k + 2A + v) < Re(/c + A) < 0] ET II 172(46)a 


e* x W_ 

2 U 2 ’ 2 ^ 


{x 2 ) H v (xy) dx = 2 " 1 y v Tre* y 1 — $ (^) 


[y > 0, Re v > — 1] 


ET II 171(44) 
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7.68 Combinations of confluent hypergeometric functions and other special functions 

Combinations of confluent hypergeometric functions and associated Legendre functions 

7.681 

1. J + x) fJ ’e~^ x P~ 211 ^1 + 20 M k ^(x) dx 

= - r ( 2/i + 1 ) r ( k _ ^ + u + \) r ( k ~ v ~ I) e ’° 

p=\ — k + n, a = \ + v 

[|arga| < n, Re/z>— Re(fc — p) > |Re v + ^ |] ET II 403(11) 

2. J x^ 1 ^ 2 (a + x)~ ,l e^^ x P~ 2 ^ ^1 + 2 — ^ M k ^(x) dx 

_ r(2/x + l)T (k + p + v + \)T (k + p - v - \) ei a 
T (k + p+\)T(2p + v + l)T(2p,-v) 

[|arga| < n, Re/i> — Re(fc + /z) > [Rev + ||] ET II 403(12) 


3. 


4. 


5 . 


'(a + x)W a* -Pfc +I/ _a (l + 20 da: 

r(i — p — 2v) 


o-j+afc-l .•' e a° W"p, CT (a) 


2a = k + — | 


r(f — k — p — u) 

‘Ip — ^ -T 2p + v — k 
[|arga| < 7r, Re^t < 1, Re(/x + 2z/) < 1] 

ET II 407(32) 



^“"(a + x) 


pi 1 

k+n+is— | 


(l + 20 H7 fcl/ (x) dx 


T (1 - p - 2 i/) 

r(§ - 


+ p^ p<T ( a ) 


2/p = \ — fc + i/, 2a = /c + 2/z + 3^ — | 
[|arga| < 7r, Re^t < 1, Re(/t + 2z/) < 1] 

ET II 408(33) 


J°° x»-l k -h’'~k(a + x^e-i* Q"_ k+ s (l + 20 M k> „(x)dx 

= e ^ F(1 + ^ ^ 4- 2. a ) r (| - fc + , + ,) r ( . +2 p- 2 , +5)e r „ 

2 r(i + fc + M ) p ’ w 

2p = | — k — p + 2r/, 2a = k — 3p — | 
[|arga|<7r, Re/x>— Re(2/U — z/) > — l] 

ET II 404(14) 
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Confluent Hypergeometric Functions 


7.682 


7.682 

1. 


2 . 


3. 


B -l/2 e -ixp-2 M 


1 H — 
< a 


1 / 2 ' 


) 


x) dx 

r(2/t + 1) r (k + \v) r (k — \v — e^ c 


w \-k i + i^a) 


2 2 ^a 1 / 4 r (fc + /x + r (/X + \v + 1 ) r (/x — \v) 

[|arga|<7t, Refc>|Rerx — Refc>— |Re^] ET II 404(13) 


r xiik+ , +v) - 1{a+x) - i/2 e -jx [( 1 + 

jo L v 


1 / 2 ' 


dx 


— c ( 1 - fc +M-^)rr»2^- fc ~ t/ a ?( fc +^-l) ^ ^2 ^(1 + ^(A, + /X + v) l a 

2 a r(ifc + /x+§) 6 


P = i-k-oV, 


a = p + 


[|arga|<7t, Re/x> — Re(fc + /i + i/) > 0] ET II 404(15) 




r ^\l/2' 

1H — ) 
a/ 


Mk,n(x) dx 


= e 


_ r 2(,-,)riQ 2 ,-2,-i i(t +l .-D u r ( 2 ^ + 1) r(i/ + 1) r (fc + /j - 2 v - |) 

e r(fc + M +i) MV<T(a) ’ 

2p=l — k + fi — 2is, 2<t = /c — /x — 2xx — 2 
[|arga|<7t, Re/x>— |, Rei/>— 1, Re(fc + /x — 2v) > |] ET II 404(16) 


4. 


5. 




2/c+/x+2i/— 3 


( 1+ D ! 


Wfc,i/(a;) ^ 


/>°° r / 

l x-i-^ia + xy^e-^ P^ +2u _ 2 
2 **r(l- M - 2 i/) + 


1 + - 


2+ T(1 — /x — 2;/) + i a ... . . 

r /3 , \ a 2 2 2 e2 W„, a {a) f 

1 (i| — K — /I — V) 

2p = l — fc + /x + x/, 2a = k + p + — 2 

[|arga| < 7t, Re/x < 1, Re(/x + 2v) < 1] 

ET II 408(34) 

y/ 2 ! 


a) 


Wk,v(x) dx 


r(| -fc-/x-i/) 


2 + 2 2 ly e 2 0 HJ pcr (a), 2p = p + v — k, 2a = k + p + 2>u — 1 

[|arga|<7t, Re/x>0, R.exx>0] ET II 408(35) 


A combination of confluent hypergeometric functions and orthogonal polynomials 

7.683 s f e~^ ax x a (l — x ) t ^ L ~ 1 L^(ax) M a _ i+<* g-a- 1 [a(l — x)\ dx 
Jo 2 ’ i 

r(/x - a) T(1 + n + a) i+c 
r(l + /x) n\ 

[Re a > —1, Re(/x — a) > 0, n = 0, 1,2,.. .] 


M a+n ±(a) 

BU 129(14b) 
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A combination of hypergeometric and confluent hypergeometric functions 

7.684 J x p ~ 1 e~i x M^ +pP+p+ i(x) 2 Fi dx 

= MaI/hp-m* w . {x) . 

r(J3) T(J3 + 7 + 2p) h 

k = \ — a — \(3 — p, y = \(3 + p 
[|arg A| < 7 r, Re(/3 + p) > 0, Re (a + (3 + 2p) > 0, Re 7 > 0] 

ET II 405(19) 

7.69 Integration of confluent hypergeometric functions with respect to the index 


7.691 

7.692 

7.693 


' —OO 
nioo 


(a/3) 1/2 

sech(7tx) W ixfl {a) W _ ixfi {(3) dx = 2- — exp 

a + p 


--(a + /3) 


/ IOO 

r(-a)r(c-a)4'(a, c; x) Hi (c — a, c; y) da = 2n i T (c) 41 (c, 2 c; x + y) 

-ioo 


ET II 414(61) 


EH I 285(15) 


/ OO 

T(ix)T{2k + ix) W k+ixk _ i(a) W _ k _ ix k _i(/3) dx 

-OO 

= 2'k 1 / 2 T(2k)(af3) k (a + f3)^ 2k K 2k _, 


ET II 414(62) 


/ ioo 

^ + v + y + x)T (\ + v + y - x)T (\ + v - y + x)T (\ + v - y - x) 

-ioo 

x M p+ix ^{a) M p —ix,v {(3) dx 

2t r(a/?) y+ 5 [r(2i/ + l)] 2 T(2v + 2y + l) T( 2v - 2y + 1) 
" (a + (3) 2v+1 T(4z/ + 2) 

[Rez/ > \Rey\ — |] 


^2p,2iy+\{ a + P) 

ET II 413(59) 


7.694 


/ OO 

e - 2 pxi r (i + V + ix) r (i + V - ix) M iXyV {a) M iXiV (/3) dx 

-00 


= tt^/cx/3 [T(2v + l)] 2 sechpexp 


— - (ct + /?) tanh p 


J 2v (^\/ r aj3 sech 
Imp| < |7r, Rez/ > — \\ 


7.7 Parabolic Cylinder Functions 

7.71 Parabolic cylinder functions 


7.711 

1. 


D n {x) D m (x) dx= 0 

= n!(27r) 1 / 2 


[to 7 ^ n] 


WH 
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Parabolic Cylinder Functions 


7.721 


f°° 7t22^+ I/ + 1 ) 

/ Dfj,(±t) D v (t)dt= 

Jo y v 


7r 2i(# t +^+ i ) r i i 

[when the lower sign is taken, Re /i > R.e^] BU 11 117(13a), EH II 122(21) 


mo? a = 


BU 117(13b)a, EH II 122(22)a 


7.72 Combinations of parabolic cylinder functions, powers, and exponentials 

7.721 

/ OO 

e~* x \x - z)- 1 D n (x) dx = ±ie^ n7Ti {2TT) 1 / 2 n\e~i z2 i (^iz) 

-OO 

[The upper or lower sign is taken accordingly as the imaginary part of z is positive or negative.] 

WH 


r v (x~ 


Ty 1)V 1 B„(„x) dx = r ( 


7.722 

1. 


2 . 

3. 11 

7.723 


[Re(/z — v) > 0] 

/•OO 1 

/ / £) I/+1 (x) dx = 2 _ 2^3 y r(jy -i- 1 ) s i n -(1 — u)n 

Jo 4 


D v (a) 

ET II 395(4)a 


-±x 2 

e * x 




[Re ^ > — 1] 

WH 

x'-‘D (x)dx-’ r ‘ /22 ^' _S ‘' rM 

Td/r+izz+i) 

[Re /J. > 0] 

EH II 122(20) 

a:" Z) I/ _i(a;) da; = 2 2!/ T(^)sin 

(H 

[Re v > — 1] 

ET II 395(2) 

x v {x 2 + y 2 ) 1 D v (x)dx=(^j 

1/2 

1 I> 

+ 1 )y"~ 1 ei y2 £>_„_i(t/) 

[Re y > 0, Re^ > —1] 



7.724 


EH II 121(18)a, ET II 396(6)a 

POO . 

/ e - ’ 1 / _1 (j: 2 + i/ 2 ) 2 D„(x) dx = T(v)e^ v D_ u (y) 

Jo 

[Re y > 0, Re v > 0] ET 1 1 396(7) 

jV" 1 (1 - x 2 ) X ~' D_2\~2v{ax) dx = 2*-^ D. 2v {a) 

[Re A > 0, Re v > 0] ET II 395(3)a 

/ OO . >2 2 r- -i 

e e* x D u (x) dx = (2'Kfi) 1 ^ 2 (l — D v y(l — y)~ 1 ^ 2 [0 < Re y < 1] 

-OO L J 

EH II 121(15) 
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7.725 




4. 


5. 


6 . 


v+i 


+ 1 )p v + 1 

[Re v > — 1] 


[Re v > — 1] 

3. J e~ bx D 2n+1 (V2^j dx = {-2) n T{n+\)(b-\) n (b+\)~ n ~ l 

[Re 6 > — |] 


(Vi) 1 e -6x D 2 n (V2x) dx = (—2)" r ( n + ^ ) ( & — ^ ) [b+^ 


i\ i 


i 


2 y v 2y v 2 

[Re 6 > — |] 

1 


J x sx D u {s/x) dx = y/n + 2 ^ 


e -zt t -l+2 D 


2 (to) 1 / 2 


dt = 


[Re s > — | , Re 1 / < l] 

2 l—/3— 1^1/2 r(/3) - /j/ /? ZX + /3+1 


r(^+i/3+i) (z + fc) 2 jF V 2 ’2 ; 2 

Re (2 + fc) > 0, Re f > 0 
& 


Z 100 - (1 + A)* 2 

7.726 / e lxy -—^D, 

J — 00 


(l-A) 1 / 2 rf ; c=(27r) 1 / 2 A^e- i ^ 2 i (A -1 - l) 1/2 t/ 


v-l it 1 / 2 . 


7.727 


f°° e^e -6 * 


/o (e* — 1) M 2 


, a \ n f 2 V“ 

-+4 exp l~r^^J Mcr^ 


) it = e-“ 2 l+ *‘ r(i + ft) D_ 2 „ 

[Re a > 0, Re b > — Re /z] 


7.728 J {2t)-%e~ pt e-£ dt= (^Y 

7.73 Combinations of parabolic cylinder and hyperbolic functions 

7.731 

roc 

1. / cosh (2/zx) exp — (asinhx) 2 D 2 k (2a cosh a; ) dx = 2 k ~^iT 1 ^ 2 a~ 1 W fe iM (2a 2 ) 


[Re 2 a > 0] 


MO 175 

MO 175 

ET I 210(3) 

ET I 210(5) 

ET I 210(7) 

z — k\ 

'J+k) 

EH II 121(11) 

[Re A > 0] 

EH II 121(16) 

(2 Va) 

ET I 211(13) 
MO 175 


ET II 398(20) 
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7.741 


2 . 


cosh(2pa:) exp | (asinha;) 2 ] D 2k (2a cosh x) dx = r ^ fc +|^_^ ^ W k+ i^ (2a 2 ) 

37t 

|arga| < — , Refc+ |Rep[ < 0 


ET II 398(21) 


7.74 Combinations of parabolic cylinder and trigonometric functions 

7.741 

f OO . • 

1- J sin (6a:) | [D_ n _ 1 (ix)} 2 - [D_ n _ 1 (-ix)] 2 j dx = (-l) n+1 — TTv^e - ^ 2 L„ (6 2 ) 

[ 6 > 0 ] 


4. 


5. / e = x cos (6a;) D 2u _i{x) + K 2i/ _i (-a;) 

Jo L 


dx = 


[Re i/ > | , 6 > 0] 

2i- 2u ^b 2u ~h-i b2 

cosec \{v + |) 7t] 

[Re v > | , 6 > 0] 


7.742 


POO 2 

1. / a; 2p_1 sin(aa;)e _4r D 2v (x)dx = 2 u ~ p ~^tt 1 ^ 2 

Jo 


-0-l_ i/2 a _ r ( 2 P + !) 


2 . 


a; 2p 1 sin(aa;)e 4 D 2v (x) dx = 


r(p-i/+l) 

. 1 3 a 2 

x 2F2 (p+2’^+-*-’2’^ _ ^+ 1 ; — -y 
[ReP > - 5 ] 

/„2 ' 


ET I 115(3) 


2. /. 4 - sin(6a:) -D 2 n +i(a;) dx = (— l) n ^J^b 2n+1 e 2& 

[6 >0] ET I 115(1) 

3. J e~i x cos(bx) D 2n (x) dx = (— l) n ^J^b 2n e~^ b [6 > 0] ET I 60(2) 

7*00 

/ e _4X sin(6a:) — a; ) dx = Vorsin [( 1 / — j) 7t] b 2v ~^e~^ b 


ET I 115(2) 


ET I 61(4) 


ET II 396(8) 


2 p “ 


3 . 


' r(- 2 i/) G23 ^ 2 

-P-v,\, 0 J 


[a >0, Rep > - 

2"- p r(2p)7r 1 / 2 

_ ( 11 

T(p~v+\) 2t2 \ p ' p+ 2'2' P 


[Re p > 0] 


ET II 396(9) 

1 _aT 

2 ’ 2 

ET II 396(10)a 
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x 2p l cos (ax)e x * D 2 „(x) dx = ——— G 2 j ~r 


22 ( 2 P’^ P 


7.743 


7.744 


i ^ u.0, — , „ ,023 nr n i 

'0 1 \ 2 | -/O- ^,0, 2 / 

[a > 0, Rep > 0, Re(p + v) < |] 

ET II 396(11) 

/*7r/2 

/ (cosx)- p ~ (since) - " D u (asincr) (acoscc) dx = — (^7t) (1 + p) -1 H M+1/+ i(a) 

Jo 

[Re i/ < 1, Re p < -1] ET II 397(19) 


/»°° 

1. / sin(6x) D_ v _ i (\/2x) — D _ v _\ l—y/2x\ D u _i (V2x) dx 

JO 1 2 V/ 2\ JJ a v / 


= — Vasili [(| + \v) 7t] b " 2 

[5>0] 


J cos (6a;) D_ 2v _ i (^/ 2 x^ + D_ 2u _ i t/2-rj D 2 „_i (V 2 x) dx 


_ y/TTSin [(l 2 - |) 7T 

v'l • P 

[ 6 > 0 ] 


v'lTF' 

ET I 115(4) 


ET I 60(3) 


7.75 Combinations of parabolic cylinder and Bessel functions 


7.751 


7.752 


1. f [D n (ax)] 2 J 1 (xy)dx=(-l) n - 1 y- 1 \D n (y)] 2 [y > 0] ET II 20(24) 

J0 L 'Ct'- 1 

2. J J 0 (xy) D n (ax) D n+1 (ax) dx = (— l)"y -1 D n (^j D n+1 (^j 

[y > 0, |arga| < j7t] ET II 17(42) 

roo 

3. / Jo(xy) D v {x) D v+1 (x) dx = 2~ 1 y ~ 1 [. D v (-y ) D u+1 (y) - D u+1 {-y) D v {y)\ ET II 397(17)a 
Jo 


2 1 2 

1. / aTe - ^ 2 D 2v -i(x) J v {xy) dx = ~-sec(vn)y’'~ 1 e~i y2 [D 2 „^i{y) - D 2v -i{-y)\ 

[y > 0, Rez/>-|] 

ET II 76(1), MO 183 

roo 

2. / x” e* x D 2 v-i{x) J u {xy)dx = 2^~ v 'Ksiu{y'n)y^ lr T{2v)e zV K„(jy 2 ) 

Jo 

[y > 0, -|<Re! 2 <i] ET II 77(4) 

roc i 

3. J x v+1 e~* x2 D 2 v ( x) J v {xy) dx = - secjvit )y u ~ 1 e~i y2 [D 2v+1 (y) - D 2v+1 (-y)\ 


[y > 0, Re v > — 1] 


ET II 78(13) 
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Parabolic Cylinder Functions 


7.752 


4. 


5. 


6 . 


7. 


9. 


10 . 


11 . 


12 . 


13. 


,oo ^ ^ ^ 

/ /e - ! 1 ' £> 2l/+ i(ar) /^(zy) dx = - sec(vn)e~i y2 y" \D 2v {y) + J D 2 ^(— ty)] 

J 0 * 

[y > 0, Re i/ > — |] 

/»oo 

/ a; l,+1 e _ 5 x D 2l/+2 (a:) J„(a;y) cfe = sec(i/7r)y I/ e _ * ! ' [£> 2i ,+ 2 (t/) + D 2v+2 (-y)\ 

Jo 

[Re v > —1, y > 0] 

/»oo 

/ a; l ' +1 e lX Z> 2l/ + 2 (x) J„(xy) dx = n^ 1 sin(z/7r) T(2i' + 3)y _1/_2 e 3!/ K v+1 (|y 2 ) 

Jo 

[y > 0, — l<Rez/< — |] 


ET II 77(5) 


ET II 78(16) 


ET II 78(19) 


/»oo 

/ z'-'e -4 *” D_ 2u (x) J v(xy) dx = 2~ 1/2 t T 1/2 y~ v e~^ y2 I v ( \y 2 ) 

Jo 

[y > 0, Re v > ~\] ET II 77(8) 

/»oo 

/ z'-'e 4 * D_ 2 v{x) J v (xy) dx = y v ~ 1 e^ v D_ 2v {y) [Rei/>-§, y > 0] 

Jo 

ET II 77(9), EH II 121(17) 

/»oo 

/ /e** 2 D- 2 v- 2 O) J v (xy) dx = ( 2 z/ + 1 )~ 1 y v e* v * Z)_ 2i ,-i(y) 

Jo 

[y > 0, Re ^ > — 5 ] ET II 77(10) 


a^e 4 “ * D 2/X (ax) J v{xy) dx = 


2 m_ 3 r (i/ + I) y" „ 1 IT 


r(i^ — y + l)a 1+2l/ iFi ^ + 2 ; ^ /Z+1;_ 2^ 

[y > 0, |arga| < jTt, Rez/>-|] 

ET II 77(11) 


F 00 ! 2 2 r (J + v) a 2k 2 m+y y* 

/ x v e* a x D 2fl (ax) J u (xy)dx= — — -3— e^ 2 W k , 

Jo T (k-n y ^+2 


y 

4 a 2 


(§-/*) S'" 

2 fc = 5 + y, — v, 2m = \ + y + 1 / 
[y > 0, |arga| < j7t, — | < Re v < Re (| - 2/x)] 

ET II 78(12) 

[y > 0 , |arga| < |tt, Rez/>-l] 

ET II 79(23) 


J Q xV+le Wx2 D ^(ax) J v {xy) dx = r ^ ^ ^ + + 3 x ^ +2 1 F 1 (t/ + ^ - M + 


x^ +i e 4 a ^ D 2 n(ax) J v (xy) dx = 


r (§ + !/) 23+-+M a 2fc+l ^ ( y 


T(-y)y ^+2 eS ^ ^ fc ’ m \^ 2 a 2 

2k = n — v — 1 , 2 to = y + z^ + 1 

[y > 0 , |arga| < | 7 t, — 1 < Rez^ < — 5 — 2 Re /./] 

ET II 79(24) 



7.754 


Parabolic cylinder and Bessel functions 


847 


14 . 


15 . 


16 . 


17 . 


18 . 


x A +2 e l a x jj ^ ax) J v {xy) dx = 


2 A_ 5^7r _ 5 „ 2 / y 


r(— m) 2/ a+ 2 Gl3 ^2 a 2 
[y > 0, |arga| < |7r, Re^u. < — Re A < Re v + |] ET II 80(26) 


,1 


1 

2 

3 | \+v /i 3 | A — 17 

4 ' 2 ’ _ 2" ’ 4 2 


poo 

/ a^e*® 2 D_ 2l/ _ 1 (a:) J v (xy) dx = (2i/ + l)?/' - ^*' 2 D_ 2v _ 2 (y) 

Jo 

[y > 0, Re v > — |] 

/•OO i 

/ a; 1 ' -1- ^ - ^ 2 D_ 2 v~z{x) J v (xy) dx = 2~ 1 ^ 2 TT 1 ^ 2 y^ v ~ 2 e~^ v I v+1 (\y 2 ) 

Jo 

[y > 0, Re v > -1] 

pOO 

/ x v+1 e* x2 £>_ 2v -s{x) J v (xy) dx = y v e* y2 D- 2v - 3 ( 2 /) 

Jo 

[y > 0, Re v > -1] 

P OO 2 

y o Di v _i (ax) Y v (xy) dx = -TT^^+aa-"^ 1 1> + l)eib 

[y > 0, |arg a| < |7t, — | < Rei/ < |] ET II 115(39) 


ET II 79(20) 


ET II 79(21) 


ET II 79(22) 

y 2 


7.753 


POO 1 

1. / a; I ' - *e _ ( a:+0 ) 7„_i (2ax) D„{2x) dx = -7r -1 / 2 r(^)a l/_ s D_ v (2a) 

Jo 2 2 

[Re a > 0, Rei/>0] ET II 397(12) 

7*00 1 

2. / aj I ' _ *e _ (® +0 ) I u _3{2ax) D„{2x) dx = -'x^ 1 ^ 2 T{v)a u ~i D_ u {2a) 

Jo 2 2 

[Re a > 0, Re z/ > 1] ET II 397(13) 

7.754 

pOO 

1. / a^e - ^® {[1 =F 2 cos(i/7t)] -D 2 „-i(a;) - 7} 2l /-i(-a:)} Jv{xy) dx 

Jo 

= ±y v ~ 1 e~* v {[It 2cos(^7t)] D 2v -i(y) - D 2u -i{-y)} 
[y> 0, Re^>-|] ET II 76(2, 3) 

pO O 

2. / x v e~^ x {[1 t2cos(ixk)\ D 2 „ +1 (x) - D 2 i/+1 (-x)} J u (xy) dx 
Jo 

= Ty v e~i y {[1 T 2cos(i/7t)] D 2v {y) + D 2v (-y)} 
[y> 0, Rei/>-|] ET II 77(6, 7) 

p OO 

3. / a; iy+1 e _ 3 :E {[1 ± 2cos(^7t)] D 2v (x) + D 2v {— a;)} J v {xy) dx 

Jo 

= ±y u ~ 1 e~i y2 {[1 ± 2cos(^7t)] D 2v+1 (y) - D 2v+1 (-y)} 
[y> 0, Re v > — 1] ET II 78(14, 15) 
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7.755 


/»oo 

4. / x v+1 e~* x {[1 =F 2cos(^7t)] D 2u+2 {x) + D 2 „ +2 (-x)} J„(xy) dx 

Jo 


= ±y"e * y {[1 =F 2 cos (^ tt )] D 2 „ +I (y) + D 2v+2 (-y)} 

[y > 0, Re v > — 1] ET II 78(17, 18) 


7.755 

1 . 


2 . 


3. 


4. 


5. 


/»oo 

/ a; -1 / 2 D„ (y/ax) (-^/aa;) Jo(xy) dx 

Jo 

= 2- 3 ' 2 na~ 1 ' 2 P l 


1 + 


4 j / 5 


2 \ 1 / 2 ' 


Pf 


1 + 


4y 5 


,2 \ 1 / 2 ' 


ET II 17(43) 


[y > 0, Re a > 0] 

J x 1/2 D_i_„ (ae^a; 1 / 2 ) D_ i_„ (ae~i vi x 1/2 ^j J v {xy) dx 

= 2 - V/V- 1 (a 2 + 2y)- 1/2 [r („ + i )]’ 1 [(a 2 + 2y) 1/2 - aj 

[y > 0, Rea > 0, Re^>-4] ET II 80(27) 


a J 0 D -l-v (aei m x 1/2 ) D_x_ v ( 


ae-i ni x ~ 1/2 


) J„(xy) dx 

= 2 1 /V/V 1 [r( I ,+ i)]- 1 exp[-a( 2 2/ ) 1 /2 
[y > 0, Rea>0, eRe^>— |] ET II 80(28) 


ay 1/2 - \ {v- |)tt 


J x 1 ^ 2 D u _i (ax ^ 2 ) D_ v _x (ax ^ 2 ) Y u (xy) dx 

= y~ 3 ^ 2 exp (—ay 1 / 2 ) sin 

[y > 0, |arga| < j7r] ET II 115(40) 

J x 1 / 2 D v _ i (aa: -1 / 2 ) D_ v _x (aa: -1 / 2 ) K v (xy) dx = 2 _1 y~ 3 / 2 7texp — a(2y) 1 / 2 

[Re y > 0, |arga| < j7t] ET II 151(81) 


Combinations of parabolic cylinder and Struve functions 


7.756 


POO 

/ [D m (x) - ®)] H 7 y (x?/) dx 

Jo 


r ^ + 1) 

[ 7 / > 0, Re(n + z/) > — §, Re/x>— l] ET II 171(41) 


2/ M+!y sin ( ^71 ) lPi ( + \\ \y + v + 1; -^y 2 



7.773 


Integration of a parabolic cylinder function 
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7.76 Combinations of parabolic cylinder functions and confluent hypergeometric 
functions 


7.761 


1. J e^V c 1 !Fi (a;c;-^pt 2 ^J 


t r 1 / 2 r(2c)r(ij/-c + a) fill \ 

1 71 — i — 7 i i — 7 F \ a, c+-;a+- + -r/;l— p 

2 c +3-r(ir/)r(a+ | + \v) V 2 2 2’ V 

[|l-p|<l, Re c > 0, Rei/> 2Re(c-a)] EH II 121 ( 12 ) 


2 . J t 2c 2 D- V (t) 1 F 1 ^a;c;-^pi 2 ^ dt 

7 T 1 / 2 r( 2 c- 1 )T (|j/+ | -c+o) 


r( 2 c-l)r(^+,-c+a) / l 1 \ 

2 c +M r(i + ^)r(a+^) V 2’ a+ 2^’ i 

[|l-p|<l, Re c > 5 , Re > 2 Re(c — a) — l] EH II 121(13) 


7.77 Integration of a parabolic cylinder function with respect to the index 


7.771 


7.772 


f°° 1 / 7T N 1 / 2 ( 

/ cos (ax)D„ i (3) D _ i(/?)dx=-( exp - 

Jo v ' * 2 V y * * v ' 2 V cos a J V 


/ 3 2 cos a 


7.773 


[M < 5? 

[M > I? 


ET II 298(22) 


J_i_ ioo cos|^ v / v / 


+ ^ COt ^ 0-*-i (e^e) £>„ 

sm V / V / smi 77 T 

= — 2i(27r) 1 / 2 exp \—\i (£ 2 — rj 2 ) costp — ^ifrjsiiup] 

EH II 125(7) 


2. (_ e i-c) («■".,) 

J-i-ioo cos ^09 V / V / 


-2iD 0 e* l7T (Ceos + 77 sin D-\ e*™ (rycos — Csin 

EH II 125(8) 


pc+ioo 1212 7 T" 

1. / D u (z)t u r(— 12 ) dv = 27rie~3 z c < 0, |argf| < — EH II 126(10) 

J C— 700 L ^ J 
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7.774 


/»c+ioo 

2. / [D v (x)D- v ^ 1 (iy) + D v (-x)D- v _ 1 (iy)] 

J C — 200 


dv 


sin(— vir) 


2iri 


(?) 


1/2 


(l + t 2 ) 2 exp 




-1 < c < 0, |argt| < -7t 


1 + f 2 _ 

EH II 126(11) 


/»c+ioo 

7.774 / D v 

J c — 200 


fc 2 (l + i)£ 


D-u-i 


k h (i + »)„] r (-|i/) r (| + ii/) dv=2 1 ' 2 • ** h { 2) [\k (e + v 2 )} 

[— 1 < c < 0, Re ik > 0] EH II 125(9) 


7.8 Meijer’s and MacRobert’s Functions ( G and E) 

7.81 Combinations of the functions G and E and the elementary functions 


7.811 

1 . 



d \ 5 ••• ? CLp 

b 1 ,...,b q 


r'W 



1 

V 


^ n+/x,m+i7 
'- T q-\-cr,p-\-T 


subject to the following constraints 



dx 


61 , •• 

• i ^1 1 • • 

• 1 Ccri 

^m+li • • 

• ? bq 

« 1 , • • 

• 1 di , . . 

• 7 d T , 

&n+l 1 • • 

• ? a p 


• m, n, p, q , p, v, a, r are integers; 

• l<n<p<g<p+r — cr 

• 5P+59 — n < m < q, 0 < v < cr, |cr+|r — v<p<r 

• Re (bj + dk) > — 1 (j = 1, . . . , to; k = 1, . . . , /z) 

• Re (a,j + c fe ) < 1 (j = 1, . . . , n; k = 1, . . . , r) 

• w ^ 0, 77 ± 0, | arg 77 1 < (to. + n — \p — \q) 7r, |arg w| < (/z + v — — \t) tt 

• The following must not be integers: 

bj ~b k {j = 1, • • • , to; k = 1, . . . ,to; j ± k ) , 

aj -a k {j = 1, • • • , n; k = 1,. . . , n; j ^ fc) , 

dj - d k (j = 1, • • • , /z; fc = 1, - • • , m; j ^ k ) , 

aj + d/t (j = 1, . . . ,n; k = 1, . . . ,n) .; 


• The following must not be positive integers: 


aj~b k (j = 1, . . . , n; k = 1, . . . , m) 
Cj-dfc (j = 1,.. = 1,. ..,/t) 


Formula 7.811 1 also holds for four sets of restrictions. See C. S. Meijer, Neue Integraldarstel- 
lungen fiir Whittakersche Funktionen, Nederl. Akad. Wetensch. Proc. 44 (1941), 82-92. 

ET II 422(14) 

Hereafter, G™,) n will be written as and commas will only be inserted in entries like 

G'p+'Cq+i> where their omission could cause ambiguity. 



7.811 


G and E and the elementary functions 
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2 . 


x p 1 {l-x) a 1 G™^ dx =r(CT)G™+i++! 


1 p, ai , . . . , dp 

bi,...,b q ,l-p-cr 


where 


• ip + q) < 2 (to + n) 

• |arga| < (to + n — \p — \q) tt 

• Re ( p + bj) > 0, j = 1, . . . , to 


• Rea > 0 

• either 


p + q < 2 (to + ?i), |arga| < (to . + n — |p — gg) 7r, 
Re (p + bj) >0; j = 1, . . . , to; Re cr > 0, 

p 4 


Re 


“ X) b i + ( p ~ q ") (p ~ ^ 

j=i i=i V 


1 

> _ 2 ’ 


or 


p < q (or p < q for |a| < 1) , Re (p + bj) > 0; j = 1, . . . , to; Re cr > 0 


x p {x-iy 1 Gy q n (ax dx =r(CT)G™+i(’+i 


ET II 417(1) 


Cl\ ? ? Op, P 

p-a,b b q 


where 


• p + q < 2 (to. + n) 

• |arg a | < (to + n — \p — \q) n 

• Re (p — cr — dj) > — 1; j = 1, . . . , n 


• Rea > 0 

• either 


p + q < 2 (to + ra), |arga| < (to + n — |p — |g) 7r, 
Re (p — cr — ctj ) > — 1; j = 1, . . . , n; Re cr > 0, 

p « 

H a :i ~ H h J + {q-p)[p- 


Re 


i=i i=i 


1 

CT+ 2 


> 2 ’ 


or 


g < p (or q < p for |a| > 1) , Re (p — cr — dj) > — 1; j = 1, ... ,n; Re cr > 0 


ET II 417(2) 


x^G™” ( ax 


n?= i r(b j +p)W 1 T(l-a j -p) 


dx = 3= 

\h,..-,b q J llj=ro+1 - 

p + g < 2 (to + n), |arg a\ < (m + n — \p — \q) 7 r, — min Re bj < Re p < 1 — max Re dj 


ni^rti-irrinUrrh + P) 


ET II 418(3)a, ET I 337(14) 
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7.812 


5. 


x p 1 (® + /3) 


Jo 

where 


—a ran 
^ PQ 


ax 


O' 1 1 • 5 Up 

^1 ? • • • 5 bq 


dx = 


p p ~ 


r(a) 


G 


m+l,n+l 

p+l,q+l 


a/3 


1 p, tti , • • • , (ty 

O' - p,bi, ...,b q 


• p + q < 2 (in + n) 

• |arga| < (to + n — \p — 7t 

• | arg /3 1 < 7t 

• Re ( p + bj) > 0, j = 1, , . . , to 

• Re (/o — <r + cij ) <1, j = 1, . . . , n 

• either 


p < q, p+q<2(m + n), |arg a\ < (to + n — \p — ^q) n, |arg/3| < 7t 
Re (p = bj) > 0, j = 1, . . . , to, Re (p — a + aj) < 1, j = 1, . . . , n, 


p q 



7=1 7=1 


(«-p) 



> 1, 


or 


p>q, p + q<2(m + n ), |arg a| < + n — -p — -qj n, |arg/3| < 7t, 

Re ( p + bj) >0, j = 1, . . . , to, Re (p — <r + aj) < 1, j = 1, . . . , n, 
p q 


Re 


H a 7 ~ H h j + (P ^ ?) P ~ « 


7=1 7=1 


> 1 


ET II 418(4) 


7.812 


1. J a^-^l - a;) 7_/3_1 £ (ai,. . , . 


Qp : pi , . • • , pq 


— ) dx 


0 


= r(7 — /3)to /3 7 £(ai,...,a p+m : pi,...,p q+m : 2) 

/3 + fc— 1 7 + fc— 1 

1 1 ^ 1 ? • • • 5 ^ 

m m 

[Re 7 > Re /? > 0, to =1,2,...] ET II 414(2) 


/»oo 

2. / ;r p_1 (l + a:) _,T 1? [ai, . . . ,a p : pi , . . . , p q : (1 + a;) 2] dx 

Jo 


= r (p) E (ai, . . . ,a p ,a — p-, pi, . . . , p q ,cr; z) 
[Re a > Re p > 0] ET II 415(3) 
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3- {"(I + 


ax 

1 + x 


di , . . . , dp 

h,...,b q 


) da:= T(/3 - s) G™+i^+ 1 


1 s : a i , . . . , cip 
bi, — , b q ,l — (3 


— min Re bk < Re s < Re /3, 1 < fc < to; (p + q) < 2 (?n + n) , 

|arg o| < (to + n — \p — \q) 7r 

ET I 338(19) 


7.813 

1. 


r~Pp-px r* mn 
C tr pij 


a# 


(2l , . . . , ttp 

bi,-..,b q 


dX =P p ~ l G ^ 


a 


p, tti , . . . , cip 

h,...,b q 


p + q < 2 (in + n), |arga| < (to + n — ^p — \ q ) 7T, 
|arg/3| < Re {bj - p) > -1, j = 


2 . 


0 ~/3x 


r mn ( 2 a l>---) a p\ j -1/2 0-1 r ,m,n+2 / 4 a u, 2 > “ 1 > • • • > “P 

^ P G U 2 6i 


ET II 419(5) 

2? ®1: • • • i & 
bl , ■ ■ • , bq 

p + q < 2 (to + n), |arga| < (to + n — \p — \q) 7 r, 
|arg/3| < Jtt, Re6j > j = l,...,m 


ET II 419(6) 


7.814 


/»00 

1. / x^~ 1 e~ x E {ai, . . . ,a p : pi, . . . , p q : xz) dx 

Jo 


= 7rcosec(/37r) 


# (ai, . . . , a p : 1 - /3, pi, . . . , p q : e ±l7T z) 


— z @ E (ai + f3, . . . ,a p + (3 : 1 + f3, p\ + (3 , . . . , pi + (3 : e ±l7r z ) 

[p > q + 1, Re (a r + /3) > 0, r = 1, . . . ,p, |arg 2 | < n. The formula holds also for p < q + 1, 
provided the integral converges.] ET II 415(4) 


POO 

2. / x l3 ~ 1 e~ x E (ai, ..., a p : pi , ..., p q : x~ m z) dx 

Jo 


= ( 27 t )2 2 m m 13 2 E (a 1; . . . ,a p+m : pi, . . . ,p q : m m z) 


^ j ^ 

Re/3>0, a p +k — , k = l,...,m\ m= 1,2,... 


ET II 415(5) 


7.815 

1. 


sin (cx)GZ L q n ( ax 


a\ ? ? ap 

bi,...,b q 


1 / — —1 ^m,n+ 1 / 4ct 

dx=^TTC G p +2,q ( 


0, ai, . . . , a, 1 


-‘'P? 2 


bl,...,bq 

[p + q < 2 (to + n), |arga| < (to + n — |p — 7r, 

c > 0, Re bj > — 1, j = 1,2,..., to, Re oy < j = 1, . . . , n] 

ET II 420(7) 
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' cos(cx) c- («*’ | *■/ v ($ | ° ) 

[p + g < 2 (m + n), |arga| < (to + n — |p — |g) n, 
c > 0, Re6j > — j = Re < 2 , j = l,...,n] 

ET II 420(8) 


7.82 Combinations of the functions G and E and Bessel functions 


7.821 


r x ->>J v (2VS)G™(ax dx=G%Z 1 ( a ? ^V ai, "' , ° P ’ P+ ^ N ) 

Jo \ ^1 5 • • • ? Oq J \ , . . . , bq J 

p + q < 2 (to. + n), |arg a\ < ( m + n — \p — \q) ^ r 


— j ~F max Re as,- < Re p < 1 + b Re v + min Re 6, 

l<i<n J A l<l<m J 

ET II 420(9) 


J x p Y v (2y/x) G™q (ax 


CL \ , . . . , CLp 

bi,...,b q 


x p K v (2 s/x) G™q [ax 


_ n m,n+ 2 ( p ~ \v, p+ \v, ai ,.. . ,d p ,p+ \ + \v \ 

-G p+3 , g+1 ^ 6i) _ bqp+1 _ +1 _ u J 

p+ q < 2 (to + n), |arga| < (to. + n — |p — \q) 7 r, 
— | + max Re aj < Re p < min Re bj + \ |Re v\ + 1 

l<j<n 

ET II 420(10) 

^p\ ^ G m,n ~ ^~ 2 ^ ^ ^ 2 ^ ‘ * 5 ®P ^ 


°1 , • ■ • , a p \ , 1 „ m,n+2 ( P 2 V i P 

bi ,-..,b q J ax ~2 G r+ 2 ’0 \ a 6U..-..6, 


p + q < 2 (to + n), |arga| < (to . + n — |p — |g) n, 
Re p < 1 — 1 1 Re v\ + min Re 6, 

2 l<l<m 


ET II 421(11) 


7.822 




^ ^ m,n+l / 4A I /l, ttl , . . . , tip, k 


2p+l^P+2,q 2 k 


y 2 \ bl, ... ,b q J 

h=^ — p—\v, k=\~p+\v 


p + q < 2 (to + n), |arg A| < (to + n — |p — |g) 7t, Re (bj + p + \v) > 

j = 1,2,..., m, Re (a 7 + p) < §, j = l,...,n, y > 0 


ET II 91(20) 
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J^x 1 ' 2 Y u {xy)G™ n (\x 2 


Cll , . . . , CLp . 

, , I dx 

Ol, ■ ■ ■ , 0 q 


- r n+2 ' m — 

— (ZA) 1 ! <-r g +l,p+3 


1 _ u 1 _ u / 

2 y l r ■ • i 2 Ug , l 

^5 2 ^1 j ■ ■ * j 2 ^ 


h — ^ T~ 2 ^ 9 ^5 ^ — 4 — 2 ^ 


p + q < 2(m + n), |arg A| < (to + n — \p — Jq) 7t, y > 0, 


Re % < 1, j = 1, • • • , n, Re (6j ± , j = 1, . . . , i 


ET II 119(56) 


J x 1/2 K v (xy)G™q (\x 2 


d\ , . . . , dp 


bi,...,b q 


dx 


_ 9-3/2 \-l/2„ ,-1/2 ^,n+2,m / 

- z A 2/ Lx gjP+2 I 4A 


1 _ u 1 _ u 

2 up, . . . , 2 Uq 


h, k, \ - Oi, . . . , | - a p J 
h = 3 + \v, k =\~\- 

Rey>0, p + q<2(m + n ), |arg A| < (to + n — \p — Jq) tt 

Reb 3 > 2 1 R e v — {, j = 1, . . . , m 

ET II 153(90) 


7.823 

1. 


2 . 


/»oo 

/ a;^ -1 Jjx(a’) i? (ai, ... ,a p : pi, : a: _2m 2 :) dx 

J o 

= (27r)- m (2rn) /3 - 1 {exp [|tt (/? - ^ - 1) i] E [ai, . . . , a p+2m : p 1 ,...,p q : (2m)~ 2m ze~ mm ] 

+ ex P [~\AP - ^ ~ !)*] # [ai, . . • ,a p+2m : pi,...,p q : (2m)~ 2m ze m7Tl ] } , 

(3 -\- v -T 2k — 2 /? — v 2k — 2 

Qp+k — 2/rri ’ Q'p+m+k = 2/rn 7 kn ~ 1 , 2 , . . . , 5 k = 1 , . . . , ui 

[Re(/3 + ^) > 0, Re (2a r m — f3) > — | , r = l,...,p] ET II 415(7) 

poo 

/ a;^ -1 TT^a) E (ai , . . . ,a p : pi, . . . , p q : x~ 2m z) dx 

Jo 

= (27r) 1 - m 2 /3 - 2 ?n /3 - 1 

x E [oi, . . . , a p+2 m : pi,...,p q : (2?n) _2m t:] , 

(3 - \~ 2k — 2 [3 — v -T 2k — 2 i o 

^p+fc — 2 m 7 ^p+m+/c — 2 m 7 ^ ^ 

[Re/? > |Rei/|, m = l,2,...] 

ET II 416(8) 
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7.824 

1. 


2 . 


J a: 1/2 Hj, (xy) G ™ q ^Aa; 2 


a i, 
bi 


! • • • ) bq 


dx 


= (2At / )- 1 /2 G «+W(|- 


/ , 2 b\ i • • • ? 2 

Z, | — oi, . . . , 2 — dp, h, k 


, 1 v 1 v Z v 

h= 4 + r fc= 4~2’ /= 4 + 2 


p + q<2(m + n), |arg A| < (m + n — — \q) n, y> 0 

Re a,j < min (l, ^ , j = 1 , . . . , n, Re (2 bj + v) > — §, j = 1 , . . . , m 


ET II 172(47) 


J x- p U„ (2Vx)G™ (ax 


CL\ , . . . , dp 

bi,...,b q 


dx 


= G 


m+l,n+l 

p+3,g+l 


a 


P- | - ^,ai,...,a p ,/9+ fzA 

P 2 2^’ ‘ ‘ ' 4 b q J 

p+ q < 2 (m + ?i), |arga| < (m + n — — |q) 7t 


I 3 p ^ 

max — , Re 

1 4 2 


+ max Re a, < Re p < min Re 6,- + h Re v + 

1 <j<n J 1 <j<m J ^ 

ET II 421(12) 


7.83 Combinations of the functions G and E and other special functions 


7.831 


J x p (x-l) a 1 F (k + a - p, A + a - p; a; 1 - x) G™ q (^ax 

= T (a)G 


dx 


m+2,n 

p+2,<?+2 


where 


• Re 


Cl\ 5 ... ? CLp 

bi,...,b q 

ai , . . . , a p , k + A + cr — p, p 
k,X,b!,...,b q 

ET II 421(13) 


a 


p q / 1 

5Z b i + (« - p) k + ~ 


3 = 1 j = l 

P 9 


• Re I a 3 ~ b 3 + (q ~ P) ( A + ^ 

3=1 3 = 1 

either 


1 

> ~2 


1 

>-2 


p + q < 2 (m + n), |arga| < (m + n — \p — |g) 7r, 
Re a > 0, Re k > Re A > Re aj — 1, j = 1, . . . , n, 
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7.832 


or 


p + q < 2 (to + n), |arga| < (m + n — \p — \q) 7 r, 
Re cr > 0, Re k > Re A > Re aj — 1 , j = 1, . . . , n, 


pOO 

/ x /3 ~ 1 e~i x W K ^(x) E (oi, ...,a p :pi,...,p q : x~ m z ) dx 

J o 

= (27T )5-5 m TO /3+K_ 5 £ (ai, . . . ,a p+2m : Pi , . . . , p q + m ■ m~ m z ) , 


^p+fc — 


/3 + k + p — i 


^■p+ra+fc 


(3 — p + k — \ 


l Pq+k 


(3 — «; + k 


[Re f3 > | Re p| — | , to = 1, 2, . 


k = 1 , . . . , to 

.] ET II 416(10) 
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8-9 Special Functions 


8.1 Elliptic Integrals and Functions 

8.11 Elliptic integrals 


8.110 

1. Every integral of the form J R ^ x , \/ P(x)j dx, where P(x) is a third- or fourth-degree polyno- 
mial, can be reduced to a linear combination of integrals leading to elementary functions and the 
following three integrals: 


f dx [\f 1 — k 2 x 2 f dx 

J y/(l - x 2 ) (1 - k 2 x 2 ) ’ J ~7T = W X ’ 1 (1 - nx 2 ) - x 2 ) (1 - k 2 ^ f 

which are called respectively elliptic integrals of the first, second, and third kind in the Legendre 
normal form. The results of this reduction for the more frequently encountered integrals are 
given in formulas 3 . 13 — 3 . 17 . The number k is called the modulus* of these integrals; the number 
k' = \/l — k 2 is called the complementary modulus, and the number n is called the parameter of 
the integral of the third kind. BY (110.04) 


2 . 


3. 11 

4 * 


By means of the substitution x = sin p, elliptic integrals can be reduced to the normal trigono- 
metric forms 


dtp 


\/l ~ k 2 


sin 2 p 


J \Jl — k 2 sin 2 tp dp, 


dp 

(l — nsin 2 p) y/l — k 2 sin 2 


BY (110.04) 




The results of reducing integrals of trigonometric functions to normal form are given in 2 . 58 — 
2 . 62 . 


Elliptic integrals from 0 to 1 in the 8.110 1 formulation (or from 0 to — in the 8.110 2 formu- 
lation) are called complete elliptic integrals. 


Take note that in mathematical software, and elsewhere, the notation for elliptic integrals is often 
modified by replacing the parameter k 2 that is used here with k. 


8.111 

Notations: 

1. Ac p = \Jl — k 2 sin 2 p\ k' = \/l — k 2 ; k 2 < 1 

*The quantity k is sometimes called the module of the functions. 


859 



860 


Elliptic Integrals and Functions 


8.112 


2. The elliptic integral of the first kind: 


F(ip,k) = f 
Jo 


' 1 - k 2 sin 2 a Jo y / ( 1 “ x 2 ) (1 ~ k 2 x 2 ) 


3. The elliptic integral of the second kind: 


sm< Vl ~k 2 x 2 


rv / r sln v / 1_ 

E(ip, k)= v 1 — k 2 sin 2 a da = / — 

Jo Jo vl 


FI II 135 


4. 11 The elliptic integral of the third kind: 


n (<p,n,k) = 

Jo 


5. D(ip, k) = 


Jo (l - nsin 2 ct) \/l - A: 2 sin 2 a Jo (1 - nx 2 ) v(l - x 2 ) (1 - k 2 x 2 ) 

BY (110.04) 

F(tp,k) -E(<p,k) _ f v sin 2 a da _ f sinv x 2 dx 

k 2 Jo \fl-k 2 sin 2 a Jo \/{l - x 2 ) (1 - k 2 x 2 ) 


r /2 dx 


'0 \J a 2 + sin 2 x 


arctan 


'a 2 + sin 2 x ) ^ M 


F arcsin 


z 2 + b 2 + 1 / & 


[a and 6 are real] 


8.112 Complete elliptic integrals 

1. K(k) = F^,k) =K’(k') 

2. E(k)=E(^,k) = E'(k') 

3. K\k) = F(^,k')=K{k') 

4. E'^^E^k') =E{kf) 


5. D=D 




In writing complete elliptic integrals, the modulus fc, which acts as an independent variable, is often 
omitted, and we write 

K(=K(k)), K'(=K\k)), E(=E(k)), E'(=E\k)). 

Series representations 


8.113 


1. K=-il + - ) k 


(2n — 1)!! \ 2? i 

2"n! / 




FI II 487, WH 499 
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2 . 

3. 

8.114 

l. 6 

2 . 

3. 

8.115 

8.116 

R 



See also 8.197 1 and 8.197 2. 



DW 


E = 


7 T 


l _ ^ fc 4 

2 2 k 2 2 • 4 2 k 


(2n- 1)!! 
2"n! 


K 

2n — 1 


_L JL 




1; k 


E 


(l + jfeOTtf 1 /l-fc'\ 2 l 2 / 1 /t' \ 4 

4 j + 2 2 Vm 7 y + 2 2 -4 2 Vl + fc 7 + 


£= 1 + 


1 


2 

l 2 • 3 2 • 5 
2 2 • 4 2 • 6 


In — - — 
k! 1-2 


ln F 


l + k’ 

) + 

2 2 • 4 2 

| k ,2 + 

l 2 • 3 

( In ' 

V k’ 

2 2 • 4 

2 

2 

1 ' 

1 • 2 

3-4 

5 • 6 


(2n — 3)!! 
2™?r! 


2 1 
’ 1^2 ~~ 3^4 

k' 6 + ... 


i.i 4 



n 2 


fc2(n-l) 

where 


fc ,e 
' 16 
15fc'" 8 
~ 256 


7 


1 


16 n' 2 

37 21 


+ [P + 


1\ 1 


1 

^72 


6 J n' 3 \8 n'“ n 

1\ 1 


144 40?i' 5 


JL JL JL U 

„,4 ”M 7 * + e „,3 1 24 


n 


20 n' 2 
V 2 


n 


1 

74 


14 

3n ,f 


p = In — . k' = 4e p , k' 2 = l — k 2 
k' 


_/2 


2 ’ 2 ’ 

WH 518, FI II 487 

2n 1 


i-fc'Y 
i + fc' / 


DW 


DW 

ZH 43(158) 
ZH 44(163) 


= 1 - n 2 


ZH 44(163) 
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Trigonometric series 

8.117 For small values of k and p, we may use the series 


1. 


2 / 2 2-4 

F(p, k) = —Kip — sin ip cos p ( ag + -ai sin 2 ip + - — -a 2 sin 4 ip + . . . 

7r V 3 3*5 


a-o = —K 1; a„ = a„_i - 
ir 


(2n- 1)!! 
2 n n\ 


2 • 4 

2. E(p,k) = — Ep + sin ip cosip ( b 0 + -bi sin 2 p H & 2 sin 4 p + . . . 

- 3-5 

(2n — 1)!! 

2™n! 


b 0 1 E, b n b n — i 


2n — 1 


where 


where 


ZH 10(19) 


ZH 27(86) 


8.118 For k close to 1 , we may use the series 

1. F( v ,k)= 2 -K 

7t V 2 4/ cosv? V 


2 2-4 

Og — -a^ tan 2 95 + - — -02 tan 4 p — . . . 

o o ’ u 


= -K- 1; 


— ^n— 1 


(2n- 1)!! 
2 n n! 


2. E(p,k) = ^ (if' - ^)lntan 


tan pi,, z . o z • n , / \ i n r^5 — 7 

H £>1 — - b 2 tan p + - — -b 3 tan p — ... \ + — 1 — cos p 1 — k z si 


cos p 


2-4 


3-5 


1 


where 


ZH 10(23) 


where 


b’ 0 = -(K -E)M n = b’ n _ 1 - 


(2n — 3)!! 

2 ri ~ 1 (?i — 1)! 


sm p L 


2n-l 


2 n 


l/ 2 n 


* sm cp 


ZH 27(90) 


For the expansion of complete elliptic integrals in Legendre polynomials, see 8 . 928 . 


8.119 Representation in the form of an infinite product: 

OO 

1. K(k) = ^ (1 + k n ) , where 

n= 1 

1- -v/i- 

l- — V . 

'm j 5 

1 + y 1 — ^ra-1 

See also 8 . 197 . 


/c 0 = k 


FI II 166 
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8.12 Functional relations between elliptic integrals 


8.121 

1. F(—<p, k) = — F{ip, k) 

2. E(—ip, k) = — E(ip, k) 

3. F (n7t ± tp, k) = 2 n K(k) ± F {ip, k) 

4. E {nn ± ip,k) = 2 n E{k) ± E (tp, k) 

8.122 E(k) K'(k) + E'(k) K{k ) - K{k) K'{k ) = | 

8.123 

1 dF 1 ^ E—k' 2 F k sin ip cos tp ^ 

dk k' 2 y k sj\ _ fc 2 si n 2 tp J 

dKjk) _ E{k ) _ K{k) 
dk kk 12 k 
dE _ E — F 
dk k 

dE{k) _ E{k) — K{k) 
dk k 

8.124 

1. The functions K and K' satisfy the equation 


2 . 


The functions E and E K' satisfy the equation 


k' 2 


d_ 

dk 



+ ku = 0. 


JA 

JA 

JA 

JA 

FI II 691, 791 

MO 138, BY (710.07) 

FI II 691 

MO 138 

FI II 690 


WH 499, WH 502 


WH 


F^/j, 

e(*p, 


8.125 

1 . 

2 . 


3- F 

4. e(i>. 


1 — k' 
1 + k' 

1 -k' 
1 + k' 


2\/ k 
1 + k 

/ 

2\fk 
1 + k 


= (1 + k’)F{ip, k ) 

2 


[tan {ip — tp) = k' tan tp] 


1 + k' 


[E{ip, k) + k! F{ip, k)] — 1 i sin-i p 


1 + k' 


= {1 + k) F{ip,k) 


[tan(t/> — tp) = k' tan tp] 
{1 + k) sin ip 


sin xp 


■ sin 2 i p \ 


1 + k 


2E{tp, k) — k' 2 F{ip, k) + 2k — — — — ^ — \Jl — k 2 sin 2 tp 

1 + k sin tp v 

(1 + k) sin ip 


simp = 


1 + k sin 2 tp \ 


MO 130 


MO 131 


MO 131 
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8.126 


8.126 In particular, 


1. 

2 . 

3. 

4. 


K 

E 

K 


1 - k' 
1 + fc' 
1 -k' 
1 + k' 

f 2 Vk 
1 + k 

2y/ k 
1 + k 


1 + k 1 
2 
1 

1 + k' 


K{k) 

E(k) + k' K(k)\ 


= (1 + k) K(k) 
1 


1 + k 


[2 E{k) - k' 2 K{k)\ 


MO 130 

MO 130 

MO 130 


MO 130 


8 . 127 11 


8.128 



1. K ( ) = k'K(k) 

\ k ) 

=k' [K'{k')-iK{k)] 
3. K {z) =k[K(k) + iK'{k)\ 


[Im(fc) < 0] 

MO 130 

[Im(fc) < 0] 

MO 130 

[Im(fc) < 0] 

MO 130 


2 . 


K 


For integrals of elliptic integrals, see 6 . 11 — 6 . 15 . For indefinite integrals of complete elliptic integrals, 

see 5 . 11 . 

8.129 Special values: 


1 . 

2 . 




dt 

VT ^ 




= V2K(V2-l) 


MO 130 

MO 130 
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MO 130 

MO 130 


8.13 Elliptic functions 

8.130 Definition and general properties. 


1 . 


2 . 


3. 

4. 


5. 

6 . 

7 . 


A single-valued function f(z) of a complex variable, which is not a constant, is said to be elliptic 
if it has two periods 2u>i and 2 oj 2 , that is 


/ (z + 2mu>\ + 2 ni 02 ) = f{z) [m, n integers] . 

The ratio of the periods of an analytic function cannot be a real number. For an elliptic function 
f(z), the z-plane can be partitioned into parallelograms — the period parallelograms — the vertices 
of which are the points zq + 2rmo\ + 2nu>2- At corresponding points of these parallelograms, the 
function f(z) has the same value. ZH 117, SI 299 

Suppose that a is the angle between the sides a and b of one of the period parallelograms. Then, 


uji a it 

r = — = -e 
u>2 b 


q = e = e 


a \ , ■ • , 

( a \1 

cos -7T cos a + 1 sm 

-7rcosa 

L \b J ' 

Kb J i 


The derivative of an elliptic function is also an elliptic function with the same periods. 

SM III 598 

A non-constant elliptic function has a finite number of poles in a period parallelogram: it can 
have no more than two simple and one second-order pole in such a parallelogram. Suppose that 
these poles lie at the points oi, 02 , • • • , a n and that their orders are a\, 0 . 2 , ■ ■ ■ , cn n . Suppose 
that the zeros of an analytic function that occur in a single parallelogram are 61 , b 2 , . . . , b m and 
that the orders of the zeros are /3i, fa, . . . , f3 m , respectively. Then, 


7 — Op + 012 + •••-(“ Ot n — fa + fa + • • • + Pm- ZH 118 

The number 7 representing this sum is called the order of the elliptic function. 

The sum of the residues of an elliptic function with respect to all the poles belonging to a period 
parallelogram is equal to zero. 

The difference between the sum of all the zeros and the sum of all the poles of an elliptic function 
that are located in a period parallelogram is equal to one of its periods. 

Every two elliptic functions with the same periods are related by an algebraic relationship. 

GO II 151 
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8.141 


8. ' A non-constant single-valued function which is not constant cannot have more than two periods. 

GO II 147 

9. An elliptic function of order 7 assumes an arbitrary value 7 times in a period parallelogram. 

SM 601, SI 301 


da 


sin 2 a 


8.14 Jacobian elliptic functions 

8.141 Consider the upper limit p of the integral 

rv 

U = L 

as a function of u. Using the notation 

p = am u 

we call this upper limit the amplitude. The quantity u is called the argument, and its dependence on p 
is written 

u = arg p. 

8.142 The amplitude is an infinitely many-valued function of u and has a period of 4 Ki. The branch 
points of the amplitude correspond to the values of the argument 

u = 2 mK + (2 n + 1 )K'i, ZH 67-69 

where m and n are arbitrary integers (see also 8.151). 

8.143 The first two of the following functions 


sn u = sin p = sm am u, 


cn u = cos p = cos am u, 


dn u = Ap = \J\ — k 2 sin 2 p = ^ 


du 

are called, respectively, the sine- amplitude and the cosine- amplitude while the third may be called the 
delta amplitude. All these elliptic functions were exhibited by Jacobi and they bear his name. SI 16 
The Jacobian elliptic functions are doubly periodic functions and have two simple poles in a period 


parallelogram. 

8.144 


1. 


2 . 


3. 


dt 


u = 


u = 


u 


1 y/(l - f 2 ) (1 - kH 2 ) 

r cnu dt 

L y/(l - t 2 ) (fc' 2 + k 2 t 2 ) 


/•dn x 


dt 


h 1 - t 2 ) (t 2 ^ k ,2 ) 
8.145 Power series representations: 


1 . 


n 1 + k 2 o 1 + 14 k 2 + k 4 c 1 + 135fc 2 + 135/c 4 + k 6 7 

sn u=u : — u -\ — u — u 


3! 5! 

1 + 1228fc 2 + 5478fc 4 + 1228 k 6 + k s 

9 ! 


7! 


-u — . . . 


[I«l < 1^1] 


ZH 69 

SI 21(23) 
SI 21(23) 
SI 21(23) 


ZH 81(97) 
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„ „ 1 2 1 + 4fc 2 4 1 + 44A; 2 + 16/c 4 1 + 408fc 2 + 912/c 4 + 64fc 6 8 

2. cn w = 1 — -zz 2 + u «« + gj « 8 

[\u\ < \I?\] ZH 81(98) 

3. dn u = 

k 2 2 k 2 (4 + k 2 ) 4 k 2 (16 + 44fc 2 + k 4 ) 6 k 2 (64 + 912fc 2 + 408fc 4 + k 6 ) g 

l ~2\ U + 4! U 6! U + 8! U 

[|«| < \K / \\ ZH 81(99) 


4. amzt 


= n-^u 


k 2 3 k 2 (4 + k 2 ) 5 k 2 (16 + 44fc 2 + fc 4 ) 7 k 2 (64 + 912fc 2 + 408/c 4 + k 6 ) g 

+ 5! U ' 7! U + 9! U " ' ' ' 

[|zt| < |i^|] LA 380(4) 


8.146 


Representation as a trigonometric series or a product (q = e k 1 s= e 7rlT ^ ' 

r, OO n— — 

2 ^V^ <? 2 o™ 


1 1 Z7i h . , x vi a 

1 . snu= - — > — =-sm(2rc — 1 )— - 

kK^l- q 2n ~ l K ’2 K 


kK^l-q 2 ™- 1 v ’2K 

n= 1 

n OO 77—1 

^ n 2 tT <7 2 N 7TU 

2. 11 cnzz= — — } - 3 — T cos(2n — 1) — — 

kK^l + q 2n ~ 1 y ’2 K 

n= 1 

C\ OO 77 

7T Z7T q T17TU 

3. dn U = -—r^ + -rr > 3 — COS — — 

2 a: k ^ 1 + o 2 « x 

n=l 

OO nr, 

.11 7I"U 1 Q . nnu 

4 . am zz = — — + 2 > r sin — 

2 if 2 -— ' n 1 + o 2rl if 

n— 1 


. -1 00 2ti 1 

1 7T 1 Q . . - M 

^ = 2X Smff + 2^1^g2n^l Sm ( 

ZK 71=1 


1 7T 1 


cnzt 2k' K cos?# +4 £ ( 1 + g 2„-i cos ( 2n T 


2 K 71= 1 


1 7 r 


dn u 

2 k'K 

snu 

7 T 

cn u 

2 k'K 

sn u 

27T 

dn u 

kk'l 

cn u 



q niru 

7T" COS — — 

1 + q 2n K 


00 2t) 

4 > -1 " „ sm — 

' l + g 2n X 

71=1 

77-1 

q 2 . /rt x 7 m 

o — 7 sm(2n — 1 — — 

1 + 9 2 71-! V 


00 9 77 

r- q 2n 


oil a n vi a q . vr/tu 


WH 511a, ZH 84(108) 
WH 511a, ZH 84(109) 
WH 511a, ZH 84(110) 

WH 511a 

LA 369(3) 

LA 369(3) 

LA 369(3) 

LA 369(4) 
LA 369(4) 

LA 369(5) 


IT'LL 1 

The expansions 1-22 are valid in every strip of the form Im < -7rlmr. The expansions 23—25 are valid in an 


arbitrary bounded portion of u. 


2K\ 2 
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cn u 2 7t ^ q n 2 .to 

d^ _ ~fc^E(~ - 1 1 - g 2 n-l COS ( n 

n=l 

dnu 7t 1 q 2 ”” 1 

^u = 2K sin H “ Z^i + g 2n-i sm ( n_ 

n—1 


i -i oo o-v, i 

dnu ^ 1 aST^s ,\n 9 /ri ...7TU 

H( _1 ) 1 — g.2n— 1 c0 ®( 71 _1 ) ^ 

-A n=l 


cnudnu 7 r 


snw 

2if 

sn u dn u 

7 r 

cn u 

2 if 

snuenu 

47T 2 


7I"U , 

tan ^ +4 E^ 


snitcntt 47T Q . . . . ttu 

dn u = M^l- ? 2(2nn) sm (' ^ # 

n=l 

OO '>9 

sn-u 7T 7TU s, N g . TITTU 

cnudnu = 2(l-/c 2 )if 2 K + -* 1 - q» Sln 


cn u 7 r 


snwdnii 2X 2X 
dn u 7t T 1 


7tu ,r^ (— l)"q™ . mru 

cot — - — 4 } — — sm — — 

2 if ^l + (-l ) n q n if 

n—1 v 7 


~ q 2(2n-l) 


a \ > (/ . / _ _ . / 111 

4 E X _ q 2(2n-i) sm(2n-l)- 


sn-ucnii K sin ^ ' 1 — g 2 ( 2n -i) 

L A n = 1 

, , 2if , . 7TU ^1 9" 

in sn u = in 1- in sm — - - — 4 > sin 

7 r 2 if ^nl + f 

n —1 


q n 2K 

. 9 T11TU 


. _ 7Tt£ , 1 g .9 nTTTi 

In cn w = in cos — — — 4 > — 7 — — sm — — 

2 if ^nl + (~l) n q n 2 if 

n = 1 


oo ^ 

lndnu = — 8 > - — 

2— A 9 r, - 


2n — 1 1 — o 2 (2«-i) Sin ( ' 2?7 ^ 2 if 


2^/q . Ttu -^r 1 - 2q 2n cos ^ + q 4n 

SnU_ 7F SU1 2 kM 1 - 2? 2 "- 1 cos % + q 4 "~ 2 

n=l a 

^ 1 + 2q 2n cos ^ + q 4 


2 VWf/q 7TU 1 + 2q 2n COS ^ + q 4 " 

Cn “ ~ C0S 2if 11 1 - 2q 2 "-! cos ™ + q 4 " - 2 

n=l a 

00 1 4 . Or , 2 "- 1 m c i™ 4 . n 4 "- 2 
dn u = t/F TT + 9 COb K + 9 

V 1 1 1 _ 2q 2rl— 1 cos 25a + q 4 "- 2 

n=l A 


= E 


l + fc 2 (2?i + 1) 7t 2 27rq"+2sin(2n+l)ff 

“~2fc3 2P 4^2 if(l_q2n+l) 


LA 369(5) 
LA 369(6) 
LA 369(6) 
LA 369(7) 
LA 369(7) 
LA 369(7) 
LA 369(8) 
LA 369(8) 
LA 369(8) 
LA 369(2) 
LA 369(2) 
LA 369(2) 
WH 508a, ZH 86(145) 
WH 508a, ZH 86(146) 
WH 508a, ZH 86(147) 


Im _ <Imr 


MO 147 
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27. 


7 r 2 2 7Ttt | K — E 27T 2 nq 2n cos ^ 


— cosec „ 
sn 2 u 4 K 2 2K 


K 


1 — q 2 


8.147 


im E 

< - Imr 

2K 

2 


MO 148 


1. 


2 . 


3. 


snu = 


E 


2kK nt^oo sin [u - (2 n - 


7TI 


cn u = 


E 


(-i) r 


7T 


n=~-oo sin ^ [u - (2n - 1)^] 


*-=£ E 


(-l) r 


2 ^ ±7"oo tan ^ [it - (2n - lji-K''] 


MO 149 


MO 150 


MO150 


8.148 The Weierstrass expansions of the functions sntt, cn«, dnit: 


B 


sn u = 


where 


A’ 

OO 

A=l-^(-l)" +1 

n = 1 
oo 

c=Eh) 


CUM = 


C 

A’ 


dnu = 


D 

A’ 


ZH 82-83(105,106,107) 


On+l 


,,2n+2 


(2n + 2)! 


B = ]T(— !)"&„ 


,2n+l 


n— 0 
oo 


(2n+l)! 


n— 0 


(2n) ! 


D = £(-l) n d„ 


n=0 


(2n)! 


and 

a2 = 2A 2 , a 3 = 8 (A 2 + A; 4 ) , 04 = 32 (A 2 + A 6 ) + 68A 4 , 05 = 128 (A 2 + A 8 ) + 480 (A 4 + A 6 ) , 

o 6 = 512 (A 2 + A 10 ) + 3008 (A 4 + A 8 ) + 5400A 6 , . . . 

6 0 = 1, 6i = l + A 2 , 62 = 1 + A 4 + 4A 2 , b 3 = 1 + A 6 + 9(A 2 + A 4 ) , 

64 = 1 + A 8 + 16 (A 2 + A 6 ) - 6 A 4 , b 5 = 1 + A 10 + 25 (A 2 + A 8 ) - 494 (A 4 + A 6 ) , 

& 6 = 1 + A 12 + 36 (A 2 + A 10 ) - 5781 (A 4 + A 8 ) - 12184A 6 , . . . 

c 0 = 1, Ci = l, c 2 = 1 + 2A 2 , c 3 = 1 + 6A 2 + 8A 4 , c 4 = 1 + 12A 2 + 60A 4 + 32A 6 , 

c 5 = 1 + 20A 2 + 348 A 4 + 448A 6 + 128A 8 , c 6 = 1 + 30A 2 + 2372A 4 + 4600A 6 + 2880A 8 + 512A 10 , 

d 0 = 1, d± = A 2 , c?2 = 2A 2 + A 4 , d 3 = 8A 2 + 6A 4 + A 6 , d* = 32A 2 + 60A 4 + 12A 4 + A 8 , 

d 5 = 128A 2 + 448A 4 + 348 A 6 + 20A 8 + A 10 , 

d 6 = 512A 2 + 2880A 4 + 4600A 6 + 2372A 8 + 30A 10 + A 12 , ... 
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8.15 Properties of Jacobian elliptic functions and functional relationships between 
them 

8.151 The periods, zeros, poles, and residues of Jacobian elliptic functions: 

1 . , , , , , 



Periods 

Zeros 

Poles 

Residues 

sn u 

4mK + 2nK l i 

2 mK + 2 nK 1 i 

2 mK + (2 n + 1 )K t i 

( _ ir i 

cn u 

4m K +2 n(K+ K'i) 

(2 m + 1) K + 2 nK'i 

2 mK + (2 n + 1 )K*i 

(-i r~H 

dnw 

2mK + 4nK'i 

(2m + l)K+(2n+l)K'i 

2 mK + (2 n + 1 )lCi 

(-i r- 1 * 


SM 630, ZH 69-72 


2 . 



SM 630 


£ 

* 

II 

O 

—u 


\{K+iK) 

\iK 

u + 2inK + 2 nK'i 

snu* = 0 

— sn u 

1 

yjl -\~ k iy/\ — k 

i 

(— l) m sn u 

Vl + k' 

V2 k 

Vk 

cn u* = 1 

cn u 

VF 

(1 — i)VF 

\/l H - k 

(-l) m+ ” cn u 

VI + k' 

V2 k 

Vk 

dntt* = 1 

dnu 

VF 

VF (Vi + k' — tVi — k') 
V2 

Vl + k 

(— l) n dn u 


SI 19, SI 18(13), WH, WH WH WH 





U 1 


sn (ui, k\) 


Ui 

^1 

sn (iti, k\) 

ku 

1 

k 

ksn(u, k) 

iu 

k! 

.sn(it, k) 
cn(it, k) 

k'u 

. k 

% kf 

jj sn (u, k) 
dn(it, k) 

iku 

.k' 

sn (u, k) 
dn(w, k) 

ik’u 

l 

k’ 

sn (u, k ) 
cn(tt, k) 

(1 + k)u 

2 \fk 

1 + k 

(1 + k) sn(u, k) 

1 + fcsn 2 (it, k ) 

(1 + k') it 

1 - k' 

1 + k ' 

/i , sn ( u ’ cn ( u ’ 

(1 + ‘> dn( u ,t) 

l+v^y 


k 2 sn (it, k)dcn(u, k) 

2 

yi + Vk') 

\fk\ [1 + dn(it, k)] [k' + dn(u, k )] 


cn (ui, ki ) 


dn (it, k) 


1 


cn(it, 

k) 

cn(it, 

k ) 

dn(it, 

k) 

1 


dn(it, 

T) 

dn(it, 

k) 


cn(it, k) 

cn(it, k) dn(it, k ) 
1 + k sn 2 (u, k) 


dn (iti, k\) 

cn(u, k) 

dn(u, k) 
cn(u, k) 

1 

dn(tt, k) 

cn(u, k) 
dn(u, k) 

1 

cn(u, k) 

1 — fcsn 2 (it, k ) 
1 + fcsn 2 (it, k ) 


1 — (1 + k') sn 2 (w, k) 
dn(tt, k) 

dn(u, k) — \/kf 

1 — \fk’ 


1 — (1 — k') sn 2 (it, k) 
dn(u, k) 

y/1 + ki ^dn(u, k) + Vk'^j 
■\/[l + dn(u, k )] [ k ' + dn(u, k)\ 


2(1 +fc') 


[l+dn(u,fc)] [fc'+dn(n,fc)] 



8.152 Transformation formulas 
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8.153 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 11 


sn(ra, fc) = i 
cn (iu, k ) = 
dn(m, k) = 


.sn (it, k') 


cn (it, k') 
1 

cn (u, k 1 ) 
dn (it, k') 


cn (it, k') 
sn(u, k) = k sn ( ku , fc -1 ) 
cn(u, k) = dn (ku, fc -1 ) 
dn(tt, k) = cn (ku, fc -1 ) 

l sn (uy/ 1 + k 2 , k (l + k 2 ) 


sn(u, ik) = 

8. 11 cn(u, ik) = 

9. 11 dn(u,ifc) = 


VI + k 2 dn (uy/l +“P, k (1 + fc 2 ) _1/2 ) 

sn (u (l + A; 2 ) 1 ^ 2 ,k (l + fc 2 ) 
dn ^tt (1 + fc 2 ) 1 ^ 2 , fc (1 + fc 2 ) -1 / 2 ^ 

1 

dn ^it (1 + fc 2 ) 1 / 2 , fc (1 + fc 2 ) -1 / 2 ^ 


SI 50(64) 
SI 50(65) 
SI 50(65) 


Functional relations 


8.154 


1. 

2 1 — cn 2 u 

sn u = — — 

1 + dn 2 u 

MO 146 

2. 

2 cn 2 u + dn 2 u 

cn u = — ; ; — 

1 + dn 2 u 

MO 146 

3. 

2 dn 2 u + fc 2 cn 2 u + fc' 2 

dn u = — 

1 + dn 2 u 

MO 146 

4. 

sn 2 it + cn 2 it = 1 

SI 16(9) 

5. 

dn 2 u + fc 2 sn 2 tt = 1 

SI 16(9) 

8.155 



1. 

1 — dn2it , 0 sn 2 ticn 2 u 

MO 146 

— Aj 

1 + dn 2 u dn 2 it 

2. 

1 — cn 2u sn 2 u dn 2 u 

MO 146 

1 + cn 2u cn 2 u 


8.156 

1. sn ( u ± v) 


sn u cn v dn v ± sn v cn u dn u 


SI 46(56) 


1 — fc 2 sn 2 ttsn 2 it 
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2. cn (u ± v) = 


3. dn (u ± v) = 


cn licnwT sn u sn v dn u dn v 
1 — k 2 sn 2 usn 2 v 
dn u dn v T k 2 sn u sn v cn u cn v 
1 — fc 2 sn 2 itsn 2 i> 


SI 46(57) 


SI 46(58) 


8.157 


1. sn — = ± — 


1 / 1 — dn i 


k V 1 + cn u 


1 1 - cn it 
1 + dn u 


2. cn — = 


3. dn — = ±i 
2 ' 


/cnw + dn u _^k' / 1 — dn u 
1 + dn u k \ dnu ~ cnu 


/cnw + dn u 
1 + cn u 


= ±k\ 


I 1-cntt 
dn a + cntt 


SI 47(61), SU 67(15) 


SI 48(62), SI 67(16) 


SI 48(63), SI 67(17) 


8.158 


1. — sn u = cn it dn u 

du 


SI 21(21) 


cn«= — sn u dn u 


3. 8 — dnu = — k 2 dnitcnu 

du 


8.159 Jacobian elliptic functions are solutions of the following differential equations: 


SI 21(21) 


SI 21(21) 


sntt= \/(l — sn 2 u) (1 — k 2 sn 2 it) 


SI 21(22) 


2. — cn it = (1 — cn 2 u) ( k 12 + fc 2 cn 2 u), 

du 

3. dnu = — -v/ (1 — dn 2 u) (dn 2 u — k' 2 ) 

du V 

For the indefinite integrals of Jacobi’s elliptic functions, see 5.13. 


SI 21(22) 


SI 21(22) 


8.16 The Weierstrass function p(u) 

8.160 The Weierstrass elliptic function p(u) is defined by 


L p( u ) = ^ + Y! 


( u — 2mu>\ — 2no>2) 2 (2 towi + 2nu>2) 2 ) 


SI 307(6) 


where the symbol means that the summation is made over all combinations of integers m 
and n except for the combination m = n = 0; 2o>i and 2^2 are the periods of the function p{u). 
Obviously, 

2. p (u + 2mu>\ + 2 nuj 2 ) = p(u) and Im ( — ) y! 0, 

\ W 2 ) 
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3. — p(w) = — 2V^ ~, 

du, m n (u - 2mui - 2 w 2 ) 3 

where the summation is made over all integral values of in and n. 

The series 8.160 1 and 8.160 3 converge everywhere except at the poles, that is, at the points 
2mu)i + 2 nu >2 (where m and n are integers) . 

4. The function p(u) is a doubly periodic function and has one second-order pole in a period paral- 
lelogram. SI 306 


8.161 The function p(u) satisfies the differential equation 


1 . 


2 . 


2 

= 4 p 3 (u) -92 p(u) - g 3 , 

where 

92 = 60^ (mw i + naj 2 )~ 4 ', 53 = 140^ (mu i + nw 2 )~ 6 

m,n m,n 

The functions 52 and 53 are called the invariants of the function p(u). 


dp(u ) 

du 


SI 142, 310, WH 


WH, SI 310 


8.162 u = 


dz 


dz 


1 p (% 


\j4z 3 - g 2 Z - 


53 


it) \/4 (z-e 1 )(z-e 2 ) (z - e 3 ) ’ 


where ei, e 2 , and e 3 are the roots of the equation 4 z 3 — g 2 Z — 53 = 0 ; that is, 
ei+e 2 + e 3 = 0 , eie 2 + e 2 e 3 


52 

e 3 e! 


53 

eie 2 e 3 = — 


SI 142, 143, 144 


8.163 p(tPi) = ei, p(u> 1 ) + w 2 = e 2 , p(w 2 ) = 63 . Here, it is assumed that if ei, e 2 , and e 3 lie on a 
straight line in the complex plane, e 2 lies between e\ and e 3 . 


8.164 The number A = g\ — 27g| is called the discriminant of the function p(u). If A > 0, all roots 
ei, e 2 , and e 3 of the equation 4 z 3 — g 2 Z — 53 = 0 (where 52 and 53 are real numbers) are real. In this 
case, the roots ei, e 2 , and e 3 are numbered in such a way that e± > e 2 > e 3 . 


1. If A > 0, then 


dz 


dz 


Ml = 


\J 4z 3 - g 2 z - 


lu 2 = 1 


53 


-00 \Jg-i + 92 Z - 4z 3 ’ 


where u>\ is real and w 2 is a purely imaginary number. Here, the values of the radical in the 

integrand are chosen in such a way that 10 1 and — will be positive. 

1 

If A < 0, the root e 2 of the equation 4z 3 — g 2 z — 53 = 0 is real , and the remaining two roots (e\ 
and e 3 ) are complex conjugates. Suppose that ei = a + i/3, and e 3 = a — i/3. In this case, it is 
convenient to take 


dz , „ r 

— . and u> = 

\] 4 z 3 - g 2 z - 53 Je 3 


dz 


\/4z 3 - g 2 z - 53 


as basic semiperiods. 


In the first integral, the integration is taken over a path lying entirely in the upper half-plane and in 
the second over a path lying entirely in the lower half-plane. SI 151(21, 22) 
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8.165 

1. 


Series representation: 

p(u) = \ + 


1 g2U 2 g 3 rt 4 


4-5 4-7 


gju e 

2 4 • 3 • 5 2 


3g2g3» 8 

2 4 • 5 • 7 • 11 + ' ' ' 


WH 


8.166 

1. 

2 . 


Functional relations 
p(u) = p(-u), p'(u) = - 

p(u + v) = - p(u ) - pO) + 


p'(-u) 


p'(u) - p'(v) 


4 [ p(u) - p(n) J 


8.167 


pO; 52 , 53 ) = g 2 p 


52 

gu; -r, 

m 4 


53 

i,6 


The special case: /i = i. 


SI 163(32) 

(the formula for homogeneity) 

SI 149(13) 


i- p («; 52 , 53 ) = - p (*«; 52 , - 53 ) 

8.168 An arbitrary elliptic function can be expressed in terms of the elliptic function p(it) having the 
same periods as the original function and its derivative p'(u). This expression is rational with respect to 
p(it) and linear with respect to p'(u). 

8.169 A connection with the Jacobian elliptic functions. For A > 0 (see 8.164 1 ). 


1. 


2 . 

3. 

4. 

5. 

6. 11 


V e l - e 2 


ei + (ei - e 3 ) 


e -2 + (ei - e 3 ) 


e-3 + (ei - e 3 ) 


cn 2 (u; k) 
sn 2 (u; k ) 
dn 2 (tt; k) 

sn 2 (u\ k) 
1 

sn 2 [u\ k) 


SI 145(5), ZH 120(197-199)a 


K 

w i — / , 

V e i - e 3 

where 


iK ’ 

^2 ~ / 

v e l - e 3 



For A < 0 (see 8.164 2) 


SI 154(29) 


SI 145(7) 


P ( \J' 9a 2 + /3 2 ^ ' 
, K-iK' 

U ~ 2^/9a 2 + (3 2 ’ 

where 


e 2 + \/ 9a: 2 + /3 2 


1 + cn(2u; fc) 
1 — cn(2u; k) 


K+iK' 
\j9a 2 + p 2 ’ 



3e 2 

4-\/9a 2 + (3 2 ’ 



3e 2 

ly^a 2 + /3 2 


SI 147(12) 
SI 153(28) 


SI 147 


For A = 0, all the roots ei, e 2 , and e 3 are real, and if c/ 2 g 3 yl 0, two of them are equal to each 
other. If ei = e 2 yf e 3 , then 
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7. 


9. 


, \ 3^3 9^3 2 

p(u) = — coth 

92 2^2 

If ei ^ e2 = e3, then 
/ x 3 g 3 9 g 3 




If g2 = <73 = 0, then ei = e 2 = e3 = 0, and 


p(u) = 


1 


u 


2 


SI 148 


SI 149 


SI 149 


8.17 The functions £(u) and <r(u) 

8.171 Definitions: 


1 


1 


L C(«) = --y o [p{z)- V2 )dz 

2. cr(M)=Mexp|y - 4^ dz| 

8.172 Series and infinite-product representation 

/ 

1 1 


i- «») = - + £( 

m,n \ 

2. cr(tt) = tt ^1 — 


w - 2mwi - 2nw 2 2r?zwi + 2 ?tw 2 (2mwi - 2nw 2 ) 
f u u 2 

exp ■ 


8.173 


1 . C( u ) = u — 


2. cr(tt) = ti — 


2mui + 2 nu>2 


93 U 


s!« 7 


2?ntui + 2no> 2 2 (2mwi + 2 nw 2 ) 2 

352ff3M 9 


fl2M" 

2 2 • 3 • 5 2 2 • 5 • 7 2 4 • 3 • 5 2 • 7 2 4 • 5 • 7 • 9 • 11 

35233M 11 


33W 


<fe 2 « 9 


ff2M" 

2 4 • 3 • 5 2 3 • 3 • 5 • 7 2 9 • 3 2 • 5 • 7 2 7 • 3 2 • 5 2 • 7 • 11 


8.174 C („) = £hi)„ 1 


Wl 


7T 7TU 71 \ ' / TV U U7 2 

cot h > < cot h 7 T 7 T 

2^! 2o7! 2o7’ ■2--' I * ^, 1, 


7TU 
2wi 


w 2 


Wi 


( 


+ cot T17T 

\2cji o;i 


C (Wl) 7T 

u 


71 TTU 27T'r-^ g 2n . 7( 7 I'll 

- — cot 1 > 3— sin 

2uti 2ct^! Wi 2--' 1 — g 2n '■>’ 


wi 


7t nu 
U)i 


Functional relations and properties 

8.175 £(it) = — £(— u), cr(u) = — u(—u) 

8.176 

1. C ( u “I” 2wi) = C( u ) “I” 2^ (wi) 


SI 181(45) 
SI 181(46) 

SI 307(8) 

SI 308(9) 

SI 181(49) 
SI 181(49) 

MO 154 

MO 155 

SI 181 


SI 184(57) 
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2. 

C (u + 2 (jj 2 ) : 

- C( u ) + 2C (w 2 ) 

SI 184(57) 

3. 

<j(u+ 2u>i) 

= - cr(u) exp {2 (u + u>i) ( (wi)} . 

SI 185(60) 

4. 

a (u+ 2 u} 2 ) 

= - a(u) exp {2 (u + w 2 ) C (w 2 )} . 

SI 185(60) 

5. 

7 r 

W 2 c (wi) - Wi C (w 2 ) = -i 

SI 186(62) 

8.177 




1 . 

rt , a H \ H \ 1 P ( u ) ~ P ( v ) 

C(u + u) Cw Cw)= 0 /x ,, 

2 p(u) - p(v) 

SI 182(53) 

2. 

p(u) - p(v) 

<j(u — v) a (u + v ) 
cr 2 (u) ct 2 (u) 

SI 183(54) 

3. 

C(u -V) + C(U + v)~ 2 C(«) = x x 

p(u) - p(u) 

SI 182(51) 

8.178 




1 . 

C (w; w 1 ,w 2 ) 

= t £ (fu; tuii,tu>2) 

MO 154 

2. 8 

cr(u; u>l,w 2 ) 

= f -1 a ( tu\ tu>i,tu> 2 ) 

MO 156 


For the indefinite integrals of Weierstrass elliptic functions, see 5.14. 


8.18-8.19 Theta functions 

8.180 Theta functions are defined as the sums (for |q| < 1) of the following series: 

OO OO 

1. 0 4 (u) = (-1 ) n q n2 e 2nui = 1 + 2^(-l ) n q n2 cos 2 nu 

n =— oo n=l 

1 OO oo 

2. 0i (u) = ^ (~l) n q( n+ ^ 2 e (2n+1)ui = 2 ^(-1 ) n+1 q( n -iT sin(2 n - l)u 

71= — OO 71=1 

OO oo 

3 . 11 0 2 (u) = q( n+ ^ 2 e {2n+1)ui = cos(2n - l)u 

71 = — OO 71=1 

OO oo 

4. 0 3 (u) = q n2 e 2nui = 1 + 2^g” 2 cos 2 nu 


WH 

WH 

WH 

WH 


71 = — OO 71=1 

The notations 0(u, q) and 0 (u | r), where r and q are related by q = e’ nT , are also used. Here, q is called 
the nome of the theta function and r its parameter. 

8.181 Representation of theta functions in terms of infinite products 


OO 


1. 

04 (u) = ^1 — 2 q 2n 1 cos 2 u + q 2 ^ 2n 

71=1 

1 (1 -q 2n ) 

SI 200(9), ZH 90(9) 

2. 

OO 

03 (u) = JJ (l + 2g 2 " -1 COS 2 U + g 2 ( 2 ™ -1 ^ 

1 (1 -q 2n ) 

SI 200(9), ZH 90(9) 


71=1 
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OO 

3. tfi(tt) = 2 ffq sin u (l - 2q 2n cos 2 it + q 4n ) (l - q 2n ) SI 200(9), ZH 90(9) 

n = 1 
oo 

4 . 8 t? 2 (w) = 2f/qcosu (l + 2<? 2n cos 2u + g 4 ") (l - g 2 ") SI 200(0), ZH 90(9) 

n=l 

Functional relations and properties 


8.182 Quasiperiodicity. Suppose that q = e TTt (Im r > 0) . Then, theta functions that are periodic 
functions of u are called quasiperiodic functions of r and u. This property follows from the equations 


1. 

$4 (u + 7t) = $4 (it) 

SI 200(10) 

2. 

$4 (u + T7t) = ^-e _2m t? 4 (u) 

q 

SI 200(10) 

3. 

t?i (it + 7r) = — t?i (it) 

SI 200(10) 

4. 

t?i (it + T7t) = — e _2m i9i(u) 

SI 200(10) 

5. 

t ?2 (u + 7r) = — t? 2 (w) 

SI 200(10) 

6. 

$2 (U + T7t) = ^ e_2 ™ t?2(tt) 

SI 200(10) 

7. 

$3 (U + 7t) = t?3(tt) 

SI 200(10) 

8. 

$3 (« + T7t) = ^ e_2 ™ $3 («) 

SI 200(10) 

8.183 

1. 

$4 (it + |7r) = $3 (it) 

WH 

2. 

$1 (it + |tt) = t? 2 (w) 

WH 

3. 

$2 (it + |7r) = -t?l(tt) 

WH 

4. 

t ? 3 (it + |7r) = l9 4 («) 

WH 

5. 

t ?4 (it + \t rr) = ig _1 / 4 e _ *“ (it) 

WH 

6. 

t?i (it + ^7tr ) = ig _1 / 4 e _l “ ^(tt) 

WH 

7. 

t ?2 (w+Ittt) =g- 1 / 4 e-™t? 3 (M) 

WH 

8. 

$3 (u + ) = q~ x ^e~ lu $ 2 (u) 

WH 

8.184 

Even and odd theta functions 


1. 

#i(-u) = -t?i (it) 

WH 

2. 

■&2(~u) = i? 2 0 it ) 

WH 

3. 

^3 (-«) = i? 3 (u) 

WH 

4. 

$4 {~ u ) = t? 4 (tt) 

WH 

8.185 

8.186 7 

•d 4 (u) + i? 4 (tt) = ^i( u ) + ^ 3 (w) 

Considering the theta functions as functions of two independent variables u and r, 

WH 

we have 
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_.<9 2 0 fc (u | t) <90 fc (u | r) 


= 0 


[* = 1 , 2 , 3 , 4 ] 


WH 


du 2 dr 

8.187 We denote the partial derivatives of the theta functions with respect to u by a prime and consider 
them as functions of the single argument u. Then, 


1 . 

01(0) =02(0)03(0) 04(0) 


WH 

2 . 

<(0) 0^(0) 0^(0). 02(0) 


WH 


0 7 l(O) 02(0) 0 3 (O) 04(0) 



8.188 

01 (u) 02 (u) 03 (w) 04 (o) = | 01 (2u) 02 (0) 0 3 (O) 04(0) 


WH 

8.189 

The zeros of the theta functions: 



1 * 

7 r 7TT 

04 (u) = 0 for u = 2 m— + ( 2 n — 1 ) — 


SI 201 

2 10 

7T 7TT 

0i (u) = 0 for u = 2m— + 2n— 


SI 201 

3. 

7 T 7TT 

02 (w) = 0 for it = (2m — 1) — + 2n— 


SI 201 

4. 

7T 7TT 

0 3 (m) = 0 for u = (2m — 1) — + (2 n — 1) — 

[m and n are integers or zero] 

SI 201 


For integrals of theta functions, see 6.16. 

8.191 Connections with the Jacobian elliptic functions: 
For r = ijf, i.e. for q = exp (— 7r^Y 



SI 206(22), SI 209(35) 


SI 207(23), SI 209(35) 


SI 207(24), SI 209(35) 


8.192 Series representation of the functions H , Hi, 0, @i. 
In these formulas, q = exp ■ 


OO _ 

1. 0( W )=^ 4 fS)=l + 2y(-l)V 2 COS^ SI 207(25), SI 212(42) 

V 2 xv / ^ — J a 

n— 1 

_ OO _ 

2. H(u) = 0i = 2V^ (— 1)” +1 d g( 2n + 1 ) 2 sin(2n — 1) SI 207(25), SI 212(43) 

V2 K J ^ v 2 a 

n— 1 

__ oo __ 

3. 0!(u) = 0 3 (^) = 1 + 2Vg" 2 cos SI 207(25), SI 212(45) 

\ZKJ ' a 

n=l 
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4. Hi(u) = i? 2 (^) = 2 5Z'C / 9 (2 "“ 1 ) 2 cos(2n- l)^ 


8.193 Connections with the Weierstrass elliptic functions 


1. 


p(u) = ei + 


tfi (uV\j H'{ 0) 
ffi(O) If ^w\/A^ 


A — e 2 + 


©i (u\/a) ff'(0) 
©i(0)ff' (uvCx) 


A — e 3 + 


2 . 


3. 


CM 


# (uV AJ 

-\/A 6XP V / ff'(0) 


where 


A = ei - e 3 ; r?i = C M) 
8.194 The connection with elliptic integrals: 


wiA H"'{ 0) 
~ 3~ H'{ 0) 


1. 

2. 11 


E(u, k) = u — 


0"(O) 


0(0) 

II (u, — k 2 sin 2 a, k) = 


e'M 

©(«) 


dp 


sn a 


— — U | 

! 0 1 — k 2 sin 2 a sn 2 p cn a dn a 


e» 

0(a) ' 


- In 


q-series and products, q = exp 


8.195 - 


l + 2^q" 

n = 1 


= K= -Q 2 {K) 


8.196 E = K — K 


0"(O) 

0 ( 0 ) 


= K- 


K 


^(-l) n+1 n 2 q n2 


l + 2^(-l)>" 2 


(cf. 8.197 1) 


8.197 


2 K 


1 . 1 + 2 ^ =\j—=U 0 ) 


(cf. 8.195) 


x-C kK 1 , n . 

2 } =\^=2 M0) 

n= 1 


SI 207(25), SI 212(44) 



SI 235(77,78) 
SI 234(73) 


SI 234(72) 


SI 236 


SI 228(65) 

Q(u — a) 

0(u + a) 

SI 228(65) 


SI 219 


SI 230(67) 


WH 


2 . 


WH 
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3. 

^ ft (/;;»-.) -* 

n = 1 x / 

SI 206(17, 18) 

4. 

00 /I „2?l— 1 \ 4 

n(! + :-) 

SI 206(19, 20) 

5. 

2 ^n (/-7-) 

WH 

6. 

8 (£$)'-■*? 

WH 


8.198 


1 . 


, E 


(2n+l) 2 


A = 


71= 0 


11- Vk 7 
2l + V¥ l + 2 f > 4 " 2 

n = 1 


The series 

2. g = A + 2A 5 + 15A 9 + 150A 13 + 1707A 17 + . . . 

is used to determine g from the given modulus k. 


[for 0 < k < 1, we have 0 < A < \\ WH 


WH 


8 . 199 10 Identities involving products of theta functions 

1. t?i(x, 9) $1 (y, 9) = $3 (x + y, q 2 ) $2 (a; - y, q 2 ) - i9 2 (x + y, q 2 ) 1? 3 (x - y, q 2 ) LW 7(1.4. 7) 

2. t?i(x, 5 ) ^ 2 ( 2 /, 9 ) = #1 (x + y, q 2 ) i ? 4 (a: - y, q 2 ) + $4 (a: + y, q 2 ) (x - y, q 2 ) LW 8(1.4.8) 

3. i? 2 (x, g) t? 2 (y, 9 ) = $2 (x + 2/, 9 2 ) $3 (a: - 2 /, 9 2 ) + ^3 (a: + y , g 2 ) t? 2 (a; - y, q 2 ) LW 8(1.4.9) 

4. i? 3 (x, g) a? 3 ( 2 /? 9 ) = ^3 (ar + y, g 2 ) $3 (a: - y, q 2 ) + $ 2 (a: + y , g 2 ) t? 2 (a; - y, g 2 ) LW 8(1.4.10) 

5. tf 3 (x, g) $4(2/, g) = t? 4 (ar + 2 /, g 2 ) i? 4 (a: - y, g 2 ) - tfi (x + y , g 2 ) t?i (x - y, g 2 ) LW 8(1.4.11) 

6. d 4 (x, g) #4(2/, 9 ) = $3 (a; + y, g 2 ) i? 3 (x - y, g 2 ) - (x + y, g 2 ) t? 2 (x - y, g 2 ) LW 8(1.4.12) 


7. i?i(x + y) t?i(x — y) $ 2 (0) = t? 3 (x) &l(y) - #l(x) t? 3 (y) = ^?(x) t? 2 (y) -i? 2 (x) t? 2 (y) LW 8(1.4.16) 

8. tf2(x + y)t? 2 (x-y)tf 2 (0) = = ^l( x ) &l(y) #l(y) LW 8(1.4.17) 

9. $ 3 (x + 2 /) 'd 3 (x — y) $ 2 (0) = $4 (x) $ 3 (y) — $ 2 (x) $ 2 (y) = ^(x) ^ 4 ( 2 /) -$ 2 (x) t? 2 (y) LW 8(1.4.18) 

10. i? 4 (x + y) i? 4 (x - y) $ 2 (0) = d 2 (x) tf 2 (y) - i? 2 (x) $ 2 (y) LW 8(1.4.15) 

11. t? 4 (x + y) 'd 4 (x — y) $ 2 (0) = i? 3 (x) i? 3 (y) -t? 2 (x) tf 2 (y) = ^(x) i? 2 (y) ~^i(x) #i(y) LW 9(1.4.19) 

12. t?i(x + y)i?i(x-y)i? 3 (0) = tf 2 (x) i? 3 (y) -i? 3 (x) tf 2 (y) = d\{x) i? 2 (j/) -^ 2 (x) t? 2 (y) LW 9(1.4.23) 

13. i? 2 (x + y) 'd 2 (x — y) i? 3 (0) = tf 2 (x) i?§(y) -i?l(x) tf 2 (y) = i?§(x) i?|(y) -i??(x) t? 2 (y) LW 9(1.4.24) 

14. i9 3 (x + y)i9 3 (x~y)i9 2 (0) = i9 2 (x) i9 2 (y) + i? 3 (x) i9 2 (y) = tf 2 (x) t? 2 (y) + t? 2 (x) t? 2 (y) LW 9(1.4.25) 

15. i? 4 (x + y) t? 4 (x — y) i? 3 (0) = tf 2 (x) tf 2 (y) + $ 3 (x) ^ 4 ( 2 /) = ^ 2 (x) i? 2 (y) + i? 2 (x) t? 3 (y) LW 9(1.4.26) 
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16. ■d 1 (x + y)$ 1 (x-y)#l(0) = #l{x) $l(y) - #l(x) $l(y) = i9 4 (x) ti\{y) -i?|(a:) #l(y) LW 9(1.4.30) 

17. •d 2 (x+y) •d 2 (x~y) $1(0) = fi%(x) ^l(y)-^l{x) = i?|(ar) i?|(j/)-i? 4 ( a: ) ^(j/) LW 10(1.4.31) 

18. d 3 {x+y) #3(x-y) ^(O) = ^i(y) + ^l( x ) ^liv) = ^U x ) ^l(y)+^l( x ) &l(y) LW 10(1.4.32) 

19. t ?4 i x +y) i ?4 (a; -j/) = #4(4;) ^2(2/) ^i(y) = ^iO) ^l{y)+'&l{x) K(y) LW 10(1.4.33) 


20. 

<>!(*) *1(0) = *\{x) ^4(0) + vl{x) ^(0) 

LW 11(1.4.49) 

21. 

^(*) ^1(0) = 0?(a) ^(0) + ^(x) ^(0) 

LW 11(1.4.50) 

22. 

ti\(x) t?2(0) = 0i(x) l9%(0) + tfl(x) t?4(0) 

LW 11(1.4.51) 

23 . 

tit( x ) ^(0) = #l(x) l9 4 (0) + $\{x) t?3(0) 

LW 11(1.4.52) 

24. 8 

#i( x ) = ^2(0) + ^4(0) 

LW 11(1.4.53) 

i.199 (2) 10 Derivatives of ratios of theta functions 


1. 

^ (t?i / i9 4 ) = ^4(0) i9 2 (x) i9 3 (x)/i94(x) 

LW 19(1.9.3) 

2. 

(i?2 /i? 4 ) = - #3(0) I?i(a;) $3(2;)/ ^l( x ) 

LW 19(1.9.6) 

3 . 

^ (i ?3 / ^4) = - ^2(0) ^2(4:)/ 1 ? 4 (®) 

LW 19(1.9.7) 

4 . 

^ (i?i / ^3) = ^§(0) t? 2 (x) i? 4 (a;)/ i?i(ar) 

LW 19(1.9.8) 

5. 

^ (^2 / 1 ? 3 ) = - ^ 4 ( 0 ) iM®) ^4(4:)/ 

LW 19(1.9.9) 

6. 

4- ($1 / ^2) = ^2(0) ^3(4;) ’&a{x)/ $2 0*0 

ax 

LW 19(1.9.10) 

7. 

(i ?4 / A) = - ^4(0) $2(4;) ^3(4:)/ i??(a;) 

LW 19(1.9.11) 

8. 

^ (^4/^2) = t?l( 0 ) t?i(x) $3(2)/ fl 2 (x) 

LW 20(1.9.12) 

9. 

(^4/^3) = 1 ? 2 ( 0 ) 1 ? l( 4 ;)^ 2 ( 4 ;)/'!? 3 (x) 

LW 20(1.9.13) 

10. 

^ (i?3 /i?i) = - ^3(9) ^2(4;) 'd 4 (x)/ &\(x) 

LW 20(1.9.14) 

11. 

^ (#3/^2) = ^4(0) t?i(x) t? 4 (x)/ ^2(4^) 

LW 20(1.9.15) 

12. 

^ (t?2 / I?i) = - $2(0) i? 3 (a:) t? 4 ( 4 ;)/ ^(4;) 

LW 20(1.9.16) 


8.199(3) 10 Derivatives of theta functions 

d °°' q2n 

1. — In tli (it) = cotw + 4sin2u > — ; 3 — 

du y ’ ^1- 2g 2 " cos 2 u + g 4n 

n— 1 
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d g2n 

2. — lnt? 2 (w) = — tanu — 4 sin 2 u 5 j— 

du y 1 ^ l + 2g 2n cos2u + g 4 ” 

n= 1 

d °°^ a^n— i 

3 . — lnt? 3 (u) = — 4 sin 2 u — -= — 5- 

du ^ 1 + 2 q 2n cos 2 u + q 4n ~ 2 

n— 1 

d 00 o 2rl_1 

4 . — lnt?4(w) = 4 sin 2 uy^ —5 — 3 - 

du 2 —‘ 1 — 2<7 2 " cos 2 u + q 4n ~ 2 

n—1 

d 2 00 

5 . — -pr In t?2 M = — V sech 2 {i(u + rurr)} 
du 2 

n— — 00 

8.2 The Exponential Integral Function and Functions Generated by It 

8.21 The exponential integral function Ei(tc) 


8.211 

1. 

2. 11 


Ei(x) = — 
Ei(x) = — 


r°° e -t f x e l 
/ —dt= -dt = li(e x ) 
J — X t J — oo ^ 


lim 

£ — ^0~|- 


dt + / dt 


[. x < 0] 



3. 7 

8.212 

1 * 


2. 7 

3. 

4. 

5. 

6 . 
7. 8 


Ei(a;) = ^ (Ei(a; + iO) + Ei(x — i0)} 


Ei(— x) = C+\nx+ f 

Jo 


; e-‘ - 1 
t 


dt 


= C + e x kix + e 4 In t dt 

Jo 


dt 


Ei(x) = e x 

Ei(— x) = e 

Ei (±s) = ±e ±x f 

Jo 

Ei (±xy) = ±e ±xy [ 

Jo 


r°° p-it 

Ei(±x) = -e±* / — dt 


1 I e 
x + Jo (x- t) 2 
1 r°° e~* dt 

x + Jo (x + t) 2 \ 


x ± In t 


00 e~ xt 


VTt 


dt 


Ei(a;j/) = e xy f 

Jo 


1 t v 


-1 


x + In t 


dt 


[a; > 0] 

[x > 0] 


[x > 0] 

[x > 0] 

[x > 0] (cf. 8.211 1) 

[x > 0] (cf. 8.211 1) 

[x > 0] (cf. 8.211 1) 

[Re y > 0, x > 0] 

[x > 0] 


ET I 386 

NT 11(1) 
NT 11(10) 

LA 281(28) 

NT 19(11) 
NT 23(2, 3) 
LA 282(44)a 
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8.213 


Ei (-xy) — -e xy I 

Jo 


= x- x e~ xy 


f 1 t x ~ l 
'o {y - In t)‘ 


dt — y~ 


/»oo 

9. Ei(a:) = e x — 

J i x - 

10. Ei(-x) = -e~ x J^ 


°° 1 dt 

x — In t t 2 


11. Ei(— x) = —e 


12. Ei(-x) = — e 


r°° i dt 

h x + In t t 2 
f°° t cos t + x sin t 

Jo t 2 + X 2 

f°° t cos t — x sin t 
L t 2 + x 2 


, 2 f°°c.ost t , 

13. Ei(— x) = arctan — dt 

to Jo t x 

14. = Inrd: 

is. B W = 2i 

ir Jo t 2 + X 2 

/ oo 

e~ tx In t dt 


[x > 0, y > 0] 


[x > 0] 


[Re x > 0] 


[x > 0] 


[x > 0] 


LA 282(45)a 


LA 283(47)a 


LA 283(48) 


LA 283(48) 


NT 23(6) 


NT 23(6) 


NT 25(13) 


NT 26(7) 


NT 27(8) 


NT 32(12) 


See also 3.327, 3.881 8, 3.916 2 and 3, 4.326 1, 4.326 2, 4.331 2, 4.351 3, 4.425 3, 4.581. For 

integrals of the exponential integral function, see 6.22 -6.23, 6.78. 


Series and asymptotic representations 



8.213 

x - ) / 1 \k 

1. li(cc) = C + In (- In x) + ^ ^ 

fc= l 

o 

A 

H 

A 

i — 1 

NT 3(9) 

00 n A k 

2. li(a;) = C+ lnlnx + —J—rr 

^ k ■ k\ 

k = 1 

[x > 1] 

NT 3(10) 

8.214 

00 k 

1. Ei(x)= C+ln( z) + V 

k=l 

[x < 0] 


OO 

2. Ei(x)= C+lnx + ^2 k k] 

k=l 

[x > 0] 


oo <2k 

3. E.(*) E.( X) = 2xg (2t + 1)(2) , +I) ! 

[x > 0] 

NT 39(13) 
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8.215 7 Ei(» = — 


k\ 


+ Rn ^ 


.k=0 


\Rn(z)\ = O (l-P” -1 ) 


[z — > oo, |arg(— z)\ < 7t — <5; <5 > 0 small] , \R n {z)\ < (n + 1)!|^: 

8.216' Ei(nx) — Ei(— nx) = e nx f — H — + 


—n— 1 


[Re z < 0] 


where x' = xsignRe(x), k n = 0(1), and n — > oo NT 39(15) 


8.217 Functional relations: 

1 . 


2 . 


3. 


e x ' Ei {—x') - e~ x ‘ Ei (a/) = -2 f 

Jo 


x' sin t 


t 2 


4 f°° x' cos t 
njn t 2 + x 2 


dt 

In tdt — 2e~ x In x' \x' = x sign Re x] 


NT 24(11) 
NT 27(9) 


e x ' Ei (-a/) + e~ x ' Ei (»') = -2 [ 

Jo 


tcost , , 4 

-r, 77 dt = 2e In x 

t z + x z 7 r 


t sin t 


In t dt 


\x' = a; sign Rex] NT 24(10), NT 27(10) 


Ei(— x) — Ei = — 


'cos t, t (x — 

arctan — #4. dt 


1 + t 2 


[Re x > 0] 

OO „ — tx I 


4. Ei(-ox) Ei(-/3x) - ln(a/3) Ei[-(a + 0)x) = e - (a+/3)a: e In [(a + t)(0 + f)] 

7 0 t + a + P 


dt 


NT 25(14) 
NT 32(9) 


See also 3.723 1 and 5, 3.742 2 and 4, 3.824 4, 4.573 2. 


• For a connection with a confluent hypergeometric function, see 9.237. 

• For integrals of the exponential integral function, see 5.21, 5.22, 5.23, 6.22, and 6.23. 

NT 89 
NT 89 

8.219* Definite integrals of exponential functions 

r °° tt2 

1. * / Ei 2 (x)e~ 2x dx= — 

Jo 4 

t'°° t r 2 

2. * / Ei 2 (-x)e 2x dx= — 

Jo 4 

nOO 

3. * / Ei(x) Ei(— x) dx = 0 

Jo 


8.218 Two numerical values: 

1. Ei(— 1) = -0.219 383 934 395 520 273 665 .. . 

2. Ei(l) = 1.895 117 816 355 936 755 478 .. . 
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8.221 


8.22 The hyperbolic sine integral shi x and the hyperbolic cosine integral chi a; 

8.221 

r x «inli i r tt 1 

(see 8.230 1) EH II 146(17) 


. f x sinli t 

1. shirr = / at = —i 


t 


L - + si(zat) 


i f x cosh t — 1 , 

2. 11 clii x = (7+ In x + / dt 

./n t 


8.23 The sine integral and the cosine integral: si a; and cia: 

8.230 


EH II 146(18) 


1 sin t 


sin t 


l. 10 si(rr) = — dt = — — + Si(x), where Si(x) = / dt 


t 


t 


2. 10 ci(x) = — f dt = C + In x + f 

J x t Jo 


cos t — 1 


t 


dt 


8.231 


' sin ty 


5 cos ty 


1. si(xy) = - 

J X 

2. ci (xy) = - 

J X 

r /2 

3. si(x) = — / e -a; co st cos (xsini) dt 

Jo 


8.232 


1. s i(x) = -! + ]T 


(- l) k+1 x 


fc+1^2fe-l 


fc = 1 


(2k — l)(2fc — 1)! 


°° x 2k 


2. 7 ci(a;) = C+ ln(x) + ^(— 1) 

fc=i 

8.233 

1. ci(x) ± i si(a;) = Ei (±ix) 

2. ci(x) — ci (xe ±7Tl ) = ^firi 

3. si(x) + si(— x) = —7 r 

8.234 


2k(2k)\ 


l. 7 Ei(— x) — ci(a;) = / e _a:cosv sin (ssiniyj) dy? 

Jo 

2. [ci(x)] 2 + [si(x)] 2 = -2 I'' 2 ? p(-*ta„ y) l„cos v 

Jo 


sin y? cos y? 




NT 11(3) 


[ci(a;) is also written Ci(a;)] NT 11(2) 

NT 18(7) 
NT 18(6) 
NT 13(26) 

NT 7(4) 
NT 7(3) 

NT 6a 
NT 7(5) 
NT 7(7) 

NT 13(27) 

[Re x > 0 ] (see also 4 . 366 ) 

NT 32(11) 

See also 3 . 341 , 3.351 1 and 2, 3.354 1 and 2, 3.721 2 and 3, 3.722 1, 3, 5 and 7, 3.723 8 and 11, 
4.338 1 , 4.366 1 . 
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8.235 

1. 

2 . 


lim (x e si (a:)) = 0, lim (x e ci(x)) = 0 

x — >-+oo X — t+OC 

lim si(x) = — 7 r, lim ci(x) = ±7 xi 


[Q < !] 


NT 38(5) 
NT 38(6) 


• For integrals of the sine integral and cosine integral, see 6 . 24 - 6 . 26 , 6 . 781 , 6 . 782 , and 6 . 783 . 

• For indefinite integrals of the sine integral and cosine integral, see 5 . 3 . 


8.24 The logarithm integral li(tc) 


8.240 

1. 


li(*) = f 

Jo 


dt 
In t 


2. li(x) = lim 


£ — ^0 


/ 0 


= Ei (In x) 

1 “ e dt i 

1- / 

In t 


H+e 


dt 
In t 


= Ei (In x) 


[x < 1] 


[x > 1] 


3. li {exp (— xe ± ’”) } = Ei (— xe ±I7r ) = Ei (x =F *0) = Ei(x) ± in = li ( e x ) ± in 

[x > 0] 


JA 


JA 


JA, NT 2(6) 


Integral representations 
8.241 


1 . 


2 . 


li(x) = J 

li(x) = x f 
Jo 


In a: gt ^ poo 

— dt = x In In / e -t In t dt 

— oo ^ J — In x 


dt 


X 


In x + In t 
r 1 


dt 


x 


lnx J o (lnx + lnt)^ 

r°° i dt 

= x 


[x < 1] 


h In x — In t t 2 

1 f x a * 

3. li (a x ) = - / - dt 

( J lnaj_ 00 t 

For integrals of the logarithm integral, see 6.21 


[x < 1] 


>0] 


LA 281(33) 

LA 280(22) 
LA 280(29) 
LA 280(30) 


8.25 The probability integral the Fresnel integrals S(x ) and C(x), the error 

function erf(tc), and the complementary error function erfc(ai) 


8.250 Definition: 


l. 11 <F(x) = erf(x) = -^= [ 

V^Jo 

2 - s(x) = -ml 


e t dt 


(called the error function) 


sin t dt 
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8.251 


2 f x 

3. C(x) = , / cost 2 dt. 


4. 11 erfc(x) = 1 — erf(x) (called the complementary error function) 


r°° e -(p+x)y 
1 0 7t(p + x) 


%V~x) dx 


= ~ sinh (ay/p) + 4- - s/py^j + + Vw) 

roo e -(p+x)y 1 /a 2 \ Vp -a /p^f a \ 

/ -7 — ; — rCos(a\/i) da:= exp -- py - p-e — — - y/py ) 

Jo i t( p + x) y/icy V 4 y / 2 \ a Vv J 

+ /l e Vp^ + - v^ c °sh(av^) 

[Rep >0, a, 6 are real] 

J exp (— a; 2 ) 4>(p — x) dx = J exp (— x 2 ) erf(p — x) dx = ^- <1> 

rp rp 

/ a: 2 exp (— x 2 ) $(p — x) dx = / x 2 exp (— x 2 ) erf(p — x) dx 

Jo Jo 




P x 


Ab+a)/V 2 p{q,-\-D) / v , 

/ exp (— x 2 ) 4> ( 6\/2 — x J dx + / exp (— x 2 ) 4> ( a-s/2 — x J dx = \/7r$(. 

J(b-a)/V 2 V ' J(a-b)/V2 V ' 


V 7 2 y J 2^2 

/*(a+6)/ \/2 


<f> — — erf — p 


>(b-a)/V 2 


(a—b)/ y/2 


a) $(&) 


Integral representations 
8.251 

1 Z^ 2 e _t 

1. $(x) = — p / — p dt 

V^J 0 Vi 

„ , 1 r'sint , 

2. SYx) = / — F dt 

VV/Jo Vi 

1 f x cost , 

3. C7(x) = . / — p- dt 

VVkJq Vt 


8.252 

1. $(*») = /V tV dt 

V 71 Jo 

2. 5(xy) = -^L f sin (t 2 p 2 ) dt 

y/ZTT Jo 

3. C(xy) = f cos (t 2 y 2 ) dt 

v 27 tJo 


(see also 3.361 1) 


[Rey 2 >0] 
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4. <b{xy) = 1 - A e -*V r e * V l y d t [Re y 2 > 0] 
V7T J o sjt 2 + X 2 

2x _ 2 2 l^°e~ t v dt Ft? 2 .. nl 

= 1 -T e " L [Re!/ >0] 


5.' 


6. 6 


$ 


2xi 




4xie 


y roo 
4a 2 


V2 xiJ 


/ 7T 


e 4 K sin(fy) dt [Re a; 2 > 0] 


f— ) 

\2xJ 


$ ( — I =1 -j=xe 4 

V7T 


~ ty dt 


[Rex 2 > 0] 


See also 3.322, 3.362 2, 3.363, 3.468, 3.897, 6.511 4 and 5. 
8.253 s Series representations: 


1. 


li 


2 . 


3. 


erf(x) = -£e ^xFi fl; = 4= ^(-l) fe+1 , 

^ V 2 ; 1 


Jlk— 1 


2 _^2 ~ 2 k x 2k+1 

* /ft " (2fc + 1)!! 


k—0 


S(x) = 


(, 


V 

2 


5 3 1 


£ 


4 4 4 

(_l)fc a .4fe+ 3 


(2fc — l)(fc — 1)! 


7 5 1 


xsin x F 1; — -x — -x cosx F 1; — -x 

I 7 /I 7 /I 5 3 1 O I 7 3 7 3 7 3 


y2^^(2fc + l)!(4A: + 3) 




sin 2 x 


£ 

fc =0 


(— l) fe 2 2fe x 4fe+1 
(4fc+ 1)!! 


4 4 4 


(— i) fc 2 2fc+i x 4fc+3 

— COS X ^ 


k—0 


(4fc + 3)!! 


C'(x) = 


2 / 2 

x/2^ U 5 

OO 

£ 


5 3 1 

x s sinx z FI 1; - , — -x z I — xcosx z F | 1; — , — ; — -x 


7 5 1 


4 4 4 


4 4 4 


(- 1 ) 


k^Ak+l 


V / 27t (2fc)!(4fc + 1) 


V2^r [ 


I, 


00 ^ / j\fc22fc+i,p4fc+3 00 ^ / l) /c 2 2fc x 4fc+1 

sin 2 x V f- — + cos x 2 V 1 j 

^ (4k + 3)!! ^ 


k—0 


k—0 


(4k + 1)!! 


For the expansions in Bessel functions, see 8.515 2, 8.515 3. 


NT 19(ll)a 
NT 19(13)a 

NT 28(3)a 
NT 27(l)a 


NT 7(9)a 
NT 10(ll)a 

NT 8(14)a 
NT 10(13)a 

NT 8(13)a 
NT 10(12)a 


Asymptotic representations 


8.254 s $(2) = 1 - 


where 




£(-d 


.k—0 


k ( 2k — 1)!! 
(2 z 2 ) k 


+ 0 \z 


i—2 n—Z' 


\R n \ < — - — — cos x = |x|e* v and ip 2 < 1 r 2 

M«+5 2 


[z — > 00 , |arg(— 2)| < 7t — 6; 6 > 0 small] 

NT 37(10)a 


8.255 


1 1 


L S(x) = - -7=- cosx + O ( 

2 v 27 rx 


[x — > 00 ] 


MO 127a 
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8.256 


2. C(x) = ^ H t 2=- sin x 2 + O ( \ 

2 x \x 2 


[x — » oo] 


MO 127a 


8.256 Functional relations: 


L c{z) + iS{z) = V2*[7i) = v^l 




2. C(*) - i S(z) = -2— $ (zVi) = -2= [ e 1(2 dt 

V 2.x v / V27rJ o 

1 o [2 

3. [cos 2 uC(u) + sin u 2 S' (it)] = - [cos 2 u + sin it 2 ] + \ — / e“ ut sin t 2 dt 

2 \ n J Q 


[Re u > 0] 


X /2~ r 00 

4. [cos 2 uS(u) — sin u 2 C (it)] = - [cos 2 u — sin it 2 ] — y — J e~ 2ut cos t 2 dt 


5- 11 + S(x) — - =- 

A A 7T 


[Re it > 0] 

1 ] 2 2 F 7 ^ 2 exp (— x 2 tan ip) sin f y'cos ip 


sin 2ip 


(see also 6 . 322 ) 


NT 28(6)a 


NT 28(5)a 


NT 33(18)a 


• For a connection with a confluent hypergeometric function, see 9 . 236 . 

• For a connection with a parabolic cylinder function, see 9 . 254 . 

8.257 


1. 


[Q < !] 

NT 38(11) 

2. 

^limja^ [C{x) - §]) =0 

[*? < 1] 

NT 38(11) 

3. 

lim Six) = ^ 

x— »+oo 2 


NT 38(12)a 

4. 

lim C{x)=]~ 

x — t+oo A 


NT 38(12)a 


• For integrals of the probability integral, see 6.28 6 . 31 . 

• For integrals of Fresnel’s sine integral and cosine integral, see 6 . 32 . 

8 . 258 10 Integrals involving the complementary error function 



\P > o] 
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Lobachevskiy's function ./function] Lobachevskiyfunction(ZdddZLZdddZ) (a:) 
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3. 


[ x 3 erfc 2 (x)e & x dx= — ^ - - 

Jo 2 y 7t 


4 arctan (Vl + (3 ) 


Vi + P 

1 


arctan ( / 1 + /?) 


/ 1 

4. / a; erfc (V^) e _/3x dx = — 

Jo P 


f3n y (1 + P) (P 2 + 2/3 + 2) (l -)- /5) i 

\P > 0] 

1 + 1/3 


1 - 


(1 + /?)§ J 


[P > o] 


5. 


n 


r t ( r\ -dx , 1 / 1 arctan (V/3) 1 \ 

J ' /iertc( ^ e *=^(^2— — mw)) 


[P > o] 

8.259* Integrals involving the error function and an exponential function 

P**( a Vp \ 


1. 


2 . 


3. 


J e px $(a + bx) dx = F ^ 

[ x 2 e~ px 4>(a + 6a; ) dx = . /^<3> ( 

3-oo 2 p V P \ 


\/b 2 + p J 

a^/p 


[Rep > 0] , a, & real 
ab 2 


y^+Py/ p(&2+p)3/2 eXP V & 2 +P 

[Rep >0, a,b are real] 


9 

op 


^-px 1 + ^ dx = &L 


I q Vp 


p V\/ &2 +p, 

[n = 0, 1,..., Rep > 0, a, b are real] 


8.26 Lobachevskiy’s function L(x ) 

8.260 Definition: 

r 

L(x) = — / In cos id/ 

Jo 


LO III 184(10) 

For integral representations of the function L(x), see also 3.531 8, 3.532 2, 3.533, and 4.224. 

8.261 Representation in the form of a series: 


t(x) = xli,2-if;(-l)‘- lSi “ 2 ‘ x 


fc= i 


k 2 


8.262 Functional relationships: 

1. L(— x) = — L(x) 

2. L(7t — x) = 7r In 2 — L(x) 

3. L(7t + x) = 7r In 2 + L(x) 


7T 7T 

— — < X < — . 

2 ~ ~ 2J 


(i r \ 

/ 7T> 

l 1 /7T \ 

7T " 


= ( X - 

In 2 L ( 2x) 

0 < x < — 

V 2 / 

V 4v 

1 2 V 2 / 

L - 4 J 


LO III 185(11) 

LO III 185(13) 

LO III 286 
LO III 286 

LO III 186(14) 
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8.310 


8.3 Euler’s Integrals of the First and Second Kinds and Functions 
Generated by Them 

8.31 The gamma function (Euler’s integral of the second kind): T(z) 

8.310 Definition: 


1. T(z) = / e t t z 1 dt 

Jo 

Generalization: 

2 . r(*) = — ( (-ty- 1 e~ t dt 

2 i sin ttz Jc 

for z not an integer. The contour C is shown in the drawing: 


[Re 2 > 0] (Euler) 


FI II 777(6) 


WH 


G 


T(z) is an analytic function z with simple poles at the points z = —l (for l = 0, 1, 2,. . . ) to which 


(- 1 ) 

correspond to residues — — — . T(z) satisfies the relation T(l) = 1. 


WH, MO 1 


Integral representations 


8.311 r(z) = 

8.312 


1 




, 2a z e a f°° 

3. r(z) = / c 

sin nz J o 


5. 


r(0+) 


z-1 


e f t z 1 dt 


MO 2 

dt 

[Re z > 0] 

FI II 778 

1 dt 

[Re z > 0, Re x > 0] 

FI II 779(8) 

: (l + t 2 y 2 cos[ 2 at +(22 

— 1) arctan t\ dt 



>0] 


WH 


1 r °° 2 * 

4. = / e _t (l + t 2 ) 2 {3sin [t + z arccot(— t)l + sin [t + (z — 2) arccot(— t)]} dt 

2sm7r zj 0 v ' 


[arccot denotes an obtuse angle] WH 


/»00 

r(y) = x v e~ l/3y / exp (— xte~ zt3 ) dt 
Jo 


x,y,f3 real, x > 0, y > 0, \(3\ < - 


MO 


6. T(z) = 


2 sin nz 


e bu (it) z ~ 1 dt 


[b > 0, 0 < Re.? < 1] 


NH 154(3) 
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7. 

8 . 

9. 

10 . 

11. 11 

12 . 

13. 

8.313 

8.314* 

8.315 

1. 11 

2. 8 


r(z) = ^ ' a 2 + ^ kT l e ~ at cos {bt)t z ~ l dt 

cos (z arc tan J Q 

(Vo 2 + h 2 Y f°° , 

= j-r / e at sin (bt)t z 1 dt 

sin [z arctan £) 


lz roo 

r (^)=— ¥F/ cos {bt)t z ^d1 

COb - j - Jo 

/»oo 

- / sin(&t)t z_1 dt 

~2 Jo 


poo 

r(z) = / e _t (t — In t dt 

Jo 

/ oo 

exp (zi — e 4 ) dt 

-OO 

poo 

T(x)cosax = \ x / £ x_1 e _A * COSQ! cos (At sin ck) dt 

Jo 

POO 

T(x)smax= X x / t x_1 e _AtcoSQ: sin (A£ sin a) dt 
Jo 


n-z) = f 

Jo 


-Et - 1 ) 1 


k—0 


k! 


t z + 1 


dt 


NH 152(l)a 


NH 152(2) 


[a > 0, 6 > 0, Re z > 0] 


[6 > 0, 0 < Re z < 1] NH 152(5) 


[Re ^ > 0] 


[Re 2 > 0] 


NH 173(7) 


NH 145(14) 


7T 7T 

A > 0, x > 0, — — < a < — 


7T 7T 

A>0, £>0, — — < a < — 


[n = [Re ~J ] 


WH 


WH 


MO 2 


r^ ~ +1 ^ = utt ” J exp {—ut v )t z dt [R.eu>0, Reu>0, Rez> — 1] 

JA, MO 7a 


r(^) = / e 4 t z 1 dt + 


n—0 


(~i) fc 

fc!(z + fc) 


f h = H { - ,r ’ e ~‘ dt 

f°° e m , 2 7 re- ab 6 z ' 1 

dt = 


[z — > 0, in |arg z| < 7t] 

[for the contour C, see 8.310 2] 


-ooO + ^) 2 r(^) 

dt = 0 [Re a > 0, b > 0, Re z > 0, |arg(a + it) \ < r] 


poo g — bti 


Loo {a + it) z 
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C,a r 7 r/ 2 


3. 


r( 2 ) “ ^ 7T 


r n / z 

/ cos (a tan 9 — z9) cos 2-2 9 d9 [Re z > 1] 
Jo 


See also 3.324 2, 3.326, 3.328, 3.381 4, 3.382 2, 3.389 2, 3.433, 3.434, 3.478 1, 3.551 ] 
4.267 7, 4.272, 4.353 1, 4.369 1, 6.214, 6.223, 6.246, 6.281. 

8.32 Representation of the gamma function as series and products 

8.321 Representation in the form of a series: 

OO 

i. 6 r{z + i) = J2 Ckzk 


k—0 


Co — 1? c n _ |_i — 


_ Cn-K 


n + 1 


Si = C, s n = £(n) for n>2, 


2 . 


r(* + i) 


= ]T 

/c— 0 

c/q = 1, ^n+1 = 


ELo(- 1 ) fcs fc+i d "-fc 

n + 1 


; Si = C, s„ = £(n) for n>2 


Infinite-product representation 


8.322 11 r(^) = 


,-c.lfr * z/k 

z L \ 1+ f 

^ i + f 

*:=i k 


[Re 2 > 0] 
[Re 2 > 0] 


77^ JL. k 

= lim — TT — — [Re 2 > 0] 

n — >oo Z Z K 

k—1 


8.323 7 T(z) = 2z 2 e" z VB (2*-^, \) 


k = 1 

„ r|l + i 


fc=l 


8.324 7 T(1 + -z) = 4 Z 

8.325 

1. 


2 2 k 


r(a)r(/3) 


r(a + 7)r(/3 - 7) 


n 

k—0 


1 + 


7 


2 . 


n 


e C:z T(2 + 1) 
r(2 — x + 1) 


n 

k=i 


i - 


a + k 

,x/k 


3.' 


r(i + f)r(§-i) 


2 + k 

OO ✓ 

nfi- 


i - 


7 


(3 + k y 

\z± 0,-1, -2,. 


fe=i 


2fc — 1 


) ( 1+ i) 


Re 2 > 0, Re (2 — 


NH 157(14) 
, 2, 3.827 1, 


M < 1 

NH 40(1, 3) 

NH 41(4, 6) 

SM 269 

WH 

SM 267(130) 
NH 98(12) 

MO 3 

NH 62(2) 

x) > 0] 

MO 2 
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895 


8.326 


1. 


[i»r 

T(2x) 


B(x + iy, x — iy) 


r(*) 


r(x — iy) 


2 oo 


n i 


k—0 


(x + ky 


[x, y are real, x y 0, —1, —2, . . .] 

LO V, NH 63(4) 


2 . 


11 Y{x + iy) xe lCv °° 


T(x) x + iy 11 ;l + 

v 7 n = 1 x-\-n 


n 


exp 




[x, y are real, x y 0, —1, —2, . . .] 


MO 2 


8.327 Asymptotic representation for large arguments: 


-L i 


l 


139 


571 


+ o (*"“)} 


1. r( 2 )~t: 2e v^jlA 12z + 288z 2 51840z 3 248832(k 4 

[|arg z\ < 7t] WH 

For z real and positive, the remainder of the series is less than the last term that is retained. 

/ Tl\ n / f Tl\ n 

2* n\ ~ V27T n {^—J or equivalently T(n + 1) ~ v2ivn ^ — j 


[Stirling’s asymptotic formula for n 0] AS 6.1.38 


1 


1 


1 1 


3.* lnT(z) ~ \ z — — )lnz — z + — ln(27t) + — - — — r + 


1 


1 


8.328 

1. lim |r(x + iy)\e* ^ \y \ 2 x = 

lyHoo 

2. lim lAtde-'- = 1 

M-*°o r( 2 ) 


12 2 360 2 3 1260z 5 1680 2 7 

[z oo, |arg z\ < 7t] 

[x and y are real] 


AS 6.1.38 

MO 6 

MO 6 


8.33 Functional relations involving the gamma function 

8.331 

1. r(cc+ 1) = xT(x) 

2* r(a; + a) = (x + a — 1) r(x + a — 1) 

_ r(x + a + 1) 

(x + a) 

* r(x — a) = (x — a — 1) r(x — a — 1) 
r(x — a + 1) 

(x — a) 


3 . 
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8.332 


8.332 

1. 

2 . 

3. 

4. 


I r (* 2/)| 2 = ' 


y sinh n y 


|r(| + %)| 2 = 


cosh Try 


r(l + i®) T(1 - is) = 


7TX 


sinh xtt 

T(1 + x + iy) T(1 — x + iy) T (1 + x — iy) T(1 — x — iy) = 


[y is real] 

[y is real] 

[x is real] 

27t 2 (cc 2 + y 2 ) 


cosh 2yir — cos 2xn 
x and y are real] 


8.333 [r(n + l)]" = G(n + l)n* 

k — l 

where n is a natural number and 
G(z + 1) = (27t) 5 exp 

8.334 

n i 

l - n r (- Z exp^y “ -2: 


Z ( Z + 1 ) _ 

2 2 Z 


k= 1 


n[>-(f) 


k = 1 


n{( i+ 0“ ex »(- 

n— 1 v x 

[n = 2,3,3...] 


z 

2 n 


2 . r(i + x)r(i-x) = 

3. r(i - x) r(x) = 


COS nx 


sin nx 


Special cases 

8.335 7 T{nx) — (27t)~ 


n— 1 

nr 

/c= 0 


k 

x H — 
n 


n2x—l 

1. r( 2 x) = — - -j=r- r(x) r (x + |) 

o3tc— ^ 

2. r (3x) = r(s) r (a; + i) r (x + !) 


[product theorem] 
[doubling formula] 


3. 


4. 



(27 r) 


n— 1 


n 


25 


r^4(?r!rr 2 (-|) 4 16 256 1024 65536 


1 

7T 


yz + xi 


2 y 


8.336 r | - g ~_' - ) r(l -z) = (2i) 2+1 yT 1 + yZ Xl ) / e~ tx sin z (ty) dt 


2 2 / 


MO 3 


LO V 


LO V 


WH 


MO 2 


FI II 430 


FI II 782a, WH 


WH 


[Re(yi) > 0, Re(x — yzi) > 0] 

NH 133(10) 
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• For a connection with the psi function, see 8.361 1 . 

• For a connection with the beta function, see 8.384 1 . 

• For integrals of the gamma function, see 8.412 4, 8 . 414 , 9 . 223 , 9.242 3, 9.242 4. 

MO 1 
JA 


8.337 

1. [r'(a;)] 2 < r(cr)r ,, (a;) [x > 0] 

2. For x > 0, minr(l + x) = 0.88560 ... is attained when x = 0.46163 . . . 


Particular values 


8.338 

1. 

2 . 

3. 

4. 


5. 


r(i) = r( 2 ) = l 


F(|) = V5F 

r(-i) = - 2 ^ 



2 “ (4fc-l) 2 [(4fc + l) 2 -l] 

71 M K 4fc - 4 ) 2 - !] ( 4fc + 4 ) 2 

640 / 7T \ 3 

"3®” V71; 


8.339 For n a natural number 


1. 

2 . 

3. 

4. 


r(n) = (n — 1)! 


r (n + |) 



1 )!! 


r(i— n) = (-l) 

T(p + n+ \) = 
T(p-n+\) 


n 

(2n — 1)!! 

(4 p 2 — l 2 ) (4 p 2 


3 2 ) . . . [4 p 2 — (2 n — l) 2 
2 2n 


5. * r(n + fe) = (n + /c — 1)! 

_ r(n + k + 1) 
(n + fc) 

6 . * r(?z — k) = (n — k — 1)! 

r(n — k + 1) 

(n — fc) 


[n + k > 0, 1, . . .] 


MO la 

WH 


WA 221 


[n — k > 0, 1, . . .] 
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8.341 


8.34 The logarithm of the gamma function 

8.341 Integral representation: 

L tar(z) = (*-l)ta*-*+lln2 *+l + 


dt 


[Re 2 > 0] 


1 f c 

2. 11 lnr(.z) = z In z — z — - In z + In V2tt + 2 / 

2 Jo 


' arctan - 


e 2nt _ 1 


■ dt 


Re 2 > 0 and arctan w = 


du 


s. ^nz) = [{- 




is taken over a rectangular path in the w-plane 


dt 


4. 


hr M-r + (i+ v + v ,rl 

In 7r — In sin irx IF 00 ! sinh (| — x)t 


5. lnT(a;) = 


6. lnr(,z) = 

Jo 

7. lnr(«)= f 

Jo 


sinh | 


t z -t 
t - 1 


- t{z - 1) 


dt 

tint 


(z- l)e-* + 


e~ tz - e -4 
1 — e -4 


dt 

t 


See also 3.427 9, 3.554 5. 

8.342 Series representations: 

l. 11 lnr(^ + l) 


In 


(— ) 

V Sin 7 TZ / 

oo 


— In 


= -c* + £(- i) fc ^rC(fc) 


i + «' 

1 - X 


(i — (7) z + 


fc=i 


1 C(2fc + 1) _2fc+l 

2k + 1 


k—2 
1 , 7ra 


2. lnr(l + ®)= -In— Cx-Y 

2 sin 7rx ' 


21 2 - 271+1 


n—1 


2n 1 


C(2n + 1) 


[|*i < i] 


8.343 


r i ^ 

1 . In T(x) = In y/2n + 7^ < — - cos 2nirx H ( C + In 2n7r) sin 2n7r# 

' I 2n nir 

n—l 

[0 < x < 1] 


WH 


WH 


[Re z > 0] 

WH 

[Re 2 > 0] 

WH 

- 2x)e "}f 


[0 < x < 1] 

WH 

[Re z > 0] 

WH 

[Re 2 > 0] 

NH 187(7) 


[|z| < 1] NH 38(16, 12) 


NH 38(14) 


FI III 558 
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2 . In r( 2 ) = z In z — z — - In z + In V2n + - ^ 


TO 


£ 


2 ' (m + 1 )(to + 2) ^ (2 + ?r) m+1 

m=l v 7 v 7 n=l v 7 

[|arg z\ < 7 r] 


MO 9 


8.344 7 Asymptotic expansion for large values of \z\: 


where 


^ ™ ^ JJ 

\nT{z) = z\nz-z--\nz + \n^+Y, 2 k( 2 k - 1 )z 2k ~ 1 + Rn 

\Rn{z)\ < 


\B 2 


2n(2n — l)\z\ n 1 cos 2 " -1 (| arg 2 ) 


M05 


2 . 


EH II 133(1), NH 1(1) 
EH II 133(2), NH 2(2), LE 339 


For integrals of lnT(a;), see 6.44. 

8.35 The incomplete gamma function 

8.350 Definition: 

1. 7 (a, x) = f e~ t t a ~ 1 dt [Re a > 0] 

Jo 

pOO 

2. 11 r(a, x) = / e _t f a_1 dt 

J X 

3 . * r(z,o) = r(z) 

4. * r(a, 00 ) = 0 

5. * 7 ( 0 , 0) = 0 

8.351 

x~ a 

1. 7 * (a, x) = ^ ^ 7 (a, x) is an analytic function with respect to a and x EH II 133(5) 

2. Another definition of r(a, x) that is also suitable for the case Rea < 0: 

x a x a 

y(a, x) = — e~ x $(1,1 + a; x) = — $(a, 1 + a; —x) EH II 133(3) 

a a 

3. For fixed x, T(a, x) is an entire function of a. For non-integral a, r(a,x) is a multiple-valued 
function of x with a branch point at x = 0 . 

4. A second definition of T(a, x): 

r(a, x) = x a e~ x ^(l, 1 + a; x) = — a, 1 — a; x) EH II 133(4) 

8.352 Special cases: 


1. 7(1 + n, x) = n\ 


i- e - x ££ 


\m—0 


r(l + n,x) =n\e~ x V — r 
^ to! 


m= 0 


[n= 0,1,...] 

EH II 136(17, 16), NH 6(11) 
[n = 0, 1, . . .] EH II 136(16, 18) 
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3. 11 r(— n, x) = - — y— Ei(-z) - ^ ln(-.z) + ^ In - In z -e 

n - l \ Z J J fc =1 

[n = 1,2,...] 


{~ n )k 


11 1 r,.m 

l) } .e~ x V ^ 

' ml 

m — 0 

n—2 

e-EHO 

m = 0 

n ~ l r.,m 

1)! 1 — e~ x J —— 
^ ml 

m — 0 

■ 


[n = 2, 3, . . .] 
[n= 1,2,...] 


7.* r{n,x) = (n-l)\e~ x J2 


[n = 1,2,...] 


/ -< \ »7 k 1 ■ 

' L m=0 


[n — k > 1, k = 0, 1, . . .] 


8.353 Integral representations: 


1. 7(0, x) = x a cosec 7ra / e x cos 0 cos (a# + a: sin 0) dd [x ^ 0, Rea>0, a ^1,2,...] 

Jo 

EH II 137(2) 


/»00 

2. 7 (a,x)=x^ a e _t <3 a_1 J a yl\/xt ) dt 

Jo ' ' 

o tv ^ /- 00 e-^-« u 

3 . I (a, x) = — 7- r / at 

y 1 r(l-a)i 0 x + t 


2x^ a e~ x F 00 i r i 

4. IYa, x) = — 7/ e _t t _sQ lf a 2-\/xf dt 

r(l-a)7 0 L J 


[Re a > 0] 

[Rea <1, x > 0] 

1 

[Re a < 1] 


EH II 138(4) 


EH II 137(3), NH 19(12) 
EH II 138(5) 


r*oo 

5. T(a,xy) = y a e~ xy e~ ty (t + x)“ _1 dt 

Jo 

[Re y >0, x > 0, Rea > 1] (See also 3.936 5, 3.944 1-4) NH 19(10) 


For integrals of the gamma function, see 6.45. 
8.354 Series representations: 


1. 7(a,x) = ^] 


2^ (-l) n x Q+n 


n!(a + n) 


EH II 135(4) 
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2. r(a,x) = T(a) - 


(-l) n x a+n 
n!(a + n) 


\ a 7 ^ 0 , — 1 , — 2 , . . .] 


EH II 135(5), LE 340(2) 


3. r(a, x) — r (a, x + y) = 7 (a, x + y) — 7 (a, a;) 

= p -x T a-i V (~l) fc [l- e~ve k (y)\ T(l-a+k) 
^ x k T{l~a) 

lc 

rj-m 

efe(ar) = ~ 

z — / mi 


< |x|] EH II 139(2) 


4. i(a,x) =T(a)e X x* a ^x? n I n+a (2y/^'^T 


[x 7^ 0, a/0, -1,-2,...] 


EH II 139(3) 


5. T(a,x)=e X x a 


[x > 0] 


EH II 140(5) 


8.355 r(a, x) 7 (a, y) = e~^{xy) a £ (n+1) r^ + n+1) ^(*) L n(v) 


8.356 Functional relations: 
l. 11 7 (a + 1, x) = aj(a, x) — x a e~ x 

2 . r(tt+l,t) = ar(Q,i) + i“e _I 

3. r(a, x) + 7 (a, x) = r(a) 

rf 7 (a,x) _ tZr(a,x) ! 

dx dx 

r(a + n, x) r(a, x) _ x x a+s 

r(a + n) r(a) -“jr(a: + s+l) 


[y > 0, x > y, a/0, —1, . . .] 

EH II 139(4) 


EH II 134(2) 


6. 11 r(a) r(a + n, x) — T(a + n) r(a, x) = T(a + n) 7 (a, x) — r(ct) 7 (a + n, x) 

7.* r(a + k, x) = (a + k - 1) T(a + k - 1, x) + x 0+fc_1 e _x 

= — — [r(o + k + 1, x) - x a+fe e _x ] 


r(a — fc, x) = (a — k — 1) T(a — k — 1, x) + 


a—k—1 —x 


[r(a — fc + 1, x) — x a ~ k e~ x 


EH II 134(3) 
EH II 134(1) 

EH II 135(8) 
NH 4(3) 


9.* 7 (a + k, x) = (a + k — 1) 7 (a + k — 1, x) — x a+k 1 e x 

= — — [r(a + k+ 1, x) + x a+k e~ x ] 
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i—k— 1 „—x 


10.* 7(a — k, x) = (a — k — 1) 7(0, — k — 1, x) — x a " *e 


1 

a — k 


7 (a — k + l,x) + x a ~ k e~ x 


8.357 Asymptotic representation for large values of |ar|: 

fM-l 


1. T(a, x) = x a 1 e 


E 

,m = 0 


(— rpr(l -a + m) , ^ ( i 


! r(i — a) 


o 


(1= 


3 tt 37 t 

FI oo,-— < axga; < — , M=l,2„... 


EH II 135(6), NH 37(7), LE 340(3) 


8.358 


8.359 

1. 

2 . 

3 . 

4 . 11 


Representation as a continued fraction: 

r(a, a:) = 


1 + 


1 — a 
Y 


2 -a 


1 + 


3 — a 

1 + ... 


Relationships with other functions: 

r(0,x) = — Ei(— x) 

r (o, In — ^ — li(x) 


T (|,X 2 ) = ypK — y/TT<&{x) 
7 {\,x 2 ) = 


EH II 136(13), NH 42(9) 


EH II 143(1) 

EH II 143(2) 

EH II 147(2) 
EH II 147(1) 


8.36 The psi function ip(x) 


8.360 Definition: 

1. i>(x) = ~r lnr(x) 

ax 

8.361 Integral representations: 
dlnr(z) r°° I e 


l. e 


i>(z) = 


dz 




2 . fiz) = £ { 

3 . ip(z) =lnz- -zj 

4 . if>(z) = J q ( 


1 


t 1 — e 


dt 


dt 


(i + ty\ t 


tdt 


0 ( t 2 + z 2 ) ( e 2nt — 1) 

t z ~ l 


— In t 1 — t 


dt 


[Re 2 > 0 ] 

NH 183(1), WH 

[Re 2 > 0 ] 

NH 184(7), WH 

[Re 2 > 0 ] 

WH 

[Re 2 > 0 ] 

WH 
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5. ip(z) = 


1 — e" 


dt — C, 


dt 

6. 'P(z) = j {(l + t)~ 1 -(l + t)-*} T -C, 

r 1 t z ~ 1 - 1 

7. ip(z) = / — — — dt - C 


/»00 

8. ip( z ) = In 2 + / e" 

J o 


1 1 


t 1 — e~ 


dt 


[Re tr > 0] 


[Re > 0] 


WH 


WH 


FI II 796, WH 

MO 4 


See also 3.244 3, 3.311 6, 3.317 1, 3.457, 3.458 2, 3.471 14, 4.253 1 and 6, 4.275 2, 4.281 4, 4.482 5. 

For integrals of the psi function, see 6.46, 6.47. 

Series representation 
8.362 


1. )=- C -J2 


k = o 

1 


1 1 


• + k k + 1 


cxj 1 

= ^ C --+ X y - — 

* J hi 'v -X- 


x k(x + k) 

k — 1 


2 . ip(x) = Inx 


fc= o 

7T 2 

~6 


; + k 


— In ( 1 + 


a; + k 


3. ip{x) = -C+ Ez- 1) - (x - 1)^ 


f 1 1 


8.363 


1. ip{x + l) = -C+y(-l) k £(k): 


k= 1 


,k - 1 


\fc + l x + A: J x + n 

x 7 n=0 


fc-1 

E 


fc=2 


2. ^(x + 1) = ^ cot 7TX I x 2 + x; [i - eta* + 1)] * 

fc= i 


,2fc 


FI II 799(26), KU 26(1) 
FI II 495 

MO 4 

NH 54(12) 

NH 37(5) 

NH 38(10) 


3. ip(x) - ip(y) = y 


k—0 


(— — 

\y + k x + k 


4 . 


(see also 3.219, 3.231 5, 3.311 7, 3.688 20, 4.253 1, 4.295 37) NH 99(3) 

, . , , . , ^ 2 yi 

V(x + ty) - ip{x - iy) = 2^ 




k - 0 


y 2 + (x + k ) 2 

_ q 

k + 1 p+ kq / 


fc= o 

1 q 


(see also 3.244 3) 


NH 29(1) 
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6. 


7. 


-i 


- ) =~C- ln(2 q) - ^ cot — + 2 y 


k= l 


2kpir . kn 

cos In sm — 

9 9 . 


[q = 2,3,.. . ,p = 1,2, . .. ,q- 1] 

MO 4, EH I 19(29) 


yy - — - — 

W V 9 / 

OO 1 

^ (n) (*) = (-l) w+1 n! y ^ + fc)ra+1 = (— l) ra+1 n! Q(n + 1, x) 


NH 59(3) 
NH 37(1) 


Infinite-product representation 

8.364 

OO / 

1. e^ x) = x H ( 1 


k = 0 


1 


g x-\-k 


2 . 


pj/V-fx) = r ( a: + ^) TT ( 1 

r(.T) 11 1 


k—0 


g x+fc 


NH 65(12) 
NH 65(11) 


See also 8.37. 


• For a connection with Riemann’s zeta function, see 9.533 2. 

• For a connection with the gamma function, see 4.325 12 and 4.352 1. 

• For a connection with the beta function, see 4.253 1. 

• For series of psi functions, see 8.403 2, 8.446, and 8.447 3 (Bessel functions), 8.761 (derivatives 
of associated Legendre functions with respect to the degree), 9.153, 9.154 (hypergeometric 
function), 9.237 (confluent hypergeometric function). 

• For integrals containing psi functions, see 6.46—6.47. 


8.365 Functional relations: 


1. 

2 . 


ip(x + 1) = 4>{x) + - 

X 

H^) _v, © = 2/3(a:) 


JA 


(cf. 8.37 0) 


n— 1 


3. ip(x + n) = ip(x) + y 


fc= o 


x + k 


4. 

5. 

6 . 


ip(n + 1) = -c+y - 


fc= l 


lim [ip(z + n) — In n] = 0 


ip(nz) = — y tp ( z -\ — )+ In i 
n ' V n / 
k—0 V 7 


[n = 2,3,4,...] 


GA 154(64)a 

MO 4 

MO 3 

MO 3 



8.367 


The psi function ip(x) 


905 


7. ip(x - n) = ip(x) - V 

X rZ 


8. 

1p(l — z) = 1p(z) + 7T cot 7 TZ 


GA 155(68)a 

9. 

(\ + z ) = ip — z) + n tan 7 tz 


JA 

10. 

ip (! “ n ) = ^ (3 + n) + 7 t 

[71 = 0, ±1, ±2,...] 


8.366 

Particular values 



1. 

</>(!) = -C 

(cf. 8.367 1) 


2. 

^(|) = -(7-21112 = -1.963510026... 


GA 155a 

3. 

■ n 1 

^(i±n)= (7+2 ^ In 2 

_k= 1 


JA 

4. 

V»(i) =-C-|-31n2 


GA 157a 

5. 

^(|) =-C+|-31n2 


GA 157a 

6. 

V’(g) = -C- |^/§- § ln3 


GA 157a 

7. 

V’(f) = -c+ f\/§- l ln3 


GA 157a 

8. 

t r 2 

^)'(l) = — = 1.644934 066 848... 


JA 

9. 

7T 2 

/(i) = y = 4.934 802 200 5... 


JA 

10. 

ip (— n) = 00 

[n is a natural number] 

JA 

11. 

1-1 2e 

iWI 

1 

11 

[n is a natural number] 

JA 

12. 

^(i + ")= 2 4 g ( 2fc _i) 2 

[n is a natural number] 

JA 

13. 

2 n 1 

^ ">= 2 + 4 E (m _ 1)2 

[n is a natural number] 

JA 


8.367 Euler’s constant (also denoted by 7 ): 


1 . 

2 . 

3. 


C = - ip(l) = 0.577 215 664 90 . . . 

~n— 1 

C = lim y - — In n 

n — too ^ 

_fe=l J 


(7 = lim 
#—► 1+0 




FI II 319, 795 
FI II 801a 

FI II 804 
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Euler’s Integrals of the First and Second Kinds 


8.370 


Integral representations: 
4. 


5. 

6 . 

7. 


9. 

10 . 


C = — e 4 In tdt 
Jo 

C = — f In ( In ' ) dt 
Jo 

A 


t 


c= 


10 L 


c= 

C= 1 - 

c= — I 


1 1 
111 t ^ 1 — t 

oo r 

cos t — 


dt 


o 


1 + t 


dt 

T 


p oo 

sin t 

i 

L 

t 

1 + 1 


dt 

t 


e _t — 


1 


C= - 


Jo 

nOO 


11. C = 


1 + t 
1 

1 + t 2 
1 1 ~ 


e _t — 


dt 

t 

dt 

T 


e 4 — 1 te f 


dt 


FI II 807 

FI II 807 

DW 

MO 10 

MO 10 

FI II 795, 802 
DW, MO 10 

DW 

FI II 802 


See also 8.361 5 - 8.361 7, 3.311 6, 3.435 3 and 4, 3.476 2, 3.481 1 and 2, 3.951 10, 4.283 9, 
4.331 1 , 4.421 1 , 4.424 1 , 4 . 553 , 4 . 572 , 6 . 234 , 6.264 1 , 6 . 468 . 

13. Asymptotic expansions 

n— 1 




1 1 


1 


1 


1 


fc= l 


B'lr 1 


2 n 12 n 2 120 n 4 252n 6 240n 8 

i?2r+2 9 


2 r n 2r 2 (r + 1) n 2r + 2 


[0 < 9 < 1] FI II 827 


8.37 The function (3{x) 


8.370 Definition: 


m = \ 


Vi 


X + 1 


HI) 


8.371 Integral representations: 

l. 3 

2 . 


NH 16(13) 


pi- fX— 1 

= l 1 + t dt 

[Re a; > 0] 

WH 

roo —xt 



S{x) = l l+e-‘ dt 

[Re a; > 0] 

MO 4 


[Rea; > — 1] 



3. j3 

See also 3.241 1, 3.251 7, 3.522 2 and 4, 3.623 2 and 3, 4.282 2, 4.389 3, 4.532 1 and 3. 
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The function /3(x) 
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Series representation 


8.372 


l - 7 P( x ) = Y 


[-x N] 


NH 37, 101(1) 


2. 7 (3{x) = Y 


( x + 2k) (x + 2k + 1) 


1 OO 

3. 8 p( x )=~Y 


2 x(x + 1) . . . (x + k) 2 k 

k — 0 


[-x <jL N] 


\-x i N] 


NH 101(2) 


[/3 has simple poles at x = — n with residue (— l) n ] NH 246(7) 


8.373 


l. 6 (3{x + 1) = In 2 + ^(-l) fc i 1 - 2 ~ k ) C(* + l)s 


[|x| < 1] 


NH 37(5) 


2. 6 0(x + 1) - ln2- 1+ — ; - + _ 2 ~Y C 1 “ ( 1 — 2 2A 0C(2fc + l)] 


2x 2 sin 7 tx 1 — x 


8.374 p{x) = (-l)"n! ( ^ 

dx n w v ' ^ (a; + fc) ra+1 

fc=o v ' 

8.375 Representation in the form of a finite sum: 


[0 < |x| < 2; a: ±1] 


[-£ G N] 


NH 38(11) 


NH 37(2) 


1.6 g IP = 77 _ y 

A U/ 2 sin — ^ 

9 /c— 0 


p(2k + 1)7T . (2k + 1)7T 

cos In sin 

q 2 q 

[q = 2,3 ,..., p = 1,2,3,..., q- 1] (see also 8.362 5-7) NH 23(9) 


™ 3 f i\fc+n+l 


2. /3(n) = (-l) n+1 ln2 + ^ — 


Functional relations 


8.376 ^(— l) fe P 


2 n + 1 


= (2 n + 1) P(x) 


NH 19 


8.377 Y P ( 2kx ) = V’ (2”*) n ln 2 


NH 20(10) 
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Euler’s Integrals of the First and Second Kinds 


8.380 


8.38 The beta function (Euler’s integral of the first kind): B (x,y) 

Integral representation 


8.380 

1. 


2 . 


4. 


10 . 


B(x ,y) = [ t x ~\l -ty-'db* 

Jo 

= 2 / i 2 * -1 (l — t 2 ) y l dt [Rex > 0, Re y > 0] 
Jo 

fir / 2 

B(x,y) = 2 sin 2 * -1 (^cos 2y_1 ipdip 

Jo 


3. B (x,y) = [ 
Jo 


oo j.x—1 


r oo j-2x—1 


£X-I /*UO 

. — - — — dt = 2 j— dt 

o (1 + t)*+v J Q (l + t 2 ) x+y 


B{Xty) = 2 + 


/-l 


(1 + t 2 ) 


x+j/ 


5. B(x,y) = [ 
Jo 


6. B(x,y) = 


1 1*- 1 + t"- 1 , f* _1 + tv -1 , 

-7- r ; dt= -7- r ; dt 

0 (l + t) x +y J x (l + t) x +y 


[Rex > 0, Rey > 0] 
[Rex > 0, Rey > 0] 
[Rex > 0, Rey > 0] 
[Rex > 0, Rey > 0] 


FI II 774(1) 


KU 10 


FI II 775 


1 rl ' 


2x+y-l 


(i + tf~ l (i - ty- 1 + (i + t ) v ~\ i - 1) 


x—1 


dt 


[Rex > 0, Rey>0] 


MO 7 


Bl (1)(15) 


Bl (1)(15) 


7. B(x,y) = z v (l + z) x [ 

Jo 


dt 


i t x ~ i (i-t) y ~ i 
0 (t + zY+y 

[Rex >0, Rey > 0, 0 > z > —1, Re(x + y) < 1] NH 163(8) 


8. B(x, y) = z v (1 + z) a 


T / 2 cos 2 * 1 1 p sin 2y 1 tp 


dip 


1 0 (z + COS 2 ip) X+V 

[Rex >0, Rey > 0, 0 > z > —1, Re(x + y) < 1] NH 163(8) 


See also 3.196 3, 3.198, 3.199, 3.215, 3.238 3, 3.251 1-3, 11, 3.253, 3.312 1, 3.512 1 and 
2, 3.541 1, 3.542 1, 3.621 5, 3.623 1, 3.631 1, 8, 9, 3.632 2, 3.633 1, 4, 3.634 1, 2, 3.637, 
3.642 1, 3.667 8, 3.681 2. 


9. B(x, x) 


i 

2 2x -' 




(i - ty 
Vi 


dt 


See 8.384 4, 8.382 3, and also 3.621 1, 3.642 2, 3.665 1, 3.821 6, 3.839 6. 

J cosh 2 yt 


B(x + y, x — y) = 4 1 * [ 
Jo 


o cosh 2 * t 


■ dt 


r. 1 

11. B (x,-^J=zJ (1 — t z ) x_1 f y_1 dt 


[Rex>|Rey|, Rex > 0] 


Re z > 0, Re - > 0, Re x > 0 
z 


MO 9 


FI II 787a 


*This equation is used as the definition of the function B (x,y). 
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The beta function (Euler’s integral of the first kind): B(x,t/) 


909 


8.381 


r°° dt _ 2 7T (a + b) 1 ~ x ~ v 

Loo (a + it) x (b-it) y (x + y-l)B(x,y) 

[a > 0, b > 0; x and y are real, x + y > 1] MO 7 


l-oo (a - it) x (b - ity 


[a > 0, b > 0; x and y are real, x + y > 1] MO 7 


/ oo 2 iayt J + 

s 

.ooCOsh 2 "(ai-7) 


[y, a, 7 are real, a > 0; Re x > 0] 


For an integral representation of lnB(a:,t/), see 3.428 7. 

1 2*+w- 1 (® + y - 1) f n/2 .. x+v -2, u 

— r = / cos[(:r — y)t\ cos +y tdt 

B {x,y) 7t Jo 

= 2X+V -y + y L'] ) f cos[(^ - V)t] sin x+y-2 1 dt 
Ttcos (x-y)f Jo 


ttcos [(x - y)f] Jo 

2 x+ y~ 2 ( x + y - 1) r 

7rsin [(a; — y)f] Jo 


sin[(a; — y)t\ sin x+!/ 2 tdt 


NH 158(5)a 
NH 159(8)a 


NH 159(9)a 


Series representation 


8.382 


1. 

y _ n n ! ( x + n) 


[y > 0] 


2. InB ^ ln^+ 1 [in (^) - In (^)] + £ 

[|*| < 2] 


^l-(l-2- 2fc )C(2fc + l) 
^ 2fc + 1 


3 M-V (2fe - 1)!! 1 I 1 

l ’ 9 / .2_^ Ofe7.| r 4- h ? 


2 J ^ 2 fe fc! 2 + k z 

k— 1 


NH 39(17) 


(see also 8.384 and 8.380 9) WH 


8.383 Infinite-product representation: 

(x + „ + 1) B (x + 1, „ + 1) = f| ,* ( ! w 

O + fc)(j/ + ft) 

8.384 Functional relations involving the beta function: 

1. B(x,y) = =B(y,x) 

T(x + y) 

2. B(x, y) B(x + y,z)= B(y, z) B (y + z, x) 


[x, y^-l, - 2 ,...] 


FI II 779 


MO 6 
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Bessel Functions and Functions Associated with Them 


8.391 


3. 

4. 

5. 

6 . 


^B(x,y + k) = B(x - 1 ,y) 


k = 0 


B(a:,a;) = 2 1 2 x B(\,x) 
B(s, x) B (x + \ , x + |) = 


1 


= m 


n + in — 1 
n — 1 


2 Ax ~ 1 3 


= n 


n + in — 1 

TO — 1 


(see also 8.380 9 and 8.382 3) 


[to and n are natural numbers] 


WH 

FI II 784 
WH 


B(n, to) 

For a connection with the psi function, see 4.253 1. 

8.39 The incomplete beta function B x (p,q) 

r x x p 

8.391 7 ~B x (p,q)= / t p - 1 (l-t) q ~ 1 dt= — 2 Fi(p,l-q-,P+l\x) ET I 373 

Jo P 

8.392 I x (p,q) = ET II 429 

B (p, q) 

8. 4-8. 5 Bessel Functions and Functions Associated with Them 

8.40 Definitions 

8.401 Bessel functions Z v (z) are solutions of the differential equation 


d 2 Z v Id Z v 
dz 2 z dz 


+ [1- — )Z V =0 


KU 37(1) 


Special types of Bessel functions are what are called Bessel functions of the first kind J u (z), Bessel 
functions of the second kind Y v (z) (also called Neumann functions and often written N v (z )), and Bessel 
functions of the third kind H^\z) and H^ 2 \z) (also called Hankel’s functions). 

~2fc 


8.402 


fc= o 


2 2k k\T{v+ k+ 1) 


[|arg z\ < 7 r] 


KU 55(1) 


8.403 

1. Y„(z) = 


sm 1ZTT 


[cos IZTT J v (z) — J-„{z)\ 


[for non-integer v, |argz| < 7r] 


KU 41(3) 



8.407 


Definitions 
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2 J n {z) 

ln- 

2 

n— 1 / 

-E- 

-k 

k\ 

- 1)! 



k = 0 



OO 


1 


. n-\-2k 

-£(- 

k—0 

-l) fc 

fc! (k + n)\ 

:(f 

j [i/j(k + 1) + 4>{k + n+ 1)] 

2 J n {z) 

(in 

to 1 o 

+ 

n— 1 

£ 

k—0 

(n— k — 1)! (z\ 2k ~ n 
k\ V27 


KU 43(10) 


, n , oo / ( z \n+2k 

pr v y (-!) (§) 

V2/ n\ ^ k k\(k + n)\ 

fe=i fe=i v ' 

[n + la natural number, |arg z\ < 7r] 

KU 44, WA 75(3)a 



8.404 

1. Y-n(z) = (-l) n Y n (z) 

2. J_ n (z) = (-l) n J n (z) 

8.405 7 

1. = J„(z)+iF„(z) 

2. H<?\z) = J v {z)-iY v {z) 


[n is a natural number] KU 41(2) 

[n is a natural number] KU 41(2) 

KU 44(1) 
KU 44(1) 


In all relationships that hold for an arbitrary Bessel function Z v {z), that is, for the functions Jv(z), 
Y u (z), and linear combinations of them, for example, H < 'J\z) and H^\z), we shall write simply the 
letter Z instead of the letters J, F, H^\ and H^ 2 \ 


Modified Bessel functions of imaginary argument I v {z) and K„(z) 
8.406 


1. 

I v {z) = e-^ vi J v (e^v) 

7 r 

7r < arg z E 2 

WA 92 

2. 

I v {z) = el™J v 

For integer v, 

"7T 

- < arg z < 7r 


WA 92 

3. 

I n (z) = i~ n J n {iz) 



KU 46(1) 

8.407 





1* 

K„{z) = ye** H<p (ze*™) \ 

— 7T < arg z < \i r] 


2. 8 

K„(z) = H™ (V*™) | 

— < argz < 


WA 92(8) 


For the differential equation defining these functions, see 8.494. 
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Bessel Functions and Functions Associated with Them 


8.411 


8.41 Integral representations of the functions J u (z) and N v (z) 


8.411 


4. 


7. 


9. 


-ni6-\-iz sin 6 


i / >7r 

= — / cos (n0 — ^ sin 0) 00 [n = 0, 1, 2, . . .] 

71 J o 

1 / >7r 2 W 2 

2. J 2 n(z) = — cos 2n0 cos (z sin 0) dd = — cos 2n0 cos (z sin 0) dd 

Wo Wo 

[n an integer] 

, i r 

3. 11 J 2 n+i(z) = — / sin(2n + l)0sin (zsin0) 00 

71 Jo 

2 W 2 

= - sin(2n + 1)0 sin (z sin 0) d8 [n an integer] 

W o 


(+)" [*/ 2 

/„(z) = 2 — 7 — Trp- / sin 2 " 0 cos (z cos 0) dd 

r(^+i)r(i)i 0 


5. J„(z) = 


(tf 


6. J„(z) = 


r(^+|)r(2 W0 

(I)" 


[Ret/ > -|] 

/*7 r 

/ sin 2 " 0 cos (z cos 0) dd [Rei/> — |] 
0o 


t/2 


r (i/ + |) r ( - ) • y - w/2 
v 2/ V 2 / 


cos (z sin 0) cos“" 0 00 


Ju{z) = 
Ju{z) = 


(i r 


r(t,+ i)r(i)7o 
(§)" f 1 


a ±iz cos (p „• 


J v(x) — 2^ ( x 
10. J„(z) = 


r^ + ^r^i-r 

(f) F 00 sinxt 


sin p dp 


(l -t 2 Y 2 cos ztdt 


[Re^ > -5] 

[Re {v + \) > 0] 


WH 


WA 30(7) 


WA 30(6) 


WH 


KU 65(5), WA 35(4)a 

WH 


r (2- "Jr (§) A (t 2 -i)^ 
(§)*' 


■ dt 


, / e izt (l — < 2 ) 3 dt 

r^+Drd);-! 1 ; 

11. Jj,(x) = — / sin (xcosht — cosh vtdt 

77 Jo ' 2 / 


[Rei/>-§] KU 65(6), WH 

[— 5 <Rez/< 2 , x > 0] MO 37 

[Rei/>-|] WA 34(3) 

WA 199(12) 


12. J„(z) = 


2 ^+i -i' r^/2 ^cos" 2 0^ sin (z — i/0 + ^0) 


— 22 : cot 0 


r(t,+ i)r(i)7o 


sin 


2i0+l . 


d0 


|argz| < Re (v + \) > 0 


WH 



8.414 


Integral representations of the functions J v (z) and N„{z) 


913 


13. 10 J v (z) = — [ cos (v6 — z sin 9) dd — k '™ ^ [ 

Wo J 0 


smwr / g — ^0— zsinhfl ^ 


[Re 2 > 0] 


WA 195(4) 


14. ■/„(*) = 


0 ±^7ri 


/»7T /»00 

/ cos (v0 + z sin 6) d6 — sin vn e 

Jo Jo 


-v6-\-z sinh 0 




7T 7T 

for — < |argz| < 7t, with the upper sign taken for |arg2| > — 


and the lower sign taken for |argz| < — — 

WH 


8.412 

i r( o+) 

1. J u{z) = — — : / exp 

27t«J-oo 

r(0+) 


2 / 1 
2 V t 


dt 


l ar g z \ < \ 


v r(0+) / 2 \ 

2 - 

3. 8 J„(«) = 


2 1/+1 7ti 


00 ^ f_1^k,,2k /■ (o+) 


^ (-1)"2 


1 


k=l 

nioo 


4. J v (x) = — 


2 2k k\ 

r (-t) 


e t t - v -k-l 


dt 


2mJ_ ioo T(u + £ + 1) 


(I) 


i7-|-2£ 


dt. 


[Re z/ > 0, x > 0] 


WH, WA 195(2) 
WA 195(1) 
WA 195(1) 
WA 214(7) 


5. 7 J v {z) = 


r » -->(!) 

2 irfr(i) J A 


r (i+,-i-) 


(f 2 — l) 1 " 2 cos (zt)dt 

v ^ . . . ; The points falls to the right of the point f = 1, 

and arg(i — 1) = arg(f + 1) = 0 at the point A 


WH 


6. 8 W(,) = ^ 


77 + 002 


a —iz sin O+ivO 


do 


[Re > 0] 


— 77+00 i 


The path of integration being taken around the 
semi- infinite strip j/ > 0, — tt < x < n. 


Jr 


8.413 s 


1 


e C COS t. cog ^ gj n £ _ jyQ dt 


+ -C 2 ) 1 tt^ + C) 1 uo 

r°° 1 

— sin r 27 r / exp (—2 sinh t — ( cosh t — vt) dt > 

[Re (2 + C) > 0] 


-n 0 


MO 40 


8.414 




J 2 x t 47t7_i_ ioo tr(i + t)‘ 

See 3.715 2, 9, 10, 13, 14, 19-21, 3.865 1, 2, 4, 3.996 4. 


[x > 0] 


MO 41 
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Bessel Functions and Functions Associated with Them 


8.415 


• For an integral representation of Jo(z), see 3.714 2, 3.753 2, 3, and 4.124. 

• For an integral representation of Ji(z), see 3.697, 3.711, 3.752 2, and 3.753 5. 


8.415 

i v t t 4 /' arcsmi 

L r " (l) = 7T ^ 

(§r 


4 F 00 In (t + Vt 2 - l) 

smlxt) at ~ / j sm(xf) at 

J l vT 2 - 1 

[x > 0] 


MO 37 


2. Y„(x) = -2— T 


cos xf 


r(^^)r( 4 )7r (*2 _ 


2 f / 1S7T \ 

3. (x) = / cos ( x cosh f — ) cosh i/f df 

it Jq V 2 / 

If 71 ’ 1 /°° 

Y„(,z) = — sin (z sin d — v6) dd / (e"* + e _!7t cos ^7t) 

n J o ^ do 

[Re 2 > 0] 


dt [— | < Re v < | , x > 0] 

KU 89(28)a, MO 38 
[-1 < Re v < 1, x > 0] WA 199(13) 


4. 


— 2 sinh t dt 


WA 197(1) 


5. Y„(z) = 


2 (§r 


6. Y„(z) = - 


+ |)r(|) 

2 I/ +V 


/‘7r/2 /»oo 

/ sin (z sin d) cos 2l/ 6 d9 — / e - 2sinhe cosh 217 
^0 ./0 


ode 


'0 JO 

[Rez/>— Rez > 0] WA 181(5)a 

,f cos'-^cos (z-i/0+ §0) 2zcote 


r(^+i)r(i)7 0 


sin 2l/+1 0 


d <2 


|argz| < 2’ Re(i^+ |) > 0 


WA 186(8) 


For an integral representation of Yq(z), see 3.714 3, 3.753 4, 3.864. See also 3.865 3. 

8.42 Integral representations of the functions H^\z) and H^ 2 \z) 


8.421 


_ vni- f‘C 

1- H<?\ X )= e -^- 

TTl d-< 


cosh t—vt 


dt 


2e 2 


7TZ 


Ax cosh t 


cosh vt dt 


[-1 < Re v < 1, x > 0] WA 199(10) 


e 2 
7 vi 
2e 2 


2. H&\x) = — — / e - ixcosht -^ dt 

) 

o 

e -izcosht coshl4(ft 


7TZ 


[-1 < Re i/ < 1, x > 0] WA 199(11) 
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3. 

4. 

5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

8.422 

1 . 

2 . 


Integral representations of the functions (z) and H\f\z) 


t( 2 ) ( 


tt(1) , , 2 v+1 iz v r /2 c os v -i t e< z - l ' t+ i) 

■ 2 u+i + exp (— 22 ; cot <) dt 

r [v + r (|) j o sm + t 


[Re v > — , Re 2 > 0 ] WA 186(5) 


tt(2)/ , 2 v+1 iz v r /2 cos^ fe^O-^+s) 

# 7 («) = m ( I I^m / ■ 2 „+i , exp (-22 cot t) dt 


r (^+i)r(i)7o 


= - 


Ml)' 


= 


^ 1) W = — e 

7 r 


(t 2 — i)^ + - 

aid)"" 


sin 2 " -1-1 t 


■ dt 


[Re i/ > — | , Re 2 > 0] 
[— \ < Re v < x > 0] 


WA 186(6) 
WA 87(1) 


v^ r (t 2 — iy + 


T dt 


-|<R eu<l, a; > 0] WA 187(2) 


t _ 1 i 


exp 


' 1 . , 

( 1 \ 

~IZ 

t + - 

2 

'v t) \ 


t~ v ~ x dt 


[0 < arg 2 < 7 t; or arg 2 = 0 and — 1 < Re v < 1] MO 38 


r°° 

H^\xz) = --e-^z v exp 

n Jo 


1 . ( 2 2 
2“ ‘ + 7 




7 r 7 r 

0 < arg 2 < — , x > 0, Re v > — 1; or arg 2 = — , x > 0 and — 1 < Re v < 1 


MO 38 


H^Xxz) = 


2 x exp 


. / 7T 7T\ 

*^2--,--j 


^2 r(i/+|) 


t v -*e~ xt dt 


it 

1 + 97 

/0 \ 

[Re^ > — 2 , — + < arg 2 < | 7 t, x > 0] MO 39 


H^{z) = 


—2 ie 


©‘ 


j cosh £ _• v,2i/ 


sinh £ dt 


\/^ r (^ + I) do 

[0 < arg 2 < 7 t, Re 12 > —| or arg 2 = 0 and — ^ < Re 12 < 5 ] MO 38 


71 J ~oo VX 2 + t 2 


>0] 


MO 38 


H ( Z\z) = 
Hl 2) (z) = 


r ^-)y 2 2 

7Tf r (i) 

r(|- 


Vli 2, 


” r (i) 


/■(!+) 

/ £ 

7 1+ooi 

/•( i- ) 

/ ( 

’ — 1+002 


(t 2 — l)^ 2 dt [— 7 T < arg 2 < 27t] 


e izt (t 2 -lY 5 dt 

[— 27t < arg 2 < 7r] 


WA 183(4) 



The paths of integration are shown in the drawing. 
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8.423 

-I /» — 7T + 002 

1 . H^\z) = / e ~iz sin o+ive dd 

7 T ' 


2. H^\z) = --j 


— 002 
— 002 


0 —iz sin Q-\-ivQ 


ae 


[Re 2 > 0] 


[Re 2 > 0] 


7T+002 


The path of integration for 8.423 1 is shown in the left-hand drawing and for 8.423 i 
drawing. 


8.424 


i r-y+ioo 

1. H^\z)J v (0 = — exp 

Wo 


2 . H<?\z)J v {Q = - exp 


1 (+ z 2 + ^ 
2 l t 


1 (+ * 2 + c 2 

2 V t 


z(\ dt 


t ) t 

[7 > 0, Re v > —1, 


'•(if 


[7 > 0, Re v > —1, 


8.43 Integral representations of the functions I v (z ) and K„(z) 


The function I v (z) 
8.431 

1 . /„(*) = 


(§r 


2. 


3. 


4 . 


= 

Iv{z) = 
Iv(z) = 


r(*+§)r (DW 

r(^+|)r (§)•/-! 

(I)" /•’ 

^wmJo 

( 1 )" ^ 


(1 _ t 2y-, e ±zt dt 
(l — i 2 )^ 2 cosh dt 


e ±2 c °s 0 sin 2l/ Q dQ 


cosh ( 2 : cos 0 ) sin 21 ' 9 dO 


[Re + |) > 0 ] 

[Re ( 1 / + |) > 0] 

[Re + 5 ) > 0 ] 

[Re + 5 ) > °] 


WA 197(2)a 

WA 197(3)a 
in the right-hand 


ICI < |z|] MO 45 

Id < M] MO 45 

WA 94(9) 
WA 94(9) 
WA 94(9) 
WA 94(9) 



8.432 


Integral representations of the functions J„(z) and K v (z) 
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5. I v {z) =~ [ e zcos8 cos v9d6- S -^^[ 
nJo tt J 0 


e ~ zcosht ~ vt dt 


larg-^l < ^5 Re v > 0 WA 201(4) 


See also 3.383 2, 3.387 1, 3.471 6 , 3.714 5. 

For an integral representation of /q(z) and I\(z ), see 3.366 1, 3.534 3.856 6 . 


The function K v {z) 


8.432 


/»oo 

1 . K u (z) = / e _2COsht cosh vtdt 

J o 


7 r 

|arg z\ < — or Re z = 0 and v = 0 


MO 39 


2. K v (z) = 


3. K v (z) = 


(I mu r 

r + |) jo 


e ~z eosh t s inh 2l/ 1 dt 


[Re v > — Rez > 0; or Rez = 0 and — | < Rer/ < |] WA 190(5), WH 

aj^rw-r-** 


Re (i/ + |) > 0, |argz| < or Rez = 0 and ^ = 0 WA 190(4) 

1 Z 100 

4. K u {x)= —I cos (a; sinh t) cosh z4 dt [x > 0, — l<Re^<l] WA 202(13) 

cos ~y Jo 

_ ts t \ r (^+g)( 22 )‘ y r cos xtdt r / n . | 7 t] 

5- Z 7 TTZr+I [Re(^+ 3 )> 0 , *> 0 , l«g,|<-j 


5. K v (xz) = 


r(^+|)( 2 z) iy r°° cos xtdt 

^ r (s) Vo (i 2 + Z 2 ) , ' +i 


6 ” K "M = l(lYl 


1 /z\" f°° e ~ t ~ z2 / 4t dt 

2 UJ X t*^ 1 

z" r 00 r * ( z 2 


WA 191(1) 


|argz| < Rez > 0J WA 203(15) 


7 . 7 K u {xz) = — / exp-- i+— i" dt 


2 V t 


7 r 7T 

|argz| < — or |argz| = — and Re^ < 1 MO 39 


a— xz r°° 


K u(xz) \l . i \ / e * ^ 2 !+ 0 ) dt 


2 z r + i) 7 0 


|argz| < 7T, Re^ > — |,a: > 0] 


MO 39 


9. K u (xz) = 


T ("+h) 


n (£)'jf 


3 exp(-a;v / f 2 + z 2 ) ^ ^ 

•\/t 2 + z 2 

Rei/>— 5 , Rez>0, Re \A 2 + z 2 > 0, a; > 0 MO 39 
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See also 3.383 3, 3.387 3, 6, 3.388 2, 3.389 4, 3 . 391 , 3.395 1, 3.471 9, 3 . 483 , 3.547 2, 3 . 856 , 3.871 3, 
4, 7.141 5. 

8.433 K i ( cos { t3 + xt ) dt KU 98(31), WA 211(2) 

For an integral representation of K 0 {z), see 3.754 2, 3 . 864 , 4 . 343 , 4 . 356 , 4 . 367 . 


8.44 Series representation 

The function J„(z) 


8.440 


^>=(| Ytn 


r (y + k + 1) 


8.441 Special cases: 


[| arg z\ < t r] 


WH 358 a 


1. ■/„(*) = £> 1) A 


2 2fc (k\y 


2 ~ (-l)fc~2 k 


2. J^z) J' 0 (z ) 2 ^2 2fc fc!(fc + l)! 


1 / _°°, 

3 - 


(zV3) 2k 

2 2k k\ • 1 • 4 • 7 (3fc + 1) 


4 = 1 + EH) 


(zV 3) 2fc 


' 2 2k k\ • 2 • 5 • 8 (3/c — 1) 


For the expansion of J v {z) in Laguerre polynomials, see 8.975 3. 


8.442 


l. 7 J v (z) J^z) = 


(-l) m (| 2 :) M+y+2m (n + v + m+ l) r 
m\ T(n + to + 1) T{v + to + 1) 


2. 8 J v (az) J^(bz) = 


(¥)-(!)' » (-T(f)”> (-*,-* 


r(/x + i) 


k! F(v + k + 1) 


MO 28 


The function Y „(z) 

-t ( OO 9k 

8 . 443 11 Yv {z)= — \co S vn( Z -Y Y(-l) k —-^- — — 

smisir | \2/ 2 2k k\ r (z/ + k + 1) 

^ /c— o 




2 2 fc /c!r(fc- z/+ 1) 


[v ^ an integer] (cf. 8.403 1) 

For v + 1 & natural number, see 8.403 2.; for v a negative integer, see 8.404 1 
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8.444 Special cases, 


1. 


x i»i + c)-2zt^(iyz 


m—1 


l 

in 

'Z\ 2fc-l 


2. 11 7ry 1 («) = 2J 1 («)(ln|+c) 


2 x 
2 ~~ 2 


E 

k—2 


/i -^i 


fc-1 


jfe!(fe-l)! 


1 _ v — r 1 

— + 2 N — 

A- z ^ m 


m=l 


KU 44 


The functions I„(z) and K n (z ) 

1 /z\ !y + 2fe 


8.445 J„(z) = ^ 


fc =0 


A:! Y(y + fc + 1) 


(i) 


n— 1 


8.446 s K n {z)=-Y J {~ 1) 


. (n — k — 1)! 


i—2 k 


fc =0 *! (!)' 

oo / z \ 


+(-i)- +i 53 


(!) 




A;!(n + fc)! 


ln 3 - ^ + !) - \ i>(n +k + 1) 


/ i \ i 00 ( 2 )" +2Z / z i "+ z i 

= (-!)»« /„(*) (in r + C ) + -(-!)" £ ^ (Ej+Ejfc 

/ — 0 \ k — 1 fe — 1 


WH 372a 


WA 95(15) 


l^ 1 (— l)*(n — Z — 1)! /*\ 2 '-« 

‘9 2^ /! UJ 


;=o 


[n + 1 is a natural number] 

MO 29 


8.447 Special cases: 


(!) 


2 k 


1 . Io(z) = 2 

h ( fc o 2 


OO / 2 \^fc+l 


2. Ji(z) = I' 0 (z) = 53 


(!) 


fc= 0 


fc!(fc + 1)! 


00 0 2fc 


3. Jf 0 (z) = ~ In - I 0 (z) + g 22 ; (fc!)2 V# + 1) 


WA 95(14) 
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8.45 Asymptotic expansions of Bessel functions 

8.451 For large values of \z\ * 


1. 


J±I/( Z ) ~ \ 


(vz { cos ( 

iir ( 


7T 7 T 


'n — 1 


(_i)fc r(t/ + 2 fc + i) 

E (2z) 2fc ( 2 fc)!r(i/- 2 fc+ §) 


0 


- sin ( z T 2 ^ - 4 


E 


r (j/ + 2fc + §) 


■Rl 




fc=o (2z) 2fc +! ( 2 k + 1)! r (j/ - 2 k - \) 

[|arg z\ < 7 r] (see 8.339 4) WA 222(1, 3) 


2 - Y ±v (z) = 


E {“" ( 
( 


7 r 7 T 

z =F — z' 

2 4 


y . 1 (-l) fc T(u + 2 k+\) 

E (2 2 ) 2fe (2fc)!r(i/-2fc + i) 


,/c— 0 


. 7 T 7 T N 


‘n— 1 

E 

Lfc=o 


(~i) fe r(i/ + 2fc+f) 
( 2 z) 2fc +! ( 2 fe + 1 )! r (v - 2 k - i) 


Ri 


R-2 


[|arg2;| < 7t] (see 8.339 4) WA 222(2, 4, 5) 


3- 11 H^(z) 



(_l) fc r^+fc+i) (-!)» T(u + n+^) 
( 2 iz) k k\ r (v - k + \) 1 ( 2 i«)" fc! r (v - n + \) 

[Rei/>— |, |argz|<7r] (see 8.339 4) 


WA 221(5) 


4. 11 H™{z) 



i r (v + fc + |) l r (t 7 + n + 

( 2 *t:) fc fc! r (v - fc + i) 2 ( 270) 11 fc! r (i/ - n + ±) 

[Re^>— |argz|<7r] (see 8.339 4) WA 221(6) 


5 . 


For indices of the form v = 2 " 2 1 (where n is a natural number), the series 8.451 terminate. In 
this case, the closed formulas 8.46 are valid for all values. 


I„(z)> 


y^(-l) fc 


r (v + fc + ±) 


V 2 ^^ n ( 2 z) fe k\T(v-k+\) 


k = 0 

exp [—z ± (v + |) 7 ri] 

V^TTZ (2z) fc fc!r (i/ - fc + 4) 


i r (77 + fc + f) 


6. 11 


[The + sign is taken for — |7t < arg z < ^tt, the — sign for — |7t < arg z < ^7t]* 

^4 1 T(v + k +\ ) r(i/ + n+i) 

E ( 2 ^) fc fc! T (v — k + |) + 3 ( 2 z) n n! T (i/ - n + |) 

(see 8.339 4) 

An estimate of the remainders of the asymptotic series in formulas 8.451: 



(see 8.339 4)] 
WA 226(2,3) 


WA 231, 245(9) 


*An estimate of the remainders in formulas 8.451 is given in 8.451 7 and 8.451 8. 

*The contradiction that this condition contains at first glance is explained by the so-called Stokes phenomenon (see 
Watson, G.N., A Treatise on the Theory of Bessel Functions , 2nd Edition, Cambridge Univ. Press, 1944, page 201). 
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7. 

8 . 


\Ri\ < 

m < 


r (i/ + 


V 

[ n> 2 

1 

(2z) 2n {2n)\T(v-2n+ \) 


- 4 

r(i/ + 2n + 



V 

n > - 

3' 

(2z) 2n+1 (2n + 1)! r (y - 2 n - \) 


_ 4 


7T O 

For — — < arg 2 < -i r, v real, and n + \ > \v\ 


\6i\< 


|sec (arg z) |, 


if Im 2 > 0 
if Im 2 < 0 


3 7T 

For — -7t < arg z < —,v real, and n+ | > \v\ 


N < 


|sec (arg z) |, 


if Im 2 < 0 
if Im 2 > 0 


For v real, 


WA 231 

WA 231 

WA 245 


WA 246 


WA 245 


N < | 

Re 03 > 0, 

For v and z real and n > v — | , 


1 if Re 2 > 0 

|cosec (arg z) | , if Re 2 < 0 

if Re z > 0 


WA 231 


0 < | 0 3 | < 1 

In particular, it follows from 8.451 7 and 8.451 8 that for real positive values of 2 and v, the errors 
|i?i| and | F? 2 1 are less than the absolute value of the first discarded term. For values of |arg 2 | close to 7t, 
the series 8.451 1 and 8.451 2 may not be suitable for calculations. In particular, the error for |arg 2 | > tt 
can be greater in absolute value than the first discarded term. 


“Approximation by tangents” 

8 . 452 11 For large values of the index (where the argument is less than the index). 

Suppose that x > 0 and v > 0. Let us set v/x = cosh a. Then, for large values of u, the following 
expansions are valid: 


1 . 


f— ) 

V cosh a ) 


exp (v tanh a — va) 
V / 2rTrtanh~a 


_ 1 (1 , 5 l3 

1 H — - coth a coth a 

v\8 24 


( 9 2 

231 4 

1155 \ 1 

coth a — 

— — coth 4 a + 

— — coth 6 £*)+...> 

\128 

576 

3456 ) J 


WA 269(3) 
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2 . 


Y, 


( — ) 

V cosh a J 


exp (va — v tanh a) 
y^^tanha 

1 


1 - 


1 , 5 i3 

- coth a — — coth a 
8 24 


(9 l2 

231 , 4 

1155 , B \ 1 

— — coth a — 

— — coth a + 


\128 

576 

3456 J J 


WA 270(5) 


8.453 For large values of the index (where the argument is greater than the index). 

Suppose that x > 0 and v > 0. Let us set v/x = cos/3. Then, for large values of v, the following 
expansions are valid: 


1. 


3. 


J„ ( usee (3) • 


vi r tan / 3 
1155 


1 - 


1/9 o n 231 4 „ 

cot 2 /3 + — cot 4 (3 


v 2 128 


576 


3456 


cot b (3 


cos ^i/tan/3 — vj3 — ^ 



'1/1 5 3 \ 

• ( n n 7T \ 

+ 

y (g cot /3 + 24 cot />)-■■■_ 

sin tan (3 — is/3 — — J 


2. F„ (i/sec/3) ■ 


vk tan / 3 
1155 


1 - T7 I 74 cot2 / ? + cot 4 /3 


j/ 2 128 


576 


3456 


cot (3 


~ I U cot/ 3+| cot3/ 3)---- 


sin (Vtan /3 — v/3 — 

cos ^z/tan/3 — i//3 — ^ 


„(i) / ex P \yi ( tan 

H), ' (vseefj) ~ t , — L 

y V ' ^/fi/tan/3 


1 - 


i f 1 


V 8 


cot f3 + — cot 3 (3 


24 




231 4 „ 1155 6 

576 COt ' ,+ 3456 cot 13 


4. H^{vsecf3)' 


exp — vi (tan (3 — /3) + ji 


1 


y/f j'tan /3 


l+-(^cot/3+^- cot 3 /3 
t/ V 8 24 


- . 9 2 ^ 231 4 _ 1155 6 „ 

-V* l28 cot ' 3+ 5™ cot ' 9+ 5IS cot 0 


WA 271(4) 


WA 271(5) 


WA 271(1) 


WA 271(2) 


Formulas 8.453 are not valid when \x — v\ is of a size comparable to in For arbitrary small (and 
also large) values of \x — v\, we may use the following formulas: 
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8.454 Suppose that x > 0 and v > 0, we set 


- 1; 


Then, 

1. H^\x) = -^= exp 

2. Hl 2 \x) = ~^=ex p 


+ v \ w arctan w 


i> H 




o 


. r 

arctan w 

6 


i y H 


?’(H 


Of Ar 


MO 34 


The absolute value of the error O ( — r ) is then less than 24-y/2 


8.455 For x real and v a natural number ( v = n ), if n ^>1, the following approximations are valid: 


1 - J n(x) ~ — 


1 . 2 {n — x) I [2 (n-x)]5 


7t V 3a; 


A" 


3-v/S 


2 63 


Lf™, / 2(n~x) r(1) J i [2(n-x)}* 


3x 


1 2(x — ri) 


V3\ 3a; 


|2(x-n)} j 

3^/x 




|2(x-?r)} j 

3V 7 ® 


[n > x] (see also 8.433) 

WA 276(1) 


[n > x] 

MO 34 


(see also 8.441 3, 8.441 4) 

WA 276(2) 


2. Y n (x) 


2(x — n) 


3x 


{2(x — n)} 2 

3V® 


— J 1 


{2(x — n)} 2 
3 v / x 

[x > n] 


WA 276(3) 


An estimate of the error in formulas 8.455 has not yet been achieved. 

8.456 11 Jl(z) +Yl(z)~^ z f2 (2 2^ )!! Jr '(v-k+l) [|aXg21 < ^ ^ ^ 8-479 ^ 

k— 0 V 2 / 


8.457 J 2 v (x) + J 2 v+1 (x) 


[x» M] 


WA 250(5) 
WA 223 
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8.46 Bessel functions of order equal to an integer plus one-half 

The function J „(z) 


8.461 

l - 11 J n+i( z ) 




sin 


LiJ 

* - y 

t 2 ) ^ 
k = 0 


(~l) fc (n + 2fc)! 2fc 
(2k)\(n — 2k)\ 1 J 


+ cos 




(— l) k (n + 2k + 1)! . '( 2 fc +1 ) 

(2k + l)!(n — 2fc — 1)! ^ 


[n + 1 is a natural number] (cf. 8.451 1) KU 59(6), WA 66(2) 


2 . 


J — n— i (^0 \ 



Lsj 


COS 


(*+3")£ 

k = 0 


(— l) fc (n + 2k)\ 
(2k)\(n-2k)\(2z) 2k 


— sm 


( 7T \ (-l) k (n + 2k + l)\ 

\ 2 J f^ o (2k+l)\(n-2k-l)\(2z) 2k + 1 ( 

[n + 1 is a natural number] (cf. 8.451 1) KU 58(7), WA 67(5) 


8.462 

1 + 

V2^\ ^ k\(n-k)\(2z) k + ^ fe!(n-fc)!(2«)fc J 

[n + 1 is a natural number] 

KU 59(6), WA 66(1) 


2 . 


1 f i"' k [n ■ /.' ) I . - <z y^ H)" +fc (n+fc)! ] 

^2^\ ^fc!(n-fc)!(2*)* ^ k\(n - k)\(2zf j 

[n + 1 is a natural number] 

KU 59(7), WA 67(4) 


8.463 

l- J n+ i(z) = (-l) n z n+ i 


2 d 

7 r 


2 . 


J_ n _i(z) = z 


n+S 


2 d 

2 \ I — 


(z dz) 


(zdz) n \ 

(^) 


( sin z 

z 


8.464 Special cases: 


1. 



2 . 





KU 58(4) 
KU 58(5) 

DW 

DW 
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The function Y n+ i(z) 

8.465 

1. Y n+h {z) = {-ir~ i j_ n _ l {z) 

2. Y_ n _,{z) = {-l) n J n+h {z) 


DW 

DW 

DW 

DW 


JA 

JA 


The functions I n+ i(z), K n+ i(z) 


8.466 

1. 


2 . 

8.467 


8.468 

8.469 


n — 1 






fc= o 

n— 1 


(n+fc — 1)! 1 

k\{n — k — 1)! {2iz) k 


(n + fc — 1)! 1 


fc= o 


fc!(n — fc — 1)! (2«z) fc 


(cf. 8.451 3) 
(cf. 8.451 4) 


J ±(n+i)(*) = 


\Z2ttz 


2 E 

L fc=0 


(— l) fe (ti + fc)! 

fc!(n — fc)!(2t;) fc 


-t( 1 ) 


n+l„-z 


E 

fc— 0 


(?i + fc) ! 


fc!(?t — fc)!(2z) fc 


v fc — 0 


(n + fc) ! 
fc!(n — fc)!(2t;) fe 


(cf. 8.451 5) 
(cf. 8.451 6) 


Special cases: 



KU 60a 
KU 60 


WA 95(13) 

MO 27 
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5. 

6 . 

7. 


8.47-8.48 Functional relations 

8.471 s Recursion formulas: 

1. zZ u _i(z) + zZ u+ i(z) = 2vZ„(z) 

2. Z„_i(z) - Z v+1 {z) = 2-^j- Z„(z) 


MO 27 

MO 27 

MO 27 


KU 56(13), WA 56(1), WA 79(1), WA 88(3) 
KU 56(12), WA 56(2), WA 79(2), We 88(4) 


Sonin and Nielsen, in their construction of the theory of Bessel functions, defined Bessel functions as 
analytic functions of 2 that satisfy the recursion relations 8.471. Z denotes J, N, H^\ H ^ or any 
linear combination of these functions, the coefficients of which are independent of 2 and v. 

8.472 Consequences of the recursion formulas for Z defined as above: 


1. 

2 . 

3. 

4. 

5. 


2 — Z v (z) + v Z v (z) = z Z v -i(z) 

z~r~ Z„{z) - v Z v {z) = -zZ v+1 (z) 
dz 




Zis-m(z) 

( 1 \ m 

7^7 J {z~ v Z u (z)) = (-1 )"z- v - m Z v+m {z) 
Z- n {z) = (-1 ) n Z n (z) 


KU 56(11), WA 56(3), WA 79(3), WA 88(5) 
KU 56(10), WA 56(4), WA 79(4), WA 88(6) 
KU 56(8), WA 57(5), WA 89(9) 

WA 89(10), Ku 55(5), WA 57(6) 
[n is a natural number] (cf. 8.404) 


8.473 Special cases: 


1. 

2 . 

3. 

4. 

5. 

6 . 


J 2 {z) = -Ji(z) - J 0 (z) 
z 

Y 2 (z) = 2 Yi(z) - Y 0 {z) 
z 

«%»(*) = ? <«(*) - H™(z) 


f z J 0 {z) = -j x {z) 

i 


8.474 s Each of the pairs of functions J„{z) and J_ v (z) (for v yf 0, ±1, ±2,. . . ), J v (z) and Y„(z), and 
H^\z) and H^\z), which are solutions of equation 8.401, and also the pair I v (z) and K v {z) is a pair 
of linearly independent functions. The Wronskians of these pairs are, respectively, 
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2.24 i 1 , , 

sinz^Tt, — , , -- KU 52(10, 11, 12), WA 90(1, 4) 

TTZ TTZ TTZ Z 

8.475 6 The functions J„(z), and Y„(z), h\}’ 2 \z), I v {z), K„(z), with the exception of J n (z) and I n (z), 
for n an integer are non-single-valued: z = 0 is a branch point for these functions. The branches of these 
functions that lie on opposite sides of the cut (— oo, 0) are connected by the relations 


8.476 

1. 

2 . 

3. 

4. 

5. 

6 . 


J v (e m7ri z) = e mvm J v {z) 

Y u (e mm z) = e~ mv ' Kl F„(z) + 2i sin ?n^7t cot vn J v {z) 

Y _ v (e mm z) = e~ mv ' Kl Y - v (z) + 2i sin mvn cosec utt J v {z) 
I v (e mni z) =e mum I v {z) 


K v ( 


e m7ri z ) = 


—mv'Ki 


K v {z) - in SmmU7T I v {z) 


sm V7T 


^rrnri 


H^\z)-2e~ l 

„m (z) 


: sm mvn , , 

— J v {z) 

sm V7T 

i sin mv'K 


— e 


— VTXl 


sm V7 r 


sm vi r 


[v not an integer] 


H?\z) 


WA 90(1) 
WA 90(3) 
WA 90(4) 
WA 95(17) 

WA 95(18) 


WA 95(5) 


7. 


#(2) | e m, H z j = e -mv*i H ^\z) + 2e^ 
_ si n(l + m)^ fl?) 


;Smmi/7T . . 

— — ./„(«) 
sm V7 T 

i .^sinmi/TT 


sm V7T 


sm I/7T 




8. 

H P (e™z) = - H {2 l{z) = -e~™ v H (2 \z) 

[to an integer] 

WA 90(6) 

MO 26 

9. 

H (, 2) (e~™z) = - H { H(z) = -e™ H^\z) 


MO 26 

10. 8 

nHz) = H™ (z) 


MO 26 

8.477 

1. 

Jv{z) Y v +i(z) - j v+ i(z) Y v (z) = 

TTZ 


WA 91(12) 

2. 

I v (z) K v+ i(z) + I v+ 1 {z) K v (z) = 1 


WA 95(20) 


See also 3.863. 


• For a connection with Legendre functions, see 8.722. 

• For a connection with the polynomials C^(t), see 8.936 4. 

• For a connection with a confluent hypergeometric function, see 9.235. 


8.478 For v > 0 and a: > 0, the product 


* [Jl (*) + rS(*)] , 


considered as a function of x, decreases monotonically, if v > | and increases monotonically if 0 < z/ < tj . 

MO 35 
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8.479 


8.479 

l . 11 

2 . 


1 


\/x 2 — v 2 2 
\Jn{nz)\ < 1 


> \ [*) + Yl(x)] > l 


x>u>\ 


MO 35 


z exp Vl — z 2 

1 + Vl^z 2 


< 1, n a natural number 


MO 35 


Relations between Bessel functions of the first, second, and third kinds 

8.481 - i Y,(z) 

Sin 1/7T 

= HW(z) + iY„(z)= 1 - (hM{z) + H^\z)) 

(cf. 8.403 1, 8.405) WA 89(1), JA 


8.482 =iMz) . iH m {z) 

Sin 1/7 T 

= iH^(z)-iJ v (z) = - 2 (h^{z)-H^{z)) 



(cf. 8.403 1, 8.405) 

WA 89(3), JA 

8.483 



1. 

*<■>(*) = J - (z) •''W = F - (2) = 7,(z) + 1 y rW 

l Sin 1/7T Sin Z/7T 

WA 89(5) 

2. 

h , 2 ) = e- •/„(*) - ■/-,(*) = M4 _ Mz) _ { rM 

l Sin 1/7T Sin ^7T 



(cf. 8.405) 

WA 89(6) 

8.484 



1. 

H ( H{z) = e™H<p{z) 

WA 89(7) 

2. 

H™{z) = e- v * i HW{z) 

WA 89(7) 

8.485 7 

K„(z) = — bfJ. [i/ not an integer] 

2 sin z/7r 

(see also 8.407) 


WA 92(6) 

8.486 

Recursion formulas for the functions Iv(z) and K u (z) and their consequences: 


1. 

zl v -i{z) - zl v+1 (z) = 2vl v (z) 

WA 93(1) 

2. 

Iv-i(z) + I v +i{z) = 2-j- I„(z) 
dz 

WA 93(2) 

3. 

z^~ I v (z) + v I„(z) = zlv-i(z) 
dz 

WA 93(3) 

4. 

z- I v (z) - vl v {z) = zl v+ i(z) 
dz 

WA 93(4) 

5. 

/ 7 \ m 

{z v I v {z)} = z v - m I v - m {z) 

WA 93(5) 
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Functional relations 
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6 . 

7 . 

8 . 

9 . 

10 . 
11 . 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 


( j \ m 

7^7 J {z~ v I v {z)} = z- v - m I u+m {z) 

I - n (z) = l n (z) [n a natural number] 

= — h(z) + Iq{z) 
z 

y-^oO) = /l (z) 
az 

z K v -x(z) - 2: K v+ i(z) = - 2 v K v (z) 

K„_i(z) + K v+ i{z) = — 2 -j- K u (z) 

az 

z-^2 K v (z) + v K v {z) = -2 K v -i(z) 

z^~ K v {z) -vK v {z) = -2 K„ + 1 (z) 
az 

( i \ m 

{z v K v (z)} = {-l) m z’'~ m K^ m {z) 



l^z-.-m Kv+m ( z ) 


K- V (z) = K v {z) 


Ki{z) = \ Ki(z) + K 0 (z) 


7- K o(z) 
az 

d J 1/(2) 

dv 


— Ki(z) 

In | - tl>(v + 1) 


J v(z) + 


{z/ 2 Y +1 y. (z/ 2 ) n J n+ 1 (z) 
r(i/ + l) n\(u + n + l ) 2 

V 7 71— 0 7 


WA 93(6) 
WA 93(8) 

WA 93(7) 
WA 93(1) 
WA 93(2) 

WA 93(3) 
WA 93(4) 
WA 93(5) 

WA 93(6) 
WA 93(8) 

WA 93(7) 
LUKE 360 


8 . 486 ( 1) 7 Differentiation with respect to order 


1. 


2 . 


3 . 


4 . 


9 J 1/(2) 

dv 


= J„(*) In ( -2 )-£(— W 


k—0 


i/+2fc 


d J- V {z) 

dv 


/-\ \ °° /I 

= - J_,(2) In -2 +^(-l)M- 


k—0 


ip{v + k + 1) 
fc! I> + k + 1) 

[v/norn+^, n integer] MS 3.1.3 

ip{—v + k + 1 ) 
k\ Y(—v + k + 1) 

[v/norn+], n integer] MS 3.1.3 


— i/+2fc 


, dJ v (z) d J- V (z) 

= cot 7t^ — cosec nv 7t cosec 7 tv Y v \z) 


dv 


dv 


dv 


(/^norn+1, n integer] MS 3.1.3 


dl v {z) 

dv 


= Iu(z) In (-2) 


k - 0 


is+ 2 k 


ip(v + k + 1) 
k\ T{v + k + 1) 


ir/norn+|, n integer] 


MS 3.1.3 



930 


Bessel Functions and Functions Associated with Them 


8.486(1) 


5 . 

6 . 

7 . 


9 . 

10 . 

II. 11 

12 . 

13 . 

14 . 

15 . 

16 . 

17 . 

18 . 

19 . 


dK u (z) . . 1 

— = — 7t cot Ttv A Az) + -7t cosec nv 

dv 2 


dJ v {z) 

dv 

d Y„(z) 


n—1 

= -n(±l) n Y n (z)±(±ir-n\Y: 


d I_ v {z) _ dl v (z) ~ 
dv dv 

[v ^ n or n + \ , n integer] 

2 


[n= 0,1,...] 


dv 


„±„ 2 2 ^ «(»-*) 


dl v {z) 

dv 




dK v (z) 

dv 


= ± 1 n r£ {lz)k ~ nKk{z) 


,=±„ 2 "'tr'o kl(n-k) 


[n = 0, 1, . . .] 


(- 1) 7 


l 1 ^ 


= — K n {z) + -n!^ 


fc— ri 


i-i (- 1 ) o z 


fc =0 


dK v (z) 
dv 

Special cases 
d J v(z) 
dv 

d Y„(z) 


-1 n ,y (§*)*-"**(*) 

i/=n 2 fc!(n — fc) 


fc!(n — fc) 

[?t = 0 , 1 , . . .] 
[?i = 0 , 1 , . . .] 


^=0 


dv 

dl v (z) 
dv 
d K u (z) 
dv 

d J „{x) 
dv 

d J„(x) 
dv 

d Y v (x) 

dv 

d Y v (x) 

dv 


J i/=0 


J y=0 


i /=0 


= i?r FoOO 
= -gtr J 0 (z) 

= - K 0 (z) 

= 0 

= (|7rx) 1 ^“ [sinx Ci(3x) — cosxSi(2x)] 

= (^7tx) ly, “ [cosxCi(2x) + sinxSi(2x)] 

1 

2 

= (|7tx) 1 ^ 2 (cosxCi(2x) + sinx [Si(2x) — 7t]} 

L 

= — (|7tx) 1 ^ 2 {sinxCi(2x) — cosx [Si(2x) — 7t] } 


j 1/=-^ 


MS 3.1.3 

MS 3.2.3 

MS 3.2.3 

•] 

MS 3.2.3 

MS 3.2.3 

AS 9.6.44 

AS 9.6.45 

MS 3.2.3 

MS 3.2.3 

MS 3.2.3 

MS 3.2.3 

MS 3.3.3 

MS 3.3.3 

MS 3.3.3 


MS 3.3.3 
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20 . 

21 . 

8.487 

1. 

2 . 

3. 


= (27tx)" 1/2 [e x Ei{-2x)Te~ x Ei(2x)] 

"=±j 

= T (f)VEi(-2:r) 
h=±i K2xJ 

Continuity with respect to the order*: 

lim Y „{z) = Y n (z) [n an integer] 

v — m 

lim H^’ 2 \z) = H^’ 2 \z) [n an integer] 

i/ — m 

lim K u (z) = K n (z) [n an integer] 

i /— m 


dv \ 

dK v (x) 

dv 


MS 3.3.3 

MS 3.3.3 


WA 76 
WA 183 
WA 92 


8.49 Differential equations leading to Bessel functions 


See also 8.401 
8.491 


L i l {zu ' ) + { 02 -^) n = ° 


„ Id,., 

2. ~—(zu) + 

z az 


u = 0 


3. u" + 


4. u " 


u 1 la. . 


2 2 2 
ifh*'*- 1 ? + SL= P- 


u = 0 


(/ 3 7 ^- 1 ) 2 - 4 " V 1 


5. u" + ( 0 2 - 


4v 2 — 1 


4z 2 


1 — 2a , 

z 


6. u" + v! + ( /3 2 H ) u = 0 


4s 2 


u = 0 


a 2 — i' 2 


u = 0 


7. u" + &2 m u = 0 


9. 

10 . 
11 . 


u" + -t/ + 4 ( z 2 — ) u = 0 

2 V 2 2 


u" + - u' + — ( 1 — — ) u = 0 

2 42 \ 2 

// 1 — ^ , lu 

u" H u' H = 0 

2 4 2 


a" + p 2 j 2 z 20 - 2 u = 0 


Z v (fiz) 

JA 

Z v (pz^) 

JA 

z a z„ (p z-y) 

JA 

\fz Z v (/? 2 7 ) 

JA 

\fzZ v (Pz) 

JA 

Z a Z v {fiz) 

JA 

, ( 275 «#»' 

m + 2 y m + 2 

) 

JA 111(5) 

(^ 2 ) 

WA 111(6) 

(v^) 

WA 111(7) 

2^ Z v (\/i) 

WA lll(9)a 

2 1/2 ^i (l^) 

WA 110(3) 


The continuity of the functions J u {z) and Iv(z) follows directly from the series representations of these functions. 
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8.492 


z 2 u " + (2 a — 2 (3v + 1 )zu' + [f3 2 ^ 2 z 213 + a (a — 2 / 3 i/)] u = 0 


u = z Pv - a Z v (7 z p ) 


WA 112(21) 


8.492 


+ (e 2z - v 2 ) u = 0 


O? I* - /y 2 


u — Z v (e z ) 


u = z Z, 




WA 112(22) 


WA 112(22) 


8.493 


2 tan 2 ) w' — 

* / 

- + 2 cot 2 ] v! — 

z J 


v z tan 2 


v cot 2 


= sec 2 .£,,(2) 


= cosec 2 Z v (z) 


8.494 


u" + -u' — (l + — ^ u = 0 


// , 1 / [ 1 , / v \ 2 1 

u H — u — — FI— u = 0 

2 [2 V22/ 


u " + i ( \ - u = 0 

u" + f ^±1 - k ) u' - 2 ^ku = 0 
\ 2 ) 2 2 

„ 1 — z' , 1 m 

u" H it' - - - = 0 

2 4 2 


u = Z v (iz) = C\ I v (z) + C 2 K v (z) JA 


= .ZV (2*1/2) 


u = y/ze 2 2„l- 


u = z~ v e* kx Z v — 


= Z* Z v (iy/z) 


WA 111(8) 


u" ± — j= = 0 
Jz 


yfzZz (§2 4 ^ , U = y/z Z 2 (^iz^ WA 111(10) 


u ± zu= 0 


yfzZ 1 i m = \fzZ\_ *2 2 ^ WA 111(10) 


'(*+ 1 ) 


= V / 2^ 1 , + i(*C2) 


WA 108(1) 


// / 2 
u u — c u = U 


// 2 2 i /— 2 

u — c z u = 0 


« = 2" + S z v+ i(icz) 


WA 109(3, 4) 


m=x/2^_l^2^ WA 109(5, 6) 


8.495 


„ 1 /, r ^ n 

u H — u + z 7- m = 0 

2 V z z 


U = Z v ( 2V Z 



8.511 


Series of Bessel functions 
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2 . 

3. 

4. 




-u' + se ia u = 0 
z 

(“‘” + 4?)“ = ° 


u = 0 

u = e ±iz Z v (z) 

JA 


u = Z 0 ^^/sze^'j 

JA 


u = \fzZ 3 ^y/sze^ a ^ 

JA 


8.496 

1. 


d?_ f v4 #u) 

dz 2 \ dz 2 ) 


— z 2 u = 0 


2 . 


d 2 ( m d 2 u\ 
dZ 2 V 5 dz 2 ) 


— z 5 u = 0 


3. 


/ i 2 dM 

dz 2 \ dz 2 ) 


-z 6 u = 0 


{z 2 (2\/i) 


+ Z 9 


WA 122(7) 


*- 7/I “{*i(M) + z s(H} 


WA 122(8) 


u = 2 " 4 \Z 1 o (2z~ 1/2 ^j + Z w (2iz~ x ! 2 ) } WA 122(9) 


d 4 tt 2 d 3 u 2^ 2 + 1 d 2 u 2^ 2 + 1 du f v A — 4^ 2 \ 

+ 2 3 d~Z + ^ ? 1)U = 0, 

u = Ai J v {z) + A 2 Y „(z) + A 3 I„(z) + A 4 K v {z ), where A 4 , A 2l A 3 , A 4 are constants MO 29 


8.51-8.52 Series of Bessel functions 

8.511 Generating functions for Bessel functions: 


i / i \ 00 °° 

1. exp- (t- -J z = Jo(z) + ^2 [t k + (-t)~ k ] J k (z) = ^2 J k {z)t k 

' k=l k— — oo 


^ < 


2. exp^t— -J^=| ^2 fkj k{z)j | ^ t m J m {z)j 

OO OO 

3. exp (±izsiiup) = Jq{z) + 2 ^ J 2 k(z) cos 2 kip ± 2i^ «/ 2 fc+i(^) sin(2fc + l)<p 


fe=i 


k—0 


4. exp (iz cos <p) = J — - ^(2/c + 1 )i k J k+ 1 (z) P k (cos ip) 


k—0 


= ^ ikj k{z)t 


,ik(p 


k— — oo 


= Jq(z) + 2 ^2i k Jk{z) cos kip 


k= 1 


KU 119(12) 
WA 40 

KU 120(13) 

WA 401(1) 
MO 27 


MO 27 
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8.512 


5. 


/ \/2 ~z cos ip i °° 

e~ it2 dt=- J 0 (z) + V ei kni J k (z) cos ky 


fc = i 


The series J k(z) 

8.512 

OO 

1. Jo(z)+2'£j 2k (z) = l 

k = 1 

(n + 2fc)(n + k — 1)! 


2- E 


fc— o 


fc! 


Jn+2k{z) — (2) 


[n= 1,2,...] 


o ^(4fc+l)(2fc-l)!! r [2z 

• 3 - 2 k k\ J 2k+i( Z ) - \l _ 


k—0 


8.513 


Notation: In formulas 8.513 = 


WJ (-irf"Vfc-2m) 


m= 0 


2 k kl 


1. £(2 k) 2pJ 2k (z) = Y,Q 


(2 p) 2fc 
2k z 


k=l 


k—0 


P 


2. y(2fc+iy +i j 2 fc+ 1 (z) = y 

^2/c+l 

fc=0 /c— 0 

In particular: 

OO ^ 

3. + l) 3 J 2fc+i(^) = — (2 + £ 3 ) 

oo 1 

E( 2fc ) 2 J 2fc0) = y 


( 2 p+l)^ 2 fe+l 


[p= 1,2,3,... 
\p = 0,1, 2, 3,. 


4. 


fc=i 


5. ^ ^ 2k(2k + 1) (2A: + 2) J 2k+i( z ) — ~ £ 3 


fc=i 


8.514 

oo 

i. y(-i) fe / 2fc+1 ( 2 ) = 


sin z 


k—0 


2. J 0 (z) +2^(-l) /c J 2 /c(e) = COSZ 

fe=i 
oo 

3 . y(-i) fc+i (2fc) 2 j 2fc (*)= 2 


2 sm z 


MO 28 


WA 44 


WA 45 


WA 46(1) 

WA 46(2) 

WA 47(4) 
WA 47(4) 
WA 47(4) 

WH 

WH 

WA 32(9) 


fc= l 
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z cos z 


4. ^(-l) fe (2fc+l ) 2j 2k+ i{z)= 2 

k = 0 

oo 

5. Jq{z) + 2^ J 2 k{z) cos2k6 = cos(2sin0) 


fc= l 


6. E J 2 fe+i(z) sin(2fc + 1)0 = 


sin (2 sin 0) 


fc =0 


00 /*# 

7. E ^2fc+i(a;) = X / dt 

fe= 0 "'° 


[x is real] 


8.515 


i- E 


k = 0 


(-1)*** / 2z + A' 

"jfc! V J 


J v-\-k (-2 0 — 


2 + 1 


J v{z + i) 


2- (x 2 )=5(x) 

fc=l 

OO 

3. ^ J 2fc+ i (x 2 ) = (7(x) 

k=0 

8 516 ^ (2n + 2k)(2n + k - 1)! 


fc= 0 


fc! 


J 2 n+ 2 k (22 sin 0) = (2 sin 0) 


2n 


WA 32(10) 
KU 120(14), WA 32 
KU 120(15), WA 32 

WA 638 

AD (9140) 

MO 127a 

MO 127a 

WA 47 


The series Ak J k(kx) and Ak J' k {kx) 
8.517 

OO 

i- e Jkjkz) = 


2(1 - 2 ) 

2. y^(-i ) k Jk (kz) = - 

k = 1 

OO r 

3. y; J 2 k( 2 kz) = 


fc=i 


2(1 + 2) 


fe=i 


2 (1 — z 2 ) 


8.518 

11 J’k (h x ) _ 1 , x 


fc=l 


2 4 


2. 11 E(-!) 


,_l/ fc (fcx)_l X 


k=l 


3- J2 kJ, k (kx) = 


k 2 4 

1 


fc=i 


2(1 — x) 2 


2 exp y/1 — 2 2 

< 1 

1 + y/1 — 2 2 

2 exp Vl — z 2 

< 1 

1 + Vl ~ Z 2 

2 exp Vl — z 2 

< 1 

1 + Vl-z 2 


WA 615(1) 
WA 622(1) 

MO 58 


[0 < x < 1] 
[0 < x < 1] 
[0 < x < 1] 


MO 58 

MO 58 

MO 58 
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8.519 


4 . 


^(-l )*" 1 J' k {kx)k 

k=l 


1 

2(1 + a ;) 2 


[0 < x < 1 ] 


MO 58 


The series Y Ja(kx) 

8.519 If, on the interval [0 < x < 7t], a function f(x) possesses a continuous derivative with respect to 
x that is of bounded variation, then 


1. f(x) = Y + ^2 ak J o( kx ) 

k= 1 

where 

2 / >7r r n / 2 

2. ao = 2/(0) H — / du uf’ (wsin<p) dip 

Wo Jo 


[0 < X < 7t] 


/o ao 

/» 7 T /* 7 r /2 


3 . a„ 


2 r 77 

= — du uf' ( u sin ip) cos nu dp 

Wo Jo 

8.521 Examples: 


LXJ it 

1. J o(kx) = -- + - + 2 r^L — i 90 

2 x ' \Jx 2 — 4?u 2 7r 2 

k—1 m= 1 

l 


WH 


2 . Y / (~ 1 ) k+1 Jo(kx) = - 


k = 1 


3- E 


1 


fc=l 


{2k — 1/ 


Jo{{2k - l)a;} 


8 2 
7T 2 


[2n7r < x < 2{n + l)7t] 

[0 < x < 7t] 

[— 7t < X < 7t] 


= — + V x 2 — 7t 2 — — — 7t arccos — [tt < x < 2i r] 
8 2 a: 


MO 59 

KU 124(12) 

KU 124 
MO 59 


OO 

4 . e ~ kz J 0 (ky/x 2 + y 2 ^ 


k = 1 


1 1 

= Z- o+E 


r 2 j— | ( 2kiir + z ) 2 + x 2 + y 2 (2/ci7r — z ) 2 + x 2 + y 2 

1 1 00 1 


[0 < r < 2 tt] MO 59 


where r = x 2 + y 2 + 2: 2 and where the radical indicates the square root with a positive real part. In 
formula 8.521 4 , the first equation holds when x and y are real and Re 2 > 0 ; the second equation holds 
when x, y, and z are all real. 
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937 


The series Ak Zo(kx) sin kx and J] Ak Zo(kx) cos kx 
8.522 


oo ^ m 

i. jp(kx) cos kxt = — - + 


1 


fc=l 


2 “ ^/x 2 — (27rZ + tx) 2 X\J 1 — £ 2 “ ' yjx 1 — (2 ttI — tx) 


E 


MO 59 


oo 1 r n 1 m 1 i oo 

2. ^ J 0 (kx)sinkxt= ^ E 7 - E I [ + E ' 

v 1=1 l—l J l=m -\- 1 


k= 1 


~ E 


l 


l l 

\J ( 27 d + tx) 2 — x 2 27 tI 

1 1 


i=n+l 


\J(2-kI — to) 2 — a: 2 27rl 


MO 59 


1 1 I m 1 n 1 

3. £ Y 0 (kx)coskxt = -- (c+ 1- £) + ^ | £ j + £ 7 

oo 

- E 

i=m+. 
oo 

- E 


k=l 


. 1=1 1=1 

1 


\J (27 vl + tx) 2 — X 2 27 rl 


l=n-\- 1 


\J (27 tI — txY 


27 tI 


MO 60 


In formulas 8.522, x > 0, 0 < t < 1, 2nm < x{\ — t)< 2 (?n + l)7t, 2nn < x{l + t)< 2(n + l)7t, m + 1 and 
n + 1 are natural numbers. 


8.523 


i. y^(-i) fc jp(kx) cos kxt = — - + 


E 


fc=l 


i=l \J X 2 — [(2 1 — 1) 7T + tx] 2 i = i \jx 2 — [(21 — 1)7T — to] 


2 

MO 60 


oo 1 fn 1 ra 1 ioo 

2 - E(-!) fe J o(M sin kxt ^ < E y - E y f + E 

fc=l “ 1 l ;=1 i=l J !=m+l 


— l)7t + te] — a; 


2 2 2^7T 


- E 

i=n+l 


— l)7r — fa;] 2 — x 2 


1 

2lir 


MO 60 
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3. 


m ^ n i 


]T(-l) fc Y 0 (kx) cos kxt -- (C+In-?-) + — l ^ - +Y, 


k = 1 


. Z=1 Z=1 


- E 

Z=m+1 
oo 

- E 


l=n -\- 1 


— 1)7T + tx] — X 


— l) 7 t — te ] i 2 — a ; 2 


2 2 2ln 


1 

2lir 


MO 60 


In formulas 8.523, x > 0, 0 < t <1, (2m — l)7t < x(l — t ) < (2 to + l)7t, (2n — l)7t < a;(l + f) < (2n + l)7t, 
to and n are natural numbers. 


8.524 


i. jpjkx) cos kxt = — - + y~^ 


fc=l 


2 . 


Z=m+1 

l 


\J x 2 — (2lir — tx) 2 


MO 60 


V Jn(kx) sin kxt 'S'' — . + < — . 

\Z(2ln-tx) 2 — x 2 \ (2ln + tx) 2 - x 2 


2hr 


- E 

Z=n+ 1 


i 1 ^ _i_ ^ ^ 

\/(2ln — to ) 2 — a : 2 2 te J 27 t ^ l 


MO 60 


3. 


TY 0 (kx) cos kxt f C+ In 


E 


1 


— te) 2 — x 2 27t ^ l 

1 1 


— ^ | i/ ( 2 ^ 7 t + te ) 2 — a ; 2 2 te J 
1 1 


- E 

l=n -\- 1 


•>/ (2ln — tx) 2 — x 2 2 / 7 t 


MO 61 


In formulas 8.524, x > 0, t > 1, 2?ti7t < a;(t — 1) < 2 (to. + l)7t, 2n7t < x(t + 1) < 2(n + l)7t, to + 1 and 
n+ 1 are natural numbers. 

8.525 

1 71 ^ 

1. y^(-l) fc Jp(kx) cos kxt = — - + y^ MO 61 

fc=i i=m+i \Jx 2 ~ [(2Z — VjTi — te] 2 
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OO Til 1 II 

2. ^(~ 1 ) fc J 0 (fca:) sin to= ^ =+^zJ2l 

k= 1 Z=1 a/ [(2/ — 1)7T — tx] 2 — X 2 1=1 


1= 1 [ a/ [(2/ — 1)7T + tx] — X 2 


- E 


i=n+i y J [(21 — 1 ) 7 r — tx] — x 2 


3. ^(-l) fe y 0 (Mcosfc^=-i (c+ln|-) + ^E 1 


MO 61 


1=1 J [(21 — 1)7T — tx] 2 — X 2 


-£ 7 

J=1 ^ W [(2^ — 1)7T + tx] — x 


2 _ 2 2 I- 7 T 


- E 


;=n+l [ J [(2/ — 1)7T — tx] — X 2 


MO 61 


In formulas 8.525, x > 0, t > 1, (2m — l)7t < x(t — 1) < (2m + l)7r, (2 n — l)7t < x(t + 1) < (2 n + 1)7T, m 
and n are natural numbers. 


8.526 


OO 1 OO ( 

1. K o(kx) cos kxt = - fc+lnE) H /' | 

2V 47r J 2 a-v / TT^ 2 ^\ 


c 2 + {2lu — tx) 2 21 tt 


2 ^ \J x 2 + (2ln + tx) 2 21 tt 


MO 61 


OO 1 OO 

2. y^(— l) fe K 0 (kx) cos kxt = - (c+ln-^j + | E 


1=1 y W x 2 + [(2/ — 1)7T — xt]^ 


1=1 y Y X 2 + [(2/ — 1)7T + xt] J 

[x > 0, t real] (see also 8 . 66 ) MO 62 
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8.53 Expansion in products of Bessel functions 

“Summation theorems” 

8.530 Suppose that r > 0, g > 0, ip > 0, and R = ^r 2 + g 2 — 2rg cos tp-, that is, suppose that r, g, and 
R are the sides of a triangle such that the angle between the sides r and g is equal to ip. Suppose also 
that g <r and that is the angle opposite the side g, so that 

1. 0<^<", = r ~ g6 ~" 

2 r — ge lv 

When these conditions are satisfied, we have the “summation theorem” for Bessel functions: 


1. Z v (mR)= J2 Jk{m,Q)Z„ +k {mr)e ik * 


k=— oo 


[m is an arbitrary complex number] 

WA 394(6) 


For Z v = J „ and v an integer, the restriction g <r is superfluous. 

8.531 Special cases: 

OO 

1. Jo(mR) = J o{mg) Jo(mr) + 2 Jk(mg) J k(rnr) cos kip 

k = 1 

oo 

2. H^ 2 \mR) = Jo (mg) H^ 2 \mr) + 2 ^ J k{^Q) H^' 2 \mr) cos kip 

/c=l 

oo 

3. Jq (z sin a) = J q + 2^ J k cos 2 ka 


fc= 1 


= Vt S ( 2k + l) ^ 2 ^ ^ (cos «) 

fc =0 v ' 


8.532 The term “summation theorem” is also applied to the formula 
1. =?»,-r(,)ffr + H J -*] ,,lg|Z y‘]" rl C%( cosy) 


R v 


fe= o 


0 


MO 31 


WA 391(1) 


MO 31 


MO 31 


[u ^ — 1, —2, —3, . . . ; the conditions on r, g, R , tp, and m are the same as in formula 8.530; for Z „ = J v 
and ^ an integer, formula 8.532 1 is valid for arbitrary r, g, and <p\. WA 398(4) 

8.533 Special cases: 


1. 


2 . 


e imR m 


R o + 17 fc+i( m ^) H kl i (mr) Pfc (cos <p) 

K Z V r e fc=0 3 


a —imR 


R 


m 


^2(2k + 1) J k+ i(mg) F",(mr) P k (cos ip) 


MO 31 


MO 31 


k—0 
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8.534 A degenerate addition theorem (r — > oo): 

pimQ cos ip __ 


I CXJ 

\ 2mo E ik ( 2k + 1 ' ) Jfe+ 3 Pk ^ C0S ^ 

» ^ k—0 

oo 

= 2 l/ T(rz) y^(z/ + k)i k {me)~ v J v+k (mg) C v k (cosip) [v ± 0, -1,-2, . . .] 


k - 0 

8.535 The term “product theorem” is also applied to the formula 

i2 \ k 


Z v (\z) — \ v y~~^ -jj Z u+k (z) 


k—0 


k\ 


1 — A 2 


|1-A| 2 <1 


For Z v = J v , it is valid for all values of A and z. 


8.536 

1. 

2 . 

3. 

8.537 

1. 

2 . 

8.538 

1. 

2 . 


E 


(2n + 2k)(2n + k-l)\ 
k\ 


fc= o 


^E 


kT(n + k) 
T(k - n + 1) 


Jk ( z ) = 




(2 n)\ 

w 


(2 n)\ / z\ 2n 



J 0 2 ( 2 ) + 2^J|( 2 ) = 1 

k = 1 


oo 

E Z -'-k( t ) J k(z) = Z v (z + t) 

k= — oo 
oo 

^ ^ J k(z') J n—k(z) — J n(2-^) 

k— — oo 


E (-l) k J-v+k(t)J k (z) = J-„(z + t) 

k — — oo 
oo 

e z u+k (t) j k (z) = z u (t. - z) 

k=— oo 


[n > 0] 


[n > 0] 


[N < 1*1] 


[N < 1*0 
[N < 1*1] 


WA 401(1) 

WA 401(2) 

MO 32 

WA 47(1) 
WA 47(2) 
WA 41(3) 

WA 158(2) 

WA 41 

WA 159 

WA 159(5) 


8.54 The zeros of Bessel functions 

8.541 For arbitrary real u, the function J„(z) has infinitely many real zeros. For v > — 1, all its zeros 

are real. WA 526, 530 

A Bessel function Z v (z) has no multiple zeros except possibly the coordinate origin. WA 528 

8.542 All zeros of the function Y q(z) with positive real parts are real. WA 531 

8.543 If —(2s + 2) < v < —(2s + 1), where s is a natural number or 0, then J v (z) has exactly 4s + 2 

complex roots, two of which are purely imaginary. If —(2s + 1) < v < —2s, where s is a natural number, 
then the function J v (z) has exactly 4s complex zeros, none of which are purely imaginary. WA 532 
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8.544 If x v and x' v are, respectively, the smallest positive zeros of the functions J v (z) and J' v {z) for 
v > 0, then x v > v and x' v > v. Suppose also that ip, is the smallest positive zero of the function Y v (z). 
Then, x u < y v < x' v . WA 534, 536 

Suppose that z„, m (for to = 1, 2, 3, ... ) are the zeros of the function z - " J v (z), numbered in order of 
the absolute value of their real parts. Here, we assume that v ^ — 1, —2, —3, .... Then, for arbitrary z 

8.545 s The number of zeros of the function z v J v {z) that occur between the imaginary axis and the 
line on which 

Re z = (to + \ Re v + j) n, WA 497 

is exactly to. 

8.546 For v >0, the number of zeros of the function K v {z) that occur in the region Re z <0, |arg z\ < ir 

is equal to the even number closest to v — \ . WA 562 

8.547 Large zeros of the functions J„(z) cos a — Y „(z) sin a, where v and a are real numbers, are given 
by the asymptotic expansion 

Av 2 - 1 


1 1 

TO H — v 

2 4 


7r — a — 


8[( 

(4 v 2 - 1) (28^ 2 - 31) 


TO + \v — j) 7T — a 


KU 109(24), WA 558 


KU 109(25), WA 556 


384 [(to. + \v — j) 7r — a] 

8.548 In particular, large zeros of the function Jq(z) are given by the expansion 

7i r 1 31 3779 

0,m 4 27r(4 to — 1) 67t 3 (4to — l) 3 157 t 5 (4to. — l) 5 

This series is suitable for calculating all (except the smallest xoi) zeros of the function J 0 (z) correctly 
to at least five digits. 

8.549 To calculate the roots x VjTn of the function J„{z) of smallest absolute value, we may use the 
identity 

~ l 429 jz 5 + 7640 + 53752i/ 3 + 185430 j/ 2 + 311387^ + 202738 


,^l 2 1Q {y + l) 8 (zv + 2) 4 (j7 + 3) 2 (iz + A) 2 (v + 5 )(v + 6) (v + 7) (v + 8) ' 

8.55 Struve functions 

8.550 Definitions: 

v 2m+i/+l 


KU 112(27)a, WA 554 


1. 


H„(*)= E(-l) r 


(I)' 


m — 0 


r (to + |) r (y + m + !) 


(!) 


2m+i/+l 


2. LJz) = -ie~ iv * H v (ze**) = V — , , 

K ’ if 0 I >+§) r ( I ' + m +§) 


8.551 Integral representations: 

2(ir r 1 


i. 


H „(z) = 


Y^ r ("+ \)Jo 


(l — t 2 y 2 sin ztdt = 


2 (lY 


t /2 


V^ r (v+ \)Jo 
[Re v > -|] 


WA 358(2) 

WA 360(11) 

sin (z cos ip) (sin p) 21 ' d<p 


WA 358(1) 
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fV 2 


2 ( it v 

2. L v (z) = —= — y ty / sinh (z cos <p) (siny>) v dp 

(is+ ±)Jo 


[Re v > — \ 


WA 360(11) 


8.552 Special cases: 


l- 6 H „{z) = - X) 

7 r ' 

m = C 

2. 6 h_„(^) = (-ir +i - 53 

77 ^ J 


i _ ii / n— 2m— 1 

L K Jl > + + 

-E„(z) [n = 1,2, . . .] 


r (n + \ - to) 

m—0 \ z / 

^ Lt J r (n — to — | 


EH II 40(66), WA 337(1) 


771=0 


r(m+§) 


2: ^ —77+2777+1 

— E-n(^) 


[n = 1, 2, . . .] EH II 40(67), WA 337(2) 


3. H n+ i( 2 ) = Y n+ i(z) H 53 


r (m + 


2 \ —2 m+n — | 


7t — ' r(n + 1 — m) 

m=0 


4. H 


5. 

6 . 


-(n+|)(' 2 ) — ( ■*■) ++§(*0 

L_(„+J) +) = ++!+) 

H §(*) = ^( 1 ^ C0S ^) 


[n = 0, 1, . . .] 
[n = 0,1,...] 

[n = 0,1,...] 


7 H ?<4 = (| f ) 1/2 ( 1 + ?)“(^) (““ + +) 

8.553 Functional relations: 


[to. = 1,2,3,...] 


1. H„ (ze imw ) = e i ^ v+1)m n v (z) 

2. ^[^H„(z)] = ^H„_+) 

3. ^ [ 2 "*' H„(*)] = 2-"7r- 1 / 2 [r (i/ + §)] - 1 - 0 -" H v+1 (z) 

4. H „_+) + H„++) = 2VZ- 1 H „(*) + 7r -1 / 2 (|) " [r (i/ + §)] _1 

5. H „_!(*) - H„ +1 (t) = 2H[(t) - 7T- 1 / 2 (|)" [r (i/ + Df 1 
8.554 Asymptotic representations: 

/ C\ —Zm+v—l 

p-i r (to+ \) f - j 

H.K) - r„({) + - E r(y+ V_ m) + 0 (If""'’") 


EH II 39(64) 
EH II 39(65) 

EH II 39(65) 
EH II 39, WA 364(3) 

WA 364(3) 

WA 362(5) 
WA 358 

WA 359 
WA 359(5) 
WA 359(6) 


777 = 0 


For the asymptotic representation of F„(£), see 8.451 2. 


[|arg£l < t r] 


EH II 39(63), WA 363(2) 
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8.555 The differential equation for Struve functions: 

z 2 y" + zy' + {z 2 - V 2 ) y=^-= * WA 359 ( 10 ) 

V 7 rr (i/+ g) 


8.56 Thomson functions and their generalizations 

ber„(;>:), bei „(z), her„(z), hei 1/ (z), ker^z), kei„(z) 

8.561 


1. 

ber„(;t) + ibei„(z) = J v 


WA 96(6) 

2. 

ber„(z) — ibei u (z) = J v ^ ze _ 3 7r *^ . 


WA 96(6) 

8.562 

1. 

her„(z) + ihei^z) = 

(see also 8 . 567 ) 

WA 96(7) 

2. 

her„(z) — ihei„(;z) = 

(see also 8 . 567 ) 

WA 96(7) 

8.563 

1. 

2. 

ber 0 (z) = ber(z); beio(z) = bei(z) 

7 r 7 r 

ker(z) = -- hei 0 (z); kei(z) = - hei 0 (z) 


WA 96(8) 

WA 96(8) 


For integral representations, see 6 . 251 , 6 . 536 , 6 . 537 , 6.772 4 , 6 . 777 . 



WA 163(6) 
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Asymptotic representation 
8.566 

e a (z) 

1. ber(z) = cos /3(z) 
v 27 tz 


2. bei(z) = 


p a ( z ) 


sin/?(z) 


3. 

4. 

where 


ker(z) = J ^e a( ^ cos /3(—z) 


kei(z) = A /— sin /?(-*) 


. . z 1 

“(*) + 


|arg z\ < 


l ar g z \ < \ 


|argz| < -7T 


|argz| < -7T 


25 


13 


y/2 Szy/2 384 Z 3 V2 128z 4 
1 25 


n( \ z 71 1 

P( z ) 7S “ o “ 


V? 8 8zV? !6z 2 384z 3 v / 2 

8.567 Functional relations 

1. ker(z) + ikei(z) = K 0 (zVij (see 8.562) 

2. ker(z) — i kei(^r) = K 0 ^zV^ tj (see 8.562) 

For integrals of Thomson’s functions, see 6.87. 

8.57 Lommel functions 

8.570 Definitions of the Lommel functions s Mil ,(z) and S ^ „(z): 


1. 


i,v{z) — 


1 \m 7 /i+l+2m 


(- 1 ) 


[(/t + l) 2 - V 2 ] [(/j, + 3) 2 - V 2 ) . . . | (n + 2m + 1) - 1 / 2 J 

( -i) m (|) 2m+2 r(^- \v + i)r (\n+ \v + \) 

m = o T {\v-\ u + m +l) T (\»+\ v + m +l) 

[li ± v is not a negative odd integer] EH 


= 1 E 


2 . 11 s^„(z) = s^ v {z) + 2^ 1 r(|/i- ii/+|)r(|/i+|i/+|) 

COS [|(/i - I/)7r] J-v{z) - COS [|(/i + I/)7r] J„(z) 


EH 


Sin Z/7T 


= s^{z) + 2^ 1 r (§// - \v + §) r +1^+1) 


WA 227(1) 
WA 227(1) 
WA 227(2) 
WA 227(2) 


WA 96(5), DW 
WA 96(5), DW 


II 40(69), WA 377(2) 

II 40(71), WA 379(2) 


x {sin [i(/z — i/)7r] J„(z) - cos [|(/z — i/)7r] E„(z)} 


EH II 41(71), WA 379(3) 
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Integral representations 


8.571 

8.572 


W*) = 2 

Sp, v {z) 


Y„(z) f z M J v {z) dz - J v (z) [ z M Y v {z) dz 
Jo Jo 


= 2^ ^£^ (1+I/+#<) 


r| S + 


0 
71-/2 


1 \ / >7r / 2 1 
^~ 2 V ) J Q J i(i+M-^) O sin6 0 (siii6») 5(1+l,_M) 

[Re(z/ + /i + 1) >0] 


WA 378(9) 

(cos 60 " +m d9 

EH II 42(86) 


8.573 Special cases: 

1 - Sl,2n( Z ) = z0 2n (z) 

2. 'S , 0,2n+l (z) = — 0 2 „ + i(z) 

2?x + 1 

3- S-i t 2n{z ) = J- 5 2 „(2:) 

4?x 

4. 5o,2n+l(2) = - S2n+l{z) 

5. 

6. S VtV (z) = [H „(z) - Y„(z)] 2^~ 1 V^r (y + ±) 

8.574 Connections with other special functions: 

1 . J„(z) = - sin(r/ 7 r) [s 0 „ ( 2 :) - v s_i „(,z)] 

7 r 

2. E„(z) = — — [(1 + COSLX7t) Sq^(z) + V (1 — COSLX7t) S_j^ v (^)] 


WA 382(1) 
WA 382(1) 

WA 382(2) 

WA 382(2) 

EH II 42(84) 
EH II 42(84) 

EH II 41(82) 
EH II 42(83) 


A connection with a hypergeometric function 


3- — 


1 


(/x — LX + l)(/i + V + 1) 


1F2 ( 1 


H~v + 3 /i + lx + 3 


EH II 40(69), WA 378(10) 


8.575 Functional relations: 


1. 

S/x+2,1/0) = Z^ +1 - [(/LI + l) 2 - LX 2 ] S M)I/ (z) 

EH II 41(73), WA 380(1) 

2. 8 

/x,x/~) + (t) s hA z ) = A + p ~ 1) 

EH II 41(74), WA 380(2) 

3. 

- ( 7 ) s»A z ) = (/* - V - 4) S/x-i.ix+i^) 

EH II 41(75), WA 380(3) 

4. 

(2/) s M)I ,(z) = (/LI + V - 1) S/x-l^-l^) ~{n~v- 1) S M _i >Iy+ i(z) 

EH II 41(76), WA 380(4) 

5. 8 

2 /x,^) = (/LX + LX - 1) S/x-l.v-lW + {n - LX - 1) S/x-ljix+l (2:) 

EH II 41(77), WA 380(5) 


In formulas 8.575 1-5, s^ tV (z) can be replaced with S ll ^(z). 



8.579 


Lommel functions 


947 


8.576 Asymptotic expansion of 

In the case in which fi±v is not a positive odd integer, S has the following asymptotic expansion: 

1 — n + l/\ / 1 — [1 — lA / r.\ -2m 


(HF) (§)' 

m — 0 \ / m \ / m 


[\z\ — > oo, |argz|<7t] WA 347, 352 

The series terminates and is equal to S when /.t ± v is a positive odd integer. 

8.577 Lommel functions satisfy the following differential equation: 

z 2 w" + zw' + (z 2 - v 2 ) w = z» +1 

8.578 Lommel functions of two variables U v (w,z) and V v (w,z): 


WA 377(1), EH II 40(68) 


Definition 

F /W\ v+2 m 

1. U V (W, Z)=Y, ("I ) m (-) J»+2m{z) 


m—0 


2. V v (w, z) = cos 


z 


1 

- ( W H h VTT 

W 


+ U v .- 2 (w,z) 


Particular values: 

U 0 (z,z) = V 0 (z,z) = \ {Jo{z) + COSz} 

Ui(z,z) = — Vi(z,z) = | sin z 

f n—1 

COS z- ^(-l) m £ 2 m J 2 m{z) 

L m—0 , 


3. 

4. 

5. U 2 n(z,z) = 


EH II 42(87), WA 591(5) 
EH II 42(88), WA 591(6) 

WA 591(9) 
WA 591(10) 


(-ir 


6. U 2n +i{z,z) = 


(-i r 


^ 1 ] 5 ^ rn 

n—1 

sin Z — ^(-l) m e 2 m+l Fm+lF > 


m=0 


[n > 0] , Sm — 


2 , m > 0 , 

1, m = 0 


2, m > 0, 
1, m = 0 


WA 591(11) 


WA 591(12) 


7. 


9. 


V n (w,z) = (-1)” U n —,z 
\ w 

/uA 1 / 2 

(— f 1 / 2 


(?) 


8.579 Functional relations: 

d 


1. 2 — U v (w,z) = U v -i(w,z) + U v +i(w, z) 


2. 2-^- V„(w,z) = V„+i(w,z) + (^) 17 ^- 1 ( 10 , 2 :) 


WA 593(9) 
WA 593(10) 

WA 593(2) 
WA 593(4) 


3. The function U v (w, z) is a particular solution of the differential equation 
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8.580 


4. 


8.58 

8.580 

1. 


2 . 


8.581 

1. 


2 . 


8.582 

1. 6 

2. 6 

3. 6 

4. 6 


d 2 U 1 dU z 2 U (wy-z T . , 
o 9 o I o"~ \ ) J v\ Z ) 

OZ z Z OZ W z \ Z / 

The function V v (w, 2 ) is a particular solution of the differential equation 

d 2 V IdV z 2 V /wr l/ 

~d^~~zlh + ZI^ = \^) J - v + 2 ^ z > 


WA 592(2) 


WA 592(3) 


Anger and Weber functions J „(z) and E„(z) 

Definitions: 

The Anger function J v (z): 

1 r 

J v (z) = — cos {v6 — z sin 9) dd 
77 Jo 

The Weber function E „(z): 

1 r 

E„ (z) = — sin (yO — 2 sin#) d8 

71 Jo 

Series representations: 

, M «4rf (-1)"(|) 2 " 

Jiy(^) = cos — 2_^ 


- sin 


2 ^0 r ( n + 1 + H r ( n + 1 - \ v ) 

(-!)" (i ) 2n+1 


71=0 
1S7T 


2 S r ( n + 5 + H r ( n + l- H 


T-l / \ • ^ 

E „(z) = sin -T- 2^ 




2n 


2 ^ r {n + 1 + H r (n + 1 - \v) 


71=0 
00 

vi r 


— cos 


(-!)"(!) 


2ti+1 


2 ^ 0 r (n+! + ^) r (n+|-^) 


WA 336(1), EH II 35(32) 


WA 336(2), EH II 35(32) 


EH II 36(36), WA 337(3) 


EH II 36(37), WA 338(4) 


Functional relations: 

2J'„(2) = J„_i(2)- J„+i(2) 

2E , „O0 =E i/ _ 1 (2)-E„ +1 (2) 

J„_i( 2 ) + J v +i (z) = 2 vz~ l J„( 2 ) — 2{itz)~ 1 sin(z/7t) 

E v -i(z) + E„ +1 («) = 2^z^ 1 E„( 2 ) — 2(7tz) _1 (1 — cos vn) 


EH II 36(40), WA 340(2) 
EH II 36(41), WA 340(6) 
EH II 36(42), WA 340(1) 
EH II 36(43), WA 340(5) 
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8.583 Asymptotic expansions: 


l. 6 J„(*)= Mz) + 


Sin 1S7T 
7 TZ 


+ 0 \z 


1-2 p 


g ( ir 2n r (»+¥)r(n+ 1 f) : ,- 2B 

n— 0 
P-1 


r(!y:) r(i=p 


- r y>i)" 2 *" r ("_+ 1 + ;-) r (n + 1 - P) 


n— 0 


2 . 


E„(*)=- Y v (z) 

1 + cos(^7r) 
7T2 

1/(1 — cos i/tt) 
zir 


'p - 1 


r ( x + 2") r (! - H 

[|arg z\ < 7r] 

I r(n+i±^)r(n+ V).-2 


+ ^o(N“ 2p ” 1 

EH II 37(47), WA 344(1) 


V'V O^n 1 W" 1 l n + Ti „-2n , n/'l„|-2p\ 

^ (_1) 2 r(i^)r(i^) — * +0 1 N ) 

■p 

E(- 1 )" 2 


,n— 0 
P-1 


,2„ r ( n 


I 17 ) r (n + 1 - §1/) l z - 2 n-l 


Ln— 0 


r (i + \ v ) r (i - \v) 


+ 0{\z\- 2p - 1 ' 
WA344(2), EH II 37(48) 


For the asymptotic expansion of J v (z) and Y v (z), see 8.451. 

8.584 The Anger and Weber functions satisfy the differential equation 

y" + z~ 1 y' + ( i - ^ y = f(v, z), 


Z — IS 

where f(v,z) = — sini/7r for 3 u (z) 

TTZ 1 

and f(v, z) = ~ [z + v + (z — v) cos i/tt] for E v (z) 

7 TZ* 1 


WA 341(9), EH II 37(44) 
EH II 37(45), WA 341(10) 


8.59 Neumann’s and Schlafli’s polynomials: O n (z ) and S n (z) 


8.590 

Definition of Neumann’s polynomials 



1 . 

If 1 

^ ( ^ l^n(n- m — 1 )! fz\ lm ~ n - 1 
U n(Z)- A 2^ 777,1 { 2 J 

m— 0 

[n > 1 ] 

WA 299(2), EH II 33(6) 

2 . 

0- n (z) = (-l) n O n (z) 

[n > 1 ] 

WA 303(8) 

3. 

T — 1 | ^ 

II 

o 

o 


WA 299(3), EH II 33(7) 

4. 

°i(z) = ^ 


EH II 33(7) 

5. 

1 4 

0 2 (Z) = - + -3 


EH II 33(7) 

In general, O n (z ) is a polynomial in z 1 of degree n + 1. 



8.591 

Functional relations: 



1 . 

O'o(z) = - 0 1 (z) 


EH II 33(9), WA 301(3) 

2 . 

2 0' n (z) = O n —i(z) - O n+ i(z) 

[n > 1 ] 

EH II 33(10), WA 301(2) 
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3. (n — 1) O n+ i(z) + (n+ 1) O n _i(z) — 2z 1 (n 2 — l) O n (z) = 2nz 1 ^sinn^ 

[n > 1] EH 

4. nz O n - 2 (z) - (n 2 - l) O n (z) = (n - l)z 0' n (z) + n (sinn^ EH 

( 7T \ 2 

sinn— J EH 


EH II 33(11), WA 301(1) 
EH II 33(12), WA 303(4) 

EH II 33(13), WA 303(5)a 


8.592 The generating function: 

1 „ _ , 


= Jo(0^ 1 +2^ J n (0 O n (z) 


EH II 32(1), WA 298(1) 


8.593 The integral representation: 

. [u+ Vu 2 + z 2 ] n +[u- Vu 2 + z 2 1 " 

0„(z) = / i - -t, — e 1 

' y Jo 2z”+ 1 

See also 3.547 6, 8, 3.549 1, 2. 

8.594 The inequality 

\O n {z)\ < 2 n - 1 n!\z\~ n ~ 1 ei^ 2 [n > 1] 

8.595 Neumann’s polynomial O n (z) satisfies the differential equation 

ji d 2 V , o JV , tji , n J„_ 7r \ 2 , 


EH II 32(3), WA 305(1) 
EH II 33(8), WA 300(8) 


z -j-^ + 3z— + (z + l — n ) y = z yzosn—J + n^sinn— J EH II 33(14), WA 303(1) 

8.596 Schlafli’s polynomials S n {z). These are the functions that satisfy the formulas 

1. S 0 (z) = 0 EH II 34(18), WA 312(2) 

2. S n (z) = ^ 2zO n (z) -2 (cos n^Y [n > 1] EH II 34(19), WA 312(3) 

_ ^J (n-m-l)! , Z yrn-n ^ ^ 


( 7r \ 2 

( ■ n \ 

cos n— + n 1 

sinn— 

V 2/ 

V 2) 


(n — m — 1 )! / z\ 2m ~ n 
ml V 2 / 


[n > 1] 


3. S- n (z) = (-l) n+1 S n (z) 
8.597 Functional relations: 

1. S n -i(z) + S n+1 {z) = 4 O n (z) 


EH II 34(18) 
WA 313(6) 

WA 313(7) 


Other functional relations may be obtained from 8.591 by replacing O n (z) with the expression for S n (z) 
given by 8.596 2. 

8.6 Mathieu Functions 

8.60 Mathieu’s equation 


— -j + (a — 2 k 2 cos 2 z) y = 0, k 2 = q 



8.621 


<(2 n) / ,(2n+l) D (2n+1) ^(2n + 2) 


Recursion relations for the coefficients A% r , A^ r+1 > B 2 r+i 


2r+2 
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8.61 Periodic Mathieu functions 

8.610 In general, Mathieu’s equation 8.60 does not have periodic solutions. If k is a real number, there 
exist infinitely many eigenvalues a, not identically equal to zero, corresponding to the periodic solutions 

y(z) = y( 2n + z). 

If k is nonzero, there are no other linearly independent periodic solutions. Periodic solutions of Mathieu’s 
equations are called Mathieu ’s periodic functions or Mathieu functions of the first kind, or, more simply, 
Mathieu functions. 

8.611 Mathieu’s equation has four series of distinct periodic solutions: 


1. 

2 . 

3. 

4. 

5. 


c e 2n (z, q) = ^2 A 2 ^ cos 2 ?’Z 

r — 0 
oo 

ce 2n+ i (z,q) = y A%™+\ ) cos(2r + 1 )z 

r = 0 
oo 

se 2 „ + i(z, q) = ^2 B 2 r+ 1 1 ' sin(2r + 1 )z 


MA 


MA 


MA 


r — 0 
oo 


MA 


se 2n+2 (z, q) = ^ + 2 2) sin(2 r + 2 )z 

r = 0 

The coefficients A and B depend on q. The eigenvalues a of the functions ce 2n , ce 2n +i, se 2ra , 
se 2n+ i are denoted by a 2n , a 2n + 1 , b 2n , b 2n+1 . 


8.612 The solutions of Mathieu’s equation are normalized so that 

a27T 

/ y 2 dx = 7r 

J o 

8.613 


MO 65 


1. lim cenfa;) = — = 

9^0 uv ^2 

2. limce„(a;) = cos nx 

q—>0 

3. limse„(a;) = sin nx 

q^O 


,70] 


MO 65 


8.62 Recursion relations for the coefficients A^ r n \ -® 2 r+ 2 2 ^ 

8.621 

1. aA {2n) - qA {2n) = 0 


2. (a - 4 )A ( 2 2n) - q (A.f n) + 2 A (2n) ^j = 0 

3. (a - 4r 2 ) Ag n) - q + A%? 2 ) = 0 


[r>2] 


MA 

MA 

MA 
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8.622 

1. (a — 1 — q)A^ n+1) - qA (2n+1) =0 MA 

2. [a-(2 r + lf]4S 1, - 4 (4 2 r ” + 3 ,l + 4S ll )=» [’'SI] MA 

8.623 

1. (a- l + q)B ( 1 2n+1) - qB^ n+1) = 0 MA 

2. [a - (2r + l) 2 ] - 1 (C + 4S”) = 0 

[r > 1] MA 

8.624 

1. (a - 4 )B^ 2n+2) - qB {2n+2) =0 MA 

2 11 (a - 4r 2 ) b£" +2) - q (b£+ 2) + B^+ 2) ) = 0 [r > 2] MA 


8.625 We can determine the coefficients A and B from equations 8.612, 8.613 and 8.621-8.624 pro- 
vided a is known. Suppose, for example, that we need to determine the coefficients A^”' 1 for the function 
ce2 n(z,q). From the recursion formulas, we have 


1. 


2 . 


3. 


a —q 
-2 q a — 4 
0 -q 
0 0 

0 0 


-q 

a — 16 

-q 

0 


0 

0 

- q 

a — 36 
-q 


0 

0 

0 

-q 

a- 64 


= 0 


ST 


For given q in equation 8.625 1, we may determine the eigenvalues 

a = Ao, A 2 , A. 4 , . . . [| A)| < | ^2 1 < | ^4.4 1 Z • • •] 

If we now set a = Am , we can determine the coefficients from the recursion formulas 8.621 

up to a proportionality coefficient. This coefficient is determined from the formula 


a; 


(2 n) 


OO 


(2 n) 


|_^2r 

r—1 


= 1, 


MA 


which follows from the conditions of normalization. 


8.63 Mathieu functions with a purely imaginary argument 


8.630 If, in equation 8.60, we replace z with iz, we arrive at the differential equation 


l . 11 


d 2 y 
dz 2 


+ (—a + 2 q cosh 2 z) y = 0 


We can find the solutions of this equation if we replace the argument z with iz in the functions c e n (z, q) 
and se„ (z, q). The functions obtained in this way are called associated Mathieu functions of the first kind 
and are denoted as follows: 
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1. 

C e 2n (z,q), Ce 2 „+i (z,q), Se 2n+1 (z, q), S e 2n+2 (z,q) 



8.631 




1. 

C e 2n (z, g ) = Y, cosh 2 rz 

r—0 


MA 

2. 

oo 

Ce 2n+ i(z, q) = ^2 cosh(2r + 1 )z 

r—0 


MA 

3. 

oo 

Se 2rt+ i(z, q) = Y] 7?2r+i 1) sinh(2r + 1 )z 

r—0 


MA 

4. 

oo 

Se 2n+2 (t:, q) = Y] b£?1 + 2 2) sinh(2r + 2 )z 

r—0 


MA 

8.64 

Non-periodic solutions of Mathieu’s equation 



Along with each periodic solution of equation 8.60, there exists 

a second non-periodic solution that is 

linearly independent. The non-periodic solutions are denoted as follows: 



ie 2n {z,q), fe 2n+ i (z,q), ge 2n+1 (z,q), 

ge 2 n+2 (z,q)- 


Analogously, the second solutions of equation 8.630 1 are denoted by 



F e 2n (z,q), Fe 2n+ i (z,q), Ge 2n+1 (z,q), 

Ge 2n -t- 2 (z, q). 


8.65 

Mathieu functions for negative q 



8.651 

/ 77 

If we replace the argument 2 in equation 8.60 with± — 

± z^j , we get the equation 



+ (a + 2q cos 2 z) y = 0. 

n y^ 


MA 

This equation has the following solutions: 



8.652 




1. 

ce 2n (z, -q) = (-1)” ce 2 „ {\i t - z, q) 


MA 

2. 

ce 2n+1 (z, -q) = (-1)” se 2n+ i {\i t - z, q) 


MA 

3. 

se 2n+ i (z, -q) = (-l) n ce 2n+ i {\i t - z, q) 


MA 

4. 

se 2n+2 {z, -q) = (-1)” se 2n+2 {\i t-z, q) 


MA 

5. 

f e 2n (z,-q) = (— l) n+1 fe 2 „ (57 r-z,q) 


MA 

6. 

fe 2 n+i (z, -q) = (-1)" ge 2n+ i (3? r-z,q) 


MA 

7. 

ge 2 „+i0,-g) = (-l)”fe 2 „+i (i? r-z,q) 


MA 

8. 

g e 2 n+ 2 (z, ~q) = (-1)” ge 2n+2 (§tt - z, q) 


MA 
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—77 — (a + 2q cosh z) y = 0 . 
atr 

It has the following solutions: 


8.654 


1 . 

Ce 2 „ 0 , - q ) = (-l) n Ce 2 „ + z, 9) 


MA 

2. 

Ce 2n+ i(z, -9) = (— l) n+1 «Se 2n+ i (|7ri + z,9) 


MA 

3. 

Se 2n+ i 0 ,-g) = (— l) n+1 iCe 2n+ i (\iti + z,q) 


MA 

4. 

Se 2 „ +2 (z, -q) = (-1)” +1 Se 2n+2 (\i ri + z, q) 


MA 

5. 

F 'e 2n (z, -q) = (- 1 )" Fe 2n (§7 n + 9) 


MA 

6. 11 

Fe 2 „+i(z, -9) = (— l) n+1 t Ge 2n+ i (577* + z, 9) 


MA 

7. 11 

Ge 2 „+iO, -9) = (— l)" +1 *Fe 2n+ i (\iri + z,q) 


MA 

8. 11 

Ge 2 „ +2 (z, -q) = (-1)" +1 Ge 2n+2 (\m + 2, 9) 


MA 

8.66 

Representation of Mathieu functions as series of Bessel functions 


8.661 




1 . 

ce 2 „0,9)= (2n) ^ G) r A[ r ] J 2r {^k cos z) 


MA 


^0 r= 0 




= ce 2 (0, 4 )g ( 1)M M /2r(Msill2) 


MA 


^0 r— 0 



2. 

/ / tt \ 00 

Ce 2n+ i (2, 9) = + ( 2 „ + l) 1 )’ A 2r+1 } ^r+l (2 k COS z) 

^1 r— 0 


MA 


= ^i)“‘^ ( - 1)r<2 ’' +1)4 - 1>w 

v 7 r=0 

(2k sin z) 

MA 

3. 

se 2 „+i (z,q)= (2 i+i) ^ l Y( 2r + l ) B 2 r+i } J 2r +i {2k cos z) 

kB 1 r =o 

MA 


Se 2ra+l(^’ *?) v-v - rD (2n+l) , /r> ; • 7 

— ,p( 2 n+l) ■*■) ^ 2 r+l -^ 2 r+l ( 2 fc Sin z) 

&-£>! r=0 


MA 

4. 

/ / 7T \ OO 

se 2n+2 (2,9)= 2 | 2 „ + 2 2 ) tan z l) r (2r + 2)B ( 2r+2 ) J 2r+2 (2fc cos z ) 

k B 2 r=0 

MA 


= + ( 2 „+2) cotz Y2( 1 ) r (2?’ + 2)- B 2r+2 } 2 r +2 (2fc Sin z) 

k B 2 r— 0 

MA 

8.662 




1 . 

fe 2 „(2, 9) = -^ fe,2 " ( °; g \ f](-l) r 4 2 r n) Im [J r (fce iz ) F r (ke~ 
zce 2n ( 2 ,q) r=0 

iZ )] 

MA 
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2 . 


fe 2n+ i (z,q) 


Trkie' 2n+1 (0,g) 

2 ce 2n+l (f > Q) 

OO 

x Im |/r (■ ke iz ) y r+ i (ke~ iz ) + J r+1 (ke iz ) Y r (ke~ iz )] 

r = 0 


3. 


ge 2 „+i0,g) 


7r fege 2 n+i(0 ; g) 

2se 2 „+i (f ,g) 

OO 

x 53(-l) r B^[ 1} Re [J r (ke iz ) F r+ i (ke~ iz ) - J r+l (ke iz ) Y r ( ke ~ iz )] 

r=0 


4. 


ge 2 „+ 2 (*,<?) 


*k 2 ge 2ra+2 (0,g) 

2 se 2 ra+2 (5^.9) 

OO 

x ^(-l) r Re [J fc (fce iz ) Y r+2 (ke~ iz ) - J r+2 ( ke iz ) Y r (ke~ lz )] 

r — 0 


MA 


MA 


MA 


The expansions of the functions Fe„ and Ge„ as series of the functions Y v are denoted, respectively, 
by Fey„ and Gey n , and the expansions of these functions as series of the functions K v are denoted, 
respectively, by Fek„ and Gek„. 


8.663 

!• Fey 2n (z, q) 


r 2r (2ksinhz) 


0 r=0 


k 2 = q [|sinh z\ > 1, Re z > 0] 


Ce2 "(i Y^{- l Y A 2 ? ] y 2 r (2 k cosh z) 
^0 r— 0 


MA 


[|coshz| > 1] 


ce 2 „(0, q) ce 2n (f ,q) 


MA 


A (2n) 

71 0 


1 2 


53(-l ) r 4r J r (ke~ z ) Y r (ke z ) 


r — 0 


MA 
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2 - F ey 2 n+i (z,q) 


3- Gey 2n+1 (z, q) 


ce 2ra+ i(0, q) coth^ , -n RZn+i) v tot • i t 

kAi(2n + 1) ZJ^+^r+i Y 2r+1 (2ksmhz), 


r=0 


fc 2 = q, [|sinh,z| > 1, Re 2 > 0] 


Ce 2n+1 (f>?) 


MA 


kA 


(2„+l) ^2(- 1 Y A 2r n +l 1) F 2r+1 (2/cCOShz) 


r = 0 


[|cosh 2 1 > 1] 


C6 2 n+1 (0i (?) C^2n+1 ( 2 1 


MA 


4 


(2n+l) 


1 2 


x ^(-l) r 4 2? ;+ 1) [Jr (fce“ 2 ) y r+ i ( ke z ) + J r+ 1 (fee" 2 ) (fee 2 ); 


Se 2ra+l(0; g) r(2"+1) 

, R (2n+l) 2r+l 

r— 0 


y 2 r + 1 (2k sinh z) 


se 2w+ i (f ,g) 

kB (2n+l) 


tanh 2 ^T^(— l) r (2r + l)4r+i 1} 

r=0 


se 2 n+i(0, q) se 2n +i (f ,q) 


B i 


(2n+l) 


B-D 


r=0 


[|sinhz|>l, Re2>0] 

MA 

Y 2 r+i (2fccoshz) 

[|cosh z\ > 1] 

MA 


x [j r (fee z ) Y r+ 1 (fee 2 ) J r +i (ke 2 ) y r (fee 2 ) 


MA 



8.671 


The general theory 


957 


4 - Gey 2n+2 (z, q ) = S ^" + (2 ^ 2 f coth z E( 2r + 2)B^" + 2) Y 2r+2 (2k sinh z) 

k B 2 r— 0 

[| sinh 2 ; | >1, Rez > 0] 


Se 2»+2 (f,g) 

k 2 B (2n+2) 


MA 


tanh z l) r (2 r + 2 Y 2r +2 (2fc cosh 2 :) 


r—0 


[|coshz| > 1] 


se9„4_ 2 (0, q) se' , , oo 

2n+2v 2n+2(f, g ) ^ , , r D (2n+2) 


MA 


k 2 B ( 2 2n+2) r=0 




2r+2 


x [ J r (ke~ z ) Y r+2 ( ke z )\ - J r+2 ( ke~ z ) Y r ( ke z ) 


MA 


8.664 


1. 

Fek 2 „(z,g) = (2n) E( 1 ) r E ) ^ 2 r( 2ik smh z) 

^ A o r=0 





c? 

II 

(N 

-sa 

[ sinh z > 1, 

Re z > 0] 

MA 

2. 

Fek 2n+ i(z,q)= + (2 i + i)' ) coth 3 E( 1 ) r ( 2r + 4 )E+i } ^ 2 r+i ( 2tfc smh z) 

nkA 1 r=0 




II 

<N 

-4S 

[sinhz > 1, 

Re z > 0] 

MA 

3. 

Gek 2n+1 (z, q) = { £ 2 +1 ^ tanh z E( 2r + l ) B ir+i ’ ^ 2 r+i (- 

irkB 1 r=0 

-2tfccoshz) 


MA 

4. 

/ / 71 \ OO 

Gek 2n+2 (z, g) = + (2 2 +2) ' tanh z E( 2r + 2 )- B L +2 } ^ 2 r +2 (- 

irk B 2 r =o 

-2ifccoshz) 


MA 


8.67 The general theory 

If ifi is not an integer, the general solution of equation 8.60 can be found in the form 

8.671 

OO OO 

1. y = Ae lzz E c 2r e 2rzi + Be-^ E c 2r e~ 2rzi MA 

r= — oo r =— oo 

The coefficients c 2r can be determined from the homogeneous system of linear algebraic equations 
2- 11 c 2r + £ 2r (c 2r+2 + c 2r - 2 ) = 0, r 2, — 1,0, 1, 2, . . . , MA 

where 
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3. 7 


4. 

5. 

6 . 

7. 


^=77 

( lr — ifi) — a 

The condition that this system be compatible yields an equation that /i must satisfy: 


A (ip) = 


■ £_ 4 1 £—4 

• o 

• O 

• o 

• o 

• 0 C-2 1 

£-2 

0 

0 

0 • 

O 

o 

<A\ 

o 

1 


0 

0 • 

• 0 0 0 

6 

1 

$2 

0 • 


= 0 


MA 


This equation can also be written in the form 

cosh/z7t = 1 — 2A(0)sin 2 ^ ’ w ^ ere A(0) is the value that is assumed by the determinant 

of the preceding article if we set n = 0 in the expressions for 

If the pair (a,q) is such that cosh /m < 1 , then fi = if), Im/3 = 0, and the solution 8.671 1 is 
bounded on the real axis. 

If |cosh /J7r| > 1 , n may be real or complex, and the solution 8.671 1 will not be bounded on the 
real axis. 

If cosh/r7r = ±1, then in will be an integer. In this case, one of the solutions will be of period 
7r or 27 t (depending on whether n is even or odd). The second solution is non-periodic (see 8.61 
and 8 . 64 ). 


8. 7-8. 8 Associated Legendre Functions 


8.70 Introduction 


8.700 An associated Legendre function is a solution of the differential equation 

,2 1 


1 . 


d 2 u 
dz 2 


(1 - z 2 ) ^ - 2z 


du 

dz 


v(v+\) - 




1-z 2 


u = 0, 


in which v and n are arbitrary complex constants. 

This equation is a special case of (Riemann’s) hypergeometric equation (see 9 . 151 ). The points 

+1, — 1, oo 

are, in general, its singular points, specifically, its ordinary branch points. 

We are interested, on the one hand, in solutions of the equation that correspond to real values of the 
independent variable z that lie in the interval [—1, 1] and, on the other hand, in solutions corresponding 
to an arbitrary complex number 2 such that Re 2 > 1. These are multiple- valued in the 2 -plane. To 
separate these functions into single-valued branches, we make a cut along the real axis from — oo to +1. 
We are also interested in those solutions of equation 8.700 1 for which v or n ° r both are integers. Of 
special significance is the case in which n = 0. 

8.701 In connection with this, we shall use the following notations: 

The letter 2 will denote an arbitrary complex variable ; the letter x will denote a real variable that 
varies over the interval [— 1,+1], We shall sometimes set x = cos ip, where ip is a real number. 

We shall use the symbols P„(z), Q„(z) to denote those solutions of equation 8.700 1 that are single- 
valued and regular for \z\ <1 and, in particular, uniquely determined for z = x. 
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We shall use the symbols P„(z), Qf{z) to denote those solutions of equation 8.700 1 that are single- 
valued and regular for Re z > 1. When these functions cannot be unrestrictedly extended without violating 
their single- valuedness, we make a cut along the real axis to the left of the point z = 1. The values of the 
functions (z) and Qf (z) on the upper and lower boundaries of that portion of the cuts lying between 
the points —1 and +1 are denoted, respectively, by 

P„ (x ± iO) , Q${x± tO) . 

The letters n and m denote natural numbers or zero. The letters v and /i denote arbitrary complex 
numbers unless the contrary is stated. 

The upper index will be omitted when it is equal to zero. That is, we set 

Pl{z) = Pu{z), Ql{z) = Q v {z) 


The linearly independent functions 


8.702 P»(z) = 


8.703 Q2(z) = 


1 


z + 1 


r(i - p) \z-i 


F ( —i/, v + 1; 1 — n; 

z+1 


1 -z 


arg 


z-1 


= 0, if z is real and greater than 1 and 


! T(i 


i)r(|) 




-n-i p 


v + p + 2 v + p + 1 


MO 80, WH 


1 


2«'+ 1 r(i/+ 1) 

[arg ( 2 2 — l) = 0 when z is real and greater than 1; arg z = 0 when z is real and greater than zero] which 
are solutions of the differential equation 8.700 1, are called associated Legendre functions (or spherical 
functions) of the first and second kinds , respectively. They are uniquely defined, respectively, in the 
intervals |1 — z\ < 2 and \z\ > 1, with the portion of the real axis that lies between — oo and +1 excluded. 
They can be extended by means of hypergeometric series to the entire z-plane where the above-mentioned 
cut was made. These expressions for Pf(z) and Q„(z) lose their meaning when 1 — /i and u+ | are non- 
positive integers, respectively. MO 80 

When z is a real number lying on the interval [— 1,+1], so that {z = x = cos^), we take the following 
functions as linearly independent solutions of the equation: 

8.704 Pf(x) = | \e^ wi Pf (cos p + iO) + Pf (cos p - *0) 


8.705 


r(i - n) 

QZ(x)=le-^ i 


1 + x 


l-*j 

-i^QZix 


F —v, v + 1; 1 — n\ 


1 — x 


■i0) + e^" Q£(a-iO) 


2 sin pir 


Pf{x) cos pi r — 


T (z/ + p, + 1) 


EH 

1 143(1) 

EH 

1 143(6) 

EH 

1 143(2) 


( x ) 


(cf. 8.732 5) 


T(v — p + 1) 

If p = ±m is an integer, the last equation loses its meaning. In this case, we get the following formulas 
by passing to the limit: 


8.706 

1. 


2 . 


li 


Q™( X ) = (-ir(i~x 2 ) 
Q 


dx n 


Q„i x ) 


(cf. 8.752 1) 


(x) = erw 


T(r 


1) 


EH I 149(7) 
EH I 144(18) 


The functions Qf (z) are not defined when v + p is equal to a negative integer. Therefore, we must 
exclude the cases when v + p = — 1, — 2, — 3, . . . for these formulas. 

The functions 
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Associated Legendre Functions 


8.707 


P^(±z), Q^(±z), P^A±z), Q^-A±z) 

are linearly independent solutions of the differential equation for v + p ^ 0, ±1, ±2, .... 

8.707 Nonetheless, two linearly independent solutions can always be found. Specifically, for v ± p not 
an integer, the differential equation 8.700 1 has the following solutions: 

1. P^(±z), Q^(±z), P^-A±z), Q-t- 1 (±*) 

respectively, for z = x = cos p, 

2. P^(±x), Q^(±x), P^_ 1 (±x), 

If v ± p is not an integer, the solutions 

3. P£(z), Qv( z )> respectively, and Pjj(x), Qvi x ) 

are linearly independent. If u±p is an integer but p itself is not an integer, the following functions 
are linearly independent solutions of equation 8.700 1: 

4. P${z), Pv^iz), respectively, and P%(x), P~^(x). 

If p = ±m, v = n, or v = — n — 1, the following functions are linearly independent solutions of 
equation 8.700 1 for n >m: 

5. P™(z), Qn(z), respectively, and P™(x), Q™{ x), 

and for n <m, the following functions will be linearly independent solutions 
6- Pn m {z), Qn(z), respectively, and P~ m {x), Q™(x). 


8.71 Integral representations 

8.711 

( z 2 -i )" r 1 (i -ey- 


1. P-^(z) = 


3 . 


2^y^r (p + \) 7_i + tVz 2 ^!) 


— dt [Re/z>-i, |arg (z ± 1) | < 7r 


MO 88 


2. P?(z) = 


(v + l)(v + 2) . . . (v + to) 


= (-l) r 


/{y — 1) . . . (i/ — m + 1) 


r j z+ ^j 

Jo 


cos p 


cos mp dp 


cos nvp dp 


’ o Z + \J Z 2 — 1 cos p 


|arg z\ < — , arg (z + \/z 2 — 1 cos p'j = arg z for p = 


\ r e'” ri r(y + /J + l) ( 2 

Quiz) = Vv nnT ,,.. , nw „ — ~^{z -1) 


2 J 


v+l 


(cf. 8.822 1) SM 483(15), WH 

sinh 2M t dt 


2^T(p+^)T(iz- p + 1) 


to (z + \J z 2 — 1 cosh t) 


17 + /1+1 


[Re {v ± p) > — 1, |arg (z ± 1)| < 7r] (cf. 8.822 2) MO 88 


e p7rz T(v + 1) r°° cosh ptdt 

T(u- p+l)J 0 ^ + \/-z 2 — 1 cosh t) + 

[Re(z/ + p) > — 1, v ^ — 1, — 2, — 3, . . . , [arg (z ± 1)| < 7r] WH, MO 88 



8.714 


Integral representations 
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5. 

8.712 



Pf( x ) P°(x) dx 


l\ 1 1(1 - 1) 

(l-2)\2l + l ~ ~ 21 + 1 


Q${z) = 


e M7ri Y(v + /x + 1) 


2-+ 1 r ( i/ + 1) jj l -?)"(>-*) 

[Re(zx + /x) > — 1, Re/x>— 1, |arg (z ± 1)| < 7t] 


dt 

(cf. 8.821 2 ) 


MO 88a, EH I 155(5)a 


8.713 


e^i r(n + 


1 . QKz) = 


2. P-^(z) = 


3- P-^z) = 


1 


Vzn 

if- 1 ) 


(, 2 - 1 ) 


I j f* cos (zx + \)tdt 




dt 


>o (z — cost) 


M+ 


— cos un 


o (z + coshf ) M+2 


[Re/x > — Re(zx + /x)> — 1, |arg (z ± 1)| < 7t MO 89 


sinh 2l/+1 1 


■ dt 


2 " r(/x — ^) r(i/ + 1 ) y 0 ^ + cosh 

[Rez>— 1, |arg (2 ± 1)| < 7r, Re(zx + 1) > 0, Re(/x — zx) > 0] MO 89 


2 r(/x+ |) (z 2 - 1 )' 


'cosh (zx + g) tdt 


7 i-r(zx + /x+ l)T(/x- v)J 0 ( 2 + cosht) A1+ 5 

[Rex; > — 1> |arg (z± 1)| < 7t, Re(zx + /x) > — 1, Re(/x — zx) > 0] MO 89 


8.714 

1 . P^ (cosip) 


j~2 sin M 

V*r(F^) 


cos (zx + i) t dt 
'0 (cost — cos<p) M+2 


[0 < ip < 7 t, Re/x < 5 ] ; (cf. 8.823) 

MO 87 


2 . 


3. 


P v M (cos v?) 


r(2/x + 1) sin M p r°° P+v dt 

2^ r(/x + 1 ) r(zx + n + 1 ) r(/x - zx) 7 0 ^ + 2 * cos ^ + t 2 )^+i 

[Re(zx + /x) > — 1, R e(/x — zx) > 0] 

MO 89 


Qv (cos v?) 


1 r(zx + ^x + 1) sin M p 
2 ^+i T(zx - /x + 1) T (^ + |) 



sinh 2 ^ t + sinh 2 ^ 1 ^ 

(cos p + i sin p cosh ^) !y+ ' i+1 ( cos ^ — j sin cosh i)" +ft+1 

[Re(zx + fi + 1) >0, Re(zx — /x + 1) > 0, Re /x > — 


MO 89 


4. 


Pv (cos y>) 


i r(zx + /x+ 1) sin^yi 
2 p r (zx - n + 1 ) r (/x + 1) 



sinh 2 ^ t 

(cos p + x sin p cosh t) I/ +/ 1+1 


sinh 2 ^ f 

t/j- +1 dt 

(cos p — z sin (/? cosh t) " M 
[Re (zx dfc /x + 1) > 0, Re /x > — 5] 


MO 89 
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8.715 


8.715 


1 \f2 sinlfo a f a cosh (v+\)tdt 

1. (cosh a) = — — 1 \ j.! 


V 71 r ( 2 p) J o (cosh a — cosh t) M+ 2 


a > 0, Re /t < \ 


MO 87 


„ . Fk e^ 7 ” sinh M a 

2. (cosh a) = \ - 


=-("+§)* 


dtt 


2 rQ fj) J a (cosh t — cosh a) 5 


[a > 0, Re/x < Re(i/ + p) > — l] 

MO 87 


See also 3.277 1, 4, 5, 7, 3.318, 3.516 3, 3.518 1, 2, 3.542 2, 3.663 1, 3.894, 3.988 3, 6.622 3, 6.628 1, 

4-7, and also 8.742. 

8.72 Asymptotic series for large values of \u\ 

8.721 6 For real values of p , \v\ » 1, \v\ » \p\, |argi/| < n, we have: 


r pi + k + i) cos + k + \) + + 4 ( 2fc ~ 1 ) + ^Y 


i. (cos„) = ^r ( , + M + i)X: 


^ (a 4 ^+ 2 ) fc! T ( 1 / + fc + |) (2sin<^) fe+2 

Up - 1, -2, -3, . . . ; 1 / p -|, -§, | . . . ; for ^ ^ 

This series also converges for complex values of v and /i. 
In the remaining cases, it is an asymptotic expansion for 


2 . 


\v\ » |/i|, |^| 1, if ^ > 0, p > 0 and 0<£<<p<7t — £ 

MO 92 

Q„ (cos ip) = v / 7tr(i/ + p + 1) 

,r(/i + fc + cos 


Ei- 1 )' 


(z/ + A: + |) (p — — (2fc — 1) + — 


k = 0 


(ITT 

fe+5 

3 5 7 


v + nP -1,-2, -3,...; vP- for - < < -tt 


T (m ^+ 2 ) fc! r (u + k + |) (2sin</?)* 

7 r 5 

6 <¥,< 6 5 

This series also converges for complex values of is and p. 
In the remaining cases, it is an asymptotic expansion for 

\v\ » \p\, \v\ » 1, if v > 0, p>0, 0<£<ip<Tr — ip 

EH I 147(6), MO 92 


3. P 0 (cos ip) = 


2 T (is + p + 1) 


cos 




r (*/+§) 


-y/2 sin ip 


1 + 0 ( - 
is 


0 < £ < < 7T — |l/| » 


1 


MO 92 


For is > 0, p > 0 and is > p, it follows from formulas 8.721 1 and 8.721 2 that 
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Asymptotic series 


963 


4. v M P 1 ^ (cos p) = 

5. (cosip) — 


vn sm p 


■ cos 


2v sin p 


cos 


^+ 0 )^- 4 ' 2 


ip- 


7 r an 
4 + T 

7 r pit 


O 


O 


0<£<P<tt — e; v^> - 

e 


MO 92 


8.722 If yj is sufficiently close to 0 or 7 t that vp or v(jT — p) is small in comparison with 1, the asymptotic 
formulas 8.721 become unsuitable. In this case, the following asymptotic representation is applicable for 
p < 0 , v ^> 1 , and small values of p: 


1. 


1 


<P 


1 m 


v + - cos — 


P (cos p) = +sin 2 ^ 




+0 (sin* I) 


where 77 = (277 + 1) sin (|. In particular, it follows that 
1 . lim z/ M (cos = Jn(x) 

Z7— >00 \ V / 


MO 93 


[x > 0 , p > 0 ] 

8.723 We can see how the functions P„(z) and Q^(z) behave for large \v\ and real values of z > ^=: 


1 . P „ (cosh a) = —f= 

V7T 


2 ^ ( T (- 1 / - |) e ^~ v ) a sinh M a 


T(-u-p) ( e 2a_iy+h 

r ( v+l) sinh^ ( 


1 


1 


T~ F A 4 + O’ ^ + o’ 


1 


2 ’ 1 - e : 


2a: 


r(77 — /X+l) ( e 2a _ \y+h 




1 1 


2 ’ 1 - e 


2 a 


b, =£ ±1 ±4 ±2 

[(7 zn 2 ,nz 2 ,zn 2 ,..., 


> | In 2] MO 94 


F(„x ,, I u e ~(v+n+l)a 

2 . (cosh a) = e^ l 2^\pK 7 tt r sinh M a 

!>+§) (1 - e -^r + i 

„ ( 1 1 3 1 

xJ’U+- ) - / z+-;i/+-; r -^ ^ 


[p + v + 1 ^ 0, —1, —2, . . . ; a > | In 2] MO 94 


See also 8.776. 

8.724 For the inequalities in 8.776 1-4, v and p are arbitrary real numbers satisfying the inequalities 


■> 1, 

v — p + 1 > 0, and p > 0: 


1. 

1 (cos p) I < J^ T ^ Ai 1 , 

V 777T r(l/+ 1) silffi + 5 p 

MO 91-92 

2. 

i<3t- ( c« V )i <sp n :fi + ' ) L 

V v r(i/+ 1) sm M+2 p 

MO 91-92 

3. 

1 D ±u , ,1 2 T(v±p + \) 1 

\Pv ( c °sp < ^ U ,1 

W' 71 ' r(i/+l) sin M+$ p 

MO 91-92 
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8.725 


4. | (cos ip) | < ^ 

y/siiupP™ (cos (p) 


5. 


r(is±fx+l) 1_ 

I>+ 1) sin^s ip 
^ ^ 2 ) o (m-j-n) 2 / n 

T(?z — m + 1) 


MO 91-92 


sup 

0<£<oo 


VtJm{t ) 

[uniformly 0 < m < n] 


8.725 10 For fixed 0 and v and Re /i — > oo, with 2 not on the real axis between — oo and —1 and +oo 
and +1, the following are asymptotic expansions in which the upper and lower signs are taken according 
to whether Imt is greater than or less than 0: 


1. 


2 . 


pt(*)= r( ‘ /+ 'Lt 1)r . ( f-'' ) ( PP) 


7rr(/t + 1) 


0-1 


f ( -^,^ + 1;1 + m; \ + \ z 


sin v-k _ • ( z—l\ ( 1 1 

e ™ — T F[-v,v+l;l + n---z 

sm (ii r \z + 1 J \ 22 


AS 8.10.1 




F ( + 1; 1 + n\ 1 + ^0 


— e 




AS 8.10.2 


3- Q~ fl (z) = 


e lll ' K cosec [- k(v — p)} 


2nT{l + p) 
0_1\-|m 




0 + 1 


F( z/ + l; l + /t; ^ + ^0 


AS 8.10.3 


8.73-8.74 Functional relations 

8.731 

1. ( 0 2 - 1) = {v — n+l) P» +1 (z) -(u+ 1)0 P{J( 0 ) 


1(1)9 (2 2 _ !) dP^z) = uz K{z) _ {u + ^ p ^ {z) 

dP${z) 


(cf. 8.832 1, 8.914 2) 


1(2) ( 0 2 - 1) = (u + Mi, - ft + 1) V^l PZ~\z) ~ HZ P£(z) 


EH I 161(10), MO 81 
AS 8.5.4 

AS 8.5.2 
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2 . 


3. 

3(1) 9 

4. 

4(1) 9 

4(2) 9 

5. 


(2v + l)z P£(z) = {u - n + 1) P$ +1 (z) + (y + P^*) 

(cf. 8.832 2, 8.914 1) 


K + \A + 2(M + i)^= + I* + 1) P${z) 

V2 - 1 

^ +1 (*) = (z 2 ~ 1)" 1/2 [(" - V)z K(z) - {v + M) ^-i(*)] 

^+i(^) - pu_i(«) = (2i/+ ljv^ipr 1 ^) 

(i/ — /x + 1) P£ +1 (*) = (2!/ + 1) 2 PZ(z) - («/ + M) 

^+i(^) = w + (2^ + 1) (* 2 - 1) 1/2 pr : 1 (z) 


EH I 160(2), MO 81 
MO 82, EH I 160(1) 

AS 8.5.1 
EH I 160(3), MO 82 
AS 334(8.5.3) 

AS 334(8.5.5) 


pt v -i(z) = p:{z) 


(cf. 8.820, 8.832 4) 

EH I 140(1), MO 82 


8.732 

1. (z 2 1) = {V — (M + 1) Q: +1 {z) ~{v+ 1)z Q${z) 

(cf. 8.832 3) MO 82 

2. 10 (2u + 1 )z Q^{z) = (v - n + 1) Qt +1 {z) + (u + n) QZ-i(z) 

(cf. 8.832 4) MO 82 

3. Q^ +2 {z) + 2(n + 1) Q$ +1 {z) = {v - n){v + ii + 1) Q^z) MO 82 

V2 - 1 

4. (K i:(-) - Q^+iiz) = ~{2v + 1 )\A 2 - 1 Qr 1 W MO 82a 

5. e-^ QJJ(x4siO) = [Q£(z) t*|p(J(*)] MO 83 

8.733 


1. (1 -x 2 ) d ^^-=P^x)-(u-n + l)P^ +1 (x) (cf. 8.7311) 

= -vx P^{x) + {v + n) P^_i( x) 

= - \A-a: 2 P^ +1 (*) - iix P $ (*) ; 

= {v — n + l)(u + n)\/l - x 2 P^~ 1 (x) + fix P£(x) 

MO 82 

2 . (2v + l)x P£(x) = (v-fj, + l) Pt +1 {x) + {v + n) P£_i(®) 

(cf. 8.731 2) MO 82 

3- 11 P* + \x) + 2(n + 1)^=L= P$+\x) + {u- M )(i/ + n + 1) P£(z) = 0 

v 1 — x z 

(cf. 8.731 3) MO 82 

4. PZ-i(x) ~ Pu+i(x) = (2z; + l)Vl - * 2 PJTV) (cf. 8.731 4) MO 82 

5. P- v -i(x) = P%(x) (cf. 8.731 5) 
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8.734 


8.734 

1. 

2 . 

3 . 

4 . 

5 . 

8.735 

1. 

2 . 

3 . 

4 . 

5 . 

8.736 

1. 

2 . 

3 . 


4 . 

5 . 

6 . 

7. 6 

8.737 

1. 

2 . 

3 . 

4 . 


(u + fj,+ 1 )z Q"{z) + \Jz 2 - 1 Q^ +1 {z) = 0 - n + 1) Q„ +1 {z) 

{V + p) (z) + QZ +1 (z) = {u- n)z Q»{z) 

QZ-i(z) - ^ Q*{z) = -(u - n + 1) gr 1 ^) 

* g^) - g? +1 (*) = -(*/ + m) gr 1 w 

(^ + /x)(i/ + /* + 1) g^_!^) + (2z/ + i)\/z 2 - 1 g^ +1 (z) = (^ - m)( i/ - m + 1) ge+iW 

\/l - a; 2 P^ +1 (^) = 0 - m+ 1) K+i( x ) 

{v-n)xP»{x) - (t' + /.t) P^_i(x) = \f\-x 1 P^ + 1 {x) 

K-i( x ) ~ xP v{x) = {v - At + 1)\A - x 2 P^O) 

+ 

(^- / u)(i/-/t + l)P^ + i(x) = (i/ + //)(i/ + /x + l)P£_ 1 (a:) + (2i/ + l)\/l - a; 2 P^ +1 {x) 


PZ"{z) = SV'tll \ P "W - -e-^sin^TT QS(z) 

r(i7 + fi + 1) [ 7t 

P${-z) = e' ™ P${z) - - sin[(i/ + v)n\e-^ Q^(z) 

7 r 

[Im z < 0] 

(cf. 8.833 1) 

PSi-z) = e P£(z) - - sin[(i/ + ^)n\e~^ Q»{z) 

7 r 

[Im z > 0] 

(cf. 8.833 2) 

Q-V(z) - e -2 ^i T ( U ~ V + !) Q»(~) 
y e i> + M + i) J 



gj?(-«) = -e-^ g(J(«) 

[Im z < 0] 


gj;(-«) = -e™ g(J(z) 

[Im z > 0] 


g„(^) sin[(i/ + h)tt\ - Qt^iz) sin[(i/ - Ai)7r] = ne^ nl cos vir Pf^(z) 



P -» {x) = nv-^v 


r(u + fi + i) 


cos ^7t P^(x) sin(/t7r) Q£(x) 

7 r 


P£(- x) = cos[(i/ + h)tt] P„(x) sin[(i/ + fj)n] Q$(x) 


Qu(~x) = - cos[(^ + n) tt] Q^(x) - - sin[(z/ + n)n\ P£(x) 


sin[(t' + fj)i r] 
sin[(t' — 




7 T COS IS7T cos /in 
sin[(t' — n)n r] 


MO 83, EH 


MO 82 
MO 82 
MO 82 
MO 82 
MO 82 

MO 83 
MO 83 
MO 83 
MO 83 
MO 83 

MO 83 

MO 83 

MO 83 

MO 82 

MO 82 
MO 82 
MO 83 

MO 84 

MO 84 
I 144(15) 


MO 84 
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8.738 


l- 11 Qu (* cot <p) = exp in I p — 


\/7rr(i/ + p + i)y - sin <p P_^_ I (cos (f ) 


2. P^ (i cot (p) = \ — exp mr I z/ + - 


iM •^/sin 


4/J r(-z,-/z) 


°<^ < i 


Q_"_l (cos ip — *0) 


°<^ < I 


8.739 e '' ~ ' Qf[ (coshg) = C^r(^ + j( + 1) . j .. .. 1 1 . , j [Re (cosh a) > 9] 

V 2 sinh a M 2 

8.741 

1 _ 2sin/t7r 

" W dx vK } dx n(l-x 2 ) 

2 p. fl /CcW _ OHr P_K M = 2 ^ rgglrgt + 1 ) 

- 1 ' <& V,A ' *■ i-x 3 r(h=|±i)r(h=h + i) 


MO 83 


MO 83 


MO 83 


MO 83 


MO 83 


8.742 


T(u-p-l) 

r(u + n+i) 

r(i/ — /z + 1) 
r(jx + /.i + 1) 


cos pn P^, (cos ip) — — sin pn Q £ (cos ip) > = \ — 


2 cosec^ 1 ^ cos {y+\)t dt 


nT(p+ \)Jq (cos t — cos ip ) 2 M 


[Re p > - \ 


MO 88 


cos zx7r (cos <p) sin un Q £ (cos ip) 

7 r 


3. P (( (cos ip) cos {v + p) n (cos <p) sin(zx + p) n = \ jj 

n t \l nr I 1 I 4 


^ cosec M ip r cos [(v + |) (t — 7t ) ] dt 

^ F (p+^)Jip (cos ip — COS t) 2 — ^ 

[Re/tt > — §] MO 88 

T sin M ip f n cos {(v + 4) (t - 7t)] dt 


7rF (2 P)J<p (COS ip — COSf) M+5 

[Rep < |] l\ 


MO 88 


4. cos /X7t P^ (cos <£>) sin p7t (cos y>) 

1 r(zx + p + 1) sin M ip f * sin 2A1 1 dt 

2^^/n T(v — p + 1) T [p + |) Jo (cos ip ± tsint/jcosf) 1 ' - ^ 
[Re p > t) <ip <n\ MO 38 


For integrals of Legendre functions, see 7.11 7.21. 
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8.751 


8.75 Special cases and particular values 

8.751 


1. P™(x) = (-1)’ 


^(v + TO + 1) (l — X 2 ) 

2 m T(v — m + 1 )to! 


2. P?(z) = 


r(v + to + 1) (z 2 — l) 


2 rn m\ T(v — m + 1) 
3 


F to — v, to + v + 1; to + 1; 


1 — z 


1 — X 


F I to — v, to + v + 1; to + 1; 


MO 84 


MO 84 


3’ 8 = 


r \^i + n + 
2 n+ i (n + 1)! 


(z 2 - 1) 2 7r l/2 0 -n-M-3/2 f ^ + ”+2 } . „ + 2 ; 


8.752 


® d” 


i. p-(*) = (-ir(i -* 2 ) 2 


2. p- m (x) = (-1Y 


dx 1 

F(lS — TO + 1) 

T(v + TO + 1) 


P™(x) = (l-x 2 ) 


2 T 


3. p; m (z) = (z 2 - 1) 2 J ...J P„(z)(dz) m 

m (j 171 

4. = (z 2 - 1) 1 q, (2) 

m 7*00 /*00 

5. <3^ m (z) = (-l) m (z 2 - l)“ T / ... Q„(z)(dzy 


MO 84 

WH, MO 84, EH I 148(6) 

p,(*)(d®r 

[to > 1] HO 99a, MO 85, EH I 149(10)a 
[to > 1] MO 85, EH I 149(8) 

WH, MO 85, EH I 148(5) 


/ X J X 


[in > 1] 


MO 85, EH I 149(9) 


Special values of the indices 


8.753 

1. P % (cos ip) = cotP | MO 84 


2. 

P v 1 (cos <p) = - 

1 dP„ (cos ip) 


MO 84 

v(v + 1) dp 


3. 

P-(z)^0, P 

tl 

III 

o 

for m > n 

MO 85 

8.754 





1. 

P^ 2 ! (cosh a) = 

= \ — — — cosh VOL 

V 7rsmha 


MO 85 

2. 

pl J\ ( cos P) = 

/ 2 

i / — ; cos vp 

V 7T sirup 


MO 85 

3. 

p ~-l ( cos P) = 

1 2 sin wp 

V 7T sin ip v 


MO 85 



8.762 


Derivatives with respect to the order 
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4. 

8.755 

1. 

2 . 


Q l,2 1 (cosh a) = i \ / — 
v ~i y ’ V 2 si 


sinh a 


p„ v (cos if) -- 
P~ v (cosh a) 


1 / sin</?\ !/ 

r(i + v) \~2~ ) 

1 / sinh a \ 

z r(i + V ) ) 


V 


MO 85 


MO 85 

MO 85 


Special values of Legendre functions 


8.756 

1. 

2 . 

3. 

4. 


0) = 

dP$( 0) 

dx 

qa o) = 
dQA 0) 


2^ 

r(^ + i)r(^±i) 

2 M+1 sin \(v + ^ttT (^ + l) 

i p ( 

— 2 /i_1 V / 7TSin -(ix + /z)7T r ^ 2 - j y 

1 Y ( + li 

= 2^ cos -( 1 / + m)tt +1 ^ 


MO 84 

MO 84 

M084 

MO 84 


8.76 Derivatives with respect to the order 


8.761 


dP~A*) 

dv 


r(/i + i) \i + 


1 — X 


E 

n= 1 


(-v)(l - v) . . . (n - 1 - v)(v + l)(v + 2) . . . (v + n) 


x [ip(v + n + 1) — ip(v — n + 1)] 


(f + l)(/x + 2) . . . (n + n) 1 • 2 . . . n 

[ix ^ 0, ±lj 4=2, . . . j Re /x > — 1] MO 94 


8.762 

1. 

2 . 

3. 


d P v (cos ip) 
dv 

dP “ 1 (cos ip) 


J i/=0 


ip 

= 2 In cos — 
2 


dv 

dP ~ x (cos if) 


ip f f 

= — tan 2 cot — In cos — 


i /=0 


<9^ 


J i/=i 


1 f . 9 f • . V 9 

= — - tan — sm — + sin if in cos — 

2 2 2 2 


MO 94 

MO 94 

MO 94 


• For a connection with the polynomials C^(x), see 8.936. 

• For a connection with a hypergeometric function, see 8.77. 
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8.771 


8.77 Series representation 

For a representation in the form of a series, see 8.721. It is also possible to represent associated Legendre 
functions in the form of a series by expressing them in terms of a hyper geometric function. 

8.771 


1. PZ(z) = 


z-ij r(i-M) 


F — v , v + 1; 1 — \x\ 


8 - e>ini r ( t/ + A t + 1) r (I) (~ 2 ~ l) 2 + ^ , 1 ^ + A + 1 ... , 3 1 


2- 8 QS(z) = 


2 v+1 r(t/+|) ^+a*+i 


— _L. + 1 _L_ 

2 ' ’ 2 


See also 8.702, 8.703, 8.704, 8.723, 8.751, 8.772. 


MO 15 


MO 15 


The analytic continuation for \z\ > 1 

The formulas are consequences of theorems on the analytic continuation of hypergeometric series (see 

9.154 and 9.155): 

8.772 

i _ sin (^ + M)7rI> + /t +l) , 2 ^ u _! fiy + n. v + n + 1 m 3 n 

A) 2 ly + 1 Y / 7rcos^7rr (^ + |) j { 2 + ’ 2 ’ + 2’ z 2 J 


2 i/ r (v+ f 

1 — z 2 - i) 2 F I 

fi+l) ' ij * ^ 


~ V 2 ’ 2 ’2 ' z>) 

[2v 7^ ±1, ±3, ±5, . . . ; \z\ > 1; arg (z ± I ) < n MO 85 


2 P /*r g) _ r (- I/ -|)(* 2 - i r 2 F 

A) ~ 2-+^r{-v-fx) 


2^r(^+i) 

y/ZT(v — n + 1) 


v — fi+lis + n+ l 3 1 

2 ’ 2 > u + 2 ’ i ^2 

p f _ m±z. I _ ... 1 ^ 

V 2 ’ 2 ’2 ’ 1 ~z 2 


[2p 7 ^ ±1, ±3, ±5; . . . ; |l — 2 2 | > 1; |arg (z ± 1)| < 7t] MO 85 


3- PZ(z) = 


1 ( z — 1 \ 2 ( z + 1 


r(!-/t) \z + i 


F \-v,-v- n\ 1 - n; 


MO 86 


8.773 

1. (t 2 _ 1)-^ F f 

VlA ’ 2"+ 1 T(v+ |) V ’ V 


r^ + p + 1 ^ — n + 1 | 3 1 

2 ’ 2 ’ ^ 2 ’ 1 — ~ 2 


^ + fi 7^ — 1, — 2, — 3, . . . ; |arg (z ± 1)| < 7t; 1 — z 2 > l] MO 86 


2- Q»{z)=^™lT{n) 


F -v, v + 1 ; 1 — /jl\ 


r(— n) Y(v + n + 1) / z — 1 

r(i/-/i + l) \ z + 1 


F —v, u+1; 1 + /i; 


[|arg (z ± 1)| < 7T, |1 — jar| < 2] MO 86 



8.777 


Series representation 
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8.774 P£(icotp) = 


sinyr(-i/- \) c _ i(v+1) « 

27 r r (— v — /i) 

sin (f r (v + 

27t T{v — /x + 1) 


(*“ I) 

«r 


^+5 /I 1 3 . 2 <P 

F { 2+M,2-W^+2 ;sm 2 

Sr,/ 1 1 1 2 V? 

i '( v 2 +/X ’2~ /X; 2“ I/;Sln 2 

2i/^±l,±3,±5,..., OCyX^ 


MO 86 


8.775 

l. 6 


2-08(1 (i/ + rtr)r(^f±r) . / 

A > ^Fr(t=i! + i) 1 ' ' l 


1/ + /X + 1 fl — V 1 
2 ’ 2 ’ 2’ 


2 M+1 sin( 1 (i. + M )7r)r( i ^ + l) 


/ 7T 


2- 6 


r(^f±i) 

0F sin( 1 (t/ + ^)7r)r ( ^±M±1 ) 


(1-x 2 ) 2 F 


^ + H . — z/ + /x + 1 3 2 


MO 87 


(l-a: 2 ) 7 F 


1/ + /X + 1 fj, — V 1 2 

2 ’ 2 ’ 2’ X 


^ ^0^lA x (1 _ ^ „ (t±* + , 


/x — i/ + 1 3 2 

2 ’ 2 ’ * 


MO 87 


8.776 For Id »1 


! p-(. ) = / 2 - r (-+i) ,, + r (— « 


1 + o ( 


2 Q M Z) -^^±±X±V Z - V - 1 

^ j V^ 2l/+1 r ^ + 3) 


i + o{- 


[2u^ ±1,±3,±5, 


[2i/ ^-3, -5, -7, 


|argz| < 7 r] 


MO 87 


|argz| < 7t] 


MO 87 


8.777 Set £ = z + v^ 2 — 1 - The variable C, is uniquely defined by this equation on the entire 2 -plane 
in which a cut is made from — oo to +1. Here, we are considering that branch of the variable C, for which 
values of ( exceeding 1 correspond to real values of z exceeding 1. In this case, 

„ 1(/ , 2' i r(-i/- 1 ) (z 2 -!)* /l 3 1 

!• P v{ Z )~ 7=H7 .. — / ( o - I'-l'- II - ^2 


x /7rr(— 1/ — /x) C 1/ +t‘+ 1 


2’ C 2 


2" r ("+^) ( 32 - 1 )%r i + zxu z/- 1 1 


r(i/ — /x + 1) v 


2 ’2 C 2 

[2z/ ±1, ±3, ±5, . . . ; |arg (2 — 1)| < 7t] MO 86 


2 . 


(*) = 2^e^^ r ^ / +M + 1) F (l +»,» + »+ !; i/ + -L 


r(i/+f) C I/+ ' 1+1 


2’ C 2 

[|arg(z — 1)| < 7t] 


MO 86 
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8.781 


8.78 The zeros of associated Legendre functions 


8.781 The function P ~ M (cos y>), considered as a function of v. has infinitely many zeros for /t >0. These 
are all simple and real. If a number vq is a zero of the function P ~ M (cosy)), the number —vq — 1 is also 
a zero of this function. MO 91 


8.782 If v and /i are both real and /.t <0, or if v and /t are integers, the function P^(t) has no real zeros 
exceeding 1. If v and // are both real with v < p <0, the function P„{i) has no real zeros exceeding 1 
when sin sin(/x — u)n > 0, but does have one such zero when sin/u7tsin(/z — v)tt <0. Finally, if H < v, 
the function P^(t) has no zeros exceeding 1 for [n\ even but does have one zero for [/j,\ odd. 

8.783 If v > — | and v + p + 1 >0, the function Q„(t) has no real zeros exceeding 1. MO 91 

8.784 The function P _ i +iA (z) has infinitely many zeros for real A. All these zeros are real and greater 
than unity. 

8.785 For n a natural number, the function P n (x) has exactly n real zeros which lie in the closed 
interval — 1,+1. 


8.786 The function Q n (z) has no zeros for which |arg(z — 1)| < tt if n is a natural number. The function 
Q n (cos ip) has exactly n + 1 zeros in the interval 0 < tp < n. MO 91 


8.787 The following approximate formula can be used to calculate the values of v for which the equation 
P ~ M (cos y>) = 0 holds for given small values of Lp: 


u+ - = - 


Jn 


2 sin ^ 


1 - 


• 2 tp 

6 


1 - 



MO 93 


Here, denotes an arbitrary nonzero root of the equation J ^{z) = 0 (for p > 0). If y> is close to ir 
then, instead of this formula, we can use the following formulas: 


1. 

_ , 7 , r( 2 ^ + fc+l) f TT-ip\ 2l -‘ 

+ r(/r) r(/z + 1) r(fc + 1) \ 3 ) 

[m > 0, 

fc = 0, 1, 2, . . .] 

MO 93 

2. 

v « k 4 t v 

2 Inf 

V ’T-V ) 

\p = 0, 

* = 0,1,2,...] 

MO 93 


8.79 Series of associated Legendre functions 

8.791 


1. 


2 . 


1 


z — t 


— Yj2k + 1) Pk{t) Qki z ) 


fc= o 


t + 'Jt 2 — 1 


< 


\J z 2 — 1 


Here, t must lie inside an ellipse passing through the point z with foci at the points ±1. 
1 


Vl - 2 tz + t 2 


Z — t + \/ 1 2 tz + t 2 \ ' u _ , , 

m = Qk( z ) 

k = 0 


Vz 2 - 1 


[R.ez > 1, \t\ < 1] 


MO 78 


8.792 P v a (cos (p) P v 13 (cos ip) = 


sm vtt 


B- 1 )' 


k=0 


is — k is -\- k -\- 1 


P k a (cos p) P k 13 (cos ip) 


[a > 0, (3 > 0, v real, — 7r < ip ± ip < n] MO 94 



8.796 


Series of associated Legendre functions 
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8.793 P„»(cos<p) = ^^^(~l) fc L_ ~ v + \+ l ) ^ ( C0Syi ) 0<<^<7r] 

fc=0 ' 

MO 94 

Addition theorems 

8.794 

l. 11 P v (cos tf>i cos if ) 2 + sin tpi sin i/> 2 cos p) 

OO 

= P„ (cos^i) Pv (cos ^2) + 2y^(-l) fc P“ fe (cos^i) pk (cos ^2) COS fcy? 

fc=l 

00 ^ rfi/ — jt + 1) 

= P v (cos V>i) P„ (cos ip 2 ) + 2 — — ' : P* (cos ipx) P k v (cos V’ 2) COS kip 

^r(r/ + fc+l) 

[0 < V’l < 7T, 0 < V> 2 < 7T, V’l + ^2 < 7T, v 3 real] (cf. 8.814, 8.844 1) MO 90 

2. (cos t/>i) cos ip 2 + sin t/>i sin 0 2 cos p 

OO 

= P„ (costal) Qj, (cos ^2) + 2^(-l) fc P“ fc (cos^i) fc(cos ip 2 ) cos kp 

fc = 1 

0 < < 7^! 0 < ip 2 < 7t, 0 < 'ipi + tl >2 < 7t; p real (cf. 8.844 3) MO 90 


8.795 


1 . P„ ( 212:2 - \ z ? - 1 J z \ - 


= P„ (-1) P, (* 2 ) + 2 ]T(-i) fc Pi (21) p; fc (22) cos fcv 3 


[Re2i>0, Re2 2 >0, |arg (21 — 1)| < 7t, |arg (22 — 1)| < 7t] MO 91 


2. Q v [xiX 2- \Jx\-lJx\- 


= Pv (xi) Q v (x 2 ) + 2 ^(-l) fc P(J fc (24) Ql (x 2 ) cos 

fe=i 

[1 < Xi < X 2 , v ^ — 1, —2, —3, . . . , p real] MO 91 


3. Q n (^x\x 2 + \Jx\ + \\jx\ + 1 cosli ^ 


(k — n — l)!(/c + n)! 


Qn (**l) Qn (**2) e" 


[24 >0, a: 2 > 0, a > 0] 


MO 91 


— i— —i— 

8.796 P„ (- cost/4 cos ^>2 - sin ^4 sin -02 cos^) = P v (-cos 1/4) P^ (cos ip 2 ) + 2y^(-l) fc — 7 -r 

r(i/-fc + l) 

X P“ fc (— COS 1/4) P~ k (cos l/> 2 ) COS /c(p 

[0 < ip 2 < i’l < tt, < 7? real] (cf. 8.844 2) MO 91 


See also 8.934 3. 
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8.81 Associated Legendre functions with integer indices 


8.810 For integer values of v and /z, the differential equation 8.700 1. (with \v\ > |/i|) has a simple 
solution in the real domain, namely: 

m r l m 

“ = r“(i) = (-i) m (l - 1 2 ) “ ^ 

The functions P™{x) are called associated Legendre functions (or spherical functions) of the first kind. 
The number n is called the degree , and the number to is called the order of the function P™(x). The 
functions {cos md P™ (cos p) , sin md P™ (cos p)}, which depend on the angles p and d, are also called 
Legendre functions of the first kind, or, more specifically, tesseral harmonics for m < n and sectoral 
harmonics for m = n. These last functions are periodic with respect to the angles p and d. Their periods 
are, respectively, ir and 2n. They are single- valued and continuous everywhere on the surface of the unit 
sphere x\ + x\ + x 2 = 1 (where x\ = sin p cos d, X 2 = sin p sin d, X 3 = cosp), and they are solutions of 
the differential equation 

1 d ( . dY\ 1 d 2 Y . _ n 

sin p op \ op J sin p od z 

8.811 The integral representation 


P™(cosp )= — \ ^ \ — sin m ‘P [ (cost — cos p) m 2 cos (n+b)tdt 

T (rn + | ) (n - to) ! V 7r J 0 

8.812 The series representation: 

P m ( , (~ l) m ( n + m )\ , zuf, O ~ m){m + n + 1) 1 - x 

nK) 2 m m\(n — m)\ 1 \ l!(m+l) 2 

(n — to) (n — m + 1) (m + n + 1) (m + n + 2) / 1 — x\ 2 \ 

+ 2! (to + l)(m + 2) V 2 J “ j 

_ (— l) m (2?z — 1)!! ^_ x 2 y [ x n-m __ (n-m)(n-m- l) ^ n _ m _ 2 


(n — to)! ' ' l 2(2n — 1) 

(n — to) (n — to — l)(n — to — 2) (n — to — 3) ra _ m _ 4 


2 • 4(2n — l)(2n — 3) 
<- 1 >’”( 2 “- 1 > !! ( 1 -^) ' 


(n — to)! 


m — n m — n + 11 1 

— ^ ^ x - n: — 


8.813 Special cases: 


MO 75 


MO 73 

MO 73 
MO 73 


1. P\(x) = — (l — x 2 ) 1 / 2 — — siny> MO 73 

2. P\{ x ) = ~ 3 (l — x 2 ) 1 / 2 x = — | sin2<p MO 73 

3. P^ix) = 3 (l — x 2 ) = | (1 — cos 2 p) MO 73 

4. P\{x) = - § (l - a; 2 ) 1/2 (5a; 2 - l) = - | (simp + 5sin3y) MO 73 

5. P\(x) = 15 (l — x 2 ) x = (cos p — cos 3p) MO 73 

Ps(x) = —15 (l — x 2 ) 3 ^ 2 = — ^ (3sin<^ — sin3y>) 


6 . 


MO 73 
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Functional relations 

For recursion formulas, see 8.731. 

8.814 P n (cos ipi cos ip 2 + sin <p\ sin ip 2 cos 0) 

= P n (cos ip i) P n (cos <p 2 ) + 2 V n m ^ P™ (cos Pi) P™ (cos <p 2 ) cos to© 

^ (n + mil 

m= 1 v 7 

[0 < (pi < 7r, 0 < ip 2 < 7t] (“addition theorem”) MO 74 


8.815 If 

ni 

Y ni (ip, i?) = A 0 P ni (cos <p) + ^ («m cos mi? + b m sin mt?) P™ (cos <p) , 

ra=l 
n 2 

.Z„ 2 (</?, i?) = a 0 P «2 (cos y>) + ^2 (“™ cos mi? + /3 m sin mi?) P™ (cos <p) , 

m= 1 


then 


/*27T /»7T 

/ di? / sin pdip Y ni (<p, i?) T „ 2 (y>, i?) = 0, 
Jo Jo 


/* 27T /*7T 

/ di? / sin ip dp Y n (tp, i?) P n [cos p cos i/> + sin sin '0cos(t? — 0)1 = — — — Y n (ip,0) 
Jo Jo 2n + 1 

n I 

8.816 (cos^ + isin^cosi?)" = P n (cos 93 ) + 2 (— l ) m 7 rr cos mi? P™ (cos </?) 

n + m ! 

m=l 

For integrals of the functions, P™(x), see 7.112 1, 7.122 1. 


47T 


MO 75 

MO 75 


8.82-8.83 Legendre functions 


8.820 The differential equation 

_d " 
dz 

where the parameter v can be an arbitrary number, has the following two linearly independent solutions: 




+ u(u + l)u = 0 (cf. 8.700 1), 


1. 

2 . 


Pv{z) = F ( -v, v+ 1; 1; 


1-0 


<9*00 


I>+l)lJil .mJk+2 1/ + 1. 21/ + 3 , 1 \ 
2^ r (v + 1 ) ~ V 2 ’ 2 ’ 2 'z 2 ) 


SM 518(137) 


The functions P v {z) and Q u (z) are called Legendre functions of the first and second kind respec- 
tively. If v is not an integer, the function P v (z ) has singularities at 0 = —1 and 0 = 00 . However, 
if v = n = 0, 1, 2, . . . , the function P„(z) becomes the Legendre polynomial P n (z) (see 8.91) For 
v = — n = — 1, —2, . . . , we have 


P_ n _l(0) = P n (z). 


3 . 


If 13 ^ 0, 1, 2, ... , the function Q v {z) has singularities at the points 0 = ±1 and 0 = 00 . These 
points are branch points of the function. On the other hand, if v = n = 0, 1, 2, . . . , the function 
Q n {z) is single- valued for \z\ > 1 and regular for 0 = 00 . 



976 


Associated Legendre Functions 


8.821 


4. 


5. 


6 . 

7. 


9. 


In the right half-plane, 


0) 




z-1 


z + 1 


[Re z > 0] 


The function P u {z) is uniquely determined by equations 8.820 1 and 8.820 4 within a circle of 
radius 2 with its center at the point z = 1 in the right half-plane. 

For z = x = cos p, a solution of equation 8.820 is the function 
P v {x) = P v (cos p) = F (-u, v + 1; 1; sin 2 ; 

In general, 

P v (z) = P- v -i(z) = P„(x) = P-„-i( x), for z = x 

The function Q v (z) for \z\ > 1 is uniquely determined by equation 8.820 2 everywhere in the 
z-plane in which a cut is made from the point z — — oo to the point z = 1. By means of a 
hypergeometric series, the function can be continued analytically inside the unit circle. On the 
cut (—1 < x < +1) of the real axis, the function Q„(x) is determined by the equation 

Q v (x) = \ [Q v {x + *0) + Q„(x - 10)] HO 52(53), WH 


Integral representations 


8.821 


1. PM = 


1 r( 1 +’ z +) (t 2 - 1) 1 


dt 


27 nJ A 2 u (t — z) v+1 

Here, A is a point on the real axis to the right of the point t = 1 and to the right of z if z is real. 
At the point A, we set 

arg(f — 1) = arg(t + 1) = 0 and [|arg(f — z)\ < ^ r] 

r(i-,i+) (t 2 -lY 


WH 


2- QM = 


1 


wi 


dt 


'UsmunJ A 2 v {z — t) 1 
[v is not an integer; the point A is at the end of the major axis of an ellipse to the right of t = 1 
drawn in the t-plane with foci at the points ±1 and with a minor axis sufficiently small that the 
point z lies outside it. The contour begins at the point A, follows the path (1—, — 1+), and returns 
to A; |arg z\ < n and |arg(z — t) \ — ► argz as t — > 0 on the contour; arg(t + 1) = arg (t — 1) = 0 at 
the point A\ z does not lie on the real axis between —1 and 1.] 

For v = n an integer, 


3. 

8.822 

1. 


«*(*) = (i-*T(*-o 


—n— 1 


dt 


SM 517(134), WH 


Pv{z) = 1 f ^ 

71 Jo (z + \J z 2 — 1 COS ifi) V+1 


J (^z + \J z 2 — 1 cos dp 


Re z > 0 and arg |z + \/ z 2 — 1 cos <p| = arg z for p = ^ 


WH 
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2- Q„{z) = / 

JO 


dtp 


v V -\- 1 - 


o (z + \J z 1 — 1 cosh + 

Re 1 / > — 1; if v is not an integer, | ^z + \J z 1 — 1^ cosh for = 0 has its principal value 


8.823 P v (cos 9) = — 


cos {v + |) ip 
ft J 0 y / 27cos^^cos0) 

n+1 


Q n (z)=2 n n\J^ ...J 

( z 2 - 1)” +1 

(-l) n d n 

(z 2 - 1)" f 

J Z 

(2 n — 1)!! dz n 


dip 

= T 


WH 


WH 


(t - z) n 

n+1 


1 f 1 Pnit) 


I z +- 1 ) 
dt 


dt 


\n+l 


[Re z > 1] 


8.825 Q n (z) = - 

2 J Z 1 

See also 6.622 3, 8.842. 

8.826 Fourier series: 


dt 


[|arg(z — 1)| < tt] 


WH, MO 78 
WH, MO 78 


1. P n (cos ip) = 


on+ 2 1 r t n 1 

fo _/ 1 mi sin(?r + l)^+- sin(n + 3+ 

7 r (2n +1)!! 1 2n + 3 


1 • 3 (n + l)(n +2) 

v ' sm(n + 5)ip + . . 


l-2(2n + 3)(2n + 5) 
2. Q n (cos (/?) = 2" +1 


[0 < < 7r] 


MO 79 


(2n + l)!! 

1-3 (n+ l)(n + 2) 
J~2 (2n + 3)(2n + 5) 


cos(n + 1+ + i ^ ^ cos(n + 3+ 


1 2u T 3 
cos(n + 5)<p + . . . 


[0 < ip < tt] 


MO 79 


The expressions for Legendre functions in terms of a hypergeometric function (see 8.820) provide other 
series representations of these functions. 

Special cases and particular values 
8.827 


1. 

2 . 

3. 

4. 


Q oO) = o ln 


1, 1 + x 


2 1 — x 


= arctanh x 


n t \ x 1 + x 
Q ^ x)= 2 ln — X - 1 

Qi{x) = | (3+ - 1) ln ~ 

Qaix) = ^ (5+ - 3x) ln - ^x 2 + ? 


JA 

JA 

JA 

JA 
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8.828 


5. Q 4 (x) = — (35a; 4 — 30a; 2 + 3) In ^ X — —a; 3 + —x JA 

16 1 — x 8 24 

6. Qr(x) = — (63a; 5 — 70a; 3 + 15a;) In ^ X — —a; 4 + —a: 2 — — JA 

5 16 v ' 1 - x 8 8 15 

8.828 

1. P v ( 1) = 1 MO 79 

, , 1 sin i'7r„/i'+l\„/ v \ 

2 ' P " {0) = -2^W T { — ) T (-l) M079 

8.820 5,(0) = J J=(i-cosra)r(t±J)r(-t) mo 79 


Functional relationships 

8.831 

1. Q u ( x) = — — — [cos ^ 7 x P v (x) — P„(—x)\ [v 7 ^ 0 , ±l,±2,...l MO 76 

2 sm istt 

2 - Q n ( x ) = ^ P n( a: ) ln T^— - W n -!(x) [n = 0,1,2,...], 

2 1 — x 

where 

3. ^(®) = E (2l+~l)(n-fc) P - 2fc - l(:r) = E i 

fe=0 v 7V ' fc= 1 

and 

4. FF_ 1 (a;) = 0 (see also 8.839) SM 516(131), MO 76 

5. E( _1 ) fe f~lL , ! , i ) p k (cos y) = (cosy?) 

' \v — k v + k + l J sm ^7r 

fc— 0 x 7 

[;y not an integer; 0 < ip < 7t] MO 77 

6 . E(-!) fc ( T ,,,7 ) p k (cosip) P k (cos ip) = -r ^- — P v (cos <p) P v (cos ip) 

z -—' V ^ — « ^ + fe + l/ sm J77T 

fc=0 v 7 

[i/ not an integer, —tt < p + ip < n, —tx < ip — ip < it] MO 77 


See also 8.521 4. 
8.832 


1. 

(• z 2 - !) P v (z) = (v + 1) [P„+i(z) - z P v (z)\ 

WH 

2. 

(2v + 1 )z P v (z) = (u + 1) P v+1 (z) + v P u _i(z) 

WH 

3. 

( * 2 - !) jz = (^ + 1) [Q„+i W - 2 QA Z )\ 

WH 

4. 

(2v + 1 )z Q v (z) Q v+1 (z) + V Q v _ x (z) 

WH 
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8.833 


1. 

P v {-z) = e" 7 ™ P v {z) - - sin vn QA Z ) 

7 r 

[Im 2 < 0] 

MO 77 

2. 

P„{-z) = e~ um P v (z) - - sin vn Q v {z) 

7 T 

[Imt > 0] 

MO 77 

3. 

QA-z) = -e~™ QA Z ) 

[Im 2 < 0] 

MO 77 

4. 

QA-z) = -e™ QAz ) 

[Imt > 0] 

MO 77 

8.834 




1. 

n to 

Qv (x ± to) = QA X ) T y p v{ x ) 


MO 77 

2. 

Qn( z ) = 0 p n(z) In Wn-Az) 

2i Z 1. 

(see 8.831 3) 

MO 77 

8.835 




1. 

QA Z ) - Q-v-l(z) = 7T cot 1 STT P v (£) 

[sin vtt A 0] 

MO 77 

2. 

Q-v-l (cos p) = Q v (cos p) — 7T cot 1 XJT P v (cos p) 

[sin vtt A 0] 

MO 77 


3. 

8.836 

1. 

2 . 

8.837 

1. 

2 . 


Q u (— cos p) = — cos vn (cos p) — — sin vn P u (cos ip) 


Qn ( z ) = 
Qn( x ) = 


1 d n 
2 "n! dz n 
1 d n 
2 n n\ dx n 


(z 2 - l)"ln 
(x 2 — l) " In 


z + 1 


z- 1 

1 + X 
1 — X 




1 


1 + x 


2 p n{x) In 1 _ 


/(*) = P v (cos ip) = F (-u, v + 1; 1; sin 2 0 


(cf. 8.820 6) 


tan^ rfr+l) , 0 ^.^+3.1 

^ J 2-+ 1 V^r(i/+§) V2 ’ 2 ’ + 2’* 2 

, 2t/ T ( v+ i) z v F ( l ~ v _a.i _„.i 


x/tt r(i/ + 1) 


, — — ; - — i/; 


2 2 


MO 77 

MO 79 

MO 79 

MO 76 


MO 78 


See also 8.820. 

For integrals of Legendre functions, see 7.1 7.2. 

8.838 Inequalities (0 < p < 7t, v > 1, and Co is a number that does not depend on the values of v 
or p): 


\P V (cos p) 

- Pv +2 (cos p) < 2C 0 ^ 

A 


MO 78 

/ Z/7T 


Qv (cos p) 

- Qv+ 2 (cOS<p) < C 0 ^ 

Hr 

MO 78 


V 



With regard to the zeros of Legendre functions of the second kind, see 8.784, 8.785, and 8.786. For 
the expansion of Legendre functions in series of associated Legendre functions, see 8.794, 8.795, and 
8.796. 
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8.839 


8.839 A differential equation leading to the functions W n - 1 (see 8.831 3): 

/"i 2\ d 2 W n — i dW n - 1 ^ | rr n dP„ 

(1 - x ) — ^x — 1Z ^ ( n + = 2- 


dx 2 


dec 


dx 


MO 76 


8.84 Conical functions 

8.840 Let us set 


v = — | + iA, 


where A is a real parameter, in the defining differential equation 8.700 1 for associated Legendre functions. 
We then obtain the differential equation of the so-called conical functions. A conical function is a special 
case of the associated Legendre function. However, the Legendre functions 

P_i +iA (x), Q_i +iX (x) 

have certain peculiarities that make us distinguish them as a special class — the class of conical functions. 
The most important of these peculiarities is the following 
8.841 The functions 


P-\ + i\ (cos ip) = 1 + 
are real for real values of ip. Also, 


4A 2 + l 2 . 2 V , (4A 2 + l 2 ) (4A 2 + 3 2 ) . 4 <p 

2 2 4 2 Sm 2 


2 2 Sm 2 


P- = p_ l-ix(x) 

8.842 Integral representations: 

r<p cosh Xu du 9 


1. 


2X 


P-i+iX (cos <p) = ^J 


o \J 2 (cos u — cos ip) tt 
cos Xu du 


= — cosh A 7 r 


cos Xu du 


f cos Aw du f 

Q-\ T Xi ( C0S P) = ±l Smh A7r / /o , . , t + / 

2 JO 1/2(0081111 + 008+) JO 


o a/2 (cos ip + cosh u) 
cos Xu du 


+ cos ip) Jo a/ 2 (cosh u — cos <p) 


MO 95 


MO 95 


MO 95 


coshA7r r 


Functional relations 

(See also 8.73) 

8.843 P_i +iA (-cos+) = 

8.844 

1. P_ i +iA (cos ip cos d + sin ip sin d cos ip) 


— i ~\~i A (cos+)+ Q 1 iA (cos (p) 


MO 95 


= P 


— i+zA 


(cos ip) P_ 1 +iA (cos d) + 2 J2 


(— l) fe 2 2fc P k _ i +?;A (cos ip) P k _ i+iA (cosd) cos kip 


fc= 1 


(4A 2 + l 2 ) (4A 2 + 3 2 ) • • • [4A 2 + (2 k - l) 2 ] 


0 < d < — , 0 < Ip < 7T, 0 < Ip + d < 7T 


(cf. 8.794 1) MO 95 


2. P_ i +ix (— cos ip cos d — sin ip sin d cos +) 

OO 

= P-i+ix (cos'/)P_i +iA (-cosd) + 2^ 


(— l) fc 2 2fc P* 1+iA {cos ip) P k _i +iX (— cos d) cos &+ 


fc=i 


(4A 2 + 1) (4A 2 + 3 2 ) • • • [4A 2 + {2k - l) 2 ] 


0 <ip 


< — < d, V’ + ^< 7r 


(cf. 8.796) MO 95 



8.852 


Toroidal functions 


981 


Q_ i +i \ (cos ip cos i9 + sin rp sin i9 cos p) 

OO 

= P-l+ix (cos rp') Q_ i +iA (cost?) + 2^ 


~ (~l) k 2 2k P k _i ,, (cos rp) <2^i , (cos t?) cos Ay 

j _|_ 2 \ 2 ~r L/K 2 

(4A 2 + 1) (4A 2 + 3 2 ) • • • [4A 2 + (2jfe - l) 2 
0 < ip < — < t?, ip + $ < it (cf. 8.794 2) MO 96 


Regarding the zeros of conical functions, see 8.784. 

8.85 Toroidal functions 

8.850 Solutions of the differential equation 

„ d 2 u cosh ri du ( 0 1 m 2 A 

1- yy 4 — . , — , ( n t f . 2 ) u = 0, 

dr y- smh r] dr] \ 4 smh 77 / 

are called toroidal functions. They are equivalent (under a coordinate transformation) to associated 
Legendre functions. In particular, the functions 

P” l _i (cosh 77 ) , Q™_ 1 (sinh 77 ) MO 96 

are solutions of equation 8.850 1. 

The following formulas, obtained from the formulas obtained earlier for associated Legendre functions, 
are valid for toroidal functions: 

8.851 Integral representations: 


1. -P™ 1 (cosh 77 ) = 


T (n + ??7. + |) (sinh 77 ) r 


sin 2 ™ 1 p dp 


T (n 777. + 2 ) 2 m ypa T ( to + \) Jo (cosh 77 + sinh 77 cos p) n+m+ 2 
(— l) m r (77 . + |) I’ 2 ’ 1 ' cos mp dp 

27t T (77 777 T ^ ) jo (cosh 77 + sinh 77 cos p) n+ 2 


2 . (cosh 77 )= (— l) r 


= (-1)’ 


8.852 Functional relations: 


1- Qn-r (cosh 77 ) = (-!) 


^( n +g) f°° cosh mtdt 

T{n-m.+ \) Jo (cosh 77 + sinh 77 cosh t ) ™ + 2 

r(» + m+l) 


r(77+i) Jo 


,2 m r ( 77 . + 777 + I) . 


(cosh 77 — sinh 77 cosh f ) " 2 cosh mt dt 


MO 96 


[?7 > 777.] 


MO 96 


v ' T(n + 1) V 

x F (to + \,n + ?77 + 77 + 1; e^ 2?? ) 


sinh 1 ™ ( 77 e-(™ +m+ 5 )^ 


MO 96 


* Sometimes called torus functions 
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2. P ™i (cosh 77) = 


r(m + 1 ) 


(l — e 2ri ) m e (" +2 ) ?7 F (to + \,n + to + 2m + 1; 1 — e 2r? ) 


MO 96 


8.853 An asymptotic representation P n _ 1 (cosh 77) for large values of n: 

r(n)e( n -^ v 


P n - 1 (cosh 77 ) = 


v^r (n + I) 

2 r 2 (n + |) 

7T7T-! r(?l) 


where 


In (46") e _2nT ' F ( ^, n + n + 1; e" 2 ^ 


+ A + H 


1 1 • (2n - 1) _ 2 1 l-3-(2 n-l)( 2 n- 3) _ 4j) 

2 2 1 • (n — 1) 6 2 4 1 • 2 • (n — l)(n — 2) 


1 / (2n — 1)!! 

2 2n_2 V (n — 1)! 


B = 


r(n+|) ^ r ( fc +l) r (« + fc +0 
r(n + fc + 1) r(A: 4 - 1) 


fe=l 


W n+/c + u k V nJrk _i v k- \ ) e 


—2{n-\-k)rj 


2 

e -2(n-l)?7 


Here, 



S=1 


E 


2 

2s- 1 


[r is a natural number] 


MO 97 


8.9 Orthogonal Polynomials 

8.90 Introduction 


8.901 Suppose that w(x) is a nonnegative real function of a real variable x. Let (a, b ) be a fixed interval 
on the a;-axis. Let us suppose further that, for n = 0, 1, 2 , . . . , the integral 

r b 


/ x n w(x) dx 


exists and that the integral 


w{x) dx 


is positive. In this case, there exists a sequence of polynomials Po(x ) , Pi(x) , . . . ,p n (x), . . . , that is uniquely 
determined by the following conditions: 


1 . pn (x) is a polynomial of degree n and the coefficient of x n in this polynomial is positive. 

2. The polynomials po (x) , pi (x) , . . . are orthonormal; that is, 

J 0 for n ± m, 

Pn(a:)Pm(a;)w;(x) dx = < 

I 1 tor n = m. 

We say that the polynomials p n (x) constitute a system of orthogonal polynomials on the interval 
( a,b ) with the weight function w(x). 




8.910 


Legendre polynomials 
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8.902 If q n is the coefficient of x" in the polynomial p n {x), then 
1. y Pk (x)p k (y) = _^ P^ x )Pn{y) ~ Pn{x)p n+ i{y) ( Darboux _ Christoffel formula) 

t'o «"+! x ~y 

EH II 159(10) 

n 

2. 11 V \Pk( x )] 2 = [ Pn{x)p' n+1 {x ) -p’ n {x)p n+ i(x)] EH II 159(11) 

b — n Qn + 1 


8.903 Between any three consecutive orthogonal polynomials, there is a dependence 

Pn{x) = (. A n x + B n )p n _ i(x) - C n p n - 2 {x) [n = 2,3,4,.. .] 

In this formula, A n ,B n , and C n are constants and 

, Qn f-t QnQn — 2 

9n-l C-l 

8.904 Examples of normalized systems of orthogonal polynomials: 


MO 102 


Notation and name 

(n+ \) 1/2 P n ( x) 

(n + A) n! 1 1 72 



Interval 

Weight 

see 8.91 

(~1> +1) 

1 

see 8.93 



see 8.94 


(I-* 2 )” 172 

see 8.95 

( —00, 00 ) 

e- 2 

see 8.96 

(~1> +1) 

(1 — x) a (l + X 

see 8.97 

(0, oo ) 

x a e~ x 


2 a T(A) 


27 rr( 2 A + u)J 




— T n (x), s 0 = l,e„ = 2 for n = 1,2,3, . . . 

» 

2-5^-!/4 (n!)" 1/2 F„(x) 

T(n + 1) T(a + /3 + 1 + n)(a + /3 + 1 + 2n) n 1/2 
r(a + 1 + n) r(/3+l + n)2 a +P+ 1 _ 

r ( n+ ^ 1 / (-1)” L a (x) 

| r (a + n + 1) 1 j n[ ’ 


Cf. 7.221 1, 7.313, 7.343, 7.374 1, 7.391 1, 7.414 3. 


8.91 Legendre polynomials 

8.910 Definition. The Legendre polynomials P n (z) are polynomials satisfying equation 8.700 1 with 
p = 0 and v = n: that is, they satisfy the differential equation 

_ d 2 u „ du , 

1. (l — z 2 ) —2z— + n(n+l)u = 0 

This equation has a polynomial solution if, and only if, n is an integer. Thus, Legendre polyno- 
mials constitute a special type of associated Legendre function. 

Legendre polynomials of degree n are of the form 

2 ('■-!)• 
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8.911 Legendre polynomials written in expanded form: 


1 P (z)= 1 ^ (— l) fc (2n — 2k)\ 2k 
2n {^o k ^n~ k)\(n-2k)\ 


(2n)! / 
2™ (n!) 2 \ 
(2n — 1)!! 


n _ n ( n - X ) n-2 , n ( n — l)( n — 2)(n — 3) ra-4 _ 
2(2n-l)" 2 • 4(2n — l)(2n — 3) * 


* n F "or 


n 1-n 1 1 


2 ’ 2 ’ 2 ' z 2 


HO 13, AD (9001), MO 69 


2. P 2 n (z)=(-iy 

= (-i y 


(2n-l)!!/ 2n(2n + l) 2 2n(2n - 2)(2n + l)(2n + 3) 4 


, (2n — 1)!! 


F -n,n + ~-,z‘ 


AD (9002), MO 69 


3. P 2 n+ i(z)=(-iy 

= ("l) r 


(2n + 1)!! ( 2n(2n + 3) 3 2n(2n - 2)(2n + 3)(2n + 5) 


, (2n + 1)!! 


zF l-n,n+ -;z' 


AD (9002), MO 69 


4. P n (cos y?) = 


(2n- 1)!! 


| 12 

cos ny? + - cos(n — 2)y> 

1 2n — 1 


1-3 n(n — 1) , . 

rT2 (2„-l)(2„-3) C ” ( "- 4)y 

1-3-5 n(n — l)(n — 2) 

" 1-2-3 (2n — l)(2n — 3)(2?i — 5) 


cos(n — 6)y? — 


5. P 2n (cosy) = (-1)’ 


(2n — 1)!! 


f • 2 n (2/i) • 2n— 2 2 / i 2 tt! 2rj 

x |sm 2 y? 2[ Lsin pcos 2 y? + • • • + (-1) ( 2n _ 1)11 cos ^ 


6- P 2n + 1 (cos <p) = (-l)" (2n + cosy? 

2 "n! 

x jsin 2 " y? - sin 2 "' 2 y? cos 2 y? + • • • + (~ 1 ) n ( 27 !+ 1)!! COs2 " V 


7. P n (*) = ^ (~1 ) fc (n + fc)! 

^(n-A:)!(fc!) 2 2fe+ 1 


[(i - ^) fe + (-i)"(i + ^) fc ; 


AD (9011) 


AD (9012) 
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8.912 

1 . 

2 . 

3. 

4. 

5. 

6 . 

7 10 


9. 


8.913 

1 . 


2. 7 


3. 10 


Special cases: 




Po(x) = 

1 



JA 

Pi{x) = 

X = COS p 


JA 

p 2 (x) = 

> 2 - 

l) = \ (3 cos 
/ 4 

2 tp + 1) 

JA 

Ps{x) = 


3x) = ^ (5 cos 3p + 3 cos p) 

8 

JA 

Pa{x) = 

OO | 

Cn 

- 30a; 2 + 3) = 

2j- (35 cos Ap + 20 cos 2p + 9) 

JA 

Pb{x) = 

( (63z 5 - 

- 70a; 3 + 15a;) 

= -7— (63 cos 5p + 35 cos 3p + 30 cos p) 

128 

JA 

P&(x) = 

h ^ 

6 — 315a; 4 + 105a; 2 — 5) = — j— (231 cos 6p + 126 cos 4 p + 105 cos 2 <p + 50) 

DlZ 


Pr(x) = 

1 (429, 

7 - 693a; 5 + 315a; 3 - 35a;) 



1 , 

= — — — (429 cos 7 o? + 231 cos 5os + 189 cos 3os + 175 cos p) 
1024 


P 8 {x ) = 1 (6435cc 8 - 12012a; 6 + 6930a; 4 - 1260a; 2 + 35) 

128 

= (6435 cos 8yp — 3432 cos 6 p + 2772 cos 4 p — 2520 cos 2 p + 1225) 

16384 


Integral representations: 

„ . . 2 r sin (n + h) t 

Pn (COS p) = - ~= = 

njp y/2 (cos p — cost) 
See also 3.611 3, 3.661 3, 4. 
Schlafli’s integral formula: 


dt 


P n ( z ) = J- f Jy 

K> 2m J c 2 n (t- z) n+1 


with C a simple contour containing 2. 
Laplace integral formula: 

rir r 


Pn(z) = 


1 


+ (a; 2 — l) 1 ^ 2 cosyp dip [|x| < 1] 


WH 


SA 175(9) 


SA 180(19) 


Functional relations 


8.914 Recurrence formulas: 

1. (n + 1) P n+1 (z) - (2 n + 1 )z P n (z ) + n P n -\(z) = 0 


WH 
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8.915 


2. (z 2 - l) = n [ z P n (z) - P n -i(z)\ = ^ [P n+ i(z) - P n -!(z)\ 


2 n + 1 


WH 


8.915 


l. 10 y (2k + 1) P k (x) P k (y) = (n + 1) Pn{x) Pn+1 ^ y) Pn{v) Pn +^ 

Z — ^ 7 / — 'V 


fc= 0 


y-x 


(Christoffel summation formula) 


MO 70 


!( 1 ) 10 . (y - x ) y^k + 1) P k (x) Q k (y ) = 1 - (n + 1) [P n+1 (x) Q n (y) - P n (x) <? n+ i(t/)] 


2 . 


3. 


2 . 

3. 


(summation theorem) 


k—0 


LVJ 

y (2 n - 4fc - 1) P n — 2 k—l(z) = -P'nO) 

/c— 0 

L^J 

F (2 n - 4fc - 3) P„_ 2 fc_ 2 ( 2 ) = 2 : -P' n (2) - n P n (z) 

k = 0 

UJ 

4. 10 y^{2n - 4 fc + l)[/c(2?r — 2/c + 1) — 2] P n - 2 k(z) = z 2 P"(;t) — n(n - 1) P„(,z) 


AS 335(8.9.2) 


MO 70 


SM 491(42), WH 


WH 


fc=i 


511 £ 


CLm-kakCLn-k ( 2n + 2m - 4/c + 1 \ 


k = 0 


^n+m— fc 


( 2 n + 2m-2k + l) Pn+m ~ 2k ^ - P ™ W Pm & 

(2k — 1 )!! 


Ofe = 


fc! 


m < n 


8.916 


1. P n (COS Ifi) = 


(2n- 1)!! 
2"n! 


1 1 


gpmv p ( — n; - — n; e 


. P ±2ii^ 


P, 

P, 


(cos y?) = P (n + 1, — n; 1; sin 2 ^) 

(cos y?) = (—1)" P (n + 1, — n; 1; cos 2 ^) 


4. P„ (cos y?) = cos™ <p F - ^n; 1; - tan 2 

5. P n (cos tp) = cos 2 ™ ^ P (— n, — n; 1; — tan 2 ^) 


AD (9036) 

MO 69 
MO 69 
WH 

HO 23 
HO 23, 29, WH 


See also 8.911 1, 8.911 2, 8.911 3. For a connection with other functions, see 8.936 3, 8.836. 8.962 2. 


• For integrals of Legendre polynomials, see 7.22—7.25. 

• For the zeros of Legendre polynomials, sec 8.785. 
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8.917 Inequalities: 

1. Po(x) < P\{x) < P 2 {x) < • • • < P n {x) < ■ ■ ■ [x > 1] MO 71 

2. For x > — 1, Pq(x) + Pi{x) + • • • + P n {x) > 0. MO 71 

„ .-r, , m 2 sin(2n+l)o? 

3. P„(cos^) > MO 71 

(2 n + 1) sin <p 

4. y/nsinip\P n (cosy?)! < 1. MO 71 

5. \P n (cos <p)\ < 1. WH 

6. 10 Let n > 2. The successive relative maxima of |P„(a;)|, when x decreases from 1 to 0, form a 
decreasing sequence. More precisely, if n i,H 2 , ■ ■ ■ , ^[n/ 2 \ denote these maxima corresponding to 
decreasing values of x, we have 

1 > Ml > /i 2 > ' ' ' > M|n/2J SZ 162 ( 7 - 31 ) 

7. 10 Let n > 2. The successive relative maxima of (sin^) 1 ^ 2 | P n (cos0)| when 9 increases from 0 to 


MO 71 
MO 71 

MO 71 

MO 71 

WH 


7t/ 2, form an increasing sequence. 

8. 10 We have 

(sin 0) 1/2 | P n (cos 0)| < (2/n) 1/2 n~ 1/2 [0 < q6 < qn] 

Here the constant ( 2 / 7 r) 1 / 2 cannot be replaced by a smaller one. 

9. 10 max (sin#) 1 / 2 \P n (cos0)| = (2/7r) 172 n _ 5 [n-too] 

0<q6<qn 


10. 10 Stieltjes’ first theorem: 


I Pn (COS#) | < 


11. 10 Stieltjes’ second theorem: 


71/ Vn sin # 


[n = 1, 2, . . . , 0 < # < 7r] 


| Pn{x) - P n +2{x)\ < 


\fr T\Zn+~2 


[M < i] 


12. 10 

dP n (x) 2 ^fn 

[M 

< 1 


dx \J~TT 1 — X 2 



13. 10 

\P n+1 (x) + P n (x)\ < 6 ( — ) (l-x)~ 1/2 

[M 

< 1 


\ 7 rn J 



8 . 918 10 

Asymptotic approximations: 




SZ 163(7.3.2) 

SZ 163(7.3.8) 

SZ 164(7.3.12) 

SA 197(8) 

SA 199(15) 
SA 201(18) 
SA 201(19) 


1. P n (cos#) = 


7r n sin Lp 


cos (n+^\ 9 — + O 


("- 3 ' 2 ) 


[e < # < 7 r — 0<e< 7r/2m] (Laplace’s formula) SA 208(1) 
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2. P n ( cos 6) 


= ' {(l-^ I cos 

\ irn sm u J y\ 4 n 

+ 0 (rf 5 / 2 ) 


1 \ 7 r 

»+- 9- j 


+ — cos 0 sin 
8 n 


1\ „ 7 r 


[e < 0 < 7T — £, 0 < £ < 7 t/ 2] (Bonnet-Heine formula) SA 208(2) 


8.919 10 Series of products of Legendre and Chebyshev polynomials 

j- 1 i+j=n i 

1. 2 J T n (x) P n (x) dx = ^2 J Pi{x) Pj(x) P n (x) dx 


8.92 Series of Legendre polynomials 

l function: 

OO 

= Y J t k Pk(z) 


8.921 The generating function: 
1 


y/l — 2 tz + t 2 


fc= o 


— X! £fc+i - P fc( z ) 1*1 


fc=0 


8.922 


1. z 2n = 


|f| < min | 

z =b y z 2 — 1 


|f| > max 

z ± \J z 1 — 1 

- 

2n(2n — 2) . . . (2 n — 2k + 2) 


SM 489(31), WH 
MO 70 

MO 72 


2 . 


3. 


4. 


2n+l 


3 0 , 2n(2n - 2) . . . (2n - 2k + 2) _ 

2 n + 3 Pl " + ^ ' + 3 (2 n + 3)(2n + 5) . . . (2n + 2k + 3) P2k+1 ^ 


MO 72 


y/1 — X 2 


= £X>*+1 ){ e w^} 2 ^‘W IW<C (-1)!! = 1] 

fc =0 ^ ' 


x 7 r 

a/ 1 — a: 2 2 


(2fc — l)!!(2fc + 1)!! 

- 9 + 02 W 1 U/,. , iM P 2k+l(x ) 


k—0 


5. Vl-a; 2 = | i ^ - j^(4fc+l) 


2 2fc+1 /c!(fc + 1)! 

(2fc — 3)!!(2fc — 1)!! 


fc= l 


6 . 


10 


1-z 2 ^ 

—9— = o p o(a;)-2^ 


2 2fc+1 fc!(fc + 1)! 


1 


-J (2n-l)(2n + 3) 


[|*I<1, (— 1)!! = 1] 

P 2 k{x) ^ 

[|*l < 1. (— 1)!! = 1] 

P n (x) [-!<*<!] 


MO 72, LA 385(15) 


LA 385(17) 


LA 385(18) 
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7 . 


10 


i 2 00 

; P „. 1/2 = l + ^(2n + l)p n P n (x), [|p| < 1, N < 1] 

(1 - 2 P X + p 2 ) n=0 


SA 170(4) 


f (2k — 1)!! 1 2 

8.923 arcsin x = — y ' 4 


8.924 

1. 


2 . 


3. 3 


2^1 2 fe fc! J 

fe=i *• ' 


[P 2k+l( x ) - P*k-l(x)] + W 2 

0*1 < 1. (— 1)!! = 1] 


WH 


4. 


1 + COS717T 1 + cos n7r (4fc + 5)n 2 (n 2 - 2 2 ) . . . [n 2 - (2fc) 2 ] 

P 0 (cos 9) 2^ ,„ 2 iqw „2 021 r „2 roL , oi 21 P ™+2 (cos 9) 


2 (n 2 - 1) 

3 (1 — cosn7r) 
2 (n 2 — 2 2 ) 


fe=0 


(■ n 2 - l 2 ) (n 2 - 3 2 ) . . . [n 2 - (2 fc + 3) 2 ] 


Pi (cos 9) 


1 - cos 7i7r ^ (47c + 3) ( n 2 - l 2 ) . . . [n 2 - (27c - l) 2 ] u ^ 

2 S ( n2 “ 22 ) ( n2 - 42 ) • • • K ^ ( 2fc + 2 ) 2 ] 2i+1 COS C ° fa ?? 


AD (9060.1) 


— sin mr u ( m sinnTr^ (4fc + 5)n 2 (?i 2 - 2 2 ) . . . [n 2 - (27c) 2 ] u f M 
2 (n 2 - 1) P ° (COS ) 2 E (n 2 - l 2 ) (n 2 - 3 2 ) . . . [n 2 - (2fc + 3) 2 ] Pzfc+2 (C ° S 


3 sin mr 
2 (n 2 — 2 2 ) 


Pi (cos 9) 


sinnTr ^ (4fc + 3) (n 2 - l 2 ) (n 2 - 3 2 ) ... [n 2 - (2k- l) 2 ] , m „ 

E /„2 021 721 r „2 ro,. , ^ 2 fc+i (cos0) = srnnfl 


2 (n 2 - 2 2 ) (n 2 - 4 2 ) . . . [n 2 - (27c + 2) 2 ] 


2 n ~ x rx\ „ . EE (1 2” _2fc_1 (n — 7c — l)!(2fc — 3)!! . ... 

P» (cos 0) - n ( 2n - 4fc + 4) Z7Z or. , imim p n-2fc (COS 9) 


AD (9060.2) 


(2n — 1)!! 
= cos n9 


fc= l 


(2n — 27c + l)!!7c! 


AD (9061.1) 


(2n — l)!!P n _i (cos 9) n ^ (2n + 2k - l)!!(27c - 1)!! (2n + 4fc + 3) „ . 

E o9fe/_ . ,. . ,W,. . ,M Pn+2k+ 1 (cos 0 ) 


2 n_1 (?z — 1)! 2 n+1 


4 sin n9 
7 r 


k—0 


2 2k (n + k + l)!(fc + 1)! 


AD (9061.2) 


8.925 


E 


47c - 1 


fc= l 


2 2k (2k - l) 2 


(2k — 1)!! 


n 2 


fc! 


2Q 

P 2 fc - 1 (cos 0) = 1 

7 r 


2 E 


47c + 1 


(27c — 1)!! 


3. 


fcZi 2 2 fe+1 (2fc — l)(fc + 1) 

(2k — 1)!! 


y4 fc(4fc - 1) 
E 2 2fe— 1 (27c - 1) 


fc! 


p / m 1 2 sin 6* 

P 2fc (cos 9) = 

z 7 r 


P 2fc— 1 (COS 0) = 


2cot0 


AD (9062.2) 

AD (9062.3) 
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4- E 


fc= l 


4fc+ 1 
2 2fc 


(2fc — 1)!! 
jfe! 


Pik (cos 0) = — — - 1 
7r sin 6 


8.926 

^ i 2 tan ^ 0 ( 9 

1. > — P n (cos 6) = in E— = — In sin In ( 1 + sin 

n=l 


sin# 


2. E^TT P ™(cos0)=lnE S1 E-l 


n— 1 


n + 1 


sin ; 


.927 E cos (fc + |) j3 Pk (cos i p) = 

fc=o V ^ (' 


1 


cos (3 — cos f) 


= 0 


[0 < (3 < f < 7t] 
[0 < f < (3 < 7t] 


8.928 


4- E 


(— l)"(4fc+ 1) [(2n- l)!!] 3 


2 3 ™ (n!) 3 

2 ^-vn+i (4?t + 1) [(2n — l)!!] 3 

Ei (2n — l)(2n + 2)2 3rl (n!) 


Pin (COS 0) = 


4 K (sin 6) 


- 1 


71=1 

OO 


7T 


„ i m 4 E (sin 0) 1 

3 P 2n (COS ( 9 ) = -2 X 


AD (9062.4) 

AD (9063.2) 
AD (9063.1) 


MO 72 

AD (9064.1) 
AD (9064.2) 


• For series of products of Bessel functions and Legendre polynomials, see 8.511 4, 8.531 3, 
8.533 1, 8.533 2, and 8 . 534 . 

• For series of products of Legendre and Chebyshev polynomials, see 8 . 919 . 


8.93 Gegenbauer polynomials c x (t) 

8.930 Definition. The polynomials C*(t) of degree n are the coefficients of a n in the power-series 
expansion of the function 

OO 

(1 - 2ta + a 2 )~ X = Cn(t)a n WH 

71=0 

Thus, the polynomials C„(t) are a generalization of the Legendre polynomials. 

I- 10 C x 0 {i) = 1 

2. 10 C\{t) = 2A t 

3. 10 C%{t) = 2A(A + l)t 2 — A 

4. 10 C$(t) = |A (4A 2 + 12A + 8) t 3 - 2A(A + 1 )t 

5. 11 C\{t) = |A (A 3 + 6A 2 + 11A + 6) t 4 - 2A (A 2 + 3A + 2) f 2 + ±A(A + 1) 

6. 10 C${t) = (4A 4 + 40A 3 + 140A 2 + 200A + 96) t 5 

— |A (4A 3 + 24A 2 + 44 A + 24) t 3 + A (A 2 + 3A + 2 )t 



8.934 
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7. 10 Ce(t) = (A 5 + 60A 4 + 340A 3 + 900A 2 + 1096A + 480) t 6 

— |A (2A 4 + 20A 3 + 70A 2 + 100A + 48) f 4 
+A (A 3 + 6A 2 + 11A + 6) t 2 + |A (A 2 + 3A + 2) 


8.931 Integral representation: 


C " (t) ° 7 /^2^ r r(A) ~ l (*+Ve^Icos v )”sm“-Vd v 


See also 3.252 11, 3.663 2, 3.664 4. 

Functional relations 

8.932 Expressions in terms of hypergeometric functions: 


1. C x {t) = 


r(2A + n) 


F ( 2A H- ?7-, — 77.5 A + 


1 1 -t 


r(n + l)r(2A) ■ V“ ’ ' 2* 2 

2 " r(A + n) / n 1 -n 1 

f F rr— A ~ x ~ n '¥ 


2. 

3. 


cL(t) = 


n\ T(A) 
(- 1 ) 


(A + n) B(A, n + 1) 


F ( -n,n + A; 


r x 

°2n+l 


(t) = 


(-1)”2 1 


F [ — n, n + A -I- 1; — ; t 2 


B(A, n + 1) 

8.933 Recursion formulas: 

1. ( n + 2) C x + 2 (<) = 2(A + n + 1)1 C^ +1 (t) — (2A + n ) C^(t) 

2. nC x (t) = 2\[tC x ±\(t)-C x ± 1 2 (t) 

3. (2A + n) C x (t) = 2A [c A+1 (t) - i ^± 4 (t)' 

4. n C'i(t) = (2A + n - l)i C^iW - 2A (l - f 2 ) C^ 4 (t) 

8.934 


1. C*(t) = 


A,^ (-ir r (2A + n)r(^i) (l-f 2 ) 5 A d" 


2” r(2A)r(^ti +n ) n! 


dt r 


(1-t 2 ) 


2\ A+n— 1 


r, a r(A + k) r(A + 1) n n 

2 . C n (cos ip) = ^ 7^77772 C0S ( fc ~ 0 ^ 

fc,l=o i r ( A )] 

fe + i = ra 


MO 99 

MO 97 
MO 99 

MO 99 

MO 99 

Mo 98 

WH 

WH 

WH 

WH 

MO 99 


Equation 8.932.1 defines the generalized functions C^(t), where the subscript n can be an arbitrary number. 
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3 . C„ (cos ip cos t? + sin ip sin t? cos ip) 


r(2A - 1) v- 2 2k (n - k)\ [T(A + k)Y 


E 


[r(A )] 2 ^ r(2A + n + k) 


(2A + 2k — 1) sin fe t/> si n k d 


.a- a 


x C n Z k (cos ip) C n Z k (cost?) C k 5 (cos ip) 

[ip, t?, ip real; A ^ |] [“summation theorem”] (see also 8.794— 8.796) WH 


4. lim T(A) G A (cos y?) = 2cOSny 
a— > o n 

For orthogonality, see 8.904, 7.313. 
8.935 Derivatives: 

i. 

In particular, 


2 . 


ii dC x n (t) 
dt. 


= 2A C'^i(t) 


For integrals of the polynomials C x (x) see 7.31—7.33. 
8.936 Connections with other functions: 


1. ^(t) = r(2A + n)r(A+ ^ f 1 


r(2A)r(n + l) 


3 p 2 - 0 r 


2 . 

3. 

4. 


c mH (t) = 1 d™P n (t) .x TO (l — t 2 ) 2 m\2 m 

'-'n-mV') /o™ 1MI mm. t ' /"O™ M « W 


{2m — 1)!! dt r ‘ 


(2m)! 


= PnW 

J A _i (r sint? sin a) (rsint?sina) _A+ * e~ ir cos * cos a 


MO 98 


MO 99 


WH 


MO 98 


[m + 1 a natural number] MO 98, WH 


= ./o ^ r ( A E J2{\ + k)r kJ A+ fc(r) (cos,?) (cosa) 


r (a 


2/ /c— 0 


r* C A (1) 


5. 


lim A 2 Cn [t\l - | = 

A — >oo \ 


2“l 


H n {t) 


MO 99 
MO 99a 


See also 8.932. 

8.937 Special cases and particular values: 

sin(n + 1 )(p 


1. C* (cosip) = 

2. Cg (cosy?) = 1 

3. C x (t) = 1 


sm p 


MO 99 

MO 98 
MO 98 



8.940 


The Chebyshev polynomials 


993 


4. 


C*(l) 


( 2A+ : _1 ) 


MO 98 


8.938 A differential equation leading to the polynomials C x (t): 


y 


(2A -T 1 )t . n( 2A A n ) 

-y 


y = 0 (cf. 9 . 174 ) 


t 2 -l y t 2 - 1 

For series of products of Bessel functions and the polynomials C x (x), see 8 . 532 , 8 . 534 . 
8 . 939 10 Differentiation and Rodrigues’ formulas and orthogonality relation 


WH 


1. 

- C x (t) = 2\ C x t\{t) 

MS 5.3.2 

2. 

(]m 

— C x (t ) = 2 m A(A + 1)(A + 2) . . . (A + m - 1) 

MS 5.3.2 

3. 

j t C x _ l tt) = tj t C x {t)~nC x {t) 

MS 5.3.2 

4. 

^ Cn+i( i ) = ^ + (2A + n) C x (t) 

MS 5.3.2 


5. (1 - t 2 ) j t C x n (t) = (n +2X-1) Ch_ t (t) - nt C x (t) = (n + 2A )t C x (t) - (n + 1) C x n+1 (t) 

= 2A (l — t 2 ) C x ±\(t) 


6 . 

7. 


j t [^rW-^-rW] =2(n + A) C x (t) 


(— 1)"2A(2A + 1)(2A + 2) . . . (2A + n - 1) (l - t 2 ) 3 A <f* 




2”?i! (A + |) (A + f) ... (A + n- |) 


(1-t 2 ) 


n+A— i 


(-1)” r (A + i) r(n + 2A) (1 -t 2 Y d n 
2 n n! T(2A) T (?r + A + ^) dt n 


C x (t)Ci(t)(l-t 2 ) X * dt= 0 


tt 2^Z r ( n + 2A) 

n!(A + n) [r(A)] 2 


(: i-t 2 ) n+x 

[Rodrigues’ formula] 

n ^ m 
n = m 

[A ^ 0] [Orthogonality relation] 


MS 5.3.2 
MS 5.3.2 


MS 5.3.2 


MS 5.3.2 


8.94 The Chebyshev polynomials T n (x ) and U n (x ) 

8.940 Definition 

1. Chebyshev’s polynomials of the first kind 


T n (x ) = cos ( n arccos x) = ^ (x + i\/ 1 — a; 2 ^ + — i\/l — 


= x — 


(;>”- 2 (i - o + c 4 >”- 4 (i - o 2 - (")*”-• (i - o 3 + • ■ ■ 


NA 66, 71 



994 


Orthogonal Polynomials 


8.941 


2. Chebyshev’s polynomials of the second kind: 

sin [(n + 1) arccos a] 1 


U n (x) = 


sin arccos x\ 




(x + i\J 1 — x 2 ^j — (x — i \/ 1 — a 2 ^j 


n+1 


(" + A „ _ + 1\ n-2 (J _ x 2) + (A + 1\ „-4 (J _ _ . . . 


Functional relations 


8.941 Recursion formulas: 

1. T n+1 (x) - 2a T n (x) + T„_i(x) = 0 

2. U n+ i(x) - 2x U n (x) + U n -i(x) = 0 

3. T n(x) = U n (x) - X U n -\(x) 

4. (l - x 2 ) U n -i(x) = x T n (x) - T n+1 (x) 


For the orthogonality, see 7.343 and 8 . 904 . 
8.942 Relations with other functions: 


1. 

2 . 

3. 


T n (x) = F 



T n (x) 


U n (x) 


(-1 )" 


yT^2 d n 

(2 n — 1)!! dx n 


(1 


(— l) n (n + 1) d n 
vT^2(2n+"l)!!^ 


-a 2 )”” 1 

(l-x 2 ) n+h 


See also 8.962 3. 

8 . 943 10 Special cases 

1. T 0 (a:) = 1 10. 

2. Ti(a) = x 11. 

3. T 2 (a) = 2a 2 - 1 12. 

4. Ts(x) = 4a 3 — 3a 13. 

5. T 4 (a) = 8a 4 - 8a 2 + 1 14. 

6. T 5 (a) = 16a 5 -20a 3 + 5a 15 . 

7. T 6 (a) = 32a; 6 - 48a 4 + 18a 2 - 1 16. 


8. T’j{x) = 64a 7 — 112a 5 + 56a 3 — 7a 17 

9. T 8 (a) = 128a 8 - 256a 6 + 160a 4 -32a 2 + 1 18 _ 


NA 358 

EH II 184(3) 
EH II 184(4) 

MO 104 

MO 104 
EH II 185(15) 


U 0 (x) = 1 

U i(a) = 2a 

U 2 {x) = 4a 2 — 1 

U 3 (x) = 8a 3 — 4a 

U 4(a) = 16a 4 — 12a 2 + 1 

U 5 (x) = 32a 5 - 32a 3 + 6a 

t/ 6 (a) = 64a 6 - 80a 4 + 24a 2 - 1 

U 7 (x) = 128a 7 - 192a 5 + 80a 3 - 8a 

U s (x) = 256a 8 - 448a 6 + 240a 4 - 40a 2 + 1 
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8.944 Particular values: 

1. T n ( 1) = 1 

2. T n {- 1) = (-1)" 

3. T 2n { 0) = (-1)" 

4. T 2n+1 (0) = 0 


5. U 2n+i(0) = 0 

6. U 2n ( 0) = (-1)" 


8.945 The generating function: 

1 _ 4-2 °° 

1 - 11 l _ 2tx + t 2 = W + 2 ^ T k (x)t k [\t\ < 1] MO 104 

k — 1 

^ oo 

2. 11 = CTfc(*)* fc [|*| < 1] MO 104a, EH II 186(31) 

' k—0 


8.946 Zeros. The polynomials T n ( x) and U n (x) only have real simple zeros. All these zeros lie in 
the interval (— 1,+1). 

8.947 The functions T n (x) and \fl — x' 2 U n -i(x) are two linearly independent solutions of the differ- 
ential equation 

(l — x 2 ) — x^y- + n 2 y = 0. NA 69(58) 

ax 2 ax 

8.948 Of all polynomials of degree n with leading coefficient equal to 1, the one that deviates the least 
from zero on the interval [— 1,+1] is the polynomial 2~ n+l T n (x). 

8.949 10 Differentiation and Rodrigues’ formulas and orthogonality relations 


1 . 

2 . 

3. 

4. 

5. 

6 . 

7. 

8 . 


— T n ( x) = n U n -i(x) 
ax 


dx r 


T n (x) = 2 m - 1 T(m)nC™_ m (x) 


(l - x 2 ) — T n (x) = n[T n -i(x) - x T n {x)\ = n[x T n (x) - T n+1 (x)} 
^U n (x) = 2C 2 n _ 1 (x) 

lm. 

U n (x) = 2 m m!C^(x) 


dx r 


(l - x 2 ) — U n (x) = (n + 1) U n -i(x) - nx U n (x) = (n+ 2)x U n (x) - (n + 1) U n+1 (x) 
' ' dx 


T n{x) = 
U„{x) = 


(-l)"7ri/ 2 (l-x 2 ) Cg d» r 2y 
2 n+1 T (n + |) dx n IA 

(-l)"7r 1/2 (?r+ 1) (l-x 2 )~ 1/2 d n r 


[Rodrigues’ formula] 


2"+! r (n + |) 


dx r 


(1-x 2 ) 


, 2\«+2 


MS 5.7.2 
MS 5.7.2 
MS 5.7.2 
MS 5.7.2 
MS 5.7.2 

MS 5.7.2 

MS 5.7.2 


[Rodrigues’ formula] 


MS 5.7.2 



996 


Orthogonal Polynomials 
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i 0, m/n 

9. / T m ( a) T n (x) (l — x 2 ) 1//2 dx = < 7t/ 2, m = n/ 0 

1 I 7T, to = n = 0 

[Orthogonality relation] 

10. J U m (x ) t/„(a) (l - a; 2 ) 1/2 dec = 

[Orthogonality relation] 

8.95 The Hermite polynomials H n (x ) 

8.950 Definition 

1. *„(*) = («-’) 
or 

2. (a) = 2 n a" - 2 71 " 1 ( ” ) a”" 2 + 2”" 2 • 1 • 3 • ( " ) x n ~ 4 - 2 n ~ 3 ■ 1 ■ 3 • 5 • ( ” ) x n ~ 6 + . . 

3. 10 H 0 (x) = 1 

4. 10 H x (x) = 2x 

5. 10 H 2 (x) = 4x 2 - 2 

6. 10 H 3 (x ) = 8a 3 - 12x 

7. 10 H 4 (x) = 16a 4 - 48a 2 + 12 

8. 10 H 5 (x) = 32a 5 - 160a; 3 + 120a 

9. 10 H e (x) = 64a; 6 — 480a; 4 + 720a; 2 — 120 

10. 10 H 7 (x) = 128a; 7 - 1344a; 5 + 3360a; 3 - 1680a; 

11. 10 H 8 (x) = 256a; 8 - 3584a; 6 + 13440a: 4 - 13440a- 2 + 1680 

8.951 The integral representation: 

2 n r°° 2 

H n (x) = —= / (a + *t) n e _t dt 
V7T J — oo 


0, to ^ n 
7t/8, to. = n 


Functional relations 

8.952 Recursion formulas: 

1* — 2tl H n — i(a) 

2- H n-\-l (a) 2a H n (a) 2/1 H n—1 (a) 

For the orthogonality, see 7.374 1 and 8 . 904 . 
3. 10 n H n (x) = — n H' n _ x (x) + a H' n {x) 


MS 5.7.2 

MS 5.7.2 

SM 567(14) 

MO 105a 


MO 106a 

SM 569(22) 
SM 570(23) 


MS 5.6.2 
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4 10 

8.953 

1. 

2 . 




8.954 

1. 10 

2. 10 

8.955 

1. 

2 . 

8.956 

1. 

2 . 

3. 

4. 

5. 

6 . 

7. 


H n {x) = 2xH n _ 1 (x) - H' n _ 1 (x) 

The connection with other functions: 

tf 2 „(aO = (-ir^$(-n,i;z 2 ) 

H 2n +i{x) = (— l) n 2 $ (-«, § ; x 2 ) 

For a connection with the polynomials C*(x), see 8.936 5. 

For a connection with the Laguerre polynomials, see 8.972 2 and 8.972 3. 
For a connection with functions of a parabolic cylinder, see 9 . 253 . 

Inequalities: 

\H n (x)\ < 2t-Lf J 

\H n (x)\ < kVri.2 n ' 2 e x2/2 , k « 1.086435 


Asymptotic representation: 
H 2n (x) = (— l) n 2 n (2n — l)!!e x2 / 2 


cos (V4n + lx) + O —= 


H 2n+ i(x) = (— l) n 2 n+ 5(2n - l)!!v / 2^TTe a;2 / 2 


sin (-\/4n + 3x) + O ( ~^= 


Special cases and particular values: 

H 0 (x) = 1 
Hi(x) = 2x 
H 2 (x) =4x 2 -2 
H 3 (x) = 8x 3 - 12x 
H 4 (x) = 16a: 4 - 48a: 2 + 12 
H 2n (0) = (— l)"2 n (2n — 1)!! 

H 2n+ 1(0) = 0 


MS 5.6.2 

MO 106a 
MO 106a 


MO 106a 
SA 324 

SM 579 

SM 579 


SM 570(24) 


Series of Hermite polynomials 

8.957 The generating function: 

°°^ -j-k 

1. exp (— t 2 + 2tx) = ^ — H k {x) 

fc=o "" 

1 . , 0 1 
- sum 2x = } — — 

e h< 2k+1 > ! 


SM 569(21) 


2 . 


H 2 k+i{x) 


MO 106a 
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1 00 i 

3. -cosh2x = ^— r H 2k (x) 

k = 0 V '* 
oo 

4. esin2a; = ^(-l) fc — — — — H 2k+1 (x) 

OO ^ 

5. ecos2a: = ^(-l) fc — — H 2k {x) 


MO 106a 


MO 106a 


MO 106a 


8.958 “The summation theorem”: 


11 \k = 1 


k I m\+rri 2 -\ \-m r =n k—1 


Y _ njTl H m k {Xk) 


MO 106a 


2. A special case: 


n 

2? H n (x + y) = ^2 H n _ k (xVz'j H k (yV^j 


MO 107a 


8.959 Hermite polynomials satisfy the differential equation 

„ d 2 u n „ du n 

1. —— 2x— P 2nu n = 0; 

ax z ax 


SM 566(9) 


A second solution of this differential equation is provided by the functions ( A and B are arbitrary 
constants): 

2. u 2 „ = (i - n; § ; a: 2 ) , 

3 - U 2 n+i = B $ (— | — n; x 2 ) MO 107 


8.959(1) 10 Rodrigues’ formula and orthogonality relation 


~ d n o-| 

1. H n (x) = (-1 )"e* — [e~* 

2. J e~* 2 H m (x) H n (x) dx = j 


0 for m ^ n 

7r 1 / 2 2"n! for m = n 


[Rodrigues’ formula] 


MS 5.6.2 


MS 5.6.2 


8.96 Jacobi’s polynomials 

8.960 Definition 

/ i \ n d n 

r =^(L- *r“(l + [(1 - z)"+"(l + .)*+”] 

= 4E(" + “)(" + ^V-i>”-”(*+ir 

2 V to J \n — m J 


EH II 169(10), CO 
EH II 169(2) 
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8.961 

l. 11 

2 . 


3. 


4. 11 


5. 

6 . 

7. 

8 . 

9. 

10 . 

8.962 

1. 


2 . 

3. 

4. 


Functional relations: 

P^ a \-x) = {-l) n P^\x) 

2 (n + l)(n + a + (3 + l)(2n + a + (3) P^+i\x) 

— (277- O' (3 -\- 1 ) [(277- -|- OL ~\~ / 3 )( 2 t 7 - ~\~ OL ~\~ (3 ~\~ 2)x + 

—2 (n + a)(n + /3)(2n + a + (3 + 2) P^P(x) 

(2 n + a + /3) (l - x 2 ) ^ P^’^x) = n[(a - /?) - (2?r + a + /3)x] P^(x) 

+2(n + a)(n + /3) P^}(x) 


d m 

dx m 


P { U^{X) 


1 r(n + TO + a + 0 + 1) p(a+m,0+m) / •, 

2™ r(n + a + /3 + l) "- m W 

[to= 1, 2, . . . , n] 


(n + + \(d + l) (1 — x) P^ +1 '^{x) = (n + a+l) P^ Q,/ ^(x) — (n+1) P^+i\x) 

(n + \a+\P+l){l + x)P ( £' p+1 \x) = {n+(3+ 1) P£* ,/3) (x) + (n+l) P&? (x) 
(1 - x) P^\x) + (1 + x) P^ +1 \x) = 2PW\x) 

(2 n + a + f3) P**" 1 -^®) = (n + a + /?) P£*’«(x) - (n + (3) P^f(x) 

(2n + a + /?) P(“^ 1) (x) = (n + a + /?) P^x) + (n + a) P^f (x) 
p^- i \ X )-p { n a ~ m {x) = p { :^{x) 


Connections with other functions: 

P ( y ] { X ) = ( -^:y /3) f (n + a + /3 + !, -n; 1 + /3; 
r(n + 


1 + x 


n! T(1 + a) 
r(n + 1 + a) f 1 + x 


cn ) / 1 — X 

F\n + a + f3+ 1, — n; 1 + a; — - — 


n! r(l + a) V 2 
r(n +1 + /3) f x — 1 


n\ r(l + /3) v 2 
Pn(x) = Pi°' 0) (x) 


P n, — n — /?; a + 1; 
P (— n, — n — a; (3 + 1; 


x — 1 
x + 1 
x + 1 
x — 1 


T n {x) = 


2 2ra (n!) n (-f,-|) 
(2n)! 


(x) 


^ f ! _ r(n + 2^)rQ/ + 1) p(„_ i/2, ^- 1 / 2 ) 
j r(2^)r(n + j/ + 1) n 


(x) 


MO 


EH II 169(13) 

-(3 2 ] Pi a>/3) (x) 

EH II 169(11) 

EH II 170(15) 

EH II 170(17) 
EH II 173(32) 
EH II 173(33) 
EH II 173(34) 
EH II 173(35) 
EH II 173(36) 
EH II 173(37) 

CO, EH II 170(16) 
EH II 170(16) 
EH II 170(16) 
EH II 170(16) 
CO, EH II 179(3) 
CO, EH II 184(5)a 

108a, EH II 174(4) 
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8.963 


8.963 The generating function: 

OO 

53 Pn’ 0) (x)z n = 2 a+l3 R~ 1 {l -z + R)~ a ( 1 + 3 + R)- 0 , 


n — 0 


R = \Jl — 2 xz + z 2 


[\z\ < 1] 

EH II 172(29) 

8.964 The Jacobi polynomials constitute the unique rational solution of the differential (hypergeomet- 
ric) equation 

(l — x 2 ) y" + [/3 — a — (a + (3 + 2 )x]y' + n(n + a + 0 + 1 )y = 0. EH II 169(14) 

8.965 Asymptotic representation 

(cos0) = 

cos { \n + |(a + 0 + 1)] 9 — (^a + j) 7r} 

\/nn (sin \0) a+2 (cos \6) li+2 

8.966 A limit relationship: 

lim \n- a P^ (cos-)l = J a {z) 

n—KX> V 77,/J \ZJ 

8.967 If a > — 1 and 0 > — 1, all the zeros of the polynomial P^’^\x) are simple, and they lie in the 
interval (—1, 1). 


+ 0 (n~ 3/2 ) [Ima = Im/3 = 0, 0 < 9 < tt] EH II 198(10) 


EH II 173(41) 


8.97 The Laguerre polynomials 

8.970 Definition. 


1. 


2 . 

3. 10 
4 to 

5. 10 

6. 10 
7 10 


10 


1 

n! 


m{x)=-e x x~ a 


d n 

dx r 


(, e~ x x n+a ) 
n + a\ x m 


[Rodrigues’ formula] 


n — m m! 


= E(-d 

m — 0 
L°n( x ) = L n{x) 

Lo(x) = 1 

T“(x) = —x + a + 1 

L 2 (x) = — [ x 2 — 2(o: + 2) a: + (ct + 1) (ct + 2)] 

L^(x) = — - [a: 3 — 3(a + 3)x 2 + 3(a + 2)(a + 3)x — (ct + l)(a + 2) (a + 3)] 


EH II 188(5), MO 108 
MO 109, EH II 188(7) 
ET I 369 




— 4(a + 4)x 3 + 6(a + 3) (a + 4) x 2 — 4 (a + 2) (a + 3)(a + 4)a 


!%{*)=- 


+ (a + l)(o! + 2) (a + 3)(a: + 4) 
1 


120 


or — 5(a + 5)x 4 + 10(a + 4) (a + 5)ar — 10(a + 3)(ct + 4) (a + 5)ar 


+ 5(a + 2) (a + 3)(a + 4) (a + 5)x — (a + 1 )(a + 2) (a + 3)(a + 4) (a + 5) 
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8.971 

1. 

2. 11 

3. 


Functional relations: 

^ [£“(*) -£“ +1 (a0] =£“(*) 


d Ta < , ra +i^ - (” + a) L “-i( a; ) 

- £„(*) - - £n-r(*) - * 

x ~j ~ L n( x )= n K( x ) - (n + a) L°_ x (x) 
ax 

= {n + 1) £“+i(x) - (n + a + 1 - x) L“(x) 


EH II 189(16) 
EH II 189(15), SM 575(42)a 


EH II 189(12), MO 109 


4. xL“ +1 (x)= (n + a + 1) L“(x) - (n + 1) L“ +1 (x) 


5. 

6 . 

7 10 
8. 10 


= (n + a) i“_i(x) - (n - x) L“(x) 

L«-\x) = L‘* n (x)-Ll_ 1 (x) 

( n + 1) L“ +1 (x) - (2 n + a + 1 — x) L“(x) + (n + a) £“_i(x) = 0 

[?r= 1,2,...] 

(n + a) L^~ 1 (x) = (n + 1) L% +1 (x) -(n + l-x) L*(x) 
nK(x) = (2 n + a- l-x) L^^x) - (n + a- 1) L*_ 2 (x) 

[n = 2,3, . . .] 


SM 575(43)a, EH II 190(23) 
SM 575(44)a, EH II 190(24) 

MO 109, EH II 190(25, 24) 
MS 5.5.2 

MS 5.5.2 


8.972 Connections with other functions: 

1. L“(x) = $(-n,a+ l;x) 

2. H 2n (x) = (-1)"2 2n n! L" 1/2 (x 2 ) 

3. H 2n+1 (x) = (~l) n 2 2n+1 n\x L\l 2 (x 2 ) 

8.973 Special cases: 

1. L*(x) = 1 

2. Li( x ) — a + 1 — x 

3 . K(0) =(" + “) 

T n 

4. L~ n (x) = (— i) n — 

n! 

5. L\(x) = 1 — x 

x 2 

L 2 (x) = 1 — 2x + — 


MO 109, FI II 189(14) 

EH II 193(2), SM 576(47) 
EH II 193(3), SM 577(48) 


EH II 188(6) 
EH II 188(6) 

EH II 189(13) 
MO 109 


6 . 


MO 109 
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8.974 


8.974 Finite sums: 

n 

ml 


1. 


2. 


3. 


4. 


it 


1. 


2 . 


3. 


2 . 


3. 


2 . 


E r(,„;; + i) £ «*> ™ - rfr, +!?+&-,,) l £ " (l) £ "«<»» - ««<*> £ “<»>1 


E 

m=0 


r(q — /? + to) p 0 

r(a - /?)m! j j 


E L - (*) = £ “ +1 w 

rn— 0 
n 

E L n-m(y) = K +l3+l i.X + y) 


EH II 188(9) 
MO 110, EH II 192(39) 

EH II 192(38) 

EH II 192(41) 


m — 0 

8.975 Arbitrary functions: 


xz 

z-1 


n — 0 



M < 1] 

EH II 189(17), MO 109 

n — 0 



\x)z n 

[kl < 1] 

MO 110, EH II 189(19) 

°° ~n 

E r( n + a+ i) L n( x ) 

[a > —1] 

EH II 189(18), MO 109 


8.976 Other series of Laguerre polynomials: 


1. •£ „! £ l W . £;( y = exp (-/ + « 


n — 0 


T(n + a + 1) 1 — 2: 


1-2 


E 

n — 0 


EM 

n + 1 


= e^a; Q T(a, x) 


M < 1] 

[a > — 1 , x > 0] 


7 - 0^2 _ r(n + a + 1 ) y'' — 2 fe^( 2 fc)! 1 

* J n\ X ) r>C>n„l / y 


2 2 ™n! 


fc= o 


— k J kl r(a + k + 1) 


r(l + a + n) ^ n -k ( x + V ) (^ 2 /) 




4- 6 £“(*)£“(y) = 


n! 


E 

fc=0 


r(l + a + fc) /c! 


EH II 189(20) 
EH II 215(19) 

MO 110 

MO 110, EH II 192(42) 


8.977 Summation theorems: 

!• K^ + - + ^ +k - 1 (x 1 + x 2 + ---+x k )= E I% 1 1 (x 1 )L%(x 2 )---V*;(x k ) MO110 


*i+* 23 hi2=n 


°° ( — 

L^(x + y) = eyY / [ -^y k K +k ( x ) 


k=0 


MO 110 
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8.978 Limit relations and asymptotic behavior: 

i. lsm= 


2 . 


lim 


- 


1 1 1 


3. L*(x) = —=e * x x 2a 4 n 2 ° 4 cos 

\/7T 


, a7T 7T 

2 Vnx- — - - 


O 




[Ima = 0, x > 0] 


EH II 191(35) 
EH II 191(36) 

EH II 199(1) 


8.979 Laguerre polynomials satisfy the following differential equation: 


d 2 u _.du 

x-— + (cc — x + 1)- — I- nu = 0 
aar dx 


8 . 980 1 


Orthogonality relation 


re-*x a LZ(x)LZ t (x)dx=\°’ m ^ n 

Jo [T(l + a)( ; ), m = n 

8 . 981 10 Behavior of relative maxima of |L“(x)| 


EH II 188(10), SM 574(34) 


MS 5.5.2 


1. 


2 . 


Let a be arbitrary and real. The sequence formed by the relative maxima of | (a;) | and by the 

value of this function at x = 0, is decreasing for x < a + } 2 , and increasing for x > a + The 
successive relative maxima of |L“(x)| form a decreasing sequence for x < 0, and an increasing 
sequence for x > 0. SZ 174(7.6.1) 

Let a be an arbitrary real number. The successive relative maxima of 

e-*/2*( Q+ i)/2|£“(a:)| and e -*/ 2 s Q / 2+ *|L“(a;)| 

form an increasing sequence, provided x > Xq. In the first case 

0 if a 2 < 1, 

if a 2 > 1 


x 0 = 


of — 1 


. 2n + a + 1 


In the second case, 


0 


x 0 = 


if a 2 < q\ 


4 ’ 


(a 2 - \) 2 if a 2 > \ 

In the first case, we take n so large that 2n + a + 1 > 0. 

8 . 982 10 Asymptotic and limiting behavior of L“(x) 

1. Let a be arbitrary and real, c and w fixed positive constants, and let n — > oo. Then 


SZ 174(7.6.2) 


mix) = 


c 4 O ^n Q / 2 4 ''j if cn 1 < qx < qu> 


. 0 (n a ) 


if 0 < qx < qcn 


-l 


These bounds are precise as regards their orders in n. For a > q — | , both bounds hold in both 
intervals, that is, 
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8.982 


2 . 


£“(*) = 


x a !‘ 1 *0 (n a / 2 ^ 
k O(n“), 


0 < x < qco, a > q 


Let a be arbitrary and real. Then for an arbitrary complex z 
lim n~ a L™{x) = z ~ a ^ 2 J a ( 2 2 1 / 2 ') , 

n — >-oo V / 


uniformly if z is bounded. 


1 

2 


SZ 175(7.6.4) 


SZ 191(8.1.3) 
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9.1 Hypergeometric Functions 

9.10 Definition 


9.100 A hypergeometric series is a series of the form 


, . . „ a ■ (3 

F(a,f3;r,z) = H 


ct(ct + l)/3(/3 +1) 2 d(ot + 1) (ct + 2 )/3(/3 + l)(/3 + 2) 


7 • 1 ~ 7(7+1 ) -1-2 7(7 + 1)(7 + 2) • 1 • 2 • 3 

9.101 A hypergeometric series terminates if a or (3 is equal to a negative integer or to zero. For 
7 = — n(n = 0, 1,2, . . .), the hypergeometric series is indeterminate if neither a nor (3 is equal to — m 
(where m < n and m is a natural number) . However, 


1. 


F (cr, /?; 7; z) a(a + 1) ... (a + n)/3(/3 + 1) ...(/? + n) 

hm — — = ; — 

7 —>-n r( 7 ) (n + 1)! 

xz n+1 F {a + n + 1, (3 + n + 1; n + 2; z) 


EH I 62(16) 


9.102 If we exclude these values of the parameters a, (3 , 7, a hypergeometric series converges in the unit 
circle \z\ <1. F then has a branch point at z = 1. Then we have the following conditions for convergence 
on the unit circle: 

1. 1 > Re(a + P — 7) >0. The series converges throughout the entire unit circle, except at the 
point 0=1. 

2. Re(a + (3 — 7) <0. The series converges (absolutely) throughout the entire unit circle. 

3. Re(a + (3 — 7) >1. The series diverges on the entire unit circle. FI II 410, WH 


9.11 Integral representations 


9.111 F(a,P;r,z) = 


WH 


/ tf*- 1 {l-ty-( ) - 1 {l-tz)- a dt [Re 7 > Re /? > 0] 

-*-K P "> T ft) J 0 

„ , z~ n T(p)n! /' 2lr cos ntdt 

0.112* F(v,n + P ,n + V,z) = — (l-2 s co st + z*f 

[n = 0,1,2,...; p^0, -1,-2,...; |z| < 1] WH, MO 16 


9.113 F(at,f3-,T,z) = 


r(7) 


1 


T( a + t)T(l3 + t)r(-t), , t 


(— zy dt 


r(a) T(/3) 2niJ_ ooi IX7 + t) 

Here, |arg(— z)\ < ir and the path of integration are chosen in such a way that the poles of the functions 
T(a + t) and T(/3 + t) lie to the left of the path of integration and the poles of the function T(—t) lie to 
the right of it. 


9.114 F ~m, - 


p + m 


1 - 


p + m 


-1 = 


(—2 ) m (p + m) 
sin pir 


COS m iy9COSp(/3 dip 


[to + 1 is a natural number; p / 0, ±1, . . . ] EH I 80(8), MO 16 


See also 3.194 1, 2, 5, 3.196 1, 3.197 6, 9, 3.259 3, 3.312 3, 3.518 4-6, 3.665 2, 3.671 1, 2, 3.681 1, 
3.984 7. 
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9.12 Representation of elementary functions in terms of a hypergeometric functions 


9.121 

l- 8 F(~n,f3-,p-,-z) = (l + z) n 

0 / n n~ll_z 2 \ (t + z) n + (t - z) n 

F \ 2’ 2 ~ ' 2 '#)- 2F 

3 - F (- n ’ W;2w; -f) = ( 1+ |)" 

^ n— 1 n — 2 3 2 2 ^ (t + z) n — (t — z) r 


5. f(i - n,l;2;-|) = 


2 ’ 2 ’ 2’ iV 2nzt n ~ 1 

z\ (t + z) n — t n 


nzt n 


6. F(l, 1; 2; —z) = 


ln(l + z) 


7 F ( I i- _- z 2 ^ = ln 

7 ’ F \2' 1, 2 ' ) 2 2 

8. lim F fl, A:; 1; f ) = 1 + 2 lim F ( 1, fe; 2; 

k — too V k / /c — too V /c / 


= 1 + 2 H lim F 

2 /c — too 


( 1 ’* ;3i D 


-=... = e 


9. 

10 . 

11 . 

12 . 


.. , , , , 1 z 2 \ e z + e z 

llm ^ ; 2 ; 4W J = 2 = OOSh * 


,3 z 2 \ e z — e z sinh 2 
2 ’ 


Hm F{k ’ k '"'4kk') 


lim F ( Jc,k'; 


2 4fcfc' 


22 

sin z 


1 z 2 

lim F [k,k'-,--,-— ) = cos 2 


13. 

14. 

15. 

16. 

17. 


, 1 1 3 , 2 , 

F -» - ;sm 2 = 

.2 2 2 ] sin z 

F ( 1, 1; sin 2 z) = - — 

2 / sin z cos z 

;i , 3 2 \ * 

Flj.liji-W. V = 


F 


F 


n + 1 n — 1 3 . 


- ; - ; sm 2 = 


n + 2 n — 2 3 


2 * 2 ’ Sm " l = 


sm nz 
n sin 2 
sin nz 
n sin 2 cos 2 


EH I 101(4), GA 127 la 
GA 127 II 

GA 127 Ilia 

GA 127 IV 

GA 127 V 
GA 127 VI 

GA 127 VII 


GA 127 VIII 
GA 127 IX 

GA 127 X 

GA 127 XI 

GA 127 XII 

GA 127 XIII 

GA 127 XIV 

GA 127 XV 

GA 127 XVI 

GA 127 XVII 
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18. 

19. 

20 . 

21 . 

22 . 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 


F — 


n — 2 n — 1 3 


2 ’ 2 ’ 2 


; - ;-tan z = — 7 


sm nz 


n — I— 2 ?7. — I— 1 3 o . 

2 ’ 2 ’ 2 ’ _ tan * l = 


. n n l. 2l 
F * 2’~2 ; 2’ Sm " * = C ° Sn2 


sin nz cos n+1 z 


n sm z 


n+1 n — 11 2 

; - ; sm z I = 


2 ’ 2 ’ 2 


n n — 1 1 o 


cos ?rz 
cos z 
cos nz 
cos™ z 


/n+1 n l, 2l „ 

F| — — tan z = cos nz cos z 


2 2 2 


F -.l;2;4z(l-z) = 


1 - z 


F ( 1; 1; sin z z ) = secz 


2 2 I = 


1 1 . 3 . 

2 ’ 2 ’ 2 ’ 

1 1-3. 

2 ’ ’ 2 ’ 

F I 2’ 2’ 2’ ~~ ^ ~ 


F l2’ 1; ^-" 2 ) = 


arcsm z 

z 

arctan z 


z 

arcsinh z 


F 


1 + n 1 — n 3 


2 ’ 2 ’ 2 ’ 
n . n 3 


-;z~ = 


F l 1+ 2' 1 ~2' 2 ;Z j = 


sin (n arcsin z) 
nz 

sin (n arcsin z) 

nzVl — 2 2 


. n n 1 2 i / *\ 

F = COS (n arcsin z) 


F 


2 ’ 2 2 


1 + n 1 — n 1 


2 ’ 2 ’ 2 


tz ; z l =: 


cos (n arcsin z) 

vT^ 


GA 127 XVIII 

GA 127 XIX 
EH I 101(11), GA 127 XX 
EH I 101(11), GA 127 XXI 
EH I 101(11), GA 127 XXII 
GA 127 XXIII 

[M<|; \z{i-z)\<\] 


(cf. 9.121 13) 
(cf. 9.121 15) 
(cf. 9.121 26) 
(cf. 9.121 16) 
(cf. 9.121 17) 
(cf. 9.121 20) 
(cf. 9.121 21) 


The representation of special functions in terms of a hypergeometric function: 


• for complete elliptic integrals, see 8.113 1 and 8.114 1; 

• for integrals of Bessel functions, see 6.574 1, 3, 6.576 2-5, 6.621 1-3; 

• for Legendre polynomials, see 8.911 and 8.916. (All these hypergeometric series terminate; that 
is, these series are finite sums); 

• for Legendre functions, see 8.820 and 8.837; 

• for associated Legendre functions, see 8.702, 8.703, 8.751, 8.77, 8.852, and 8.853; 

• for Chebyshev polynomials, see 8.942 1; 

• for Jacobi’s polynomials, see 8.962; 
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• for Gegenbauer polynomials, see 8 . 932 ; 

• for integrals of parabolic cylinder functions, see 7.725 6 . 


9.122 Particular values: 


1 . 


F(a,P\ t; 1) 


P(7)P(7 - - 0) 

r(y — a) r(y — 0) 


2 . 


3. 


F(a, /?; 7 ; 1) = F (-a, — /?; 7 - a - /?; 1) 

1 


F(-a,P\ 7 -a; 1) 

1 


F(a, -/?; 7 ~ /3; 1 ) 


F 



7T 

2 


[Re 7 > Re(a + /?)] 

GA 147(48), FI II 793 
[Re 7 > Re (a + (3)\ GA 148(49) 

[Re 7 > Re (a + (3)\ GA 148(50) 

[Re 7 > Re (a + (3)\ GA 148(51) 


(cf. 9.121 14) 


9.13 Transformation formulas and the analytic continuation of functions defined by 
hypergeometric series 

9.130 The series F{a, (3\ 7 ; 2 ) defines an analytic function that, speaking generally, has singularities at 
the points z — 0,1, and 00 . (In the general case, there are branch points.) We make a cut in the 2 -plane 
along the real axis from 2 = 1 to 2 = 00 ; that is, we require that |arg(— 2 )| < 7 r for | 2 | >1. Then, the 
series /(cc,/?; 7 ; 2 ) will, in the cut plane, yield a single-valued analytic continuation, which we can obtain 
by means of the formulas below (provided 7 + 1 is not a natural number and a — /3 and 7 — a — /3 are 
not integers). These formulas make it possible to calculate the values of F in the given region, even in 
the case in which 1 2 | > 1. There are other closely related transformation formulas that can also be used 
to get the analytic continuation when the corresponding relationships hold between a, /3, 7 . 


Transformation formulas 


9.131 

l - 11 F(a, f3\ 7 ; 2 ) = (1 - z)~ a F 7 — /3; 7 ; 

= (1 -- zy 13 F (p, 7 - a; 7; 

= (! - z ) 7 ~ a ~' 3 F (7 — a, 7 — ft; 7 ; 2 ) 


GA 218(91) 
GA 218(92) 


2 . 


F(a,P; 7 ; 2 ) 


r(7)r(7 — a-0) 


F (a, (3; a + (3 


r(7-a)r(7-/3) 

, _ , 7 _ Q _ /3 r( 7 )r(a + /?- 7 ) 
1 r(a) r(/3) 


-7 + 1 ; 1 - 2 ) 

F( 7 ~ 0,7 — /3 ; 7 — a — /? + 1; 1 


z) 


EH I 94, MO 13 
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9.132 

1. F (a, /3; 7; Z) = (1 ~ Z X * ^ r(/ ^ ~ Q) F ( a, 7 - /3; a - /3 + 1 1 


1 - z 


r (/3)T(7 - a) 

+(1 “ f p -»;/?-« + 1; ^ 


MO 13 


2. 11 F(a,fi;r,z) = 


r( 7 )r(/3-a) 


(- 2 ) a F(a,Q; + l- 7 ;a + l-/3; 


r(/3)r( 7 -a) 

+ r(a) r(7 - /?) (_0) ” /3 F {P'P + 1 " 7; P + 1 " a; i) 


[|argz|<7r, a — /3 ^ d =ra, m = 0,1,2,...] GA 220(93) 


9.133 F (2a, 2/3; a + [3 + — F (c^, /3; + [3 + ^5 4z(l — z)) 

[N < b \ z { l ~ z )\<^\ 

9.134 


WH 


1 


2. F(2a, 2a + 1 - 7 ; 7 ; 2 ) = (1 + z) a F a, a + - 57 ; 


3. 


1 


1 


F ( a, a + - — /3; /3 + -; 2 ) — (1 + 2 ) Q F I a, /?; 2/3; 


1 . 4 " 

2’ 7 ’ (I + 2) 2 

42 


(l + *) ! 


1 


9.135 F I a, /3; a + (3 + sin y? ) = F ( 2a, 2/3; a + f3 + sin 


1 . 2 P 


9.136 s We set 


A = 


r (a + /3 + 5 ) \fn 


B = 


. 2<P 1 

x = sin — real; 


— r (ct + /3 + 7 /) 2y / 7t 


MO 13, EH I 111(4) 

GA 225(100) 
GA 225(101) 


1 - -\/2 1 
2 < ^ < 2 


MO 13 


then 


r(a+i)r(/3+|)’ ~ r(a)r(/3) 

1. F ( 2 a, 2/3; a + /3 + -; — 7 ^-^ = ( a ’ 2 ’ ^ ( a 2 ’ ^ 2 ’ 2 ’ 


2. F ( 2a, 2/3; a + /3 + -; — - — 


= AF ( a,/3+2 ) - B\/iF (a+^,/3+^+2: 


GA 227(106) 


GA 227(107) 


3. 


(<*-!) (/?-§) 
a + /3 — ^ 


x Ay/z F a,/3;-;z = F 2a — 1, 2/3 — 1; a + [3 — 


11 + y/z 
2 ’ 2 


— F ( 2a — 1, 2/3 — 1; a + (3 — -; — - — 


GA 229(110) 
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9.137' Gauss’ recursion functions: 

1. 7 [7 - 1 - ( 2 7 - a ~ 0 ~ 1)~] F (a, /3; 7; 2) + (7 - a ) (7 - ( 3 )z F (a, /3; 7 + 1; 2) + 7(7 - 1 ){z - 
1) F ( a , /?; 7 — 1; 2) = 0 

2. (2a — 7 — az + flz ) F (a, /?; 7; 2) + (7 — a) F(a — 1, /3; 7; 2:) + a(z — 1) F(a + 1, /3; 7; z ) = 0 

3. (2/3 - 7 - ( 3 z + az ) F ( a , /3; 7; 2) + (7 - ( 3 ) F ( a , (3 - 1; 7; 2) + ( 3 {z - 1) F(a, (3 + 1; 7; 2) = 0 

4. 7 F(a, /3 - 1; 7; 2) - 7 F(a - 1, /3; 7; 2) + (a - f 3 )z F (a, /3; 7 + 1; 2) = 0 

5. 8 7(a - ( 3 ) F (a, /?; 7; 2) - a(7 - ( 3 ) F (a + 1, /3; 7 + 1; 2) + /3(7 - a ) F (a, (3 + 1; 7 + 1; z ) = 0 

6. 7(7 + 1) F(a, /3; 7; 2) - 7(7 + 1) F(a, /3; 7 + 1; 2) — a/32 F(a + 1, (3 + 1; 7 + 2; 2) = 0 

7. 7 F (a, /3; 7; 2) - (7 - a) F(a, /3 + 1; 7 + 1; 2) — a(l - 2) F(a + 1, (3 + 1; 7 + 1; 2) = 0 

8. 7 F(a, /3; 7; 2) + (/3 - 7) F(a + l,/3; 7 + I; 2) - /3(1 - 2) F (a + l,/3 + 1; 7 + 1; 2) = 0 

9. 7(7 - ( 3 z - a ) F (a, /?; 7; 2) — 7(7 — a) F (a — 1, /?; 7; 2) + a/32(l — 2) F(a + 1, (3 + 1; 7 + 1; 2) = 0 

10. 7(7 - az - ( 3 ) F (a, /3; 7; 2) - 7(7 - /3) F(a, /3 - 1; 7; 2) + a/32(l — 2) F (a + 1, (3 + 1; 7 + 1; 2) = 0 

11. 7 F(a, /3; 7; 2) — 7 F (a, (3 + 1; 7; 2) + az F (a + 1, (3 + 1; 7 + 1; 2) = 0 

12. 8 7 F(a, /3; 7; 2) - 7 F(a + 1, /3; 7; 2) + /32 F (a + 1, (3 + 1; 7 + 1; 2) = 0 

13. 7 [a - (7 — /3) 2] F (a, /3; 7; 2) - 07(1 - 2) F(a + l,/3; 7; 2) + (7 - a) (7 - /3)2F (a, /?; 7 + 1; 2) = 0 

14. 7[/3 — (7 — a) 2] F (a, /3; 7; 2) - /37(1 - 2) F(a, /3 + 1; 7; 2) + (7 - a)(7 - /3)2F (a, /3; 7 + 1; 2) = 0 

15. 8 7(7 + 1) F (a, /3; 7; 2) - 7(7 + 1) F (a, (3 + 1; 7 + 1; 2) + 0(7 - ( 3 )z F (a + 1, /3 + 1; 7 + 2; 2) = 0 

16. 7(7 + 1) F(a, /3; 7; 2) - 7(7 + 1) F(a + 1, /3; 7 + 1; 2) + /3(7 — a) 2 F (a + 1, /3 + 1; 7 + 2; 2) = 0 

17. 7 F(a, /3; 7; 2) - (7 - /3) F(a, /3; 7 + 1; 2) - /3 F (a, /3 + 1; 7 + 1; 2) = 0 

18. 8 7 F(a, /3; 7; 2) - (7 - «) F(a, /3; 7 + 1; 2) - a F(a + 1, /3; 7 + 1; 2) = 0 MO 13-14 


9.14 A generalized hypergeometric series 

The series 


!• (^ 1 ? ^ 2 ? • • • 1 /?i ? /?2 ? • • • 5 A? 5 ^ ^ 


(«i)fc Mfc • ■ • (a P ) k z k 

(Pi) k (ft)* • • • (ft)* fc! 


2 . 


fe=0 W'Ult ^ ' ' ' Wq>k 

is called a generalized hypergeometric series (see also 9.210). 

2F1 (a, j 3 ; 7; 2) = F(a, /3; 7; 2) 


For integral representations, see 3.254 2, 3.259 2, and 3.478 3. 


9.15 The hypergeometric differential equation 

9.151 A hypergeometric series is one of the solutions of the differential equation 

,d 2 u , . n ,du 

2(1 - 2 ) ^2 + [7 - {a + (3 + 1 ) 2 ] — - a(3u = 0, 

which is called the hypergeometric equation. 


MO 14 


MO 15 


WH 
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The solution of the hypergeometric differential equation 

9.152 The hypergeometric differential equation 9.151 possesses two linearly independent solutions. 
These solutions have analytic continuations to the entire 0-plane, except possibly for the three points 
0, 1, and oo. Generally speaking, the points z = 0, 1, oo are branch points of at least one of the branches 
of each solution of the hypergeometric differential equation. The ratio w(z) of two linearly independent 
solutions satisfies the differential equation 

1 — af 1 — a 2 a 2 + a% — a 2 — 1 
z 2 (z — l) 2 z(z — 1) 

where 

a i = (1 — 7) 2 > «2 = (7 -a-P) 2 , al = (ot-(3) 2 . 

If a,/3, 7 are real, the function w{z) maps the upper (Im 0 > 0) or the lower (Im 0 <0) half-plane onto 
a curvilinear triangle whose angles are 7rai, Tra 2 , 7023. The vertices of this triangle are the images of the 
points 0 = 0, 0 = 1, and 0 = 00. 

9.153 Within the unit circle 1 0; | <1, the linearly independent solutions Ui(z) and u 2 {z) of the hyperge- 
ometric differential equation are given by the following formulas: 

1. If 7 is not an integer, 

ui = F{cx, /3; 7; 0), 

u 2 = 0 1-7 e F{a - 7 + 1, (3 - 7 + 1; 2 - 7; 0) 



2 . 


3. 


If 7 = 1, then 

ui = F(a,f3 ; 1; 0) , 

u 2 = F(a,P', 1; 0) In 0 + ^ 0 fc 

fc= 1 (^0 

x {ip(a + k) - + ip(P + k ) - ip((3) — 2 ip(k + 1) + 2 ip( 1)} 


(see 9.14 2) 

If 7 = m + 1 (where m is a natural number), and if neither a nor (3 is a positive number not 
exceeding m, then 


u\ = F(a, j3\ in, + 1; 0), 


u 2 = F(a, j3\ m 


1; 0) ln0 + 


E 


k = 1 


^ fc { a )k{(d)k 

(1 + m) k 


{ h(k)-h(o)}-Y, 

?:= 1 


(fc~l)!(-m) fc ~_ k 
(1 - a) k (l - P)k~ 


where 


(see 9.14 2) 


h(n ) = tp(a + n) + tp(/3 + n ) — -^(m. + 1 + n) — ip(n + 1) [n + 1 is a natural number] 

4. 11 Suppose that 7 = m + 1 (where to is a natural number) and that a or /3 is equal to in' + 1, where 

0 < in' < to. Then, for example, for a = m! + 1, we obtain 

ui = F (1 + to/, (3\l + to; 0) , 

u 2 = z~ m F (1 + m' — m, (3 — to; 1 — m; 0) 

In this case, u 2 is a polynomial in 0 -1 . 
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5. If 7 = 1 — m (where to is a natural number) and if a and (3 are both different from the numbers 
0 , — 1 , —2, . . . , 1 — m, then 

iti = z m F(ci + m, p + m; 1 + to; z), 

u 2 = z m F{ct + to, P + m; 1 + to; 2 ) In 2 + z fc ( Q pppph _ /j* (0)} 

(1 + m)kk\ 


fe = 1 


_ v 2 ' (fc - i)K — m )fc 

r 11 — rv — ' 


“ (1 - a - m)fc(l - P - m) k ' 


where 


(see 9.14 2) 


h* (n) = ip(a + m + n) + ip(P + m + n) — ip(l + m + n) — ip(l + n) 

We note that 

ip(a + n) — ip(a) = — I H 4 (cf. 8.365 3) 

a a + 1 a + n — 1 

and that, for a = — A, where A is a natural number or zero and n = A + l,A + 2,... the expression 

(a) k [ip (a + n) - ip(a)] 

in formulas 9.153 2-5 should be replaced with the expression 

(— l) A A!(n — A — 1)! 

6 . Suppose that 7=1 — to (where m is a natural number) and that a or P is an integer (—to'), 
where m' is one of the following numbers: 0, 1, . . . , to — 1. Suppose, for example, that a = —m!. 
Then, 


Ui = F (-to', P; 1 — to; z) , 

u 2 = F ( — m' + to., P + to; 1 + to; z) 


7. 


For 7 = \(a + P + 1) 


ui = F {a, P;\(a + P + 1); z) , 

U 2 = F (a,P; g(a + P + 1); 1 - 2 ) 


MO 18 


are two linearly independent solutions of the hypergeometric differential equation, provided a, P, 
and 7 are not zero or negative integers. MO 17-19 


The analytic continuation of a solution that is regular at the point z — 0 

9.154 Formulas 9.153 make possible the analytic continuation, by means of the hypergeometric series, 
of the function F(a, p; 7 ; 2 ) defined inside the circle |z| <1 to the region \z\ > 1, and |arg(— z)| < n. Here, 
it is assumed that a — P is not an integer. In the event that a — P is an integer (for example, if P = a + m, 
where to is a natural number), then, for |z| > 1 , and |arg(— z)| < it we have: 
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r(a) r(cr + to) 

r(7) 


F(a, a + to; 7; 2) 


sin7t(7 — a) T(a + k) T(1 — 7 + a + k) T(m — k) ^ ^- a -k 


1 k = 0 

OO 


fc! 


^ ^ r(a + m+fc)r(l-7+a + m + fc) 


k—0 


k\(k + to)! 


where 

<?(n) = ln(— 2) + 7t cot 7r(7 — a) + ip(n + 1) + t/>(n + m + 1) 


— %j){a + m + n) — if>(l — j + a + m + n) 

m— 1 

For to. = 0, we should set ^ = 0. 

fc =0 


9.155 This formula loses its meaning when a, 7, or a — 7+I is equal to one of the numbers 0, —1, —2, 
In this last case, we have 


1 . 

2 . 


3. 


4. 


If a is a non-positive integer and 7 is not an integer, F(a, a + to; 7; z) is a polynomial in z. 

Suppose that 7 is a non-positive integer and that a is not an integer. We then set 7 = —A, where 
A = 0, 1, 2, Then, 

T(o + A + 1) T(a + A -T 771 -T 1) \ii , . . . , , rt \ 

. — 7 z F(<x + A + 1, o. + A + to + 1; A -I- 2; z) 

1 ( A + 2) 

is a solution of the hypergeometric equation that is regular at the point z = 0. This solution is 
equal to the right-hand member of formula 9.154 1 if we replace 7 with A in this equation and 
in formula 9.154 2. 


If a — 7 + 1 is a non-positive integer and if a and 7 are not themselves integers, we may use the 
formula 


F(cx, a + to; 7; z) = (1 — z) 1 2a m F ( 7 — a — m, 7 — cr; 7; z) 

and apply formula 9.154 1 to its right-hand member, provided 7 — a — m > 0. However, if 
a — 7 — to < 0, the right member of this expression is a polynomial taken to the (1 — z) th power. 

If a, f3, and 7 are integers, the hypergeometric differential equation always has a solution that is 
regular for z = 0 and that is of the form 

Ri(z) + ln(l - z)R 2 (z), 

where Ri(z) and R 2 {z) are rational functions of 2. To get a solution of this form, we need to 
apply formulas 9.137 1-9.137 3 to the function F (a, /?; 7; 2). However, if 7 = —A, where A + 1 
is a natural number, formulas 9.137 1 and 9.137 2 should be applied not to F"(a,/3;7; 2) but to 
the function z x+1 F 1 (a + A + l,/3 + A-|-l;A-|-2,2). 

By successive applications of these formulas, we can reduce the positive values of the parameters 
to the pair, unity and zero. Furthermore, we can obtain the desired form of the solution from 
the formulas 

F(l, 1; 2; 2) = -2^ 1 ln(l - 2), 

F( 0, (3; 7; z) = F{a, 0; 7; 2) = 1 


MO 19-20 
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9.16 Riemann’s differential equation 

9.160 The hypergeometric differential equation is a particular case of Riemann’s differential equation 

1 — a — a' 1 — 0 — P' 

I T 

z — a z — b 

act' (a — b) (a — c) PP' (b — c)(b — a) 77 '(c — a)(c—b) 


l . 1 


dz 2 


1 - 7 - 7 ' 
z — c 


du 

dz 


-b 


( z — a) (z — b)(z — c ) 


= 0 


WH 


The coefficients of this equation have poles at the points a , b, and c, and the numbers a, a'; (3, P'; 
7,7' are called the indices corresponding to these poles. The indices a, a'; (3,1 3'; 7,7' are related 
by the following equation: 


a + a' + (3 + (3' + 7 + 7' — 1 = 0 


WH 


2 . 

3. 


The differential equations 9.160 1 are written diagramatically as follows: 

a b c 

a (3 7 z 
P' 7' 


u = P 


a 


The singular points of the equation appear in the first row in this scheme, the indices corresponding to 
them appear beneath them, and the independent variable appears in the fourth column. WH 

9.161 The two following transformation formulas are valid for Riemann’s P-equation: 


1 . 


2 . 



= P ■ 


k 

-k 


b c 

P — k — 1 7 + l 

p'-k-l i + l 


d\ b\ ci 

a P 7 Z\ 


WH 


WH 


The first of these formulas means that if 

u = P 

then the function 

Ul = 


a b 
a p 


a 


c 
7 

P' 7' 


z — a 
z-b 


z — c 
z-b, 


satisfies a second-order differential equation having the same singular points as equation 9.161 2 and 
indices equal to a + k, a! + k; p — k — l, P' — k — l; 7 + l, 7' + l. The second transformation formula 
converts a differential equation with singularities at the points a,b, and c, indices a, a'\ P, P'\ 7, 7', and an 
independent variable z into a differential equation with the same indices, singular points a±,bi, and ci , and 
independent variable z\. The variable z\ is connected with the variable 2 by the fractional transformation 
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2 = ir tt > 

The same transformation connects the points ai, b\, and ci with the points a, 6 , and c. 

WH, MO 20 

9.162 By the successive application of the two transformation formulas 9.161 1 and 9.161 2, we can 
convert Riemann’s differential equation into the hypergeometric differential equation. Thus, the solution 
of Riemann’s differential equation can be expressed in terms of a hypergeometric function. 

For k = -a, l = - 7 , and z x = {iZ^lc-a) ’ we have 


1 . 


u = P < a (3 7 z \ = 


a' f3' i 


z — a 
z-b 


z — c 

z-b 


z — a 

z-b 


z — c 
z-b t 


P 


a b c 

P { 0 (3 + a + 7 0 

a! — a (3' + a + 7 7' — 7 

00 1 

(z— a)(c— b) 

( z-b)(c-a ) 


0 

0 (3 + a + 7 0 

,a'-« [3' + a + 7 7' — 7 


MO 23 


Thus, this solution can be expressed as a hypergeometric series as follows: 


2 . 


w = 


z — a 

z-b 


z — c 
z-b 


F I q? + /3 + %qi + /3 / + , y;1H-q: — of \ 


/. (z-a)(c- 6 ) 


(2 — 6 )(c — a) 


4. 


ui = 


u 2 = 


U 3 = 


U 4 = 


z — a 
z-b 

z — a 
z-b 

z — a 

z-b 

z — a 
z-b 


z — c 
2-6 

2 — C 

2-6 

2 — C 

2-6 

— c 
~b 


1 + cy — o/; 


/. (c-6)(2-«) 


If the constants a, 6 , c; a, cd; /?, f3 7 , 7 ' are permuted in a suitable manner, Riemann’s equation remains 
unchanged. Thus, we obtain a set of 24 solutions of differential equations having the following form 
(provided none of the differences a — a! , (3 — (3 1 , 7 — 7' is an integer): WH, MO 23 

9.163 

1 . 

2 . 

3. 


F < a! + (3 + 7) 01 + (3’ + 7! 1 + ot — ot\ 


(c — a) (z — 6 ) 

(c — 6 ) (2 — a) 


(c — a) (2 — 6 ) 

F la + (3 + 7', a + [3’ + 7'; 1 + a — a'; y) -y 

l (c-a)( 2 - 6 ) 

(c — 6 ) (2 — a) 


F \ ot! + /? + ■'y 7 , g 7 + f3 r + -y; 1 + g 7 — g; 


(c — a) (2 — 6 ) 


9.164 

l. 10 

2 . 

3. 


u 5 = 


u e = 


U 7 = 


z-b 


z-b 


-b 


0 1 


z — a 


z — a 
z — c 


F •{ (3 + 7 + a, (3 + 7 ' + a; 1 + (3 — (3'\ yri r 

(a—b)(z — c) 

(a — c )(2 — 6 ) 


i* 1 /3 7 + "7 “I - Go ft H - / y 7 + g; 1 + (3 r — (3\ 


( a — b)(z — c) 


F •{ f3 + 7 + a 7 , f3 + 7 ' + c/; 1 + f3 — (3'\ | a _ _ c | 
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4. u 8 = 


z — c \ z — c 


F \ (3 r 'y H - ol ^ /J 7 ol + 1 + (3 f — j3\ 


(a — c)(z — 6) 
(a — b)(z — c) 


9.165 


1. Ug = 


2. itio — 


2 -c\ 7 / 2 - 6\ /3 f , , ( 6 — a) (z — c)'! 

z — aj \z — a ) ^ ( 0 — c)(z — a) J 

' z — c\ 7 / z ~b\ 13 f , , , , (b — a)(z — c) 

F<7 +a + /3,7 +a + /3; 1 + 7 - 7 ;^ 77 r 

K z — a J \z — a ) [ [b — c){z — a) 


3. tin = 


z - cX 1 f z-b\ f a < / 0/1 / (& - a)(z - c) 

F<7 + a + /3,7 + a +/3;l + 7-7; 7? ry r 

z — aj \z — a J (b — c)[z — a) 


4. u 12 = 


2 -c\ 7 fz-b 


z — a \z — a 


F \ 7 ' + a + f3 r , 7 ' + a' + j3'\ 1 + 7 ' — 7 ; 


(6 — a) (2 — c) 
(6 — c)(z — a) 


9.166 


1. U 13 = 


2. W14 = 


z — a \ z 


z — c \z— c 


z — a \ “ f z — b 


1 n - / (b — c)(z — a) 

y + /3; 1 + a — a ; — — 

(0 — a) (z — c) 


z — c \z — c 


^ F + 7“F/3)Ct + 7 H - f3\ 1 + ol — cr; 


(6 — c)(z — a) 
( b — a) (z — c ) 


3 - u 15 — 


z — a\ f z — b 


z — c \z — c 




/. (b-c)(z-a) 


( b — a) (z — c ) 


4. Ui 6 = 


z — a\ ( z — b 


z — c \z — c 


F \ ol + 'y + (3 r , ol + y/ + (3 r ; 1 + ol — cx] 


( b — c)(z — a) 
(i b — a) (z — c ) 


9.167 


1. «!7 = 


z — cX 1 ( z — a\ a f , , ( a — b){z — c ) 

f| 7 + /3 + «,7 + /3 + a ’ 1 + T'-T'’ (a _ c)(z _6) 


2- Ui8 — 


z-cXfz-aX f , , , , (a — b)(z — c) 

( 7 ^ 7 ) i7 { 7+l? + “- 7+|3+a;1 + 7 


3 . U19 — 


4. U20 = 


-b \ z — b 


F s 7 + /3 + a , 7 + /3 + ct ; 1 + 7 — 7' 


z — c\ J f z — a\ a f , , , , (a — 6) ( 2 : — c) ) 

— J (— J f{T + g + °.-r + g+ «;i+T-7; (a _ e)(z _ t) } 

z - cX 1 ( z - a\ a f , , , , , , (a — 6 ) (2 - c) 

F { 7 +^ + a ’^ + /3 + a;l + 7 -7; (a _ cKz _ b) 


9.168 


1. u 21 = 


2. U22 = 


2 - 6 y/ 2 -c \ 7 [ , , (c — a) (2 — 6 ) ) 

z — aj \z — a J [ {c—b)(z — a)) 

z ~ b \ l3 { z - cX 1 ( , , , , (c — a)(z — b) 

) ( ) Fs/3 + a + 7, /3+a+7;l + /3— /3; r 

z — a J \z — a J y ( c—b)[z — a ) 
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3. 


4. 


U23 = 


U24 = 


z-b 


z — a 


z-b 


z — a 


0' 


z — a 


z — c 


Fl/3 + a + y,f3 + a' + 7 '; 1 + /3 - ^ ^ 


F s p r ol 'y' ? ~\~ ol + ^ 5 1 + — /?; 


(c — b)(z — a) 

(c — a) (2 — 6 ) 


(c — b)(z — a) 


WH 


9.17 Representing the solutions to certain second-order differential equations using 
a Riemann scheme 

9.171 The hypergeometric equation (see 9.151): 

( 0 00 1 ] 

u = P < 0 a 0 z > WH 

[ 1-7 (3 'f-a- (3 J 

9.172 The associated Legendre’s equation defining the functions P™(z) for n and to integers (see 8.700 1): 

0 00 1 

1 - * I 

WH 


1 . 


2 . 


u = P { i?n n + 1 


bm 


. — 5 ?n — n — \m 


0 

b 

n + 1 


\m 0 


l 


1 — z 2 


WH 


9.173 The function P r ‘ 


1 — — j ) satisfies the equation 


4n 2 

b 


u = P l bm n + 1 bm 


WH 


— 2 to — n — \m. 


The function J m (z) satisfies the limiting form of this equation obtained as n — > 00 . 

9.174 The equation defining the Gegenbauer polynomials C„(z) (see 8.938): 

( — 1 00 1 

u = P — A n + 2A \ — A 2 
[0 -n 0 

9.175 Bessel’s equation (see 8.401) is the limiting form of the equations: 


1 . 


u = P 


0 

n 


00 

ic 


o + ic z 


WH 


WH 


2 . 


3. 


u = P 


r 0 

OO 

c 

1 n 

1 

2 

0 

l-n 

1 - 2 * c 

2ic — 1 

0 

OO 

c 2 

§n 

\i c ~ n ) 

0 

-|n 

— \ (c + n) 

n+1 


WH 


WH 


as c 


00 . 
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9.18 Hypergeometric functions of two variables 


9.180 


1. F^a,^,r,X, V ) = f. S ^ff^m^ x rn y n 

m=0 n—0 ' '/ m + n 




<i. Iz/I < i] 


EH I 224(6), AK 14(11) 


>| + \y\ < 1] EH I 224(7), AK 14(12) 


o Ti f ' a a' \ ' \ ' (ct)m (oOn (/3)m (/?0 n m n 

3. F 3 (a,a,0,0,r,x,y)= 2^2^ TTf ^ X V 

m=0n=0 V ljm+n 


>1 < i, \y\ < i] 


4. Fi{a,P,7,i\x,y) = ^ ^ (a) ro +»(/3 ) m +„ m ^ n [| \/x| + l^/t/l < l] 

(7)m(Y) n m!n! 


EH I 224(8), AK 14(13) 


EH I 224(9), AK 14(14) 


9.181 The functions Fi, F 2 , F 3, and Fa satisfy the following systems of partial differential equations 
for z: 


1. System of equations for z = F i- 

fF z z dz dz 

x(l - x )g^ 2 +y( 1 _ + fr- (<a + /3+ l)a;] ^ - Py-r^ - apz = 0, 

« {1 ~ y) U +x{1 ~ v) ik +b ~ (a+,, ' +1)y] ^~ 0 ' x ^~ alfz=o 

2. System of equations for z = F 2 ' 

1(1 - X) U - XV lLwy + 17 “ (“ + 13 + 1)x l If - - “4* = °. 

3. System of equations for z — F 3: 

1(1 “ x) U + y iPi + 17 - (o + 13 + 1)11 1 - al3z = °’ 
y' l -y ] w +x ^k + b - {cJ +!l +lWi %- a '^ =a 


EH I 233(9) 


EH I 234(10) 


EH I 234(11) 
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4. System of equations for z = Fa'- 

fp z cP z cP z r) z f)z 

EH I 234(12) 

fft 7 eft 7 eft 7 e)7 e)7 

V- 2l ^ + [y - ( “ + /,+ 1 ) » 1 av- ( “ + /S+1 >^-“' ,z = 0 

AK 44 


9.182 For certain relationships between the parameters and the argument, hypergeometric functions of 
two variables can be expressed in terms of hypergeometric functions of a single variable or in terms of 
elementary functions: 


1 . 

2 . 

3. 

4. 

5. 


6 . 

7. 


9. 


Fi ( a , (3, /?', (3 + /?'; x, y) = (1 - y) “ F [a,/3;/3 + (3'; j — - 

1 -y 


F 2 (a, (3, /3', (3, 7 '; x,y) = ( 1 - x) a F (a, /?'; 7 '; 


y 


1 — x 


EH I 238(1), AK 24(28) 
EH I 238(2), AK 23 
EH I 238(3) 


F 2 (a,f3,f3',a,a;x,y) = (1 - a:) 0 {l - y) ,J F (j3, (3'\ a; ^ ^ 

F 3 («, 7 - a, 13, 7 ~ (3, 75 a, y) = (1 “ y ) Q+/3-7 F(a, /?; 7i a + y - xy) EH I 238(4), AK 25(35) 

F 4 (a, 7 + 7 7 - « - 1, 7, 7'i x{l - y),y{ 1 - x)) 

= F (cr, 7 + 7 ' - a ^ 1; 7 ; x) F (a, 7 + 7 ' - a - 1; 7 '; y) 

EH I 238(5) 


Fa ya,f3,a,/3; - 
Fa ( a, (3, (3, (3; - 


-y 


(l-x)(l-y)’ (l-x)(l-y) 
x y 


(1 - x)P{l - y) c 


EH I 238(6) 


(1-^(1 ~y)' (i-a:)(l-y) 
Fa ( a, (3 , 1 + a — (3, (3\ - 


(1 - xy) 

= (! - x) a (l - y) a F (a, 1 + a - /?; /?; xy) 

EH I 238(7) 


x y 

(1 — x )(l — y) ’ (l-x)(l-y) 

= (1 ~y) a F 


a, (3; 1 + a — j3\ — 


K 1 - y) 

1 — x 

EH I 238(8) 


1 1 


2 ’ ” 2 


Fa ( a,a+ ^,7, ^',x,y ) = ^ (1 + s/y) 2 “ F a, a +^7; 


2 (1 + VvY 


+ 0 ( l ~Vy) 2a F a,a + — ; 7 ; 


2 (1 -VvY 


AK 23 


Fi (a, (3, f3',r, x, 1) = ^(7) r (7 ol — f3_) p . _ ^ ^ 

r( 7 -a)r( 7 -/? / ) 


10 . 


EH I 239(10), AK 22(23) 
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9.183 


11. Fi(a,f3,/3',r,x,x) = F(a,/3 + EH I 239(11), AK 23(25) 

9.183 Functional relations between hypergeometric functions of two variables: 

1. Fi (a,P,P',r,x,y) = (1 - x)~ 0 (l - t/)' ,J Fi (j-a,P,P',r, — t, — 

V x- 1 y- 1J 

EH I 239(1) 

= (! - x)~ a Fi (a,-y- f3- P',P',r, — — r> y — 

\ x — 1 1 — X J 

EH I 239(2) 

= (! - y)~ a Fi (a,/3,7- P-P',r, - — j, 

v y-1 y-1) 

EH I 239(3) 

= (! - a;) 7_ “ _/3 (l - yy 0 ' Fi ^7 - a , 7 - fi - p',p',r,x, y) 

EH I 240(4) 

= (! - x)- 0 (l - yy~ a ~ 13 ' Fi ^ 7 - a,/3,7~ P~ P',T, )rz{ 

EH I 240(5), AK 30(5) 




9.185 


Hypergeometric functions of two variables 


1021 


9.184 Integral representations: Double integrals of the Euler type 

r(7) 


1 . Fi{a,P,P',r,x,y) = 


4 . 


R(P)T(0)T (7 -p-0) 

x ll uP~ x v^ -1 (1 — u — -1 (1 — ux — vy)~ a dudv 


a>0,v>0 
u + v<l 


2 . F 2 (a,P,P', r r, / y'-,x,y) = 


[Re P > 0, Re 0 > 0, Re (7 - P - 0) > 0] EH I 230(1), AK 28(1) 

r(7) r (t 7 ) 


r(/3) r (0) r( 7 - p)r (y - 0) 

x f f uP-'vP'-'il-uy-P-'il-vy'-P'-^l- ux-vy^dudv 
Jo Jo 

[Re P > 0, Re 0 > 0, Re (7 - 0) > 0, Re ( 7 ' - 0) >0] EH I 230(2), AK 28(2) 


3 . F 3 (a,a',p,0,r,x,y) 


r(7) 


r(/3) r (0) r (7 - /? - Y) 

tZ-V'-Yi- 

>0,v>0 v 

li+D<l 

[Re P> 0, Re 0 > 0, Re (7 - P - 0) > 0] EH I 230(3), AK 28(3) 


x / / u 13 1 v f} 1 (l — u — v) 7 0 & 1 (1 — ux) “(1 — vy) “ dudv 

u>o,v>o y \ \ y/ 

u-\-v< 1 


Fa (a, P, 7 , 7 '; x(l -y),y{ 1 - x)) 

r( 7 )r( 7 ') 


1 r i 




r(«) r(/3) r( 7 - a) r (y - p) J 0 J 0 

x (1 — ux) a ~' 1 ~ 1 +1 (1 — vy) ,3 ^ 1 ~' y +1 (1 — ux — vy) 1+1 d uc [ v 

[Re a > 0, ReP > 0, Re (7 — a) > 0, Re ( 7 ' — /3) > 0] EH I 230(4) 


9.185 Integral representations: Integrals of the Mellin-Barnes type 

The functions F 1 , F 2 , F 3 , and Fa can be represented by means of double integrals of the following 
form: 

rw r io ° r°° 

F(x,y) = YFmv 9 72 / / 'h(s,f)r(-s)r(-t)(-a;) s (-t/) t (is(it 

T{a)T(p)(2myj_ ioo J_ ioo 
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9.201 


T(s,<) 

F(x,y) 

r(Q + s + 1) r(/? + s) r (/^ + 1) 
r (P') r ( 7 + s + 1 ) 

F\ (a,P,P' ,r,x,y) 

r(ct + s + 1) r(/3 + s) r (/3 r + 1) r ('■/) 
r (P') r ( 7 + s) r (y + 1 ) 

F 2 (a, P,P', 7 , 7 '; x, y) 

r(a + s) r (a' + t) T(P + s) T (/T + t) 

r («') r (/?') r ( 7 + s + t) 

F 3 (a, a', P,P' , r,x, y) 

r(a + 5 + 1 ) r(/? + 5 + t) F ('y / ) 
r ( 7 + s) r ( 7 ' + 1 ) 

Fa (a, P, 7 , 7 '; x, y) 

[a,a',P,P' may not be negative integers] 

EH 1 232(9-13), AK 41(33) 


9.19 A hypergeometric function of several variables 

Fa {a-, Pi,..., Pn, 71, . . . , 7„; 2i, . . . , z n ) 


oo oo oo 

= ££■•■£ 

mi=0m2=0 m n —' 


\-ra n (Pi) m\ (Pn) mn 

(7i) mi ' ' ' (7n) m „ m i! ‘ ‘ ‘ m n \ 


y rn 2 

z 2 


• • Z. 


m n 

n 


ET I 385 


9.2 Confluent Hypergeometric Functions 

9.20 Introduction 


9.201 10 A confluent hypergeometric function is obtained by taking the limit as c — > oo in the solution 
of Riemann’s differential equation 


u = P 


9.202 The equation obtained by means of this limiting process is of the form 



WH 



Equation 9.202 1 has the following two linearly independent solutions: 

2. 2 §+M e - 2 <£ (l + ^ ^ 2/z + 1; z) 

3. z^~ lJ 'e~ z d> (| — (i — A, — 2/j, + 1; z) 


which are defined for all values of 


MO 111 
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The functions 4>(q:,7;z) and ^(ct, 7 ; z) 
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9.21 The functions $(o:, 7 ;z) and ^ (a, 7 ; z) 

9.210 10 The series 


1. 


2 . 

3. 


, . . „ az a(a + 1 ) z 2 a(a + l)(a + 2 ) z 3 

1'( a ,7;.) = i + - T T + ^ Tlyg + 7(T+1)(7 + 2) 3 [ H 

is also called a confluent hypergeometric function. 

A second notation: 4>(a, 7 ; z) = \ Fi (a; 7 ; z). 

T(a, 7 ; 2 ) = — — — 4>(a, 7 ; z) + ^ ^ z 1 " 7 ^- 

T(a - 7 + 1 ) T(a) 

Bateman’s function k ;/ (x) is defined by 


7+1,2 


7 ; z) 


2 r /2 

k„(x) = — cos (a; tan# — j/6) dd [x, v real] 

n Jo 


9.211 Integral representation: 


1. <h(a,7;z) = 


2 i-7 e 5^ n 


B(a, 7 — a) 


[0 < Re a < Re 7 ] 


1 


2 . 4 >(a, 7 ;z) = -z 


y [ e t t a ~ 1 {z — ty 
Jo 


Jl— 7 / _ ^7-a-l dt 

B(ct, 7 — a) ~ 7 0 


[0 < Re a < Re 7 ] 


T(a+1) 


3. 4>(— v, a + 1; z) = ^ " v ~" " / ,, e z z 2 / e t t v+ 2 J a (2\/zt\ dt 


r(a + ^ + 1) 


Re(a + z 2 + 1) > 0, |argz| 


1 f 00 

4 . 8 +(a, 7 ;z) = — -/ e" 2 ** 0 " 1 ^ + t ) 7 " 0 " 1 dt 

r (a) Vo 


[Rea > 0, Rez > 0] 


Functional relations 

9.212 

1 . 4>(a, 7 ; z) = e 2 $(7 — a, 7 ; — z) 

% 

2 . - 4>(a + 1, 7 + 1 ; z) = 4>(a + 1 , 7 ; z) — 4>(a, 7 ; z) 

7 

3. a 4>(a + 1 , 7 + 1; z) = (a — 7 ) 4>(a, 7 + 1; z) + 7 4>(a, 7 ; z) 

4. a 4>(a + 1, 7 ; z) = (z + 2a — 7 ) <I>(a, 7 ; z) + (7 — a) 4>(a — 1, 7 ; z) 

fj (T) rv 

9.213 — = -$(a + l, 7 +l ;z) 

az 7 

I ( Ct ~ I - 77, \ 

9.214 lim — — $(a, 7 ; z) = z n+1 I 4>(a + n + 1, n + 2; z) [n = 0, 1, 2, . . .] 

7-+-«i (7) \ n + 1 / 


EH I 257(7) 


EH I 267 


MO 114 


MO 114 



MO 115 
EH I 255(2) 


MO 112 
MO 112 

MO 112 
MO 112 

MO 112 
MO 112 
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9.215 


9 . 215 10 

1. 4>(a, a\ z) = e z MO 15 

2. <f>(a, 2a; 2^r) = 2 a_5 ex p [A(l — 2a)7rf] T (ct + §) e z z^~ a J a _ i (xe^ 1 ) MO 112 

3. $ (p + |,2p+ l;2ij) = T(p+ 1) e lz J p (z) MO 15 

For a representation of special functions in terms of a confluent hypergeometric function <f>(a,7; z ), see: 


• for the probability integral, 9 . 236 ; 

• for integrals of Bessel functions, 6.631 1 ; 

• for Hermite polynomials, 8.953 and 8 . 959 ; 

• for Laguerre polynomials, 8.972 1; 

• for parabolic cylinder functions, 9 . 240 ; 

• for the Whittaker functions 9.220 2 and 9.220 3. 


9.216 The function <h(ct,7; z) is a solution of the differential equation 


1. 

2 . 

3. 


d 2 F , ' dF n 

z ~T2 + ( 7 - 2 )- aF = 0 

dz z az 

This equation has two linearly independent solutions: 


$(a,7; z) 

z 1-7 $(a — 7 + 1, 2 — 7; z) 


MO 111 


MO 112 


9.22-9.23 The Whittaker functions M\^(z) and W\ 4 ,(z) 

9.220 If we make the change of variable u= e~%W in equation 9.202 1, we obtain the equation 


1. 

2 . 

3. 11 

4. 


d 2 W 

Itz 2 ^ 


1 A 

' 4 + z 


1 _ 

4 L L 


w = 0 


MO 115 


Equation 9.220 1 has the following two linearly independent solutions: 

M\ tli (z) = z^ + 3 e -z/2 $ (/x- A+ 1 , 2 / 4 + 1 ; z) 

M X - P {z) = z~^ + ^e~ z/2 ^ (-n- A+ §,-2/x+l ;z) MO 115 

To obtain solutions that are also suitable for 2/4 = ±1, ±2, . . . , we introduce Whittaker’s function 


WxA*) = 2/i) yy M^(z) + ^ 


r(§-/4-A) 


r (§ + /t - a) 


M\-n(z) 


WH 


which, for 2/x approaching an integer, is also a solution of equation 9.220 1. 

For the functions M\^(z) and W z = 0 is a branch point and z = 00 is an essential singular 
point. Therefore, we shall examine these functions only for |arg,z| < ir. 

These functions W x lfl (z) and W -\^{—z) are linearly independent solutions of equation 9.220 1. 



9.226 


The Whittaker functions and Wx,/j,(z) 
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2^+3 


Integral representations 

9.221 M\ u (z) = — 7 

if the integral converges. See also 6.631 1 and 7.623 3. 

9.222 


^ f (i + ty- x ~^{i-ty +x -^e^ zt dt, 

2 )J -1 


WH 


l . 11 W x ^(z) = 




r (/t — a + 5 


i /*oo 

Yy/ e -^ t M-A-i(i + i )M+A-i df 

2) Jo 


Re(/t — A) > — i, |argz| < 


2 J 


2 . = 


^A e -3/2 t \ 

t M A 2 e ( 1 + - j 


r (^ - a + i) y 0 


/x+A— ^ 


dt 


[Re(/x — A) > — 5, |argz|<7r 


MO 118 


WH 


e 2 f x °° r(u — A) r (— u — fi + r (— u + n + |) 


1 du 


9.223 W\Jz)=-—i . ... 

2tt* J ~ioo r (—A + /t + 2) r ( _ a — /x + 2) 

[the path of integration is chosen in such a way that the poles of the function r(u — A) are separated from 
the poles of the functions T (— u — fi + |) and T (— u + fi+ |).] See also 7.142. MO 118 


/*oo /*oo 

9.224 W ^i +tl {z) = z^ +1 e~^ z i (1 + t) 2,i e~ zt dt = z~^e^ z t 2p e _t dt [Re 2 > 0] 

’ 2 Jo Jz 


WH 


9.225 


f°° t 

1- W x,^(x) W-x,^) = -a; / tanh 2A - { J 2m (zsinht) sin(/z - A)7t 

Jo 2 

+ y 2 /i (zsinht) cos(/x — A)7t} dt 

[|Re/t| — Re A < 5; x > 0] MO 119 

(■ ziz 2 Y + 5 exp [-§ (21 + z 2 )\ 


2. ^ (*i) ( z 2 ) = 


0 = 


t ( Z\ + 02 + t) 
(Zi + t) (Z 2 + t) 


T(1 - K- A) 

pOO 

x / e~H~ K ~ x Oi + t) - ^-^ + 

Jo 

xf(^-K + /i,^-A + /i;l-K-A;0) dt 

[zi^O, £2^0, |arg zi | < 7t, |arg 22 1 < 7t, Re(« + A) < 1] 

MO 119 


See also 3.334, 3.381 6, 3.382 3, 3.383 4, 8, 3.384 3, 3.471 2. 

9.226 Series representations 

{ °° 2k \ 

1 + ^ 2 ^fc!( At + l)( M + 2 )...( A t+fc)J 


WH 
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9.227 


Asymptotic representations 

9.227 7 For large values of \z\ 

( OO 

W x ^{z) ~ e~ z ' 2 z x 1 + ]T 


M 2 -(A -|) 2 M 2 — (A — f ) 2 ... m 2 -(A -fc+§) 


fc=i 


k\z k 


[|arg^| < 7r — ct < 7r] 


9.228 For large values of |A| 

M \^(z) ~ — ^T(2/.i+ l)A“' i_s 2; 1 / 4 cos ^2\/Az — — -7t^ 

9.229 


'4z' 

1. WV--I-) e 


-A+Aln A 


2. W- 




A 

(s) 


sin 


z — Xtt 

4a 


4 e A-Aln A— 2 v / Az 


Formulas 9.228 and 9.229 are applicable for 

|A| > 1, |A| » \z\, |A| > |/z|, z^O, |argy^| < ^ and |arg A| < 


WH 

MO 118 

MO 118 

MO 118 

MO 118 


Functional relations 
9.231 


i jit , (■?) = Cl ( Z n+2fi p~ z ) 

n +»+sA z ) (2n + l)(2ii + 2)...(2^i + n)dz n[ > 

[n = 0,1,2,...; 2/r ^ —1, —2, —3, . . .] 




MO 117 

2. 

z-i~» M x ^(z) = {-z)-i~» M-xA-z) [2/i 7^ -1, -2, -3, . . .] 

WH 

9.232 



1 . 

WxA z ) = w ^( z ) 

MO 116 

2. 

w -**<-> - r « - '1 A) + r A ) 



[|arg(-^)| < |t r] 

WH 

9.233 



1 . 

"»-<*> = r 2 - a + « " r — ^ + r 2 Ta + 1) “ P [ " (A ' " ' 

[ — §7r < arg z < \tt\ 

1)] 

2^ -1,-2,...] 

MO 117 

2. 

u - r 2 - r+1) ^ + r + » “■> H* < A - 

[ — §7r < arg z < §7r; 

M — 1)] ^A,^) 
2 M ^ -1,-2,...] 


MO 117 
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The Whittaker functions and Wx^(z) 
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9.234 Recursion formulas 

1. W^(z) = VzW x _ hfX _ h (z)+^ + n-\) Wx-xAz) 

Wx^(z) = \fz R7 a _i m+ i (z) + (I - \x - A) W X -\,A Z ) 


2. 11 

3. 


4. 


5. 


z JZ W *A Z ) = (A - \ z ) w xA z ) ~ M 2 -( a -|) 2 W'a-i.mW 


/r + 


1-0 


W^A,p(z) - z— W xA z ) 


(+ + 5 + A) 

1 + 0 
/*■* 


Wa,/x+i( 2 ) + 0^3 W r A,^+l(^) 


WH 

WH 

WH 


(/x + A - A) 

MO 117 


(| + A + /x) (^ + A + /x) 0 WxA z ) — 0(0 + 2/x + 1) — 1 +a+i,/j+i(z) 


+ [5 z 2 + (/x — A — 0 + 2 /x‘ + 2/x + Aj fb A+liAi+ 1 (0) 

MO 117 


Connections with other functions 

9.235 


1. 

MoA z ) = ^ r(/x + 1) (1) 

MO 125a 

2. 

"'...W = f-K, (1) 

MO 125 

9.236 

1. 


WH, MO 126 

2. 

11 ( 0 )= W_ 1 0 ( In 0 ) 

WH 

3. 

r(a, a;) = e _s ^(1 — a, 1 — a; x) 

EH 1 266(21) 

4. 

x a 

7 (a, x) = — ^(o, a + 1; — x) 
a 

EH 1 266(22) 

9.237 

1. 

2 m+5 P -|2 

W1 ^ ^ TV 

r U -A t -A)r( 5 +M-A) 



X jE F + fc)j ^ ** [^( fe + X ) + + k + 1 ) - + (/x + fc - A + A) - In 0] 

+ (-,)-»»■ '£' r(2M-t)r(t-„-A + i) ( )t 

fc=0 

[|arg 0 | < §7r; 2/x + 1 is a natural number] MO 116 
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9.238 


2 . 

Set A — p, — 5 = l, where l + 1 is a natural number. Then 


3. 

W l+p+ 1 ,„(z) = (-l) , ^+»e-»*( 2 / i + l)( 2 /z + 2 ) • • • ( 2 /z + l) $(-/, 2p + 1 ; z) 




MO 116 

9.238 



1 . 

•/„(x) = + ^x^e (2 + ^ 1 + 2 i/; 2 *x) 

EH 1 265(9) 

2 . 

d,y(x) = ^ + 1 ) x v e x <f> ( \ + v, 1 + 2v\ 2x) 

EH 1 265(10) 

3. 

K v (x ) = v / 7 re _a: ( 2 x) ly it (| + i/, 1 + 2v\ 2x) 

EH 1 265(13) 


9.24-9.25 Parabolic cylinder functions D p (z ) 


9.240 M)=2i + 5ff U£ _i 2 

y V 7 4 ' 2 ’ 4 


= 22 e 4 



- 1/2 


. p 1 z 2 \ \/2nz /l— p 3 z 2 ' 

I t — — <f> 

r ( - 


H) 


MO 120a 


are called parabolic cylinder functions. 


Integral representations 
9.241 


i 2 r°° 

1. D p (z)= —2 p+ h~^ pi e^ x p e~ 2x +2ixz dx 
V7T J —oo 


2 - ^(*)- r( _ p )_ 


-P - 1 dx 


9.242 


1. 1U 0 P (*) = - 


r(p + i) 


n(0+) 


pv ~' 2 tt* 


2 . £> p (*) = 25 (p- x ) 


i( P -i) r (I + 1 ) /' (_1+) 


Z7T 


Rep > —1; 

for x < 0, arg x 

P = p7Tz] 



MO 122 

Rep < 0] 

(cf. 3.462 1) 

MO 122 

|arg(-<)| < 

7t] 

WH 

t)^ p ~ l) dt 



l ar g z \ < ^ 

|arg(l + t)\ < 7 r 

WH 


3 - ^ = 2^ 6 


i /■~ i r(|t-| P )r(-t) / /-v-p-2 


r(-p) 


K 


z l dt 


[|argz| < j7r; p is not a positive integer] WH 



9.246 


Parabolic cylinder functions D p (z) 


1029 


4. D p {z) = 


^ r(Q-) r(lf-lp)r(-t) ( V 2 ) t - p - 2 

2m .L T(-p) l V ) 


[for all values of argz; also, the contours encircle the poles of the function T(—t), but they do not encircle 
the poles of the function T — \p)\. WH 


9.243 


1. DJz)=(- 


(*)= (-1)** (|) 1/2 (Vn) n+1 ei z2 -i n | J g-^-i) 2 ^ (,^ n ) dt 

+ f°° UK'-Of"-^- 1 ) 2 ] cos (zt^n) dt- e _ri ( t_1 ) 2 cos (^) 

Jo L -I sin 7.^ sm 


[n is a natural number] 


2. D n {z) = (-l)>*2 n+2 {2Tr)- 1/2 ei z * [ °° t n e~ 2t 2 C ° S (2*i) dt 

J o sm 

Ti 

[n is a natural number, /j = — , and the cosine or sine is chosen accordingly as n is even or odd] 


9.244 


e -nr r 00 e -»* z x p 

1. £-p-i[(l + t)z] = ^ [Rep > — 1, Re(i*)>0] MO 122 

2T~ 1 [h^-)Jo (1 + ar) 2 


2. £>„[(! + »)*] = 


r(-l). 


3 2 (X + 11 2 

e~i zx - E dx [Rep < 0; Re (zz 2 ) > 0] MO 122 




See also 3.383 6, 7, 3.384 2, 6, 3.966 5, 6. 
9.245 


1 “ - -£f (0 


[x is real, Rep < 0] 


2. Up (te^ 1 ) Up (ze = — -}■ — - / coth p fexp 7-sinh2f N j — 

f C P) do V 2 /si 

|arg z\ < 


arg 2 1 < — ; Rep < 0 


See also 6.613. 

9.246 Asymptotic expansions. If |z| 1 and |z| |p|, then 

i n P(P-1) , P(P~ 1)(P- 2)(p- 3) 


1 . D p {z)~ e -^z p 1 - 


2 • 4z 4 


2. 11 D p {z)~ e~ z2/4 z p (l- 


Jarg z\ < 1 7 r 


P(P-1) , p(p-1)(p-2)(p-3) 


r (-p) 


o pKi e z 2 /4 z -p-l x + 


2-4z 4 


(P+ l)(p + 2) (p+ l)(p+ 2)(p+ 3)(p + 4) 

2z 2 + 2 • 4z 4 


|tt < arg 2 : < |tt 


MO 122 


MO 122 


MO 121 


MO 121 
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9.247 


3. 11 D p (z) ~ e“ z2/ V ^1 - 


p(p- 1) Pip- 1)(P- 2)(p- 3) 

2z 2 


^ :e -v^ e z 2 /i z - P - 1 | ! + 


r(-p) 


2 • 4z 4 

0 + 1)0+ 2) Q + l)Q+2)(p + 3)Q + 4) 
2z 2 2 • 4z 4 

[-j7t > arg 2 > — f tt] 


MO 121 


Functional relations 

9.247 Recursion formulas: 


1. 

2 . 

3. 


D p+ i(z) - zD p (z) + p Dp-i(z) = 0 
d „ , . 1 

2 


— D p (z ) + -zDp(z) -pD p -i(z) = 0 


jZ D p (z) - ^zDp(z) + D p+1 (z) = 0 


9.248 Linear relations: 

r(p + i) 


1. !>„(*) = 


\/2tt 


t/2 H_ p _i(zz) + e -^/ 2 


= e 


- d p {— z ) + f ^ e - 7 ^ +1 > i / 2 




2i+P/ 2 

9.249 10 D p [(l + i)x] + £> p [— (1 + i)ar] = ^ ^ exp 


(a: 2 + p 


J cos xt 
t'P +1 ( 


2 'Ut 


[x real; — 1 < Rep < 0] 


9.251 10 D n (z) = (-l)™ e * 2 / 4 ^ (e"* 2 / 2 ) [n = 0, 1, 2, . . .] 


9.252 D p (ax+by) = exp 


dz 7 
(bx — ap) 2 


vO 2 + b 2 


k = o 


WH 

WH 

MO 121 


MO 121 


MO 122 

WH 

k 


Dp-k (\/a 2 + 6 2 x) Hfc (V a 2 + b' 2 yj 


[a > b > 0, x > 0, y > 0, Rep > 0] 


“summation theorem” 


b 
a 

MO 124 


Connections with other functions 

9.253 11 D n (z) = 2-5 e -T H n ^ 

9.254 


MO 123a 


MO 123 


MO 123 
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9.255 Differential equations leading to parabolic cylinder functions: 

dPu ( 1 z 2 \ 

L dP 2 + \ P + 

The solutions are u = D p (z), D p (—z), D- p -i(iz), and D- p _i(—iz). 
(These four solutions are linearly dependent. See 9 . 248 .) 


+ (z 2 + A) u — 0, 


cPu du 

dz^ + Z dz +{p+1)u = 0 ' 


u = D_ 1 + iA [±{l + i)z] 

EH II 118(12, 13)a, MO 123 


D p (z) 


MO 123 


9.26 Confluent hypergeometric series of two variables 


9.261 


I- 6 *i(a,/?,7 ,x,y)= £ i “\ m+n{ ® m } x"'y n 

(Vm+nmW. 


[M < 1] 


EH I 225(20) 


2 


EH I 225(21)a, ET I 385 


3. * 3 (/?,7 ,x,y)= E {P)m x m y n 


EH I 225(22) 


The functions dq, <4*2, 4*3 satisfy the following systems of partial differential equations: 

9.262 

1. z = 4>i (a, (3, 7, x, y) 


EH I 235(23) 


z z dz dz 

X (1 - X ) + 2/(1 - x) + [7 - (a + (3 + l)x] -f - - Py - afdz = 0, 


'Ox dy 


d 2 z d 2 z .dz dz 

v W + x aidy + { ''~ y) ay~ x a;r az = 


z = $2 {P,P',7,x,y) 


EH I 235(24) 


d 2 z d 2 z . dz 

x a^ + y a^a y + h ~ x) di~ /3z = 0 - 

d 2 z d 2 z dz , 

+ K1 - - p z = 0 

dy z dx dy dy 
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Meijer’s G-Function 


9.301 


3. z = ^ 3 (P,j,x,y) 


EH I 235(25) 


d 2 z d 2 z 

X dx 2 ^ dx dy 
d 2 z d 2 z 

^ dy 2 X dx dy 


( 7 -x)g-^ = o, 

dz 

1 !h- Z = 0 


9.3 Meijer’s G-Function 

9.30 Definition 


9.301 Gp’q I x 


CL \ , . . . , dp 

b ll ...,b q 


1 

2tt i 


n r % - s) n r (! - «i + s ) 

3 = 1 3=1 


-a; s ds 


n r c 1 - b i + s ) n r ~ s ) 

j=m -\- 1 j=n+l 

[0 < m < q, 0 < n < p, and the poles of T ( bj — s ) must not coincide with the poles of T (1 — Ofe + s) 
for any j and k (where j = 1, . . . ,m; k = 1,. . . ,n]). Besides 9.301, the following notations are also 
used: 


G 


pq 


Gpq n {x), G{X) 


EH I 207(1) 


9.302 Three types of integration paths L in the right member of 9.301 can be exhibited: 


1. 


2 . 


3 . 


The path L runs from ^oo to +oo in such a way that the poles of the functions T (1 — afc + s) 
lie to the left, and the poles of the functions T (bj — s ) lie to the right of L (for j = 1,2 ,m 
and k = 1, 2, ... , n). In this case, the conditions under which the integral 9.301 converges are of 
the form 

p + q<2(m + n), |arga;| < (m + n - \p — \q) n. EH I 207(2) 

L is a loop, beginning and ending at +oo, that encircles the poles of the functions T (bj — s) (for 
j = 1, 2, . . . , m) once in the negative direction. All the poles of the functions T (1 — au + s) must 
remain outside this loop. Then, the conditions under which the integral 9.301 converges are: 

q > 1 and either p < q or p = q and \x\ <1. EH I 207(3) 


L is a loop, beginning and ending at — oo, that encircles the poles of the functions T (1 — au + s) 
(for k — 1,2, ... ,n) once in the positive direction. All the poles of the functions T (bj — s) (for 
j = 1,2 , ... ,m) must remain outside this loop. 

The conditions under which the integral in 9.301 converges are 

p > 1 and either p > q or p = q and \x\ >1. EH I 207(4) 


The function G™ q 



is analytic with respect to x: it is symmetric with respect to the 


parameters a\,...,a n and also with respect to a n+ 1 , . . . , a p \ b\, . . . , b rn ; b m+ 1 , . . . ,b q . 


EH I 208 



9.304 


Functional relations 
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9.303 11 If no two bj (for j = 1,2, ... ,n) differ by an integer, then, under the conditions that either 
p < q or p = q and |x| < 1, 

m n 

m n r ( 6 f -^)n r ( i+6 ' i_a j) 

= j=i j=i 


r*mn I 

U pq I J' 


J>h 


h= 


1 n r (l + bh-bj) n r {a,j — bh) 

j=m -\- 1 j=n -\- 1 


x pFq- 1 


1 + bh — tii, • ■ • > 1 + bh — a p \ 1 + bh — bi, . . . 
1 + b h -b q ; (_ 


EH I 208(5) 

The prime by the product symbol denotes the omission of the product when j = h. The asterisk in 
the function p F q ~ i denotes the omission of the h th parameter. 

9.304' If no two ak (for k = 1,2, ... ,n) differ by an integer then, under the conditions that q < p or 
q = p and \x\ > 1, 


/- 1 -rnn 
^ pq I 


= E 


II T(a h - aj) J! T (bj -a h + l) 


3 = 1 


3 = 1 


r a h -l 


h— 


1 n r - ah + x ) n r ( ah - ? h) 

j=n -\- 1 j =771+1 


X qFp - 1 


1 + b\ — ah , . . . , 1 + b q — ah', 1 + ai — a/t, . . . 

1 + a p -a h ', (-iy-™- n x~ l \ 


EH I 208(6) 


9.31 Functional relations 


If one of the parameters aj (for j = 1,2, ... ,n) coincides with one of the parameters bj (for j = m + 
1, m + 2, . . . , q), the order of the G - function decreases. For example, 


1. 


2 . 



CL \ , ? CLp 

bq— 1, Ol 


= G 


m, n— 1 

P-1,9-1 


tt2 , * • * 5 Q-p 
6i, . . . , & 9 _i 


[n,p,g > 1] 

An analogous relationship occurs when one of the parameters bj (for j = 1,2, . .. ,m ) coincides 
with one of the aj (for j = n + 1, ... ,p). In this case, it is m and not n that decreases by one 
unit. 


The G-function with p > q can be transformed into the G-function with p < q by means of the 
relationships: 



EH I 209(9) 
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Meijer’s G-Function 


9.304 


3. 


4. 


5. 


r — r mn I T 
dx Upq 1 


n m+\,n 
^p+l^+l 1 ^ 


z Gpq I « 


= G£" I a: 


ttl 1 , tt2 1 * • * 5 

bi,...,b q 


+ (ai — 1) G I 


[n > 1] 


a p , 1 - r 
0,b 9 


) = (-irc^++i (* 


1 — r, a p 

kg, 1 


[r = 0,1,2,...] 


= G™‘ I * 


s.p -F k 

b g + k 


EH I 210(13) 

MS2 6 (1.2.2) 
MS2 7 (1.2.7) 


9.32 A differential equation for the G-function 


mn I rr 
WOO l X 


satisfies the following linear (/-order differential equation: 


(-i) f 


: n ( x iL ~ a j +i ) - n ( x 4z - 


3 = 1 


1=1 


y = 0 \p<q] 


EH I 210(1) 


9.33 Series of G-functions 


G™q ( Acc 


d 1 5 • • • 5 dp 

b\ i ? bq 


= ^'Es (1 “ A)r G; 


r— 0 


= A *' Ss< A - 1 ) rG i 


r— 0 


Q-i 5 ... 5 Cip 

bi + r, 62 , • • • , b q 

[|A — 1 1 < 1, to > 1, if to = 1 and p < q, A may be arbitrary] 

EH I 213(1) 

1^. vrtv, ( | (Zl , . . . , dp 

bl,..^bq-!,bq+r 

[m<q, | A — 1 1 < 1] 

EH I 213(2) 

d\ r, a- 2 , ... , dp 

bl,...,bq 

[n> 1, Re A > 2 , (if n = 1 and p > q, then A may be arbitrary)] 

EH I 213(3) 

d \ 5 ... 5 dp— 1 , dp T 

bl, • • • , bq 

[n < p, Re 7 > |] 

EH I 213(4) 




r — 0 


1/1 

= A a P -r^_f __1 ) GZ n [x 


r — 0 


! V A 


For integrals of the G-function, see 7.8. 

9.34 Connections with other special functions 


1 . J v {x)x^ = G 02 ~ 1 x 


2 IS + 2 p, 2 A 4 2^ 


2 . Y„(x)x» = 2»G 


\p- \v,\p,+ \v,\n- \v~ 


EH I 219(44) 
EH I 219(46) 



9.304 
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3. K v {x)x ,i = G 


-1 ^ 20 
02 


b*+\v, 5 a* — \y 


= 2 M G 13 7 a; 2 


4. K v (x) = e^-v/TrG 2 ® ( 2a; 


5. 


6 . 


7.' 


2 

Z', — Z/ 

I + 5 ^+ 


\ + 5^+ §/b h u > £/*+ 1" 


“ 2M 4 1 ' 


I + 

§ + §/*» 


/ , x r(c)x I, , 

2 Fi(a, b\ c; -a;) = G 22 I z 


—a, —b 
-1, -c 


(&!> • • • 5 %>5 ^1 > * * * j — j— rp 


nk£M G „ , * 

rij = i r (oj) Gp,9+1 

nk r fe) r p, 1 
m= 1 r(a j ) G9+1J ’V * 


1 til , , 1 dp 

0, 1 -&!,..., l-6g 

1,61,..., 6, 

ttl ? ••• 5 CZp 


9. W^mOr) = 


2 fc 1 /a;e2 J 


^40 

G 24 ~r 


l - lb 5 _ it. 

4 2 ’ 4 2 

5 + |m, 5 — \m, \m,—\m 


EH I 219(47) 
EH I 219(49) 
EH I 220(51) 

EH I 220(55) 
EH I 222(74)a 


EH I 215(1) 
EH I 221(70) 


9.4 MacRobert’s ^-Function 

9.41 Representation by means of multiple integrals 

771 / \ (ttq+l) 

E (p; a r : q; g s : x) = — — r 7 

T ( Qi - a 1 )T{Q 2 - a 2 ) ■ ■ F [Q q - Ctq) 

Q /*oo P—Q— 1 /*oo 

1 

X 


Sf poo ^ v -*■ poo 

n / A^- 1 (1 - d\, n / dX q+v 

/i=l"'° 17=2 -'° 


x / e Ap A" p 1 

J 0 


1 + 


Ao+2A, 


g+2A g +3 ' ■ ' Xp 


-a q+ i 


d\ v 


(1 + Ai) •••(! + A q ) x\ 

[|arg x\ < 7T. p > q + 1, ct r and g s are bounded by the condition that the integrals on the right be 
convergent.] EH I 204(3) 


9.42 Functional relations 

1. Oi^x E ((xi, , OLp . Qi , ... , Qq . x') — ir£'(cti - Fl,ct 2 ) ... ) QLp . q\ , . . . , Qq . x') 

+ E (ctl + 1, OL 2 + 1, • • • j OLp + 1 : Qi + 1, . . . , Qq + 1 : x) 

EH I 205(7) 
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Riemann’s Zeta Functions £ (z,q) and £( z ), and the Functions &(z,s,v) and £(s) 


9.511 


2. (i?l 1) X E (oq , . . . , Ctp . , • • • ; Qq • X ) £ E (oq , . . . , Ctp ■ £?1 1 , ■ i £?g • X) 

+ i? (oq + 1, . . . , Ctp + 1 : Qi + 1, . . . , Qq + 1 : x) 


3. — E (oq, . . . ,a p : Qx,. . . ,g q : x) = x 2 £ (oq + 1, . . . , a p + 1 : gi + 1, . . . , g q + 1 : x) 


EH I 205(9) 


EH I 205(8) 


9.5 Riemann’s Zeta Functions C( z iQ) ar| d C( z )> ar| d the Functions 

®(z,s,v) and £(s) 

9.51 Definition and integral representations 


9.511 C (z,g) = 


’t z - 1 e ~ qt 


m. 


1 — e~ 


-Jl—Z 


dt; 


WH 


= 2 q 


+ T + 2 / (q 2 + t 2 Y 

Z — 1 ' 


sin ( z arctan - 

q 


dt 


e 27rt - 1 


[0 < q < 1, Ret: > 1] 

WH 


This equation is valid for all values of z, except for z = 1,2,3,.... It is assumed that the path of 
integration (see drawing below) does not pass through the points 2mri (where n is a natural number). 


c 


See also 4.251 4, 4.271 1, 4, 8, 4.272 9, 12, 4.294 11. 
9.513 

1 f°° t z ~ 1 

L CW= (1 - 2 1 - z )T(z)J 0 d + l rf< 


2. ((z) = 


3- 11 CW = 


f°° f 2 ” V 


(2 z -l)T(z)J 0 e 2t — 1 


dt 


7t 2 

r(f) 

2 2_1 


^0 - 1) J 1 


1 + r (*»+»») «-‘e 

- ,i fc=i 


4. C(^) = - — T - 2 Z / (1 + t 2 ) 2 sin (z arctan f) 

2 — 1 Jn e + 1 


[Re 2 > 0] 
[Re 2 > 1] 

e~ k *** dt 
dt 


5. C(z) = 


2 2 - 1 z - 1 

See also 3.411 1, 3.523 1, 3.527 1, 3, 4.271 8. 


2 r°° f i 2 \~ z, ‘ 2 . / 

+ / -+r sin (z arctan 2£) 

2 2 -!7 0 V 4 ) 


dt 


e 27rt - 1 


WH 


WH 


WH 


WH 


WH 
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9.52 Representation as a series or as an infinite product 


9.521 


!• C0>«) = E 


(q + n) z 


[Re z > 1, g^ 0,-1, -2,...] WH 


„ w . 2IY1 - z) . ztt CO cos 27 ton Z7t CC sin 27 ton 

\ / n— 1 — 1 


£71 v-^v bin zr/i ( 

cos — - > — 

2 ^ n 1 - 2 

n— 1 


[Re t; < 0, 0 < g < 1] 


iV ^ ^ CXJ 

3- 8 CO, 9) = E ( i u ~ n \(A T . tz-i ~ X! F »0), 

^(g + n) 2 (l-z)(iV + g) 2 1 ^ 


where 


Fn 0) = 


1 — z \(n+l + q) z - 1 (n + g) 2-1 
r n+1 (t - n) dt 

Z J n ( t + q ) z+1 


(n + 1 + g) 2 


9.522 


L cw = E^ 


[Re z > 1] 


* a^^Ef-ir+O 


[Re z > 0] 


9.523 The following product and summation are taken over all primes p: 


17 co) = n 


[Re z>l] 


2. lnC0) = EE h/n^ z 


[Re z > 1] 


9.524 11 £W=-VM. 

co) 


[Re z > 1] 


where A(fc) = 0 when k is not a power of a prime and A(/c) = lnp when k is a power of a prime p. WH 


9.53 Functional relations 


9.531 C{—n, g) = — 


g n+2(g) = --gn+lO) 

(n+l)(n + 2) n+1 


[n is a nonnegative integer] see EH I 27 (11) WH 


9.532 £ CO, 0 = In 6 ~ CSr( f - - + J v/Ec M < 9] 

^2 fc T(z + g) g fr[k{q + k) 11 1 
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Riemann’s Zeta Functions £ (z,q) and £( z ), and the Functions <&(z,s,v) and £(s) 


9.533 


9.533 

1. ih„4<ML = -i 

2. lim(c(2,9) — 


= -*(«) 


C(z,q)> = lnT(g) - -ln27t 


9.534 CM) = C(*) 

9.535 


L C(^) = 

2- 11 2 Z r(l - z) C(1 - z) sin (^) = 7 r 1 ”* CM 

3. 2 1 ~ z T(z) ((z) cos ^- = n z ((1 — z) 

4. r (0 CM = r ^ ^ C(! - *) 


[Re z > 1] 


9.536 lim CM - 


9.537 Set z = \+ it. Then, E(i) = 


(2-i)r(§ + i) 


CM = E(— t) is an even function of t with real 


coefficients in its expansion in powers of t 2 . JA 

9.54 Singular points and zeros 

9.541 7 

1. z = 1 is the only singular point of the function £( 2 ) WH 

2. The function £( 2 ) has simple zeros at the points —2 n, where n is a natural number. All other 
zeros of the function £( 2 ) lie in the strip 0 < Re 2 <1. 

3. 8 Riemann’s hypothesis: All zeros of the function £( 2 ) lie on the straight line Re 2 = It has 
been shown that a countably infinite set of zeros of the zeta function lie on this line. The first 
1,500,000,001 zeros lying in 0 < Im 2 < 545,439,823.215 are known to have Re 2 = WH 


9.542 Particular values: 

o 2 m-l_ 2 m I 

'■ « 2m > - MM 1 

2 ’ - 2m) = -tf 

3. C(-2 to) = 0 

4. ^(0) = — 5 ln27T 


[m is a natural number] 


[to is a natural number] 
[to is a natural number] 
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9.55 The Lerch function $>(z, s, v) 

9.550 Definition: 

OO 

4>(z, s,v) = YX V + n)~ s z n [|z| < 1, v ^ 0, — 1, . . .] EH I 27(1) 

71=0 


Functional relations 


9.551 

9.552 


771—1 

$( 2 , s, v) = z m <f>(z, s, m + v)+ (v + n)~ s z n 

71=0 


$(Z, 8 ,V) 

= iz~ v (27r) s ~ 1 T(1 — s) 




[m= 1,2,3,..., 0,-1, -2,...] 

EH I 27(1) 

- 4- ( e 2 ™, 1 - s, 1 - — ^ 

V 2 m J 

EH I 29(7) 


Series representation 

OO 

9.553 Q(z,s,v) =z~ v T{l-s) Y ln * + 27rm) a_1 e 2 ™ vi 

[0 < v < 1, Re s < 0, |arg (— ln z + 27rni)| < 7t] EH I 28(6) 


71=— OO 


, . j */ . (lnz)" (lnz) m 1 

9.554 $(z,m,u) = z ^ + — — 

I. n=0 ‘ ' 


^(tn) — ^(d) — ln ( ln - 

' z 


z v z ' r!(m + r+l) 

r=0 x 7 


9.555 $(z,-m,v)= ^ (lnl) ~^Y 

Integral representation 

]_ e ~vt 1 fOO t s-l e -(v-l )t dt 

9.556 4 , (z, s, v) = „ / dt = 


[m = 2,3,4,..., |lnz|<27r, v ± 0, -1, -2, . . .] EH I 30(9) 

1 B m+r+ i(t) (lnz) r rl 


< 27t] 


EH I 30(11) 


mJo 1 - 


r(«). 


e 1 - — z 


[Rev > 0, or |z| <1, z^l, Res > 0, or z = 1, Res >1] EH I 27(3) 


Limit relationships 


9.557 

9.558 


lim(l - z) 1 - 

Z — 1 1 


lim 


1 - ln(l - z) 


4>(z, s, v) = r(i 
= 1 


s) 


A connection with a hypergeometric function 

9.559 4>(z, 1, v) = i> _1 2 -Fi( 1, f ; 1 + v; z) 


[Re s < 1] 


[\*\ < 1 ] 


EH I 30(12) 
EH I 30(13) 


EH I 30(10) 


In 9.554 the prime on the symbol Y means that the term corresponding to n = m — 1 is omitted. 
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Bernoulli Numbers and Polynomials, Euler Numbers 


9.561 


9.56 The function £ (s) 

9.561 ^( s )= L( s -l)£i|^C( s ) 

Z 7T2 S 

9.562 £(l-s)=£( s ) 


EH III 190(10) 
EH III 190(11) 


9.6 Bernoulli Numbers and Polynomials, Euler Numbers, the Functions 

u(x), i s(x,a.), n(x,/3), n(x, {3, a), A (x,y) and Euler Polynomials 


9.61 Bernoulli numbers 


t n 

9.610 The numbers B n , representing the coefficients of — in the expansion of the function 

n! 

f 00 +n 

— = [o < |t| < 2»J ■ 


n — 0 


t 


are called Bernoulli numbers. Thus, the function — is a generating function for the Bernoulli num- 

e* — 1 

GE 48(57), FI II 520 

dx [n = 1, 2, . . .] (cf. 3.411 2, 4) 

FI II 721a 


bers. 

9.611 Integral representations 

1. B 2n = (— l)" -1 4n [ 

Jo 


e 2irx _ 


2. B 2n = (-1) 


n—l^.—2n 


Jo sinh x 

/»oo 


dx 


3. B 2n = (- l)"-i 2n(1 2n) / x 2 "- 2 

7 r 


4.* Bn = lim - 


/>oo 

/ x 2n ~ 2 In (l — e -27ra ) dx 

J o 


[n= 1,2,...] 


[n= 1,2,...] 


*odx n ye® — 1 

See also 3.523 2, 4.271 3. 


Properties and functional relations 

9.612 8 A symbolic notation: 


in particular 


(2? + «)["]=£ Ql3 k a 

k—0 


n 

B n = (B+ l) W =E(fc)^ 

k=0 


[n > 2] 


[n > 2] 


hence by recursion 
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Bernoulli polynomials 
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B n = -n\ ^2 


Bb 


fc= o 


k \ (n + 1 — k ) ! 


[n > 2] 


9.613 All the Bernoulli numbers are rational numbers. 

9.614 Every number B n can be represented in the form 

£ n = C n -^ — , 

where C n is an integer and the sum is taken over all k > 0 such that k + 1 is a prime and k is a divisor 
of n. GE 64 

9.615 11 All the Bernoulli numbers with odd index are equal to zero, except that Bi = — that is, 
B 2 n+i = 0 for n a natural number. 


B2n — ~ : 


1 


1 


n— 1 


2n + 1 2 

o (-l)"- 1 (2n)! 

9.616 — n9 „_i C(2n) 


5- E 


2n(2n — 1) . . . (2n — 2k + 2) 


9.617' B 2n = (-1) 


o2n— l^-2n 

_! 2(2n)! 


fe=l; fc even 

[n > 0] 
1 


( 2 *)! 


B, 


k/2 


GE 52, FI II 521 

[n > 1] 


( ’ nb 

P = 2 


1 

n 2n 


(cf. 9.542) GE 56(79), FI II 721a 

[n > 1] (cf. 9.523) 


(where the product is taken over all primes p). 


• For a connection with Riemann’s zeta function, see 9.542. 

• For a connection with the Euler numbers, see 9.635. 

• For a table of values of the Bernoulli numbers, see 9.71 


9.619 An inequality 


(. B-6) [n] 


< \B n \ 


[o < e < i] 


9.62 Bernoulli polynomials 

9.620 The Bernoulli polynomials B n {x) are defined by 

n 

B n (: v) = Y,C k ) BkXn ~ k GE 51(62) 

k—0 

or symbolically, B n {x) = (B + x )! n l. GE 52(68) 

9.621 The generating function 

pXt 00 t n ~^ 

— = V BJx) — 7- [0 < \t\ < 2tt] (cf. 1.213) GE 65(89)a 

e r — 1 ' n\ 

n = 0 

9.622 Series representation 


l. 7 B n {x) = -2 


n\ cos (27 vkx — n) 


(2tt) j 


E 

k = 1 


[n > 1, 1 > x > 0; n= 1, 1 > x > 0] AS 805(23.1.16) 
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9.623 


2. B 2n -i{x ) — 2 / 2_'j 2 n— l 2^ 

v ' k= 1 


(— l) n 2(2n — 1)! sin2/c7ra; 

(27r) 2 ™ -1 ' A; 2 " -1 

v ' fe=i 

[n > 1, 1 > x > 0; n= 1, 1 > £ > 0] AS 805(23.1.17) 


3. 10 B 2n (x) = 


(— l) n 1 2(2n)! cos2A’7ra; 

(27r) 2n ^ k 2n 

y ’ fe= l 


[0 < x < 1, n = 1, 2, . . .] 


9.623 Functional relations and properties: 


1- B m+ i(n ) — B m+ \ + (to + 1) fc 11 


[n and m are natural numbers] (see also 0.121) GE 51(65) 


2. B n (x + 1) — B n {x) = nx n 1 

3. B' n {x) = nB„_i(i) 

4. B n (l-s) = (-l) n B n (aO 

5. 10 (-l) n B n (-x) = B n (x) + to"' 1 


[n= 1,2,...] 


[n = 0, 1, . . .] 


GE 65(90) 


AS 804(23.1.9) 


9.624 7 B n (mx ) = m n 1 ^ 


[to = 1, 2, . . . n = 0, 1, . . .] ; “summation theorem” GE 67 


9.625 For n odd, the differences 

Bn (^) B n 

vanish on the interval [0,1] only at the points 0, and 1. They change sign at the point x = 1. For n 
even, these differences vanish at the end points of the interval [0, 1]. Within this interval, they do not 
change sign, and their greatest absolute value occurs at the point x = 

9.626 The polynomials 

B 2n (x) - B 2n and B 2n+2 {x) - B 2n+2 


have opposite signs in the interval (0, 1). GE 87 

9.627 Special cases: 

1. B\{x)—x—\ GE 70 

2. B 2 {x) = x 2 — x + | GE 70 

3. B 3 (x) = x 3 — \x 2 + \x GE 70 

4. B 4 (x) = x 4 — 2x 3 + x 2 — ^ GE 70 

5. B 5 (x) = x 5 — §£ 4 + |a: 3 — | x GE 70 

9.628 Particular values: 

1. B n ( 0) = B n 

2. B 1 (l) = -B 1 =|, B n (l) = B n [n^l] GE 76 
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9.63 Euler numbers 


9.630 The numbers E n , representing the coefficients of in the expansion of the function 


1 ^ 

cosh t n n\ 

n — 0 


7 r 

< 2 


are known as the Euler numbers. Thus, the function c( J ht is a generating function for the Euler numbers. 

CE 330 

9.631 A recursion formula 

(E + 1)M + (E- 1)N = 0 [n > 1] , E 0 = 1 CE 329 


Properties of the Euler numbers 


9.632 The Euler numbers are integers. 

9.633 The Euler numbers of odd index are equal to zero; the signs of two adjacent numbers of even 
indices are opposite; that is, 

E2n+1 = 0, E^ n > 0, -E?4n+2 < 0. CE 329 

9.634 If a, /? 7 , . . . are the divisors of the number n — in, the difference E 2 n — £- 2 m is divisible by those 
of the numbers 2a + 1, 2/3 + 1, 2y + 1, . . . that are primes. 

9.635 A connection with the Bernoulli numbers (symbolic notation): 


l . 11 


E n _ 1+ 4(— 1)" (3" _1 — l) B x 


(4B- 1)M -(4£-3)M 
2 n 


_ n{E+ l)!"- 1 ! 

2 71 ( 2 ™ - 1 ) 

3. 6 (B+\) [2n+l] =-4" 2ll - 1 (2n+l)E 2 „ 

_ (4 B + 3)W - (4 B + 1)N 


For a table of values of the Euler numbers, see 9.72. 


[n 

[n 


+ 4(— l) n+1 (3™ _1 - 1) B x 

CE 330 

>2] 

CE 330 

>0] 

CE 341 

>1] 



9.64 The functions v(x), is(x,ct), ii(x,{3), ^i(x, f3, a), and A (x,y) 

9.640 


1. 

g 

II 

^5" 

00 x*dt 

T(t + 1) 

EH III 217(1) 

2. 

v(x, a) = 

r°° x a+t dt 

Jo r(a + 1 + 1) 

EH III 217(1) 

3. 

n(x,P) = 

r°° xV dt 

Jo r(/3 + 1 ) r(t + 1 ) 

EH III 217(2) 

4. 

fi{x,P,a) 

r°° x a+t tP dt 

Jo r(/? + 1 ) r(a + 1 + 1 ) 

EH III 217(2) 

5. 

II 

IS 

r v T(u + l)du 

Jo xU 

Ml 9 
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9.650 


9.65 10 Euler polynomials 


9.650 


9.651 


9.652 

1. 


The Euler polynomials are defined by 



The generating function: 


2e xt 
e* + 1 


^2 E n{x) 
n= 0 


t n 

n! 


Series representation: 

F M = a n! Y^ sin((2fc + l)7ra;-|7rn) 

n{ ’ 7r" +1 ^ (2fc + l) n+1 

[n > 0, 1 > x > 0, 


n = 1, 


AS 804 (23.1.7) 


AS 804 (23.1.1) 


1 > x > 0] AS 804 (23.1.16) 


2- E 2n _i(a:) = 


(— l)"4(2n — 1)! ^ cos(2 k + 1)ttx 


E 

fc =0 


(2k + l) 2 


[n = 1, 2, . . . , 1 > x > 0] 


AS 804 (23.1.17) 


O E, (-l)"4(2n)! ^ sin(2A: + l)?rx 

3 - E Mx) = — — 2 ^ 


7f2n+1 k^0 ( 2fc + 1 ) 2n+1 


[n > 0, 1 > x > 0, n = 0, 1 > x > 0] AS 804 (23.1.18) 


9.653 Functional relations and properties: 

n 

1. E m (n + 1) = 2 £(-l ) n ~ k k m + (-1)” +1 E m ( 0), 

k = 1 

2. £^(a;) = nE n -i(x). 

3. E n (x + 1) + E n (x) = 2x n 

m— 1 

4. 8 E n (mx)=m n Y J (- l ) kE n 

k—0 

2 m_1 / jL \ 

5. = — — -m n V] (-l) fe 5 n+ i ( x H ) 

n + 1 ' V m J 

k—0 V 7 

9.654 Special cases: 

1. E\(x) = x — \ 

2. E 2 (x) = x 2 — x 



[to and n are natural numbers] 

AS 804 (23.1.4) 
[n =1,2,..,] AS 804 (23.1.5) 

[n = 0, 1, . . .] AS 804 (23.1.6) 

[n = 0, 1 , . . . , to = 1 , 3, . . .] 

AS 804 (23.1.10) 

[n = 0, 1,;., . ,m = 2,4, . . .] 

AS 804 (23.1.10) 
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3. E 3 (x) = x 3 - §ar + \ 

4. E ^(x) = x A — 2x^ + x 

5. E 5 (x ) = x 5 - |x 4 + |a; 2 - \ 

9.655 Particular values: 

1. E 2n + 1=0. [n = 0, 1, . . .] 

2. E n (0) = — E n (l) = — 2(n + l)” 1 (2 ra+1 — l) B n+ i [n=l,2,...] 


3. E n (|) = 2 ~ n E n 

4. E 2n -i (|) = - E 2n ~i (|) = — (2n) 

9.7 Constants 

9.71 Bernoulli numbers 

• B 0 = 1 

• Bi = -l/ 2 

• B 2 = 1 /q 

• B 4 = - 1/30 

• Bq — 1 / 42 

• B s = - 1 / 3 o 

• Bio = 5 /66 

• -B12 = — 691 /2730 

• -Bl4 = 7 /6 

• Bio = — 3617 /510 


9.72 Euler numbers 

• E 0 = l 

• E 2 = -1 

• E 4 = 5 

• E G = -61 

• E 8 = 1385 

• £ 10 = -50 521 


[n = 0, 1, . . .] 

1 (1 - 3 1-2 ™) (2 2n - 1) B 2n 

[n =1,2,...] 


• 1?18 = 43867 /798 

• B 2 o = — 174611 /330 

• B 22 = 854513 /l38 

• B 24 = —236 364 091^2730 

• B 2 q = 8 553 103/g 

• B 28 = -23 749 461029/^ 

• B 3 o ~ 8 615 841 276 005/ 14 322 

• iJ 32 = -7709321 041 217 / 51q 

• B 3 4 = 2 577 687858 367/g 


• E 12 = 2 702 765 

• Eu = -199 360 981 

• Em = 19 391512145 

• E 1S = -2 404879 675 441 

• E 2 q = 370 371 188 237 525 


AS 805 (23.1.19) 
AS 805 (23.1.20) 
AS 805 (23.1.21) 

AS 806 (23.1.22) 


The Bernoulli and Euler numbers of odd index (with the exception of B{) are equal to zero. 
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9.73 Euler’s and Catalan’s constants 


Euler’s constant 

C = 0.577 215 664 901 532 860 606 512 .. . 


(cf. 8.367) 


Catalan’s constant 

00 / 1 \k 

G = V , , — = 0.915 965 594 .. . 


9.74 10 Stirling numbers 

9.740 The Stirling number of the first kind S ^ is defined by the requirement that (— l) n ~ m 


is the number of permutations of n symbols which have exactly m cycles. 
9.741 Generating functions: 


AS 824 (23.1.3) 


1. x(x — 1) • • • (x — n + 1) = S 


AS 824 (24.1.3) 


2. {ln(l + x)} m = to! ^2 —J 

z ' 71 , \ 


[\x\ < 1] 


AS 824 (24.1.3) 


9.742 Recurrence relations: 


I s si+!=si”" 1| -nsy l ; Sl°> = S 0 „; S< I > = (-l)"- , (n-l)! ; S<"> = 1 


2. C)e’= t (*K_U 


r) q (m+r) 
-k^k 


[n > m > 1] 
[n > m. > r] 


AS 824 (24.1.3) 


AS 824 (24.1.3) 


9.743 Functional relations and properties 

xb ™ , n i 

1. x(x — h)(x — 2 h) ■ ■ ■ (x — mh + h) = — 7 v = h m ( — ) 

r(f-m + l) ^\h) 


2. [(x H- l)(a? ~\~ 2) • • • {x H- 


mil = 


x + m 


-l r p 


= J2( x+m ^ ks ‘ 


k g(m) 


3. [(x + h){x + 2h) ■ ■ ■ (x + mh)] 1 = ^ /j 1 + ^ 


/i m r (| + m+ !) 


m j 


9.744 The Stirling number of the second kind &n n> is the number of ways of partitioning a set of n 
elements into m non-empty subsets. 
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9.745 Generating functions: 


1. x n = E 6^x(x — 1) • • • (x — to + 1) 

m = 0 

oo n 

2. (e*-l r = m\J2e { rr y± j 

n\ 

n=m 

oo 

3. [(1 - s)(l - 2x) ■ ■ • (1 - mx )] _1 = E 


.1*1 < 


.-il 


9.746 Closed form expression: 


!• ®« m) = — E^ 1 ) 

ml z — ' 


m—k 


k—0 


k r - 


9.747 Recurrence relations: 

I. 8 s W^meH+eM, 6^ = s 0n , 6« = 6^ = 1 

[n > to > 1] 


2 . 


m) 


E ( n k )& l :L& ( r~ r) 


n—k k 


[n> m > r \ 


k=m—r 


3. si-) = £ (-1)* r ~ 1 + *: ) ( 2n_ m . is<*> 


fc= 0 


9.748' Particular values: 


n — m+k) \n — m — k ) n ~ m+k 


Stirling numbers of the first kind S « m ' ) 


AS 824 (24.1.4) 
AS 824 (24.1.4) 
AS 824 (24.1.4) 

AS 824 (24.1.4) 

AS 825(24.1.4) 
AS 825 (24.1.4) 

AS 824 (24.1.3) 


m 

g{m) 

Q (m) c( m ) 

°2 °3 

q{m) 

°4 

g{m) 

c( m ) 

g{™) 

q{m) 

°8 

q{m) 

i 

l 

-1 2 

-6 

24 

-120 

720 

-5040 

40320 

2 


1 -3 

11 

-50 

274 

-1764 

13068 

-109584 

3 


1 

-6 

35 

-225 

1624 

-13132 

118121 

4 



1 

-10 

85 

-735 

6769 

-67284 

5 




1 

-15 

175 

-1960 

22449 

6 





1 

-21 

332 

-4536 

7 






1 

-28 

546 

8 







1 

-36 

9 








1 
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9.749 


9.749 8 

1 . 


Stirling numbers of the second kind S 


(m) 

n 



Relationship between Stirling numbers of the first kind and derivatives of (In x ) m : 

d n _ (J^_\ = A (-1 ) k (m)kS { n k) 

dx n \ln m x ) ln m x ^ x n ln fe x 

where (m)k = T(m + k)/T(m), [m,n are positive integers] 




10 Vector Field Theory 


10.1-10.8 Vectors, Vector Operators, and Integral Theorems 

10.11 Products of vectors 

Let a = (01,02,03), b = (bi,b 2l b 3 ), and c = (01,02,02) be arbitrary vectors, and i, j, k be the set of 
orthogonal unit vectors in terms of which the components of a, b, and c are expressed. Two different 
products involving pairs of vectors are defined, namely, the scalar product, written a • b, and the vector 
product, written either a x b or a A b. Their properties are as follows: 


1. 

a b = a\b\ + a 2 b 2 + a 3 b 3 

(scalar product) 

2. 

i j k 

axb= ai a 2 a 3 

bi b 2 63 

(vector product) 

3 . 

ai a 2 a 3 

a x b • c = b\ b 2 b 3 

Cl C2 C3 

(triple scalar product) 

4 . 

a x (b x c) = (a • c) b — (a • b) c 

(triple vector product) 

10.12 

Properties of scalar product 


l. 

a • b = b • a 

(commut ati ve) 

2. 

axbc = bxca=cxab = —a x c • b = 

— b x a • c = — c x b • a. 


Note: a x b • c is also written [a, b, c] ; thus ( 2 ) may also be written 
3 . [a, b, c] = [b, c, a] = [c, a, b] = - [a, c, b] = - [b, a, c] = - [c, b, a] 


10.13 Properties of vector product 

a x b = b x a (anticommutative) 

a x (b x c) = —a x(cxb) = -(bxc)xa 
a x (b x c) + b x (c x a) + c x (a x b) = 0 


1 . 

2 . 

3 . 
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10.14 Differentiation of vectors 

If a (t) = (ai(i),a 2 (t),a 3 (t)), b(t) = (bi(t),b 2 (t),b 3 (t)), c (t) = (ci(t),c 2 (t),c 3 (t)), (j>(t) is a scalar and all 
functions of t are differentiable, then 

1 da dai . da 2 . da 3 

„ d , , , da db 

2 - * (a+b) = ^ + i« 

„ d . , . dd> ,da 

3 - *<*) = -J.+** 

d . , . da , rib 

dt y 1 dt dt 

_ d , , . da r/b 

dt y ' dt dt 


LI . . UCt. UU 

— (a x b • c) = — xb-c + ax — • c + a x b — 

dt, y dt dt dt 

d , , ,, da , / db \ /, dc 

— ax bxc = — x (b x c) + a x — xc +ax b x — 

dt . 1 K n dt K ’ \ dt J \ dt 


10.21 Operators grad, div, and curl 

In cartesian coordinates O {aq, x 2 , x 3 }, in which system it is convenient to denote the triad of unit vectors 
by ei,e 2 ,e 3 , the vector operator V, called either “del” or “nabla,” has the form 

. d d d 

1. V = ei- he 2 - h e 3 — — 

OX i OX 2 OX 3 

If $(x,y, z) is any differentiable scalar function, the gradient of 4>, written grad <f>, is 
<9<I> fi<I> <9<I> 

2. grad 4- = V $ = - — ei + - — e 2 + - — e 3 

OX i OX 2 OX 3 

The divergence of the differentiable vector function f = (/i, / 2 , / 3 ), written div f, is 

o r r _ w f df\,df 2 df 3 

3. div / = V -f = — h 

(7Xi 0X2 OX 3 

The curl, or rotation, of the differentiable vector function f = (/i, / 2 , / 3 ), written either curl f or 
rot f, is 


curl f = rot f = V x f = 


or equivalently, 


df 3 _ dh_ 

dx 2 dx 3 


dfi _ df^ 

dx 3 dx\ 


d/ 2 _ dfi 
dxi dx 2 


ei e 2 e 2 

curlf= h ofe 

/l /2 /3 



Properties of the operator V 


1051 


10.31 Properties of the operator V 

Let $ (xi, X 2 , X3), 'L (xi, X2, X3) be any two differentiable scalar functions, f (xi, X2, X3), g (xi, X2, X3) any 
two differentiable vector functions, and a an arbitrary vector. Define the scalar operator V 2 , called the 
Laplacian, by 

2 _ d 2 d 2 d 2 

dx\ dx\ Ox 2 

Then, in terms of the operator V, we have the following: MF I 114 

1. V($ + T) = V4> + Vf 

2. V($T) = $V$ + fV$ 

3. V (f • g) = (f • V) g + (g • V) f + f x (V xg) + g x (V xf) 

4. V-($f) = $(V-f)+f • V$ 

5. V-(f xg) = g-(Vxf)-f.(Vxg) 

6 . Vx($f) = f(Vxf) + (V$)xf 

7. V x (f x g) = f (V -g) - g (V -f) + (g • V) f - (f • V) g 

8 . V x (V xf) = V(V-f) - V 2 f 

9. V x (V $) = 0 

10. V • (V xf) = 0 

11. 10 V 2 (4>'I') = $ V 2 T + 2 (V $) • (V T) + T V 2 <f> 

The equivalent results in terms of grad, div, and curl are as follows: 

1. grad(<l> + T) = grad + grad T 

2. grad(4 , 4') = <1> grad T + th grad 

3. grad (f • g) = (f • grad) g + (g • grad) f + f x curlg + g x curl f 

4. div (4>f) = 4>divf + f • grad $ 

5. div (f x g) = g ■ curlf — f • curlg 

6 . curl(4>f) = curlf + grad4> x f 

7. curl (f x g) = f div g — g div f + (g • grad) f — (f • grad) g 

8. curl (curl f) = grad (div f) — V 2 f 

9. curl (grad 4>) = 0 

10. div (curl f) = 0 

11. V 2 ( < f>'I') = $ V 2 T + 2grad$ • gradT + T V 2 $ 


The expression (a • V) or, equivalently (a • grad), defined by 

<9 d d 

(a • V) = ai — F a2 ^ F a 3 77 — , 

OX 1 OX 2 0X3 

is the directional derivative operator in the direction of vector a. 
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10.411 


10.41 Solenoidal fields 

A vector field f is said to be solenoidal if div f = 0. We have the following representation: 

10.411 Representation theorem for vector Helmholtz equation. If u is a solution of the scalar Helmholtz 
equation 

V 2 u + A 2 u = 0, 

and m is a constant unit vector, then the vectors 

X = curl (mu) , Y = — curlX 

A 

are independent solutions of the vector Helmholtz equation 

V 2 H + A 2 H = 0 

involving a solenoidal vector H. The general solution of the equation is 

H = curl (mu) + ^ curl curl (mu) . 

A 


10.51-10.61 Orthogonal curvilinear coordinates 


Consider a transformation from the cartesian coordinates O {aq, x%, £3} to the general orthogonal curvi- 
linear coordinates 0{ui,u 2 ,u 3 }: 

Xl = XI (ui,u 2 ,u 3 ) , X2 = X2 (ui,u 2 ,u 3 ) , X 3 = X 3 (up U 2 , U 3 ) 

Then, 


1 . 

2 . 

3. 3 


4. 


d Xi = pi dur + du 2 + jp- dus (* = 1,2,3), 

OU\ UU2 &U3 

and the length element dl may be determined from 

dl 2 = gn du\ + g 22 du\ + g 33 du\ + 2 g 23 du 2 du 3 + 2 g 3i du 3 du\ + 2 g 12 du\ du 2 , 


where 

dx\ dx\ 8 x 2 dx 2 dx 3 dx 3 

^ diii duj diii duj 9u, ; duj 

provided the Jacobian of the transformation 



dxi 

dx 2 

dX3 

dui 

du\ 

dui 

dxi 

dx 2 

dx 3 

du 2 

&U2 

du 2 

dxi 

dx 2 

dx 3 

du 3 

du 3 

du 3 


does not vanish (see 14 . 313 ). 


Define the metrical coefficients 


5- hi — y/gn, /i 2 — \fgffii h 3 — y/gff; 

then the volume element dV in orthogonal curvilinear coordinates is 

6. dV = h\h 2 h 3 du\ du 2 du 3 , 

and the surface elements of area dsi on the surfaces u,; = constant, for i = 1, 2, 3, are 

7. ds\ = /i 2 /i 3 du 2 du 3 , ds 2 = h\h 3 du\ du 3 , ds 3 = /qft 2 du\ du 2 

Denote by ei,e 2 , and e 3 the triad of orthogonal unit vectors that are tangent to the ui,u 2 , 
and u 3 coordinate lines through any given point P, and choose their sense so that they form a 
right-handed set in this order. Then in terms of this triad of vectors and the components f Ul , f U2 , 
and f u 3 of f along the coordinate line, 
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f f Ul ei fu 2 & 2 “h fu 3 e 3 


MF I 115 


10.611 V 4>, divf, curlf, and V 2 in general orthogonal curvilinear coordinates. 


1. 


2 . 


3. 


4. 


, ei 94> eo 94> e? 94> 

grad 4- = — - F t~~k F t —~ — 

All C/Ui h , 2 <7112 /i-3 <7113 


divf = 


curlf 


V 2 = 


1 

hih 2 h 3 

1 

hih 2 h 3 

1 

hih 2 h 3 


9 

9ui 


{h 2 h 3 f Ul ) 


ftiei 

d 

dui 
^1 Jui 

d 

dui 


h 2 e 2 
d 

du 2 
h 2 fu 2 

h 2 h 3 9 
hi du\ 


9 

du 2 

h 3 e 3 

d 

du 3 

h 3 f U3 

du 2 


(h 3 hif U2 'j 


du : 


(hih 2 f U3 ) 


h 3 hi 9 
/12 9«2 


9 

9u 3 


h\h 2 

h 3 


9 

du 3 


MF I 21-31 


10.612 Cylindrical polar coordinates. In terms of the coordinates 0{r, (p, z}, that is, iti = r, u 2 = <p, 
u 3 = z, where £1 = rcostp, 0:2 = r sin </;, x 3 = z for — 7r < </> < 7r, it follows that 


1. 

2 . 

3. 

4. 

5. 


hi = 1, h 2 = r, h 3 = 1, 
and 


94> 


1 9$ 


94- 


grad 4- = — e r + -w-e^ + — e- 
or r dtp dz 

r f 1 9 t f ^ , ld U , d fz 

w= :z ( r /-0 ~f it in f n7 1 


1 dr 


r d<j) dz 


curlf = - 
r 


6 r 

d_ 

dr 

fr 


re^ 

_d_ 

d(f> 

r.fs 


V 2 = 


1 9 


r dr V dr 


d 


e z 

d_ 

dz 

fz 

1 9 2 
r 2 9</> 2 


9 2 

9^ 2 
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10.613 Spherical polar coordinates. In terms of the coordinates 0{r, that is, Ui = r, u 2 = 6, 
u 3 = (/>, where Xi = r sin 0 cos (/), x 2 = r sin 0 sin </>, x 3 = r cos 0, for 0 < 0 < n, —ir < tp < it, we have 


1. 

2 to 

3. 

4. 

5. 


1, h 2 = 


h 3 = rsin0, 


, , 94> 1 94> 1 94- 

e r + ~Sh e Q F • — 7) 

dr r dO r sin 8 dtp 


1 

r sin 8 dtp 


1 

r 2 sin 8 


e r reg r sin 8e $ 
d_ d_ d_ 

dr d6 d(+> 

fr rfe r sin 


l_ 9_ 
r 2 dr 


d_ \ 1 9 

9r i + r 2 sin 0 d8 


. „ 9 \ 1 9 2 

81110 90 J + r 2 sin 2 8 dtp 2 


MF I 116 
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10.614 


Special Orthogonal Curvilinear Coordinates and their Metrical Coefficients h 1 : h 2 ,h 3 

10.614 Elliptic cylinder coordinates 0{u\,u 2 ,u 3 }. 


1. 


2. 


Xi = U 1 U 2 , X 2 = \J (it? — C 2 ) (1 - « 2 ) 

hi = 


I 111 — +u 


2„2 


h 2 = 


I Ui — cru; 


,2,, 2 


Ui — c 


l-u§ ’ 


= «3 

/i.3 = 1 


10.615 Parabolic cylinder coordinates 0{ui,u 2 ,u 3 }. 
1 . art = ^ («i - , x 2 = u 1 u 2 , x 3 = u 3 


2. hi = ^Ju\ + u\, h 2 = \Ju\ + u\, h 3 = 1 

10.616 Conical coordinates 0{u\,u 2 ,u 3 }. 

1 . Xi = U ^^{a 2 - v$) (a 2 + u§), x 2 = y ^/( 6 2 + u|) (& 2 - u§), 2:3 = 


with a 2 + b 2 = 1 


2. 


hi = 1 , h 2 = u\\ 


ul + ul 


v (a 2 - U 2 )(6 2 + tt 2 )’ 
10.617 Rotational parabolic coordinates 0{ui,u 2 ,u 3 }. 


h 3 = ui 1 


ul + ul 


(a 2 + U 3 ) (& 2 -tt|) 


1. Xi = U\U 2 U 3 , X 2 = UiU 2 \/l - 


1 


'3> 2-3 — 


-« 2 ) 


2. 


hi = Ju{ + ul, h 2 = Ju{ + ul , /i 3 = 


U\U 2 




10.618 Rotational prolate spheroidal coordinates 0{ui,u 2 ,u 3 }. 


1. xi = J{u\- a 2 )[l- u\), x 2 = - a 2 ) (1 - tt|) (1 - u§), £3 = «i «2 


2 . 


hi = 


j ul — a 2 ul 


j ul — a 2 ill 


j(ul-a 2 ) (1 -u 2 ) 

J ul - a 2 

h 2 = ^ 

1/ 1 -ul ’ 

h 3 = ^ 

/ 1 -u 2 


10.619 Rotational oblate spheroidal coordinates 0{u\,u 2 ,u 3 } . 

1 . Xi = « 3 ^/ (uf + a 2 ) (1 - ul), x 2 = \J (uf + a 2 ) (1 - u|) (1 - u|), £3 = «iu 2 

I ul + a 2 ul I uf + a 2 iil 

h! = i/-+ h 2 = \l—. 7 +^, h 3 = 


2 . 


u} + a 2 


'(u? + a 2 ) (l-u|) 


1 - u 2 


1 - ''4 


MF I 657 


MF I 658 


MF I 659 


MF I 660 


MF I 661 


MF I 662 
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10.620 Ellipsoidal coordinates 0{ui,U2,uz}. 


1 . 


2 . 


Xi = 


h , = 


' (u\ — a 2 ) (ul — a 2 ) (u§ — a 2 ) 


' K - u l) ( u i - u l) 


- b 2 ) 

’ 2 y b 2 (e 

~ u i) 

1 (■ u l - u 2 ) (u 2 - up 

-b 2 ) ’ 

2 V (u 2 - a 2 ) (ul - b 2 ) ’ 


(u 2 - b 2 ) {ul - b 2 ) {ul - 6 2 ) 


= 


U 1 U 2 U 3 
ab 



{u 2 - u?) (u§ - u l) 


{ul — a 2 ) (u§-& 2 ) 


MF I 663 


10.621 P araboloidal coordinates 0{u±, U 2 , U 3 }. 


1 . 


2 . 


= 


{u\ — a 2 ) {ul — a 2 ) {ul — a 2 ) 


a 2 — b 2 

„ 1 / 2 1 2 1 2 2 1 2 \ 

£3 — 2 (^1 + U‘2 + U3 — a b j 


%2 = 


' (u 2 — b 2 ) {ul — b 2 ) {ul — b 2 ) 


b 2 — a 2 


h x = 


' (Ui-ul) {ul - ul) 
{ul — a 2 ) (ul — b 2 ) 


ll2 = U2\ 


' (ul-uptul -u 2 ) 
(ul - a 2 ) (ul - b 2 ) ' 


/13 = ^34 


(^| -m|) 

(u 2 -a 2 )(u 2 - 6 2 ) 

MF I 664 


10.622 Bispherical coordinates 0{wi, m 2 , 113}. 


1 . 

2 . 


£1 = att3 
/it = 


y/l ~ ^2 

Ul - U 2 
a 


x 2 = a 


\i (1 - ul) (1 - ul) 


U 1 - u 2 


^3 = 


\Ai - 1 

Ml — U2 


(ui - u 2 ) \/u 2 x - 1 ’ 


/t 2 = 


/l3 = 


'1-M 2 


MF I 665 


(ui - u 2 ) \/l-ul' ’ V u i“ u 2 y 

10.71-10.72 Vector integral theorems 

10.711 Gauss’s divergence theorem. Let V be a volume bounded by a simple closed surface S and let 
f be a continuously differentiable vector field defined in V and on S. Then, if dS is the outward drawn 
vector element of area, 

j f • dS = j div f dV KE 39 

Js Jv 

10.712 Green’s theorems. Let <f> and T be scalar fields which, together with V 2 $ and V 2 T, are defined 
both in a volume V and on its surface S, which we assume to be simple and closed. Then, if d/dn denotes 
differentiation along the outward drawn normal to S, we have 

10.713 Green’s first theorem 


J <E>^ dS = J (<f> V 2 T + grad <f> • grad T) dV 


KE 212 
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10.714 


10.714 Green’s second theorem 

<94- 


<94> 


- 4-^ ) dS = I ($ V 2 4- - 4- V 2 $) dV 
on on 1 1 


KE 215 


10.715 Special cases 


1. 

2 . 


J (4»grad4»)- dS = J (4»V 2 4»+ (grad4») 2 ) dV 


<9$ 
• <9 n 


dS = 


iv 
V 2 4> dV 


iv 


10.716 Green’s reciprocal theorem. If $ and 4 ' are harmonic, so that V 2 $ = V 2 4 ' = 0, then 


3. 


<94- 


<94- 


dS= / dS 


dn 


dn 


MV 81 


MM 105 


10.717 Green’s representation theorem. If 4- and V 2 $ are defined within a volume V bounded by a 
simple closed surface S, and P is an interior point of V, then in three dimensions 


4. 


5. 


6 . 


1 f 1 


1 


1 <94- 


1 


<9 /I 


= ~v 2 *dv+- dS-- 4>- - dS 


47T 


47 t J 5 r dn 


4-7T J 5 dn \r 


KE 219 


If 4- is harmonic within V, so that V" 4- = 0, then the previous result becomes 


1 


1 <94» 


1 


<9 (l 




47 r 


47T 


dn 


7. 


In the case of two dimensions, result (4) takes the form 

*(p) = y [ V 2 4>(g)ln|p-g|dS 
J s 

\ f d \ f d 

+ s/c - ,l dq - 2 *] 1,1 |p “ 4,((,) dq 

where C is the boundary of the planar region S, and result (5) takes the form 

\ f d \ f d 

®(p) = « — ln \p - Q\ d( l - / ln I P - ?l *%) d( i 

2ttJ c dn q 2 ttJ c dn q 


MM 116 


VL 280 


10.718 Green’s representation theorem in R n . If 4> is twice differentiable within a region VL in R n 
bounded by the surface E with outward drawn unit normal n, then for p ^ E and n > 3 


4-0) 


where 


-i f v 2 <Kg) 

(n — 2)a n J n \p — q\ n 2 


d&lq H- 


is the area of the unit sphere in R n . 


1 [ ( 1 d*(q) 

(n - 2)cr„ Jy.\\p- q\ n ~ 2 dn q 

2 W 2 

° n _ T(n/2) 


$0) 


d 1 A 

dn q \p-q\ n - 2 ) 


dYiq, 


VL 279 


10.719 Green’s theorem of the arithmetic mean. If 4- is harmonic in a sphere, then the value of 4- at 
the center of the sphere is the arithmetic mean of its value on the surface. KE 223 


10.720 Poisson’s integral in three dimensions. If 4- is harmonic in the interior of a spherical volume 
V of radius R and is continuous on the surface of the sphere on which, in terms of the spherical polar 
coordinates (r, 9, </>), it satisfies the boundary condition 4> (R, 9 , </>) = f(9, </>), then 
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R (i? 2 - r 2 ) 


where 


rr f (O', ft) sin 6' d6' d(j>' 
o J-tt (r 2 + R 2 — 2rRcosj) 3 ^ 2 


<L(r, 0) = 


cos 7 = cos 0 cos O' + sin 0 sin O' cos (<f> — ft) . KE 241 

10.721 Poisson’s integral in two dimensions. If <f> is harmonic in the interior of a circular disk S of 
radius R and is continuous on the boundary of the disk on which, in terms of the polar coordinates (r, 0), 
it satisfies the boundary condition &(R, 0) = f(0), then 

* (r , s) = (« 2 - r2 ) r 

27t J_ v r 2 + R 2 — 2rRcos(0 — ft) 

10.722 Stokes’ theorem. Let a simple closed curve C be spanned by a surface S. Define the positive 
normal n to S, and the positive sense of description of the curve C with line element dr, such that the 
positive sense of the contour C is clockwise when we look through the surface S in the direction of the 
normal. Then, if f is continuously differentiable vector field defined on S and C with vector element 
S = ndS, 

® f • dr = / curlf • dS, MM 143 

Jc: J s 

where the line integral around C is taken in the positive sense. 

10.723 Planar case of Stokes’ theorem. If a region R in the (x, y)-plane is bounded by a simple closed 
curve C, and f\(x, y), f 2 (x, y) are any two functions having continuous first derivatives in R and on C, 
then 

j> (A dx + f 2 dy) = JJ ~ ~iy^j dX dy ’ MM 143 

where the line integral is taken in the counterclockwise sense. 


10.81 Integral rate of change theorems 


10.811 Rate of change of volume integral bounded by a moving closed surface. Let / be a continuous 
scalar function of position and time t defined throughout the volume V(t), which is itself bounded by a 
simple closed surface S(f) moving with velocity v. Then the rate of change of the volume integral of / is 
given by 


£/■ W 


+ /V • dS, 


where dS is the outward drawn vector element of area, and 

D 0 

= h V • V . 

Dt. dt 

By virtue of Gauss’s theorem, this also takes the form 

fdV= f (^ + /divvW 


MV 88 
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10.812 


10.812 Rate of change of flux through a surface. Let q be a vector function that may also depend on 
the time t, and n be the unit outward drawn normal to the surface S that moves with velocity v. Defining 
the flux of q through S as 


to = / q • n dS, 


then 


Dm 

~Dt 


dc^ 

— + v div q + curl (q x v) I • n dS. 
at 1 


MV 90 


10.813 Rate of change of the circulation around a given moving curve. Let C be a closed curve, moving 
with velocity v, on which is defined a vector field q. Defining the circulation £ of q around C by 


then 


C = / q • dr, 

Jc 

^ = /o(^ + (CUrlq)XV ) '*• 


MV 94 



11 Algebraic Inequalities 


11.1—11.3 General Algebraic Inequalities 

11.11 Algebraic inequalities involving real numbers 


11.111 Lagrange ’s identity. Let Oi, «2, . . . , a n and &i, 62, • • • , b n be any two sets of real numbers; then 


Y a k h k ) = ( Y a k I ( Y b k ) ~ Y ( akb i ~ a J b k) 


11.112 Cauchy-Schwarz-Buniakowsky inequality. Let a\, 02, ■ ■ ■ , a n and b\, 62, ... , b n be any two arbi- 
trary sets of real numbers; then 

(x>& fc V < (Y a l) (E^Y 

\fc=i / \fe=i / \fc=i / 

The equality holds if, and only if, the sequences ai, 02, . . . , a n and 61, 62, . . . , b n are proportional. 

MT 30 


11.113 Minkowski's inequality. Let ai, 0,2, ■ ■ ■ , a n and b±, 62, . . . , b n be any two sets of nonnegative real 
numbers, and let p > 1; then 

n \ VP / n \ VP / n \ V? 

E(»‘ + « p < E»'d + ■ 

fc= 1 / \fc=i / \fc=i / 

The equality holds if, and only if, the sequences ai, 02, . . . , a n and 61, 62, . . . , b n are proportional. 

MT 55 


11.114 Holder’s inequality. Let a±, <22, . . . , a n and &i, 62, ■ • • , &n be any two sets of nonnegative real 
numbers, and let d + d = 1 ? with p > 1; then 

n \ 1 /p/n \ 1 /l n 

Y a k E 6 ? >Y akbk ■ 

k— 1 / \/c— 1 / fc=l 

The equality holds if, and only if, the sequences a^a ^, . . . , and f/( ,b\, ... . b q n are proportional. 


MT 50 


11.115 Chebyshev’s inequality. Let ai, 02, . . . , a n and bi, 62, • • • , b n be two arbitrary sets of real numbers 
such that either a\ > 02 > • • • > a n and &i > 62 > • • • > b n , or ai < 02 < • • • < a n and bi < &2 < ■ • • < b n ; 
then 

bi + 62 + • • • + b n \ 1 ^ , 

< - > a k b k . 

n ): 11 

7 k- 1 

The equality holds if, and only if, either oq = d2 = • • • = a n or 61 = 62 = ■ ■ ■ = b n . 
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11.116 


11.116 Arithmetic- geometric inequality. Let a i,a 2 , • ■ • , a n be any set of positive numbers, with arith- 
metic mean 

a l T T ' ' ' T a n 
n 


A n — 


and geometric mean 

then A n > G n or, equivalently, 


G n = (aia 2 ...a„) 1/n ; 


H - * * * + &r 


> (ai a 2 ...a n ) 


1/n 


The equality holds only in the event that all of the numbers ai are equal. BB 4 

11.117 Carleman’s inequality. If ai, a 2 , . . . , a n is any finite set of non-negative numbers, then 

n 

(aia 2 . . . a r ) 1/,r < e (oi + a 2 + • • • + a n ) , 


r= 1 


where e is the best possible constant in this inequality. The inequality is strict except for the trivial case 
when a r = 0 for r = 1, 2, . . . , n. MT 131 

11.118 ^4n inequality involving absolute values. Let Oi, a 2 , . . . , a n and bi,b 2 , ■ ■ ■ ,b n be two arbitrary 

sets of real numbers; then 


{K ~ b j\ P + \ b i - 

i,j = 1 


a A — \aj — at 


-|&i-&il p }>0, 0 < p < 2. 


11.21 Algebraic inequalities involving complex numbers 

If a, (3 are any two real numbers, the complex number z = a + i/3 with real part a and imaginary part (3 
has for its modulus \z\ the nonnegative number 

M = \/a 2 + /3 2 , 

and for its argument (amplitude) arg z the angle arg 2 = 9 such that 

cos 9 = and sin 9 = , 

N l 2 l 

where — 7r < 9 < tt . The complex number z = a—i(3 is said to be the complex conjugate of z = a+i/3. 

je 


then 


If z = re™ = r (cos 9 + i sin 9) 


z n = r n e ine = r n ^ nQ + ■ gin ^ ? 

and, setting r = 1, we have de Moivre’s theorem 

(cos 9 + i sin 9) n = cos n9 + i sin n9. 
It follows directly that, if z = e™, then 


1 


cos 9 = - l z- 1 — 


and 


1 


sin a = — , z — 


1 


1 


cos r9 = - [ z r - 1 , sin r9 = — - [ z r 

O l ..r* / ' O l ..r 


1 


If w = z p / q with p, q integral, and 2 = re™, then the q roots of wg, W \, . . . , w q - 1 of 3 are 
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w k = r p/q 


pd + 2 k,Tr\ ipd + 2 kn\ 

cos | + i sm 

Q J \ Q J 


with k = 0, 1, 2, . . . , q — 1. 

11 .211' Simple properties and inequalities involving the modulus and the complex conjugate. If the real 
part of 2 is denoted by Re 2 and the imaginary part by Im z, then 

2 + 2 = 2 Re 2 = 2 cr, 

2 — 2 = 2 Im 2 = 2 i( 3 , 
z = ( 2 ), 

- = (- 


(2") = (*)", 
N 
' N’ 


(21 + 22 + • • • + Z n ) — Z\ + 22 + • ' ' + Z n 


ZlZ 2 ■ ■ ■ Z n = 2i 2 2 • • • Zn. 

11.212 Inequalities for pairs of complex numbers. If a,b are any two complex numbers, then 

(i) |a + 6| < |a| + |6| (triangle inequality), 

(ii) \a — b\ > ||o| — |6||. 


11.31 Inequalities for sets of complex numbers 


11.311 Complex Cauchy-Schwarz-Buniakowsky inequality. Let ai, 02, . . . ,a„ and bi, 62, • • • , b n be any 

two arbitrary sets of complex numbers; then 

|2 in \ / n \ 

|2 W il |2 \ 


Yakb, 


k=l 


* z 


ak 




vfc=i 


vfc=i 


The equality holds if, and only if, the sequences a\, 0,2, ■ ■ ■ , a n and bi, 6 2l • • • > b n are proportional. 

MT 42 

11.312 Complex Minkowski inequality. Let aq, a2, . . . , a n and bi, 62, . . . , b n be any two arbitrary sets 
of complex numbers, and let the real number p be such that p > 1; then 

/ n \ 1 /P / n \ 1 /P / n \ 1 /P 


E \ a k+h\ p < E 


Ofc 


Ei^i" 


MT 56 


\k= 1 


\k= 1 


^fc=l 


11.313 Complex Holder inequality. Let ai,a,2, ■ ■ ■ ,a n and b\, 62, • • • , b n be any two arbitrary sets of 
complex numbers, and let the real numbers p, q be such that p > 1 and — )- - = 1; then 

p q 

( n \ 1 /p / n \ 1 /p n 

Ei afc i p ) Ei^i 9 ) > E afc6fc 

\fc=l / \fe=l / fc= 1 

The equality holds if, and only if, the sequences 

|«i | P , |a 2 | P , • • • , |a n | p and |&i| p , |& 2 | P , • • • \b n \ P , 

are proportional and arg akbk is independent of k for k = 1,2, ... ,n. 


MT 53 
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12 Integral Inequalities 


12.11 Mean Value Theorems 

12.111 First mean value theorem 

Let /( x) and g( x) be two bounded functions integrable in [a, b], and let g(x) be of one sign in this interval. 
Then 


f(x)g(x) dx = /(0 / g(x) dx, 


CA 105 


with a < £ < b. 


12.112 Second mean value theorem 

(i) Let /( x) be a bounded, monotonic decreasing, and nonnegative function in [a, b\, and let g(x) be 
a bounded integrable function. Then, 

[ fix) gix) dx = /(a) f g(x) dx, 

J a J a 

with a < £ < b. 

(ii) Let f{x) be a bounded, monotonic increasing, and nonnegative function in [a, b], and let g{x) be 
a bounded integrable function. Then, 


/ f{x)g{x) dx = f{b) / git v) dx, 

J a Jr) 

with a < r] < b. 

(iii) Let fix) be bounded and monotonic in [a, b ], and let gix) be a bounded integrable function which 
experiences only a finite number of sign changes in [a, b ]. Then, 


fix) gix) dx = /(a + 0)J gix) dx + fib - 0) J gix) dx, 


CA 107 


with a < £ < b. 


12.113 First mean value theorem for infinite integrals 

Let fix) be bounded for x > a, and integrable in the arbitrary interval [a, b\, and let gix) be of one sign 
in x > a and such that f gix) dx is finite. Then, 


1063 
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/»oo poo 

/ . f( x )9i x ) dx = /j, g(x) dx, CA 123 

J a J a 

where m < p < M and m, M are, respectively, the lower and upper bounds of f(x) for x > a. 

12.114 Second mean value theorem for infinite integrals 

Let f(x) be bounded and monotonic when x > a, and g{x) be bounded and integrable in the arbitrary 
interval [a, b } in which it experiences only a finite number of changes of sign. Then, provided J g(x) dx 
is finite, 

/*oo r oo 

/ . fi x )9( x ) dx = f(a + 0) / g(x) dx + /( oo) / g(x) dx, CA 123 

J a J a J £ 

with a < ^ < oo. 


12.21 Differentiation of Definite Integral Containing a Parameter 

12.211 Differentiation when limits are finite 

Let </>(«) and if) (a) be twice differentiable functions in some interval c < a < d, and let f(x, a) be both 
integrable with respect to x over the interval <j)(a) < x < if) (a) and differentiable with respect to a. Then, 

— f(x,a)dx = — / {ip {a), a) - — ./ (0(a), a) + / dx. 

d® J M a ) \da J \daj oa 


FI II 680 


12.212 Differentiation when a limit is infinite 

Let f(x, a) and df /da both be integrable with respect to x over the semi-infinite region x > a, b < a < c. 
Then, if the integral 

POO 

/(«) = / f{x, a) dx 

J a 

exists for all b < a < c, and if dx is uniformly convergent for a in [b, c] , it follows that 

iL /(l ' a)dX = / Ta dX 

12.31 Integral Inequalities 

12.311 Cauchy-Schwarz-Buniakowsky inequality for integrals 

Let f(x) and g(x) be any two real integrable functions on [a, b]. Then, 

2 


J f(x)g{x)dx S j < ^ f 2 {x)dx S j g 2 (x)dx S j 


BB 21 


and the equality will hold if, and only if, f{x) = kg(x), with k real. 

12.312 Holder’s inequality for integrals 

Let f(x) andg(a;) be any two real functions for which \f(x)\ p and |.g(a;)| ,? are integrable on [a, b] with p > 1 
and - + - = 1; then 



Gram's inequality for integrals 
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f f(x)g(x)dx< ( f \f(x)\ p dx\ ( f \gix)\ q 

J a a J \J a 


The equality holds if, and only if, a\f(x)\ p = /3\g(x)\ q , where a and (3 are positive constants. BB 21 

12.313 Minkowski’s inequality for integrals 

Let /( x) and gix)be any two real functions for which |/(a;)| p and \g(x)\ p are integrable on [a, b] for p > 0; 
then 

(/ I/O) + g(x)\ p dxj < \f(x)\ p dxj + (^ j \g{x)\ p dx^j 

The equality holds if, and only if, f(x) = kg(x) for some real k > 0. BB 21 


12.314 Chebyshev’s inequality for integrals 

Let /i, / 2 , . . . , f n be nonnegative integrable functions on [a, b } which are all either monotonic increasing 
or monotonic decreasing; then 

pb pb pb pb 

/ fi(x)dx f 2 (x)dx... fn{x) dx < (b — a) nl / fi(x)f 2 {x)...f n (x)dx MT 39 

J a J a J a J a 

12.315 Young’s inequality for integrals 

Let f{x) be a real- valued continuous strictly monotonic increasing function on the interval [0, a], with 
/ (0) = 0 and b < /(a). Then 

f{x)dx+ [ f~ 1 (y)dy , 

Jo 

where / — 1 (y) denotes the function inverse to f(x). The equality holds if, and only if, b = f{a). BB 15 



12.316 Steffensen’s inequality for integrals 

Let f{x) be nonnegative and monotonic decreasing in [a, 6], and gix) be such that 0 < gix) < 1 in [a, b\. 
Then 


pb pb pa-\-k 

/ fix) dx< fix) gix) dx< fix) dx, 

J b—k J a J a 


where k = f^gix) dx. 


MT 107 


12.317 Gram’s inequality for integrals 

Let /i (x) , f 2 ix ) , . . . , fnix) be real square integrable functions on [a, 6]; then 
fafl(x)dx f*f!ix)f 2 ix)dx ••• fj’f 1 ix)f n ix)dx 

Jahix)flix)dx Jaf 2 i X ) dx ••• / a f 2 (x) /„ ix) dx 

Jafnix)fiix)dx f^f n ix)f 2 ix)dx ■■■ f^f^x)dx 
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12.318 Ostrowski’s inequality for integrals 

Let /( x) be a monotonic function integrable on [a, b\, and let f(a)f(b ) > 0, |/(a)| > |/(6)|. Then, if g is 
a real function integrable on [a, b ], 


r b 


i< 

/ f(x)g(x)dx 

< |/(o)| max 

/ g(x)dx 

J a 

a<£<b 

Ja 


12.41 Convexity and Jensen’s Inequality 

A function f(x) is said to be convex on an interval [a, b } if for any two points x\, X 2 in [a, b } 

( X! + x 2 \ < f(xi) + f(x 2 ) 

V 2 7 - 2 

A function f(x) is said to be concave on an interval [a, 6] if for any two points x\, x 2 in [a, b] the function 
—f(x) is convex in that interval. 

If the function f(x) possesses a second derivative in the interval [a, 6], then a necessary and sufficient 
condition for it to be convex on that interval is that f"(x) > 0 for all x in [a, b\. 

A function f(x) is said to be logarithmically convex on the interval [a, b] if / > 0 and log f(x) is 
concave on [a, b] . 

If f(x) and g(x) are logarithmically convex on the interval [a, 6], then the functions /( x) + g(x) and 
f(x)g(x) are also logarithmically convex on [a, 6]. MT 17 


12.411 Jensen’s inequality 

Let f(x),p(x) be two functions defined for a < x < b such that a < f(x) < f3 and p(x) > 0, with p(x) ^ 0. 
Let <f>(u) be a convex function defined on the interval a < u < /?; then 


" fa f(x)p(x)dx \ < f*<j) ( f)p(x ) dx 


I a p(x)dx 


f a p(x) dx 


HL 151 


12.412 Carleman’s inequality for integrals 

If f(x) > 0 and the integrals exist, then 

^ exp (^-J^ f(t) dtj dx < ej^ f(x) dx. 

12.51 Fourier Series and Related Inequalities 

The trigonometric Fourier series representation of the function f(x) integrable on [— n, i r] is 

OO 

(a n cos nx + b n sin nx) , 

n— 1 

where the Fourier coefficients a n and b n of f(x) are given by 


Cin, — 


27T 


f(x) cos nxdx, 


b n = — / f(x)sinnxdx. 


(See 0.320 0.328 for convergence of Fourier series on (—1,1).) 


TF 1 
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12.511 Riemann-Lebesgue lemma 

If f(x) is integrable on [— 7r,7r], then 


and 


12.512 Dirichlet lemma 


lim / f(x) sintxdx — > 0 

/ 7T 

/(a;) cos txdx — > 0. 

-77 


f sin (n + i) a; , 7r 
Jo 2 sin ix 2 

in which sin (?i + 5) a; / 2 sin is called the Dirichlet kernel. 

12.513 Parseval’s theorem for trigonometric Fourier series 

If /( x) is square integrable on [— 7r,7r], then 


00 -I /*7T 

+ '52( a2 r + b2 r) = f{x)dx. 

1 ^ J —TV 


12.514 Integral representation of the n th partial sum 

If f{x) is integrable on [— 7r,7r], then the n th partial sum 


s n (x ) = (a r cos rx + b r sin rx) 


has the following integral representation in terms of the Dirichlet kernel: 


. , 1 r .. .sin (n + 5) t , 

Sn{x)=~ f(x~t) . 2> dt. 

TrJ-T r 2 sin ft 


12.515 Generalized Fourier series 

Let the set of functions {</>„}“ Lo form an orthonormal set over [a, b\, so that 

f b , ( n , , w fl for m = n, 

/ <f> m {x)(l) n {x) dx = < 

I 0 tor m n ’ 

Then the generalized Fourier series representation of an integrable function f(x) on [a, b] 


f(x) ~ ^C n 0 n (x), 


n — 0 


where the generalized Fourier coefficients of /( x) are given by 


Cn= f{x)(j) n {x)dx. 

J a 


TF 11 


ZY 21 


Y 10 


Y 20 
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12.516 Bessel’s inequality for generalized Fourier series 

For any square integrable function defined on [a,b], 



/ 2 ( x) dx, 


where the c n are the generalized Fourier coefficients of f(x). 


12.517 Parseval’s theorem for generalized Fourier series 

If f(x) is a square integrable function defined on [a, 6] and {<^ n (:r)}“ L 0 is a complete orthonormal set 
of continuous functions defined on [a, 6], then 

OO 

f 2 ( x ) dx » 

n= 0 da 

where the c n are generalized Fourier coefficients of f(x). 



13 Matrices and Related Results 


13.11-13.12 Special Matrices 

13.111 Diagonal matrix 

A square matrix A of the form 

Ai 0 0 ... O' 

0 A 2 0 ... 0 

A = 0 0 A3 0 

0 0 0 A„_ 

in which all entries away from the leading diagonal are zero. 

13.112 Identity matrix and null matrix 

The identity matrix is a diagonal matrix I in which all entries in the leading diagonal are unity. The 
null matrix is all zeros. 

13.113 Reducible and irreducible matrices 

The n x n matrix A = [oy] is said to be reducible, if the indices 1,2, .. . ,n can be divided into two 
disjoint non-empty sets * 1 , * 2 , - - - , V! ji,j 2 , ■ ■ ■ ,ju with (/r + v = n), such that 

diaj/3 ^ A 2, . . . , /X, [3 1,2,... , zzj . 

Otherwise, A will be said to be irreducible. GA 61 

13.114 Equivalent matrices 

An mxn matrix A is equivalent to an m x n matrix B if, and only if, B = PAQ for suitable non-singular 
m x in and n x n matrices P and Q, respectively. 

13.115 Transpose of a matrix 

If A = [ ciij ] is an mxn matrix with element a t j in the i th row and the j th column, then the transpose 
A 1 of A is the n x m matrix 

A r = [bij] with bij = ciji, 

that is, the matrix derived from A by interchanging rows and columns. 
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13.116 Adjoint matrix 

If A is an n x n matrix, then its adjoint, denoted by adj A, is the transpose of the matrix of cofactors 
Atj of A, so that 

adj A = [Ay] T (see 14.13). 


13.117 Inverse matrix 

If A = [ci-i-j] is an n x n matrix with a nonsingular determinant |A|, then its inverse A -1 is given by 

a— i _ ad i A 

- |A| ' 


13.118 Trace of a matrix 

The trace of an nx n matrix A = [a.y], written tr A, is defined to be the sum of the terms on the leading 
diagonal, so that 

tr A = an + q>22 + • ■ ■ + d nn . 


13.119 Symmetric matrix 

The n x n matrix A = [a^] is symmetric if a^- = dji for i,j = l,2,...,n. 

13.120 Skew-symmetric matrix 

The nx n matrix A = [a,j] is skew-symmetric if = — dji for i,j = 1, 2, . . . , n. 

13.121 Triangular matrices 

An n x n matrix A = [a, j ] is of upper triangular type if a, j = 0 for i > j and of lower triangular 
type if <n j = 0 for j > i. 

13.122 Orthogonal matrices 

A real nx n matrix A is orthogonal if, and only if, AA r = I. 

13.123 Hermitian transpose of a matrix 

If A = [a,ij} is an n x n matrix with complex elements, then its hermitian transpose A H is defined to 
be 

A H = [<y, 

with the bar denoting the complex conjugate operation. 

13.124 Hermitian matrix 

An n x n matrix A is hermitian if A = A H , or equivalently, if A = A r , with the bar denoting the 
complex conjugate operation. 



Diagonally dominant 
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13.125 Unitary matrix 

An n x n matrix A is unitary if AA H = A H A = I. 

13.126 Eigenvalues and eigenvectors 

If A is an n x n matrix, each eigenvector x corresponding to A satisfies the equation 

AX = Ax, 

while the eigenvalues A satisfy the characteristic equation 

|A — AI| = 0 (see 15.61). 

13.127 Nilpotent matrix 

An n x n matrix A is nilpotent if A k = 0 for some k. 

13.128 Idempotent matrix 

An n x n matrix A is idempotent if A 2 = A. 

13.129 Positive definite 

An n x n matrix A is positive definite if x 1 Ax > 0, for x / 0 an n element column vector. 

13.130 Non-negative definite 

An n x n matrix A is non-negative definite if x 1 Ax > 0. for x / 0 an n element column vector. 

13.131 Diagonally dominant 

An n x n matrix A is diagonally dominant if \au\ > \aij\ for all i. 


13.21 Quadratic Forms 

A quadratic form involving the n real variables xi,x 2 ,. .. ,x n that are associated with the real n x n 
matrix A = [fly] is the scalar expression 

n n 

Q(x 1,X 2 , ■■■ ,x n ) = EEw 
i— 1 j = 1 

In terms of matrix notation, if x is the n x 1 column vector with real elements xi,x 2 , ■ ■ ■ ,x n , and x T is 
the transpose of x, then 

Q(x) = x r Ax. 

Employing the inner product notation, this same quadratic form may also be written 

Q(x)_ = (x, Ax) . 

If the n x n matrix A is hermitian, so that A r = A, where the bar denotes the complex conjugate 
operation, then the quadratic form associated with the hermitian matrix A and the vector x, which may 
have complex elements, is the real quadratic form 
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Q(x) = (x, Ax) . 

It is always possible to express an arbitrary quadratic form 

n n 

<3( x ) = 5m a ij x i x j 

i = 1 3 = 1 

in the form 

Q(x) = (x, Ax) , 

where A = [a t j] is a symmetric matrix, by defining 

an = an for i = 1 , 2 , ... ,n 

and 

aij = \ (aij + aji) for i,j = 1 , 2 , ... ,n and i^j. 


13.211 Sylvester’s law of inertia 

When a quadratic form Q in n variables is reduced by a nonsingular linear transformation to the form 

/ \ 2 i 2 i ,22 2 2 

Q — Vl + 2/2 + ■ ■ • + Up ~ Vp+l ' Vp+2 ~ — Hr 1 

the number p of positive squares appearing in the reduction is an invariant of the quadratic form Q , and 
it does not depend on the method of reduction itself. ML 377 


13.212 Rank 

The rank of the quadratic form Q in the above canonical form is the total number r of squared terms 
(both positive and negative) appearing in its reduced form. ML 360 

13.213 Signature 

The signature of the quadratic form Q above is the number s of positive squared terms appearing in its 
reduced form. It is sometimes also defined to be 2s — r. ML 378 


13.214 Positive definite and semidefinite quadratic form 

The quadratic form Q(x) = (x, Ax) is said to be positive definite when Q(x) > 0 for x 7 ^ 0. It is said 
to be positive semidefinite if Q(x) > 0 for x 7 ^ 0. ML 394 

13.215 Basic theorems on quadratic forms 

1. Two real quadratic forms are equivalent under the group of linear transformations if, and only 
if, they have the same rank and the same signature. 

2. A real quadratic form in n variables is positive definite if, and only if, its canonical form is 

Q = Z 1 + z 2- + • • • + z n- 

3. A real symmetric matrix A is positive definite if, and only if, there exists a real nonsingular 
matrix M such that A = MM T . 

4. Any real quadratic form in n variables may be reduced to the diagonal form 
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Q — Aiz 2 + A 2 z 2 + • • • + A n z 2 , Ai > A 2 > . . . > A„ 

by a suitable orthogonal point-transformation. 

5. The quadratic form Q = (x, Ax) is positive definite if, and only if, every eigenvalue of A is 
positive; it is positive semidefinite if, and only if, all the eigenvalues of A are nonnegative, and 
it is indefinite if the eigenvalues of A are of both signs. 

6. The necessary conditions for an hermitian matrix A to be positive definite are 

(i) a-a > 0 for all i, 

(ii) auCLij > 1 2 for i yf j, 

(iii) the element of largest modulus must lie on the leading diagonal, 

(iv) | A | > 0. 


7. 


The quadratic form Q = (x, Ax) with A hermitian will be positive definite if all the principal 
minors in the top left-hand corner of A are positive, so that 


an > 0, 


an 012 
a 2 1 a 22 


an 

a 12 

Ol3 

a 2 i 

a 22 

023 

a 31 

032 

033 


ML 353-379 


13.31 Differentiation of Matrices 


If the n x m matrices A (t) and B(t) have elements that are differentiable functions of t, so that 


then 

1. 

2 . 


5. 


A(f) = [ay(i)] , B(t) = [bij(t)] 


s A < ( » - 


-77 M*) 


-[A(t)±B(t)] = 




3. If the matrix product A(t)B(t) is defined, then 


dt 


- |A(t)B(t)] = ( -A (t) ) B (t) + A (t) ( — B(t) 


dt 


4. If the matrix product A(t)B(t) is defined, then 


dt 


dt 


[A(t)B(i)] = -B(t) + —A(t) 


d 


dt 


If the square matrix A is nonsingular, so that |A| yf 0, then 

f T \ f T 

/ A (t) dr = / dij{r) dr 

Jtn Jt n 


6 . 
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13.41 The Matrix Exponential 

If A is a square matrix, and z is any complex number, then the matrix exponential e Az is defined to be 

Az T x A ”-2" A 1 . r _ 

e Az = 1 + Az+ . . . H — + ...= > —Az. 

n! ' r! 


3.411 Basic properties 

1. e° = I, e Iz = Ie z , e^ 2 ^) = e Az ‘ • e Az2 , [when A + B is defined and AB = BA] 

e ~ Az = (e Az ) _1 , e Az ■ e Bz = e (A+B)z 

2. (e Az ) = A r e Az = e Az A r . 
dz r v ' 

ML 340 


3. 


If the square matrix A can be expressed in the form A 
then 


B 0 
0 C 


with B and C square matrices, 


e 


Az 


e Bz 0 

0 e Cz 



14 Determinants 


14.11 Expansion of Second- and Third-Order Determinants 


l. 


2 . 


o li 

021 

Ol2 

O22 

— On022 ~ 012021- 

an 

012 

O13 


021 

022 

023 

— 011022033 — 

031 

032 

«33 



— 011(222033 — 011023032 + 012023031 — 012021033 + 013021032 — 013022031- 


14.12 Basic Properties 


Let A = [ay] and B = [6^] be n x n matrices. Then the following results are true: 

1. If any two adjacent rows (or columns) of a square matrix are interchanged, then the sign of the 
associated determinant is changed. 

2. If any two rows (or columns) of a determinant are identical, the determinant is zero. 

3. A determinant is not changed in value if any multiple of a row (or column) is added to any other 
row (or column). 

4. |fcA| = fc"|A| for any scalar k. 

5. | A 1 1 = | A | where A 1 is the transpose of A. 

6. |AB| = | A | |B | . 

7. | A^ 1 1 = when the inverse exists. 

8. If the elements o,; ? of A are functions of x, then 


4|A| 

dx 



i,j = 1 


(see 14.13). 


14.13 Minors and Cofactors of a Determinant 

The minor My of the element a %3 in the n th -order determinant | A j associated with the square n x n 
matrix A is the (n — l) th -order determinant derived from A by deletion of the I th row and j th column. 
The cofactor A i3 of the element a i3 is defined to be 

Aij = (-1 ) i+j M i:j . ML 20 
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14.14 Principal Minors 

A principal minor is one whose elements are situated symmetrically with respect to the leading diagonal 
of A. ML 197 


14.15* Laplace Expansion of a Determinant 


The n th -order determinant denoted by | A | , or det A, associated with the n x n matrix A = [ajj] may be 
expanded either by elements of the i th row as 

n 

ai = y ' dijAij , 

j = i 

or by elements of the j th column as 

n 

ai = y ] aijAij , 

i = 1 

where A,.j is the cofactor of element a,,- . The cofactors A l;j satisfy the following n linear equations: 


y \ Q'ijAkj 5ik |A | , y ' dijAij 8jk | A| 
i= 1 i= 1 

for i, j,k = 1,2, ... ,n and 5ij = < 


1 for i = j 
0 for i ^ j. 


ML 21 


14.16 Jacobi’s Theorem 


Let M r be an r-rowed minor of the n th -order determinant | Aj, associated with the nxn matrix A = [a,^ } , 
in which the rows i\, ii, . . . , i r are represented together with the columns k\,k 2 , ■ ■ ■ ,k r . 

Define the complementary minor to M r to be the (n—k)- rowed minor obtained from |A| by deleting 
all the rows and columns associated with M r , and the signed complementary minor M ^ to M r to 
be 

M( r ) = (— Hr+fci+fc 2 H hfcr x (complementary minor to M r ). 

Then, if A is the matrix of cofactors given by 

An 
A21 


A = 


A 12 

A 22 


A In 
A2n 


1 


A. 


n2 


A.„ 


and M r and M' r are corresponding r-rowed minors of j A j and A, it follows that 

M; = |A| r “ 1 MW. 

Corollary. If |A| = 0, then 

ApkA n q — A n kApq. 


ML 25 
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14.17 Hadamard’s Theorem 

If |A| is an n x n determinant with elements ay that may be complex, then j A j 0 if 

n 

\au\> \ a ij\ ■ 

i=i 


14.18 Hadamard’s Inequality 

Let A = [ay] be an arbitrary n x n nonsingular matrix with real elements and determinant | A j . Then 

n / n \ 

iAt<n s<4 - 

i= 1 \fc=l / 

This result is also true when A is hermitian. ML 418 

Deductions. 

1. If M = max | ay |, then 

] A| < M n n n/2 . ML 419 

2. If the n x n matrix A = [ay] is positive definite, then 

| A | < ana 2 2 • ■ • a nn . BL 126 

3. If the real n x n matrix A is diagonally dominant, so that |ffly | < | a** | for i = 1, 2, . . . , n, 

then | A | y^ 0. 

14.21 Cramer’s Rule 

If the n linear equations 


anxi 

+ 

012*2 

+ • • 

• + 

®1 

rO 

II 

021*1 

+ 

022*2 

+ • • 

• + 

U j 2n%n 

CN 

II 

Onl*l 

+ 

a n 2*2 

+ • • 

• + 

^nn^n 

— 5 


have a nonsingular coefficient matrix A = [ay], so that j A j y^ 0, then there is a unique solution 

A\jb\ + A '2 j h~2 + • • • + A n jbj 
Xj= |A| 

for j = 1, 2, . . . , n, where Ay is the cofactor of element ay in the coefficient matrix A. ML 134 
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14.31 Some Special Determinants 

14.311 Vandermonde’s determinant (alternant) 

Third, order. 


Ill 

X\ X 2 X 3 
r 2 2 2 
X 1 x 2 x 3 


= (X 3 ~ X 2 ) {x 3 - Xi) (x 2 - Xi) , 


and, in general, the n th -order Vandermonde’s determinant is 

1 1 ••• 1 


X\ 


x 2 


n—1 _n— 1 


r.n—1 


= n (xj - x^ , 


where the right-hand side is the continued product of all the differences that can be formed from the 
-1 n(n — 1) pairs of numbers taken from xi, x 2 , . . . , x n , with the order of the differences taken in the 
reverse order of the suffixes that are involved. ML 17 

14.312 Circulants 

Second order. 


X\ x 2 
X 2 X\ 


= (xi + x 2 ) (x x - X 2 ) . 


Third order. 

X\ x 2 x 3 

x 3 X\ X 2 = (xi + X 2 + X 3 ) ( X\ + tox 2 + U) 2 x 3 ) ( X\ + u> 2 x 2 + UJX 3 ) , 
x 2 x 3 Xi 

where to and w 2 are the complex cube roots of 1. In general, the ?r th -order circulant determinant is 


X\ 

X 2 

x 3 ■ ■ 

X n 


X n 

Xi 

X 2 ■ ■ 

• X n — 1 

n 

Xn— 1 

X n 

X\ ■ ■ 

Xn— 2 

—■ | (^1 + X 2 Cdj + X 3 UJ? + • • • + X n M™ 





3 = 1 

x 2 

x 3 

Xi ■ ■ 

Xl 



where ujj is an n th root of 1. The eigenvalues A (see 15.61) of an n x n circulant matrix are 


Xj — X\ + X 2 LUj + X 3 U1 2 + • • • + XnUl 1 ) 


where x>j is again an n til root of 1. 


14.313 Jacobian determinant 


ML 36 


If /l, f 2 , ■ . ■ , f n are ?i real-valued functions which are differentiable with respect to x\,x 2 , . . . , x n , then 
the Jacobian Jf(x ) of the fi with respect to the Xj is the determinant 


Jf{x) = 


dfi 

dh . . 

. 9/l 

dxi 

dX2 

dx n 

dh 

dh . . 

. dh- 

dxi 

dx 2 

dx n 

dU 

d fn . . 

a/n 

dxi 

dX2 

dx n 
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The notation 

d(fuh,...J n ) 
d(xi,x 2 , ■■■■,x n ) 

is also used to denote the Jacobian Jf(x). 


14.314 Hessian determinants 

The Jacobian of the derivatives A—, A—, • ■ • , A~ of a function (f>(xi,x 2 , • • • ,x n ) with respect to xi, x 2 , 

OX\ OX 2 OX n 

... , x n is called the Hessian H of </>, so that 


H = 


d 2 <t) 

d 2 (p 

d 2 4 > 

d 2 4 > 

dx'j 

dxi dx2 

dxi dx 3 

dxi dx r 

d 2 (f> 

d 2 <fr 

d 2 4 > 

d 2 d.2<t> 

dx2 dxi 

dx\ 

0x2 dx 3 

dx2 dx r 

d 2 4 > 

d 2 <t> 

d 2 (f) 

d 2 (j> 

dx n dxi 

dx n dX2 

dx n dx 3 

® x n 


14.315 Wronskian determinants 

Let / 1 , f 2 , ■ ■ . , f n be n functions each n times differentiable with respect to x in some open interval 
(a, b ). Then the Wronskian W(x) of / 1 , f 2 , . . . , /„ is defined by 



h 

h ' 

fn 


/i (1) 

A i) 

J 2 

A 1 ) 

Jn 

W{ x) = 

a (2) 

A 2 ) 

J 2 

f(2) 

Jn 


fir 1 - 1 ) 

An- 1 ) 

J 2 

An- 1 ) 

Jn 


, .(r) d r fi 

Where 


14.316 Properties 

1. follows from W(x) by replacing the last row of the determinant defining W(x) by the n th 

derivatives f[ n \ ■ ■ , /n" ) - 

2. If constants k\, k 2 , . . . , k n exist, not all zero, such that 

kifi + k 2 f 2 + • • • + k n f n = 0 
for all x in (a, b), then W(x) = 0 for all x in (a, b). 

3. The vanishing of the Wronskian throughout (a, b) is necessary, but not sufficient, for the linear 
dependence of / 1 , f 2 , . . »y/ n . 
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14.318 


14.317 Gram-Kowalewski theorem on linear dependence 


A necessary and sufficient condition for n functions /i, / 2) * • • > fn square integrable over 
linearly dependent in this interval is the vanishing of the Gram determinant 




j b a ft(x)<ix 
Iah{x)fi{x) dx 

Jafn{x)fl(x) dx 


Jafl(x)f 2 (x)dx 

IafKx)dx 

Jafn(x)f 2 (x) dx 


fj!fl(x)fn{x)dx 

f a f 2 {x)f n {x)dx 


a < n < b to be 


SA 2 (Theorem 3) 


Iafn(x)dx 

14.318 If the n functions /i, f 2 , are square integrable over a < n < b, then the Gram determinant 


G(/ l7 / 2 , •..,/„)> 0, 

and the equality sign holds only when the functions are linearly dependent in a < n < b. 

SA 4 (Corollary 1) 

14.319 The rank of the matrix corresponding to the Gram determinant G(fi, f 2 , . . . , f n ) gives the 
maximum number of linearly independent functions /i, f 2 , in a < x < b. If the rank is r, then r 

of the functions are linearly independent, and the other n — r functions are linearly dependent on these. 

SA 3 (Theorem 4) 



15 Norms 


15.1-15.9 Vector Norms 
15.11 General Properties 

The vector norm ||x|| of an nxl column vector x is a nonnegative number having the property that 

1. | |x| | > 0 when x/0 and ||x|| =0 if, and only if, x = 0; 

2. ||fcx|| = |fc|||x|| for any scalar fc; 

3. ||x + y|| < ||x|| + ||y||. 


15.21 Principal Vector Norms 

15.211 The norm | |x| | x 

If x is a vector with complex components x\, x 2 , ■ ■ ■ ,x n , then 

n 

IMIi = W- 


15.212 The norm ||x|| 2 (Euclidean or L 2 norm) 

If x is a vector with complex components x\, x 2 , ■ ■ ■ ,x n , then 

(n \V2 

ll x ll 2 = 


15.213 The norm llxll^ 

If x is a vector with complex components x\, x 2 , ■ ■ ■ ,x n , then 

ll x l loo = ma xN- 

l 


VA 15 


VA 8 


VA 15 
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15.31 Matrix Norms 

15.311 General properties 

The matrix norm | j A j | of a square matrix A is a nonnegative number associated with A having the 
properties that 

1. 1 1 A 1 1 > 0 when A ^ 0 and ||A|| = 0 if, and only if, A = 0; 

2. ||fcA|| = |fc| 1 1 A 1 1 for any scalar k; 

3. 1 1 A + B 1 1 < 1 1 A 1 1 + | |B 1 1; 

4. 1 1 AB 1 1 < 1 1 A 1 1 1 1 B 1 1 . VA 9 

The matrix norm | j A 1 1 associated with A = [dij], and the vector norm ||x|| associated with the column 
vector x for which the matrix product Ax is defined, are said to be compatible if 

l|Ax||<||A||||x||. 


15.312 Induced norms 

When a vector z with norm ||z|| exists such that the maximum is attained in the expression 

1 1 A 1 1 = max 1 1 Azl . 

IMI=i 

then 1 1 A 1 1 is a matrix norm and is said to be the natural norm induced by, or subordinate to, the 
vector norm ||z||. NO 428 

15.313 Natural norm of unit matrix 

If I is the unit matrix, then for any natural norm 

||I|| = 1. NO 429 


15.41 Principal Natural Norms 

The natural matrix norms induced on matrix A = [a^-] by the 1, 2, and oo vector norms are as follows: 

15.411 Maximum absolute column sum norm 

n 

1 1 A 1 1 j = max^ \a,ij\ NO 429 

3 i= l 

[a]i\ with a bar 


NO 429 


15.412 Spectral norm 

If A h denotes the Hermitian transpose of the square matrix A = [dij], so that A H = 
denoting the complex conjugate operation, then 


or, equivalently, 


= v maximum eigenvalue of A H A, 
|Ax|L 


I A j I 2 = max- 

I 
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15.413 Maximum absolute row sum norm 

Tl 

HA|| 00 = m a x EKI NO 429 

l Z ' 

3 = 1 

15.51 Spectral Radius of a Square Matrix 

Let A = [ojj] be an n x n matrix with elements that may be complex, and with eigenvalues A-i, A 2 , . . . , X n . 
Then the spectral radius p( A) of A is the number 

p{ A) = max |Aj|. VA 9 

l<i<n 

15.511 Inequalities concerning matrix norms and the spectral radius 

1. ||A|| 2 2 < IIAHJIAjl^. NO 431 

2. If A is any arbitrary n x n matrix with elements that may be complex, and the n x n matrix U is 
unitary, so that U H = U _1 , with H denoting the Hermitian transpose of A (see 13.123), then 

| j AU| | = | |UA| | = 1 1 A 1 1 . VA 15 

3. If A is any nonsingular n x n matrix with elements that may be complex with eigenvalues Ai, 
A 2 , A n , then 

pEy < |A| < ||A||. VA 16 

4. For any square matrix A with spectral radius p( A) and any natural norm ||A||, 

p(A) < 1 1 A| | . NO 430 

5. If the square matrix A is Hermitian, then 

P( A) = ||A||. 

6. If the square matrix A is Hermitian and P m (x) is any polynomial of degree m with real coefficients, 
then 

||P ro (A)||=p(P m (A)). 

7. If A is any arbitrary n x n matrix with elements that may be complex, then the sequence of 
matrices A. A 2 , A \ . . . converges to the null matrix as n — > 00 if, and only if, p( A) < 1. 

NO 303 


15.512 Deductions from Gerschgorin’s theorem (see 15.814) 

1. Let A be any arbitrary n x n matrix with elements that may be complex; then 


max 

l<i<n 


Ei 

3 = 1 


, max 

l<j<n / — 
i = 1 


Ei 


P( A) < 

VA 17 
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2. Let A be any arbitrary nxn matrix with elements that may be complex, and x\, x %, ... , x n be any 


set of n positive numbers; then p( A) < min max 

\ l<i<n 


' sr-^n 

2 -^ 7 = 1 


Xi 


, max Xn 

1 <j<n \ 


E \ a ij\ 

rp . 


i=l 


VA 18 


15.61 Inequalities Involving Eigenvalues of Matrices 


The eigenvalues (characteristic values or latent roots) A of an x n matrix A = [a, 7 ] are the 
solutions to the characteristic equation 

| A — AI| = 0. 

When expanded, the determinant |A — AI| is called the characteristic polynomial, and it has the 
form 

|A — AI| = (— l)”A n + c„_iA" 1 + c n —2 A n 2 + • • • + ci A + Co- 
The zeros of this polynomial satisfy the characteristic equation and so are the eigenvalues of A. In the 
characteristic polynomial the coefficients have the form 

c n _ r = (— l) n_r (sum of all principal minors of |A| of order r) . 

It then follows that 


b n - 1 — (~ 1)" (ail + 022 + • • • + a nn ) , 

bn— 2 = ( 1) ^ ' {OfUdjj CLijCLji) , 

i<j 

b 0 = |A|. 


Since the sum of the elements of the leading diagonal of A is called the trace of A, written tr A, it 
follows that b n -i = (— l)"tr A. ML 198 


15.611 Cayley-Hamilton theorem 

Every square matrix A satisfies its characteristic equation, so that 

(— 1)"A” + c n ~ iA”" 1 + c n _ 2 A"" 2 + • • • + CiA + c 0 I = 0. ML 206 


15.612 Corollaries 


1. 


2 . 


If A is nonsingular, then its adjoint, denoted by adj A, is 

adj A = - [(— l)"A n_1 + c„_iA"- 2 + c n _ 2 A"- 3 + • • • + c 2 A + cil] . 


If A is nonsingular, then the characteristic polynomial of A 1 is 


(- 1 )" 


\n | Ol \n— 1 

A + WJ A ' IA 





15.71 Inequalities for the Characteristic Polynomial 

The first group of inequalities that follow, which relate to the characteristic polynomial of an nxn matrix 
A whose elements may be complex, refer directly to the coefficients of the polynomial when written in 
the form 



Named and unnamed inequalities 
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P{ A) = |AI — A| = A” + 61A”- 1 + b 2 X n ~ 2 + • • • + 6„_! A + b n , 
and only implicitly to the coefficients atj of A that give rise to the bi. 

15.711 Named and unnamed inequalities 

The first group of inequalities relating to the eigenvalues A satisfying P{ A) = 0 are unnamed and are as 
follows: 

1. All the eigenvalues A lie within or on the circle ||z|| < r, where r is the positive root of . 

\b n \ + \b n -i\z + |6„_2 |z 2 + • • • + |6i|z" 1 — z n = 0 MG 122 

2. All the eigenvalues A lie within the circle 

\z\ < 1 + max|6j|. MG 123 

i 


R 

3. When !)„/ 0 the eigenvalue A of smallest modulus lies in the annulus R < \z\ < — jj — where 


R is the positive root of 

\b n \ - \b n -i\z - \b n - 2 \z 2 z n = 0. 

All the eigenvalues A lie on or outside the circle 

K\ 


|z| = mm 
k 


(\b n \ + IM) 


If the eigenvalues A are ordered so that 

I Ai | > | A 2 1 > • • • > | A p | > 1 > |A p +i| > • • • > |A n |, 


then 


where 


\ziz 2 ...z p \<N, \z p \ < Np, 


N 2 — 1 + \bi\ 2 + \b 2 \ 2 + • • • + \b n \ 2 . 


6. All the eigenvalues A lie in or on the circle 


n 

M < 

i= 1 


1 Vi 


MG 126 


MG 126 


MG 129 


MG 126 


7. 


8 . 


All the eigenvalues A lie on the disk 



+ N 1/2 + N 1/3 + --- + IM 1/n 


All the eigenvalues A lie in the annulus m < ||z|| < M, where 


in = max < 0, min 

l<j<n-l L 


1 | bj | , | b n 


MG 145 


and 
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15.715 Routh-Hurwitz theorem 

Consider the characteristic equation 

|AI - A| = X n + b ± A 11 " 1 + • • • + 6„_iA + b n = 0 

determining the n eigenvalues A of the real n x n matrix A. Then the eigenvalues A all have negative real 
parts if 

Ai> 0 , A 2 > 0 , A n > 0 , 

where 

bi 1 0 0 0 0 ... 0 

63 62 bi 1 0 0 ... 0 

= h b 4 63 b 2 b x 0 ... 0 

&2fc-i b 2 k-2 b 2 k-3 b 2 k - 4 b 2 k-5 b 2 k-6 ■ ■ ■ bk 



GM 230 
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15.81-15.82 Named Theorems on Eigenvalues 

In the following theorems involving eigenvalue inequalities the elements a,; ? of matrix A enter directly, 
and not in the form of the coefficients of the characteristic polynomial. 


15.811 Schur’s inequalities 

If A = [cijj] is an n x n matrix with elements that may be complex, and eigenvalues Ai, A 2 , . . . , A„, then 


1. 

2 . 

3. 


Ew 2 ^ e 


i = 1 


hj = 1 


Ei ReA *i 2 < E 


i,j — 1 


CLij H - O'ji 


E i imA *i 2 < E 

i= 1 i,j=l 


■*ij 1 


ML 309 


15.812 Sturmian separation theorem 

Let A. r = [ aij ] with i, j = 1, 2, . . . , r and r = 1, 2, . . . , N be a sequence of N symmetric matrices of 
increasing order. Then if Afc(A r ) for k = 1,2,... , r denotes the k th eigenvalue of A r , where the ordering 
is such that 

Ai (A r ) > A 2 (A r ) > • • • > A r (A r ) , 

it follows that 

Afc+i (A i+ i) < Afc (A,) < Afc (Aj + 1 ) . BL 115 


15.813 Poincare’s separation theorem 

Let {y fc }, with k = 1, 2, . . . , A', be a set of orthonormal vectors so that the inner product (y fc ,y fc ) = 1. 
Set 


K 


E Ufc y fe ’ 


fc = l 


so that for any square matrix A for which the product Ax is defined, the quadratic form 

K 

(x, Ax) = u kUi (y fc . Ay z ) . 


k,l = 1 


Then if 


bif = (y fc , Ay') for k, l = 1, 2, . . . , A", 


it follows that 


A; (b*) < Aj(A) 
Aif-j (bjc) > Ajv-j(A) 


for * = 1, 2, . . . , AT, 

for j = 0,1,2,... , AT — 1 . 


BL 117 
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15.814 Gerschgorin’s theorem 

Let A = \a.ij] be any arbitrary n x n matrix with elements that may be complex, and let 

n 

A i = '^2 I a ij | for i = 1, 2, . . . , n. 

Then all of the eigenvalues A; of A lie in the union of the n disks T,;, where 

T,; : | z — an | < Aj for * = 1, 2, . . . , n. VA 16 

15.815 Brauer’s theorem 

If in Gerschgorin’s theorem for a given to 

I ajj a mrn | A A j T A m 

for all j yf to, then one and only one eigenvalue of A lies in the disk T m . MG 141 

15.816 Perron’s theorem 

If /i. = (/ii , fj/ 2 , . . . , Hn) is an arbitrary set of positive numbers, then all the eigenvalues A of the n x n 
matrix A = [o^] lie on the disk \z\ < M m , where 

n 

M u = max V —laid. MG 141 

M l <i<n^ m 1 3 ' 

j'=i 


15.817 Frobenius theorem 

If A = [a^] is a matrix with positive coefficients, so that > 0 for all i,j = 1,2, . . . , n, then A has a 
positive eigenvalue Ao, and all its eigenvalues lie on the disk 

\z\ < A 0 . MG 142 


15.818 Perron-Frobenius theorem 

If all elements a t j of an irreducible matrix A are nonnegative, then R = min M\ is a simple eigenvalue 
of A, and all the eigenvalues of A lie on the disk \z\ < R, where, if A = (Ai,A 2 ,... , A„) is a set of 
nonnegative numbers, not all zero, 

[ 

M\ = inf < fi : fiXi > a-ij \ Xj . 1 < i < n 
{ 3=1 

and R = min M\ . 

Furthermore, if A has exactly p eigenvalues ( p < n) on the circle \z\ = R, then the set of all its 
eigenvalues is invariant under rotations 2n/p about the origin. GM 69 


15.819 Wielandt’s theorem 

If the nx n matrix A satisfies the conditions of the Perron-Frobenius theorem and if in the n x n matrix 
C = [dj] 

\Cij I — ^ ij j b j 1, 2, . . . , Ti, 

then any eigenvalue Ao of C satisfies the inequality |Ao| < R. The equality sign holds only when there 
exists an n x n matrix D = [±<%] such that da = 1 for all i, Sij = 0 for all i ^ j, and 
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C = (A 0 /R) DAD -1 . 


GM 69 


15.820 Ostrowski’s theorem 


If A = [a„] is a matrix with positive coefficients and Ao is the positive eigenvalue in Frobenius’ theorem, 
then the n — 1 eigenvalues A j ^ Aq satisfy the inequality 


where 


|Aj| < A 0 


M 2 — m 2 
M 2 + m 2 ’ 


M = max ciij . m = min a n j for i,j = l,2,...,n. 


MG 145 


15.821 First theorem due to Lyapunov 

In order that all the eigenvalues of the real n x n matrix A have negative real parts, it is necessary and 
sufficient that if V is an n x n matrix, the equation 

A t V + VA = -I 

has as a solution the matrix of coefficients V of some positive-definite quadratic form (x, Vx) (see 13.21). 

GM 224 


15.822 Second theorem due to Lyapunov 

If all the eigenvalues of the real matrix A have negative real parts, then to an arbitrary negative-definite 
quadratic form (x, Wx) with x = x(t) there corresponds a positive-definite quadratic form (x, Vx) such 
that if one takes 

dx 
dt 


= Ax 


then (x, Vx) and (x,Wx) satisfy 


t( x ,Vx) = (x, Wx) . 
dt 


Conversely, if for some negative-definite form (x,Wx) there exists a positive-definite form (x, Vx) 
connected to (x,Wx) by the preceding two equations, then all the eigenvalues of A have negative real 
parts (see 13.21, 13.31). GM 222 


15.823 Hermitian matrices and diophantine relations involving circular functions of 
rational angles due to Calogero and Perelomov 

1. The off-diagonal Hermitian matrix A of rank n whose elements are given by 

djk — (1 d j ^ ) ^ 1 i cot 

has the integer eigenvalues 

A^°) = 2s — n — 1 for s = 1, 2, . . . , n, 
and the corresponding eigenvectors v ^ have the components 


U ~ k) - 
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V) = exp — 


for j = 1,2,... , n. 


The two off-diagonal Hermitian matrices B and C whose elements are defined by the formulas 


bjk = (1 - Sjk) sin 2 ^ 

Cjk = (1 ^ S jk ) sin -4 — — — 
[ 77- 


are related to the matrix A in (1) by the equations 


B=^(A 2 + 2A- t r«l), 

C = -^(B 2 -2(2 + a,( 1 ))B-a( 2 )l), 


where I is the unit matrix and 


a n ] = l (« 2 - 1 ) , ^ = ^( n2 - X ) ( n " + H ) ' 

The eigenvalues of B and C corresponding to the eigenvector v ^ in (1) have the form 


^s b) = °n ] ’ - 2 s(n - s) 

AW = 4 2) -2»(n- S ) s(n ~ 3 S) + 2 


for s = 1,2,... , n, 
for s = 1,2,... ,n. 


Together, the above two results imply the following diophantine summation rules: 


f kn\ . ( 2skn\ 

(a) y, c °t I — 1 sm I I == n — 2s tor s = 1, 2, . . . , n — 1 

fc= l \ n / \ n J 


(b) £ si "" 2 (^) c “(^) = i ’- 
^-4 . _ 4 / kn \ / 2skn \ 

(c) T.™ (yrj c “(,^rj =c - 




— 2p( ___ \ — Ip) 


for s = 1, 2, . . . ,n — 1, 


for s = 1, 2, . . . ,n — 1, 


with an' 1 and an' 1 as defined in (2), and 


( 3 ) (i) 2n 4 T 23n 2 T 191 ^ ^ 2 ) 3?r 4 T 10?r 2 T 227 

T n = &n VTT 5 = VTV 


b s = a ^ - 2s(n - s), c s = a^ 2) - -s(n - s)[s(n - s) + 2\. 
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15.91 Variational Principles 


15.911 Rayleigh quotient 


If A is an Hermitian matrix, the Rayleigh quotient p(x) is the expression 

(x, Ax) 


p(x) = 


(x,x) 


NO 407 


15.912 Basic theorems 

1. If the n x n matrix A is Hermitian and has eigenvalues Ai < A 2 < • • • < A n , then 

Ai < p < A„, 

where p is the Rayleigh quotient for any x^O, and 


2 . 


3. 


4. 


Ai = min 


(x, Ax) 


x^O (x, x) 


and 


A„, = max 


(x, Ax) 

To (x, x) 


NO 407 


If the n x n matrix A is Hermitian and has eigenvalues Ai < A 2 < • • • < X n corresponding to the 
eigenvectors xi, X 2 , . . . , x n , respectively, and x ^ 0 is such that 


then 


and 


(x, Xi) = (x, x 2 ) = • • • = (x, x„) = 0, 


\ ( x i Ax ) 

Aj = mm— — , 

* x,x 


\,<0hA0< Xn . 

(x,x) 

If the n x n matrix A is Hermitian, then the eigenvalue 

A r = max 


NO 410 


f • (x,Ax)) 

r n wJ’ 


where first the minimum over x is taken subject to (bj,x) = 0, i = 1, 2, . . . , r — 1, with the b } ; 
regarded as fixed vectors, and then the maximum over all possible b,. Also, the eigenvalue 

. ( (x, Ax) 

A r = mm max — — 

V (x,x) 

where now the maximum over x is taken first subject to (b*, x) = 0, * = r + 1 , r + 2, . . . , n for 
fixed bi, and then the minimum over all possible b,. NO 414 

The (n — 1) eigenvalues A) , A' 2 , . . . , \n_i obtained from the (n — 1) x (n — 1) matrix derived from 
an Hermitian matrix A from which the last row and column have been omitted separate the n 
eigenvalues of A, so that 


Ai < A) < A 2 < A' 2 < • • • < X' n _i < A„ 


(see 15.812). 
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16 Ordinary Differential Equations 


16.1-16.9 Results Relating to the Solution of Ordinary Differential 
Equations 

16.11 First-Order Equations 

16.111 Solution of a first-order equation 

Consider the real function f(t, x ) that is defined and continuous in an open set D C R 2 . Then a solution 
to the first-order differential equation 

f -'<*•*> 

in the open interval I C R .is a real function u(t) that is defined and is both continuous and differentiable 
in J, with the property that 

(i) (f, u(t)) € D for t € I, 
du 

(ii) — = for tel. 


16.112 Cauchy problem 


The Cauchy problem for the differential equation 

!-«*■*> 

is the problem of existence and uniqueness of the solution to this equation satisfying the initial condition 

u(t 0 ) = x 0 , 

where (to,u(to)) £ D, the open set defined above. The solution to the initial value problem may be 
expressed in the form of the integral equation 

rt 


u(t) = xq + f f (t,u(t)) cLt (see 16.316). 
Jto 


16.113 Approximate solution to an equation 

The real function <j>(t) is said to be an approximate solution, to within the error e, of the differential 
equation 


1093 
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Fundamental Inequalities and Related Results 


dx 

dt 


f(t,x ) 


if (j)' is piecewise continuous, and for a given e > 0 and an open interval I C f?, 




except at points of discontinuity of the derivative. 


< e, 


HU 3 


16.114 Lipschitz continuity of a function 

The real function f(t,x ) defined and continuous in some open set D C R 2 is said to be Lipschitz 
continuous with respect to x for some constant k > 0 if, for all points (t,x i) and (t,x 2 ) belonging 
to D 

|/ (t,xi) - f(t,x 2 )\ < k\xi - X 2 \. HU 5 


16.21 Fundamental Inequalities and Related Results 


16.211 Gronwall’s lemma 

Let the three piecewise continuous, non-negative functions u, v, and w be defined in the interval [0, a] and 
satisfy the inequality 

ft 


w(t) < u(t) + / v(t)w(t) dr, 

J 0 

he functions. Then, except at t 
w(t) < u(t) + J u(t)v(t) ex p (/ v (a) da^j dr. 


except at points of discontinuity of the functions. Then, except at these same points, 

r t / r t 


BB 135 


16.212 Comparison of approximate solutions of a differential equation 

Let / be a real function that is defined in an open set D C R 2 , in which it is both continuous and 
Lipschitz continuous. In addition, let U\ and U 2 be two approximate solutions of 

in an open set / C R, in the sense already defined, with 

- f{t,ui(t))\ < ei, | u' 2 (t) - f(t,u 2 (t)) | < e 2 , 

except where the derivatives are discontinuous. Then, if for all to £ I 

\ui (t 0 ) - u 2 (to) | < 5, 

it follows that 


\ui(t) - u 2 (t)| < 5 exp {|t - to|} + ( 61 62 ) [exp {k\t - t 0 |} - 1] . 


HU 6 


16.31 First-Order Systems 

16.311 Solution of a system of equations 

The system of n first-order differential equations 
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dXl _ f U r, ~ r, ^ 

1 1 — J 1 (A *^27 • • • 5 ^n) 7 

at 

dx 2 _ , , 

j2 Xi, X2, • • - i X n ) , 

at 


^ — J‘ n v> 1 j ■ • ■ > j 

in which the functions fi, f 2, ■■ ■ , f n are real and continuous in an open set 
in the concise matrix form 


Z) C R n+1 , may be written 


dx 


f (t, x) , 


where x and f are n x 1 column vectors. Its solution in the open interval / 
elements U\(t),U2{t ), ... ,u n (t) with the property that 


C R is the vector u(f) with 


(i) (t, u(f)) € D for t G /, 

(ii) ^ = f(t, u(i)) for t £ I. HU 24 


16.312 Cauchy problem for a system 


The Cauchy problem for the system 

!='<*•*» 

is the problem of existence and uniqueness of the solution to this system satisfying the initial vector 
condition 


u(io) = x 0 , 

where (toju(to) £ D, the open set defined above in connection with the system. The solution to the 
initial value problem may be expressed in the form of the vector integral equation 

u(f) = x 0 + f f(r , u (t)) dr. 

Jto 


16.313 Approximate solution to a system 

The real vector <p(t) is said to be an approximate vector solution, to within the order e, of the system 

f = f(t ' x) / 

if the elements of <J> are piecewise continuous, and for a given e > 0 and open interval / C R, 

except at points of discontinuity of the derivative, where ||w|| denotes the supremum norm 

I |w| | = sup (|tui|, \w 2 \, ■ ■ • , |w„|) . HU 25 


16.314 Lipschitz continuity of a vector 

The real vector f (f , x) defined and continuous in some open set D C R n is said to be Lipschitz contin- 
uous with respect to x for some constant k > 0 if, for all points (f, xi), (d,x 2 ) belonging to D , 

||f (t,Xi) - f (t,x 2 )|| < fc||xi - x 2 ||. 


HU 26 



1096 


First-Order Systems 


16.315 Comparison of approximate solutions of a system 

Let f be a real vector defined in an open set D C R x R n in which it is both continuous and Lipschitz 
continuous. In addition, let Ui and 112 be two approximate solutions of the system 

in an open set / C R in the sense already defined, with 

I u i(t) - f (t,ui(t))| < ei, |u' 2 (t) - f (f,u 2 (i))| < e 2 , 
except where the derivatives are discontinuous. Then, if for all to £ I 

||ui (to) - u 2 (to) 1 1 < 5, 

it follows that 

ei + c 2 


|ui(t) - u 2 (t) 1 1 < (5 exp {k\t - t 0 |} 


16.316 First-order linear differential equation 


[exp {k\t — to|} - 1] . 


HU 27 


^ + P(t)y = Q(t) 


The first-order linear differential equation when expressed in the canonical form 
has an integrating factor 

and a general solution 


where y 0 = y(t 0 ). 


H(t) = exp P(t)dt^ , 

y (t) = (v (to) y° + J t y(0Q(0 , 


16.317 Linear systems of differential equations 

Consider the homogeneous system of linear differential equations 

dx . . 

7t “ A(t)x - 

where x is an n x 1 column vector and A (t) an n x n matrix. Then a fundamental system of solutions of 
this system is a set of n linearly independent solution vectors (f>i(t), <j> 2 (t),. . . , 4> n (t), The square matrix 
K(t) whose columns comprise the vectors 4>i(t): </> 2 (t), . . . , 0„(t) is called the fundamental matrix of 
the differential equation, and we have the representation 

rt 


|K(t)| = |K (t 0 ) | exp ^ trA (t) dr'j . 


to 

Using the fundamental matrix K (t) defined in terms of the homogeneous system, the unique solution to 
the inhomogeneous system 

dx ... , . . 

— = A(t)x + b(f), 

assuming the initial value x(to) = xo, is 

rt 

HU 43 


<p(t) = K(f)[K(f 0 )] 1 x 0 + K(t) f [K(r)] l h(r)dT, 

Jto 

where b(t) is an n x 1 column vector. 


CL 69 
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16.41 Some Special Types of Elementary Differential Equations 

16.411 Variables separable 

A first-order differential equation is said to be variables separable if it is of the form 

Jp = M{x)N{y), 
ax 


or 


It may then be written in the form 


P{x)Q{y) dx + R(x)S(y) dy = 0. 


or 


provided R{x)Q{y) ^ 0. 


M (x) dx — ——dy = 0, 

N{y) 

P(x) , S(y) , 

rrr dx + d v = °> 
R{x) Q(y) 


16.412 Exact differential equations 

A differential equation 

M (x, y) dx + N(x, y)dy = 0 

is said to be exact if there exists a function h(x, y) such that 

d [h(x, y)\ = M(x, y) dx + N (x, y) dy. I N 16 


16.413 Conditions for an exact equation 


A necessary and sufficient condition that an equation of this form is exact is that the functions M(x,y ) 
and N(x,y) together with their partial derivatives dM/dy and dN/dx exist and are continuous in a 
region in which 


dM _ dN 
dy dx 


IN 16 


16.414 Homogeneous differential equations 

A differential equation 

M {x, y) dx + N(x, y)dy — 0 

is said to be algebraically homogeneous if, for arbitrary k, 

M(kx,ky) M(x,y) 

N(kx,ky ) N(x,y) 

Setting y = sx, it may then be expressed in the form 

[M( 1, s) + sN(l, s)] dx + xN{ 1) dx = 0, 
in which the variables s and x are separable. 


IN 18 



1098 


Second-Order Equations 


16.51 Second-Order Equations 

16.511 Adjoint and self-adjoint equations 

The linear second-order differential equation 


r , , , , d 2 u , . .du , . 

Liu) = a{x)— - + b(x )~ — I- c(x)u = 0 
dx dx 

has associated with it the adjoint equation 

d 2 d 

M(v) = — - [a(a;)d — — [6(a;)t>] + c(x)v = 0. 
dx z dx 

The equation L(u) = 0 is said to be self-adjoint if L(u) = M[u). 

A linear self-adjoint second-order differential equation defined on [a, 0] can always be expressed in the 
form 


, [P(z)-r- +q{x)u = 0, 
dx \ dx J 

where p{x) and q(x) are continuous on [a, f3\ and p(x) > 0. The general equation L(u) = 0 can always be 
made self-adjoint and written in this form by multiplication by the factor 

“tt exp f^r\ dx ’ 

a(x) [ J a[x) \ 

when 

, ^ fb(x) c(x) \ f b{x) ' 

pix) = exp / dx and qix) = . , exp / dx . 

J a(x) a[x) J a(x) 


In general, if 


then its adjoint is 


T . d n u d n 1 u du 

L(u) = + 1,1 ■ ■ ■ + 1 ’“- 1 S + p ""' 


jn r /” -1 rl 

M{V) = { ~ 1)n d^ M + ( - 1) "” 1 ^ [VlV] + ■ ■ • - di, \Pn~M+PnV. 


16.512 Abel’s identity 

If p(x) and q{x) are continuous in [a,/3\ in which p(x) > 0, and u(x) and v(x) are suitably differentiable 
with 


then the result 


dx( p(x) dx +q(x)u = °’ 


. . / dv du\ 

pix) u— v— = const. 

\ dx dx J 


is known as Abel’s identity. 

More generally, if we consider the linear n th -order equation 


PO dx^ +Pl dxr^ + y +Pn - 1 dx +Pn= ’ . 

and A is the Wronskian of a (fundamental) set of linearly independent solutions Ui,U 2 , ■ ■ ■ ,u n , the Abel 
identity takes the form 

a a ( 


A = A 0 exp — 


where Aq is the value of A at x = xo- 


IN 119 
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16.513 Lagrange identity 

If the linear ?r th -order equation L(u) = 0 is defined by 

i( “> 55 w 5F + + ■ ■ ■ + £ + 


then the expression 


vL{u ) — uM(v ) = — {P(u, v)} . 
ax 


where Ad (v) is the adjoint of L(u), is called the Lagrange identity. The expression P(u,v), which is 
linear and homogeneous in 

du d n ~ 1 u dv d” _1 r> 

u, r and v, — 

dx dx n ~ x dx dx" -1 

is then known as the bilinear concomitant. In the case of the second-order equation 

r , , , , d 2 u , du , . 

L[u) = a[x J— r + b{x)- — I- c(x)w = 0, 
dx z dx 

with adjoint M(y), the Lagrange identity becomes 

vL(u) — uM(v ) = ( a(x)v^~ — j-(a(x)v)u + b(x)uv ) . IN 124 

dx \ dx dx / 


16.514 The Riccati equation 


The general Riccati equation has the form 

dz 

— — |- a(x)z + b(x)z 2 + c(x) = 0, 
dx 

and an equation of this form results from the substitution 


. wa 

U 

in the general self-adjoint equation 

4- (p(x)4~] + q( x )u = o. 

dx \ dx J 

The further substitution v = u (exp J a(x ) dx) in the Riccati equation then gives the more convenient 
form 

dv . \ o / \ 

— + r(x)ir + s(x) = 0, 
dx 

with 


r(x) = b(x) exp J a(x) dx'j and s(x) = c(x) exp a(x) dx 


HI 273 


16.515 Solutions of the Riccati equation 

If in the Riccati equation 

dv . \ 2 / \ 

— + r(x)v 2 + s(x) = 0, 
dx 

r(x) yf 0, while r(x) and s(x) are continuous on the interval [a,/?], then every solution v(x) may be 
expressed in the form 

1 Au'(x) + Bv'(x) 
r(x) Au(x) + Bv(x) 

with A , B arbitrary constants, not both zero, and the prime denoting differentiation, while u and v are 
linearly independent solutions of 
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d ( 1 dz\ 

Conversely, if u{x) and v(x) are linearly independent solutions of this last equation and A and B are 
arbitrary constants, not both zero, the function 

1 Au'(x) + Bv'(x) 
r(x) Au(x) + Bv{x) 

is a solution of the Riccati equation wherever Au( x) = Bv(x) yf 0. IN 24 


16.516 Solution of a second-order linear differential equation 

A fundamental system of solutions of a homogeneous second-order linear differential equation in the 
canonical form 

d 2 x , , dx , . . 

— +a ( t) -+m*=o 

is a system of two linearly independent solutions 4>\(t) and <j> 2 {t)- The Wronskian of these solutions is 

hit)] 


W ^ | <t>2 (t) 

and the solution to the inhomogeneous equation 


= 4>i - 02 (t), 


^A + a(t)^ + b (t)x = m, 

subject to the initial conditions x(t o) = Xo and x'(t o) = X\ may be written 

u\ x n\ , x u\ , fMQMt) ~ MOM*) tt <-\ jr 

x[t) = Ci 0 i(t) + C 2 0 2 (f) + ^ ^7^ /(£)«?> 

where the constants Ci and C2 are chosen such that x{i) satisfies the initial conditions. 

The linear combination ci<pi(t) + C 2 <f> 2 (t) is known as the complementary function where c\ and 
C2 are arbitrary constants. 


16.61-16.62 Oscillation and Non-Oscillation Theorems for Second- 
Order Equations 

Equations whose solutions possess an infinite number of zeros in the interval (0,oo) are said to have 
oscillatory solutions. The following theorems relate to such properties: 


16.611 First basic comparison theorem 

If all solutions of the equation 


are oscillatory, and if 
then all the solutions of 


d?v, 

57 + ^)“ = 0 

ip(x) > <j)(x), 


^+^)v = 0 


are oscillatory, and conversely. That is, if il>(x) > (j>(x) and some solutions v are non-oscillatory, then so 
also must some solutions u be non-oscillatory. BS 119 



Szego's comparison theorem 


1101 


16.622 Second basic comparison theorem 

If all the solutions of the self-adjoint equation 

du\ 


dx 


T~ ( Pi{ x ) +qi{x)u = 0 


dx J 


are oscillatory as x — » oo, and if 

92 (x) > qi(x), 
P 2 (x) > Pi(x) > 0, 

then all the solutions of the self-adjoint equation 


d 

dx 


are oscillatory. 


P2 ^Wr ^ +q2 ^ v = 0 


BS 120 


16.623 Interlacing of zeros 

Let yi(x) and y- 2 (x) be two linearly independent solutions of 

+F{x)y = 0, 


and suppose that yi(x) has at least two zeros in the interval (a, b). Then if x\ and X 2 are two consecutive 
zeros of yi(x), the function 2 / 2 ( 2 :) has one, and only one, zero in the interval (x\,X 2 )- HI 374 

16.624 Sturm separation theorem 

Let u(x) and v(x) be two linearly independent solutions of the self-adjoint equation 

4 (p( x ^) +d(x)=0, 


dx 


in which p(x) > 0 and p(x),q(x) are continuous on [a,b]. Then, between any two consecutive zeros of 
u(x) there will be one, and only one, zero of v(x). IN 224 

16.625 Sturm comparison theorem 

Let pi(x) > P 2 (x) > 0 and qi(x) > q 2 ( 2 ;) be continuous functions in the differential equations 


d 

dx 


Pl ^Jx) +qi ^ u = °> 


- r - (pz( x )t-') + 92{x)v = 0 . 
dx \ dx J 

Then between any two zeros of a non-trivial solution u(x) of the first equation there will be at least one 
zero of every non-trivial solution v(x) of the second equation. IN 228 


16.626 Szego’s comparison theorem 

Suppose, under the conditions of the Sturm comparison theorem, that Pi(x) = p 2 ( 2 ;), q\(x) ^ q2(x), and 
u(x) > 0, v(x) > 0 for a < x < 6, together with 

lim ' j =0 . 

x^a ydx dx J 

Then, if u(b) = 0, there is a point £ in (a, b) such that i>(£) = 0. 


HI 379 
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16.627 Picone’s identity 

Consider the equations 

-y (pi( x )^-' S ) + Qi( x ) u = 0, 
ax \ ax J 

4( k(i) £) +< ' 2W ’’ =o - 

with p\,p 2l qi, and q 2 positive and continuous for a < x < b, where q 2 (x) > qi(x) and pi(x) > p 2 (x). 
Then with a < a < f3 < b, Picone’s identity is 

f u ( du dv \\^ /' f3 2 / 3 f du\ 2 f j P 2 ( du dv\ 2 

~ Pi~T v - -P 23 -U = / (q 2 - qiju ds+ / (Pi - p 2 ) [ ~r ) ds+ \v- u— ds. 


v V dx 


v 2 V ds ds 


IN 226 


16.628 Sturm-Picone theorem 


Consider the self-adjoint equations 


y- + Qi( x ) u = 0 

ax \ ax J 


Tx( P2lx] t) +,,2lx)v = 0 - 

Let pi,p 2 ,qi, and q 2 be positive and continuous for a < x < b, where q 2 {x) > q-\ (x) and pi(x) > p 2 (x). 
Then, if Xi and x 2 is a pair of consecutive zeros of u(x) in (a,b),v(x) has at least one zero in the open 
interval (a, b). IN 225 


16.629 Oscillation on the half line 


Consider the self-adjoint equation 


We then have the following results: 


-y (p( x ) < lr) +q(x)u = 0 . 
ax \ ax J 


(i) Let p(x) > 0 and p , q be continuous on [0, oo). If the two improper integrals 


r co 7 r oo 

l W) and l q{x)dx 


diverge, then every solution u(x) has infinitely many zeros on the interval [1, oo). Also, if the two 
integrals 


r-JU+oo and ( 1 q { x)dx = + oo, 

Jo P\ x ) Jo 


then every solution u(x) has infinitely many zeros on the interval ( 0 , 1 ). 

(ii) (Moore’s theorem). Every non-trivial solution u(x) has at most a finite number of zeros on the 
interval [a, oo) if the improper integral 


converges, and if 
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with M > 0 a finite constant. 


q(s) ds 


< M 


for 


a < x < oo 


16.71 Two Related Comparison Theorems 

16.711 Theorem 1 

Consider the equations in the Sturm comparison theorem with the same assumptions on p(x) and q(x), 
and let u(x),v(x) be solutions such that 

u (aq) = v (aq) = 0, u' (x) = v' (aq) > 0. 

Then if u(x) is increasing in [aq, aq] and reaches a maximum at aq, the function v(x) reaches a maximum 
at some point aq such that aq < aq < aq. HI 376 

16.712 Theorem 2 

Consider the equation 

in which F(x) is continuous in (a, b) and such that 

0 < m < F[x) < M. 

Then, if the solution y(x) has two successive zeros x\,x%, it follows that 

7 rM -1 / 2 < X 2 — aq < 7r m -1 / 2 . 


16.81-16.82 Non-Oscillatory Solutions 


The real solution y(x) of 




is said to be non-oscillatory in the wide sense in (0, oo) if there exists a finite number c such that the 
solution has no zeros in [c, oo). HI 376 


16.811 Kneser’s non-oscillation theorem 

Consider the equation 

and let 

limsup [x 2 F(x)] = 7*, 
liminf [x 2 F(x)] = 7*. 

Then the solution y(x) is non-oscillatory if 7* < oscillatory if ) < 7* and no conclusion can be drawn 
if either 7* or 7* equals HI 461 
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16.822 Comparison theorem for non-oscillation 

Consider the differential equations 

d 2 v r°° 

—^ + F(x)y = 0, /(V) = x F(s)ds, 

dx z J x 

d 2 u r°° 

+ G(x)y = 0, g(x) =x G(s) ds, 
dx z J x 

where 0 < g( x) < /( x). Then if the first equation is non-oscillatory in the wide sense, so also is the 
second. HI 460 


16.823 Necessary and sufficient conditions for non-oscillation 

Consider the equation 

+F(x)y = 0. 

Then, if 


lim sup ( x / 

x ^°° \ Jx 

( r 

lim inf I x / 

a: ^ 00 V Jx 

it follows that: 

(i) a necessary condition that the solution y(x) be non-oscillatory is that F* < \ and F* < 1; 

(ii) a sufficient condition that the solution y(x) be non-oscillatory is that F* < j. 


F(s)ds S j = F*, 
F(s) ds \ = .F*, 


16.91 Some Growth Estimates for Solutions of Second-Order Equa- 
tions 


16.911 Strictly increasing and decreasing solutions 

Suppose that G(x) > 0 be continuous in (— 00 , 00 ) and such that xG(x) ^ L(0,oo). Then the equation 
d 2 y 

-—t: — G(x)y = 0 has one, and only one, solution y+ix) passing through the point (0, 1), which is positive 
dx z 

and strictly monotonic decreasing for all x, and one and only one solution y-{x) through the point (0, 1), 
which is positive and strictly increasing for all x. The solution y+(x) has the property that 

[G^x)] 1 ^ 2 y+(x) e L 2 (0, 00 ) and ^ € L 2 (0,oo). 

If, in addition, 0 < a 2 < G(x) < (3 2 < 00 , then 

e~ 0x < y+(x) < e~ ax for i>0. HI 359 


16.912 General result on dominant and subdominant solutions 

Consider the equations 

S - 9{ - x)y = °> = 

where g and G are continuous on (0,oo) with 0 < g(x) < G(x), and xg(x) (jL L(0,oo). In addition, let y a 
and Y a be the solutions of these respective equations corresponding to 
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2/a(0) = y a (0) = 1, J/a(°) = ^a(°) = a for ~ 00 < a < 00. 

Let Du and Y u be determined, respectively, by 

2/ w (0)=F a ,(0)=0, si,(0)=y^(0) = l, 

and let y + and Y + be the subdominant solutions for which 

J/+(0) = ^+(0) = 1 

while [y' + (x )] 2 , g(x) [y + (x )] 2 , |V+(:r)] 2 , and G(x) [Y|(a:)]“ belong to L( 0 ,oo). Then, if (3 and 7 are such 
that y-f 3 = y + and Y _ 1 = Y + , it follows that j 3 < 7 and 

y a (x) < Y a (x), 0 < x < 00, —7 < a, 

yui(x) <Y u (x), HI 440 

y+{x) > Y+{x). 


16.913 Estimate of dominant solution 


Let G(x) be positive and continuous with continuous first- and second-order derivatives satisfying 

G(x)G'(x) < f [G\x )} 2 . 

Then there exists a dominant solution y(x) of the fundamental solutions dot®) and Fi(x) of 


determined by the initial conditions 


- G{x)y = 0 , 


2F 0 (0) = 0, Li(0)= 1, 

lo(0) = l, *i(0) = 0, 

such that 

y{x) < [G(a:)p 1/4 exp ^ [G(£)] 1/2 <%j , 

and a positive constant G such that the normalized subdominant solution y + (x), for which y+( 0 ) = 1 

r 1 2 2 

and |yi|_(ir)J G L( 0 ,oo), G(x) [j/+(x)] G L( 0 , 00), satisfies 

y+{x) > GG(x) _ 17,4 exp J [G(p] 4 ^ 2 dt^J . HI 443 


16.914 A theorem due to Lyapunov 

Let y(x) be any solution of 

with G{x) positive and continuous in ( 0 , 00) with xG{x) G L( 0 , 00). Then 

exp (rL + ^ d < + 

< G exp (jT [G (0 + 1 ] <%j , 


HI 446 


where G = [y( 0 )] 2 + [f/( 0 )] 2 . 
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16.92 Boundedness Theorems 

16.921 6 All solutions of the equation 

d 2 u 

^ + (l + <j>(x) + 1 p(x))u = 0 

are bounded, provided that 

(i) J c< '\(/)(x)\ dx < oo, 

pOO 

(ii) / dx < oo and if(x) — > 0 as x — » oo. BS 112 


16.922 If all solutions of the equation 


are bounded, then all solutions of 


are also bounded if 


dx 2 


+ a(x)u = 0 


dx 2 


+ (a(x) + b(x))u = 0 


|6(x)| dx < oo. 


BS 112 


16.923 If a(x ) — > oo monotonically as x — > oo, then all solutions of 


are bounded as x — > oo. 


dx 2 


+ a(x)u = 0 


BS 113 


16.924 Consider the equation 


in which 


( du 


, \ 

5 j 5 +«M« = 0 


x\a(x)\ dx < oo. 


Then lim — exists, and the general solution is asymptotic to do + d\x as x — > oo, where do and d\ 

a;— >oo ydx J 

may be zero, but not simultaneously. BS 114 


16. 93 10 Growth of maxima of \y\ 

Sonin’s theorem generalized by Polya may be stated as follows: Let y(x) satisfy the differential equation 

{k{x)y'}' + <j)(x)y = 0, 

where k(x) > 0 ,<f>{x) > 0, and both functions k(x),(f>( x) have a continuous derivative. Then the relative 
maxima of \y\ form an increasing or decreasing sequence according as k{x)<f>(x) is decreasing or increasing. 

SZ 164 



17 Fourier, Laplace, and Mellin 
Transforms 


17.1-17.4 Integral Transforms 

17.11 Laplace transform 

The Laplace transform of the function f(x), denoted by F(s), is defined by the integral 

POO 

F(s) = / f(x)e~ sx dx, Res>0. 

J o 

The functions f(x) and F(s) are called a Laplace transform pair, and knowledge of either one enables 
the other to be recovered. 

If / is summable over all finite intervals, and there is a constant c for which 

POO 

/ \f(x)\e-^dx 

Jo 

is finite, then the Laplace transform exists when s = a + ir is such that a > c. 

Setting 

F(s) = £[f(x)\s] 

to emphasize the nature of the transform, we have the symbolic inverse result 

f(x) = C - 1 [-F(s); x] . 

The inversion of the Laplace transform is accomplished for analytic functions F(s) of order O ( s~ k ) with 
/»: > 1 l)y means of the inversion integral 

/*7+zoo 




F(s)e sx ds , 


where 7 is a real constant that exceeds the real part of all the singularities of F(s). 

17.12 Basic properties of the Laplace transform 

1. For a and b arbitrary constants, 

C [ af(x ) + bg( x)} = aF(s) + bG(s) (linearity) 

2. If n > 0 is an integer and lim f(x)e~ sx = 0, then for x > 0, 


SN 30 


C 


/ (n) 0r); sj = s n .F(s) - s n " 1 /( 0) - s n " 2 / (1) ( 0) / (n_1) (0) (transform of a derivative) 

SN 32 
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3. 11 If lim (e “./^/(C) ( K) = 0; then 

= - F(s ) (transform of an integral) SN 37 

s 

4. C [e~ ax f(x)\ s] = F(s + a) (shift theorem) SU 143 

5. The Laplace convolution f * g of two functions f(x) and g{x) is defined by the integral 

/ * 9{x) = [ f{x- d£, 

Jo 

and it has the property that / * g = g* f and f * (g * h) = (/ * g) * h. In terms of the convolution 
operation 

C[f * g( x); s] = F(s)G(s) (convolution (Faltung) theorem). SN 30 


17.13 Table of Laplace transform pairs 


.fix) 

Fis) 

1 1 

1/s 

2 x n , n = 0,1,2,... 

n) 

— -—r , Re s > 0 ET 1 133(3) 

5 n ' 1 

3 x u , v > — 1 

T(v + 1) 

v +1 \ Res > 0 ET 1 137(1) 

4 x n ~ 5 

r (n + |) 

v x 2/ , Re s > 0 ET 1 135(17) 

g n+ 2 

5 x~ x ^ix + a)^ 1 , argo < 7r 

™- 1 / 2 e os erfc(a 1 / 2 S 1 / 2 ), 

Re s > 0 ET 1 136(25) 

[ x for 0 < x < 1 

6 < 

11 for x > 1 

1 - e~ s 

„ , Re s > 0 ET 1 142(14) 

s z 

7 e~ ax 

— - — , Res>— Rea ET 1 143(1) 

s + a 

8 xe~ ax 

t — . „ , Res>— Rea ET 1 144(2) 

(s + a)- 

g — ax g — bx 

9a h 

b — a 

is + a)~ 1 (s + 6) _1 , 

Re s > {- Re a, - Re b} AS 1022(29.3.12) 

continued on next page 
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IM 

9b n ae ~ ax + P e ~ ~ bx + i e ~ cx 

( a — b)(b — c)(c — a) 

a, b, c distinct , a = c—b, 
0 = a — c, 7 = 6 — a 

11 ae~ ax - be~ hx 

b — a 


p ax _ i 

li 

a 

s^ 1 (s — a) -1 , 

e ax - ax — 1 

12 2 

a z 

s^ 2 (s — a) -1 , 

io (e ax - \a 2 x 2 — ax — l) 

13 

s^ 3 (s — a) -1 , 

a 6 

14 (1 + ax)e ax 

s 

(s — a) 2 ’ 

„ „ 1 + (ax- l)e ax 

15 2 

a z 

s^ 1 (s — a)~ 2 , 

2 + ax + (ax — 2)e ax 

16 3 

a 6 

s^ 2 (s — a) -2 , 

17 x n e ax , n = 0,1,2,... 

n!(s — a )-( n+1 ) 

18 (x + |ax 2 ) e ax 

5 

(s — a) 3 ’ 

19 (l + 2 ax+\a 2 x 2 )e ax 

s 2 

(s — a) 3 ’ 

20 \x 3 e ax 

(s- a) -4 , 

21 (ix 2 + iax 3 )e a:c 

s 

(s- a ) 4 ’ 

22 (x + ax 2 + ga 2 x 3 ) e aa: 

s 2 (s — a) -4 , 


Hs) 

(s + a) -1 (s + 6) _1 (s + c) _1 , 

Re s > { — Re a, — Re b , — Re c} 

s(s + a)~ 1 (s + b ) _1 , 

Re s > {- Re a, - Re 6} AS 1022(29.3.13) 
s _1 (s - a) -1 , Re s > Re a 

s~ 2 (s - a)~ , Re s > Re a 

s~ 3 (s - a) -1 , Res>Rea 

s 

t 77 , R e s > R e a 

(s — a) z 

s~ 1 (s - a)~ , Re s > Re a 

s~ 2 (s — a) -2 , Re s > Re a 

n\(s — a)~( n+1 \ Res>Rea 

s 

t 77 , R e s > R e a 

( s — a ) J 

s 2 

t 77 , Re s > Re a 

( s — a) J 

(s — a) -4 , Re s > Re a 

s 

77 , R e s > R e a 

(s - a) 4 

s 2 (s — a) -4 , Re s > Re a 

continued on next page 
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f 0) 

F{s) 

23 (l + 3ax + \a 2 x 2 + |a 3 ;r 3 ) e ax 

s 3 (s- a) -4 , Res>Rea 

ae ax - be bx 

24 7 

a — b 

s(s — a)^ 1 (s — b ) _1 , Res > {Rea, Re b} 

( _ 1 pbx 1 _ 1 \ 

ok ^ b a) 

a — b 

s _1 (s — a) _1 (s — 6) _1 , Res > {Rea, Re 6} 

26 a; l,_1 e _oa: , Rei/>0 

r(t/)(s + a) _1/ , Res> — Rea ET 1 144(3) 

27 xe~ x2/(4a) , Rea > 0 

2a - 27 r 1/2 a 3/2 se os2 erfc (sa 1/2 ) 

ET 1 146(22) 

28 exp (— ae x ) , Re a > 0 

a s T (— s, a) ET 1 147(37) 

29 8 x 1/2 e~ a/{4x \ Rea > 0 

\ 7 r^s" 3 / 2 (l + a^s 1 / 2 ) exp [(-as) 1 / 2 ] , 

Re s > 0 ET 1 146(26) 

30 8 x- 1/2 e- a/{ix \ Rea > 0 

7t 1 / 2 s - 1 / 2 exp [(-as) 1 / 2 ] , 

Re s > 0 ET 1 146(27) 

31 8 x -* ,2 e- a/{Ax \ Rea > 0 

27r 1 / 2 a” 1 / 2 exp [(—as) 1 / 2 ] , 

Re s > 0 ET 1 146(28) 

32 sin(aa’) 

a (s 2 + a 2 ) 1 , Res > Ima ET 1 150(1) 

33 cos(acc) 

s (s 2 + a 2 ) 1 , Res > Ima ET 1 154(3) 

34 sin(a:r)|, a > 0 

a (s 2 + a 2 ) 1 coth^^^, 


Re s > 0 ET I 150(2) 
continued on next page 
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f(x) 

F(a) 

35 11 |cos(ax)|, a > 0 

(s 2 + a 2 ) 1 s + acosech , 

Re s > 0 ET 1 155(44) 

1 - cos(ax) 

36 

a z 

s _1 (s 2 + a 2 ) -1 , 

Res > |Ima| AS 1022(29.3.19) 

ax — sin(ax) 

37 o 

a 6 

-212, 2\ — 1 
s (s + a ) , 

Res > |Im a\ AS 1022(29.3.20) 

sin(ax) — axcos(ax) 

38 2a 3 

(s 2 + a 2 )” 2 , 

Res > |Im a\ AS 1022(29.3.21) 

_ xsin(ax) 

39 v ' 

2 a 

s (s 2 + a 2 ) 2 , Res > Imo ET 1 152(14) 

sin(ax) + ax cos (ax) 

40 

2 a 

2(2, 2\ -2 
s (s + a ) , 

Res > |Im a| AS 1023(29.3.23) 

41 x cos (ax) 

(s 2 -a 2 ) ( s 2 + a 2 y\ 

Res > Ima ET 1 157(57) 

cos(ax) — cos (bx) 
b 2 — a 2 

s (s 2 + a 2 ) -1 (s 2 + 6 2 ) -1 , 

Res > {|Ima|, |Im6|} AS 1023(29.3.25) 

ba 2 x 2 — 1 + cos(ax)l 

43 12 , v ' J 

a 4 

s^ 3 (s 2 + a 2 ) 1 , Res > Ima 

[l — cos(ax) — Jaxsin(aa;)l 

44 L A 

a 4 

s^ 1 (s 2 + a 2 ) 2 , Res > Imo 

l sin (bx) — - sinfax)] 

45 2 U2 

a z — b z 

( s 2 + a 2)- 1 ( s 2 + & 2 ) -l i 

Res > { Ima , Im6 } 

[l — cos(ax) + iaxsin(ax)l 

46 11 L 2 J 

a z 

s _1 (s 2 + a 2 ) 2 (2s 2 + a 2 ) , Res > Ima 

continued on next page 
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f{x) 

F(s) 

asin(aa;) — bsin(bx) 

7 a 2 — b 2 

s 2 (s 2 + a 2 ) -1 (s 2 + 6 2 ) -1 , 

Res > { Ima , Im& } 

48 sin(a + bx) 

(ssina + 6 cos a) (s 2 + b 2 ) , Res>|Im& 

49 cos(a + bx) 

(scosa — 6 sin a) (s 2 + b 2 ) , Res>|Im& 

Kn [i sinh(aa;) - \ sin(6x)] 

(s 2 — a 2 ) -1 (s 2 + b 2 ) 1 , 

Res > { Rea , Im& } 

5 a 2 + b 2 

ci cosh(a:r) — cos(bx) 

5 a 2 + b 2 

s (s^-a 2 y 1 (s 2 + b 2 )~ 1 , 

Res > { Rea , Im& } 

osinh(ax) + bsin(bx) 

5 a 2 + b 2 

s 2 (s 2 — a 2 ) -1 (s 2 + b 2 ) 1 , 

Res > { Rea , Im& } 

53 sin(aa;) sin(fcx) 

2 abs [s 2 + (a — b) 2 ] 1 [s 2 + (a + 6) 2 ] 1 , 

Res > { Ima , Im& } 

54 cos(acc) cos (bx) 

s (s 2 + a 2 + b 2 ) [s 2 + (a - b ) 2 ] _1 [s 2 + (a + b ) 2 ] _1 

Res > { Ima , Im& } 

55 sin(aa’) cos (bx) 

a (s 2 + a 2 — b 2 ) [s 2 + (a — b) 2 ] 1 [s 2 + (a + b ) 2 ] 

Res > { Ima , Im& } 

56 sin 2 (acc) 

2a 2 s _1 (s 2 + 4a 2 ) 1 , Res > Ima 

57 cos 2 (ax) 

(s 2 + 2a 2 ) s _1 (s 2 + 4a 2 ) 1 , Res > Ima 

58 sin(aa’) cos(acc) 

a(s 2 +4a 2 ) Res > Ima 

59 e~ ax sin (bx) 

&[(s + a) 2 + & 2 ] 1 , Res>{— Rea, Im&} 

continued on next page 
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/0) 

F(s) 

60 

e ““cos (bx) 


(s + a) [(s + a) 2 

+6T 1 , 





Re s > { 

61 

x ~ 1 sin(ax) 


arctan(a/s), 

Res > Ima 

62 

x ~ 1 [1 — cos(ax)] 


iln(l + a 2 /s 2 ) 

5 

Res > Ima 

63 

sinh(ax) 


a (s 2 — a 2 ) 1 , 

Res > Rea 

64 

cosh(ax) 


s (s 2 — a 2 ) -1 , 

Res > Rea 

65 

x u ~ l sinh(ax), 

Re v > — 1 

I r (z/) [(s-a)~ 

‘'-(s + a)"*'], 





Res > Rea 

66 

x " _1 cosh(ax), 

Re v > 0 

| r (^) [(s — a) - 

v + ( s + a ) v ] > 


67 

a: sinh(ax) 

2as (s 2 — a 2 ) 2 , 

68 

x cosh (ax) 

(s 2 + a 2 ) (s 2 - a : 

69 

sinh(ax) — sin(ax) 

2a 3 (s 4 — a 4 ) 1 , 


cosh(ax) — cos (ax) 


ET I 164(18) 


Res > |Rea| ET I 164(19) 
Res > |Rea| 

— 2 

I , Res > |Rea| 


Res > {|Rea|, |Ima|} AS 1023(29.3.31) 
2 a 2 s (s 4 — a 4 ) 1 , 

Res > {|Rea|, |Ima|} AS 1023(29.3.32) 


sinh(ax) + ax cosh(ax) 2 as 2 (a 2 — s 2 ) 


Res > |Rea| 
Res > |Rea| 

continued on next page 


72 


ax cosh(ax) — sinh(ax) 


2a 3 (a 2 — s 2 ) -2 , 
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fix) 

73 a;sinh(aa;) — cosh(aa’) 

^ sinh(ax) — \ sinh(6x) 

74 a 2 — b 2 

cosh(a:r) — cosh(6x) 

75 a^6 2 


asinh(a;r) — &sinh(6:r) 
a 2 — b 2 


(a 2 + 2a — s 2 ) (a 2 — s 2 ) 2 , Re s > |Re < 




Res > {|Rea|, | Re fo | } 


(s 2 -a 2 )“ 1 (s 2 -fe 2 )“ 1 , 


s 2 ( s 2 -a 2 )' 1 (s 2 - be- 


lles > {|Rea|, | Re fo | } 


Res > {|Rea|, | Re fo | } 


77 sinh(a + &x) 


(6 cosh a + s sinh a) (s 2 — 6 2 ) 1 , Re s > |Re b\ 


78 cosh (a + bx ) 


(s cosh a + b sinh a) (s 2 — 5 2 ) 1 , Re s > |Re fe| 


79 sinh(ax) sinh(foc) 


2a6s s 2 — (a + 6) 2 1 s 2 — (a — b) 2 1 , 


Res > {|Rea|, |Re fo| } 


80 s cosh(a;r) cosh(6x) 


81 sinh(ax) cosh(&x) 


s (s 2 - a 2 - b 2 ) [s 2 - (a + b) 2 ] ~ 1 [s 2 - (a - 6) 2 ] " 

Res > {|Rea|, | Re 6 1 } 

a (s 2 — a 2 + b 2 ) [s 2 — (a + 6) 2 ] 1 [s 2 — (a — 6) 2 ] 

Res > { j Re a | , | Re 6 1 } 


82 sinh 2 (as) 


2a 2 s 1 (s 2 — 4a 2 ) 1 , 


Res > |Rea| 


83 cosh 2 (ax) 


(s 2 — 2a 2 ) s 1 (s 2 — 4a 2 ) 1 , Re s > |Re < 


84 sinh(ax) cosh(ax) 


a (s 2 — 4a 2 ) 


Re s > | Re < 


cosh (as) — 1 


- 1/2 2\ _1 
" (s -a ) , 


Res > |Rea| 

continued on next page 
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IM 

sinh(ax) — ax 

86 o 

a 6 

[cosh(ax) — \a 2 x 2 — l] 

8 a 3 

[l — cosh(aa;) + 3 aa;sinh(a:r) 

88 a 3 

89 x 1 ! 2 sinh(aa;) 


— 2 1 2 2 \ — 1 

s [s — a ) , 


s~ 3 (s 2 -a 2 r, 


- 1/2 2\~ z 
s (s -a ) , 


Res > |Rea| 
Res > |Rea| 
Res > |Rea| 


[(s-a) 3 / 2 -(s + a) 3 / 2 ' , 



Res > Rea 

90 

lnx 


— s^ 1 In (Cs) , 

Re s > 0 

ET 1 148(1) 

91 

ln(l + ax), 

arga < 7r 

g-igs/a Ei(— s/a), 

Re s > 0 

ET 1 148(4) 

92 

x - 1 ! 2 In a; 


— ( 7r/s ) 1/<2 In (4Cs) , 

Re s > 0 

ET 1 148(9) 

93 

II 

"s' 

H 

K 

JO for x < a 

I 1 for x > a 

s~ l e~ as , 


a > 0 


(Heaviside step function) 

94 S(x) (Dirac delta function) 1 

95 S(x — a) e~ as , 

96 S' (x — a) se ~ as , 

f x sin £ 1 

97 Si(x) = / — ^ = -7r + si(x) s _1 arccots, 

J os 2 


Re s > 0 ET I 177(17) 


Ci(a;) = ci(x) = — f 

J X 


99 8 erf I 


— -s -1 In (l + s 2 ) , Re s > 0 ET I 178(19) 


s 1 e a s erfc (as), 

Res > 0, |arga| < 7 t/4 ET I 176(2) 
continued on next page 
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f(x) 

100 erf (a\fx) 


101 erfc (a\fx) 


102 8 erfc ( — = 


103 8 J u (ax ), 


104 x J„(ax), 


—It , 2\ -1 / 2 

" [s + a ) 

Re s > (0, - Re a 2 } ET I 176(4) 


s 1 (s + a 2 ) 2 (s + a 2 ) 1 / 2 — a 


Re s > 0 ET I 177(9) 


s -l e -2av+ 


Re s > 0, Rea > 0 ET I 177(11) 

Re v > —1 a ~ v ( y/s 2 + a 2 - s) " (s 2 + a 2 )~ 1/2 , 

Res > |Ima|, ET I 182(1) 
Re v > —2 a u s + v (s 2 + a 2 ) 1 ^" s + (s 2 + a 2 ) 
x(s 2 + a 2 )~ 3/2 , 


J is(ax) 


x n J n (ax) 


lu(ax), 


Re s > |Im a\, ET I 182(2) 


i v v 1 s + (s 2 + a 2 ) 1 / 2 , 


Res > |Ima| ET I 182(5) 


1 • 3 • 5 • • • (2n — l)a" (s 2 + a 2 ) , 


Res > |Ima| ET I 182(4) 


x v J v (ax), R ez />— 5 2 1/ 7r - 1 / 2 T (y + |) a 1 " (s 2 + a 2 ) , 


Res > |Ima|, ET I 182(7) 


x v+1 J v {ax), Rez^>-1 2 I/+1 7r 1 / 2 T (y + §) a"s (s 2 + a 2 ) , 


Res > |Ima| ET I 182(8) 


Re v > — 


1 a " s — \/s 2 — a 2 (s 2 — a 2 ) 


Res > |Rea| ET I 195(1) 
continued on next page 
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f(x) 

F(s) 

110 x v I v {ax), Reiz> — \ 

2 l/ 7r~ 1 / 2 r (z^ + |) a v (s 2 -a 2 )~^ +i \ 

Res > Rea ET 1 195(6) 

111 x v+1 I„(ax), Re^>— 1 

2 I '+i 7r -i/2 r (u + f ) a"s (s 2 - a 2 )” (i/+i) , 

Res > Rea ET 1 196(7) 

112 x _1 I v (ax), Re^>0 

v 1 a v 

s+(s 2 -a 2 ) 1/2 ] ", 

Res > Rea ET 1 195(4) 

113 sin (2a 1/2 x 1/2 ^ 

(tt a) 1/2 s _3/2 e _a/s , Re s > 0 ET 1 153(32) 

114 s-^cos (2a 1 / 2 * 1 / 2 ) 

7r i/ 2 s -i/ 2 e -o/ S) Re s > 0 ET 1 158(67) 

115 x~ 1 e~ ax I\(ax) 

[(s + 2a) 1 / 2 - s 1 / 2 ] [(s + 2a) 1/2 + s 1 / 2 ] , 

Re s > Re a AS 1024(29.3.52) 

116 Jk(ax) 

X 

k~ 1 a~ k 

I 

‘(s 2 + a 2 ) 1/2 -s]\ 

tes > Ima ,fc > — 1 AS 1025(29.3.58) 

117 (tS 2jfc -i (aa:) 

r(fc)7T- 1 / 2 (s 2 + a 2 ) fc , 

Re s > Ima , fc>0 AS 1024(29.3.57) 

118 J o(ax) — ax J i(ax) 

s 2 (s 2 + a 2 ) 3 ^ 2 , Res>|Ima| 

119 Io(ax) + ax Ii(ax) 

s 2 (s 2 — a 2 ) 3 ^ 2 , Res > Ima 


17.21 Fourier transform 

The Fourier transform, also called the exponential or complex Fourier transform, of the function 
f{x), denoted by F(£), is defined by the integral 

1 r°° 

F( 0 = T / f{x)e**dx. 

V J —co 

The functions /( x) and F(£) are called a Fourier transform pair, and knowledge of either one enables 
the other to be recovered. Setting F(£) = T [/(a;); £] , to emphasize the nature of the transform, we have 
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the symbolic inverse result fix) = T 1 (F(£); x\ . The inversion of the Fourier transform is accomplished 
by means of the inversion integral 


/0) 




F(i)e~^ x 


df- 


17.22 Basic properties of the Fourier transform 


1 . 


2 . 


For a and b arbitrary constants, 

T [ af{x ) + bg(x)\ = aF(^) + &G(£) (linearity) 

If n > 0 is an integer, and lim fi r \x) = 0 for r = 0, 1, . . . , n — 1 with f(°\x) = f(x), then 

|fc| — too 


T 




(-itrm 


(transform of a derivative) 


SN 27 


3. The Fourier convolution / * g of two functions fix) and g(x) is defined by the integral 

/ * 9 (x) = -7== [ f(x - 0s(0 <%, 

V J —00 

and it has the property f * g = g * f, and f * (g * h) = (/*<?)* h. In terms of the convolution 
operation, 

T [/ * g{x )\ £] = F(£)G(£) (convolution [Faltung] theorem). SN 24 


17.23 Table of Fourier transform pairs 


f(x) 

m 

1 1 

(27t) 1/2 8(£) SU 496 

2 7 - 

X 

{tt/ 2) 1 ^ 2 i sign£ SU 50 

3 S(x) 

(27t)“ 1/2 SU 496 

4 8 6(ax + b), a, be M, a / 0 

(27r)" 1/2 e ibi/a SU 517 

. j 1 \x\ <a 

5 < , , , a > 0 

|0 \x\ > a 

(2/7r) 1/2 ^ _1 sin(oO 

0 TT/ , f 0 x < 0 

6 8 H(a;) = < 

[1 x > 0 

+ SN523 

continued on next page 
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/ 0 ) 


10 7 xe 


11 Tit! "V 


13 e“ 


a 2 + x 2 


a 2 + x 2 


16 9 sin (ax 2 ) 
17 cos ( ot 2 ) 


0 < Re a < 1 


m 

(2/tt) 1 ^ 2 r(l — a) sin ( | an) 

liP 


aeR (27T) 1 / 2 <5(£ + a) 

° >0 VP 2 

a- + ^ 

r, - n 2 ai?(2/7r) 1 / 2 

Cl / U n i 

(a 2 + g 2 ) 2 

. n (2 /tt) 1 / 2 (a 2 — £ 2 ) 

a > 0 o 

(a 2 + g 2 ) 

[a+(a 2 +^ 2 ) 1/2 ' 

a>0 x(a 2 +e) 1/2 

a > 0 ( aVf) 1 e" ?2/4a2 


Re a > 0 


(7r/2) 1/2 e-°l«l 


Re a > 0 isign£(7r/2) 1/2 e- a|?l 


1 /£ 2 7r 

(2a) 1 / 2 C ° S \4a + 4 

i (e tt 

(2a) 1 / 2 C ° S \4a 4 


SN 523 


£ > 0 SU 50 


SN 523 


SN 523 


SN 523 


18 e-°Ncos(far), a > 0, b> 0 a(27r)- 1 / 2 [ q2 + T + ^ + - + ± _ — 

19 e ~k ax sin(&T), a > 0, b> 0 ^m -1 / 2 | exp — — — 

r i(c+6) 2 i\ a 


2 a 


sinh(aT) 
sinh(&T) ! 

cosh(aT) 
sinh(&T) ’ 


(n/2) 1 ^ 2 sin(7 xa/b) 
b [cosh ( 7 r^/b) + cos(7ra/6)] 

i (n/2) 1 ^ 2 sinh (nt;/b) 
b [cosh ( 7 r£/&) + cos(7ra/6)] 


SU 123 


SU 123 


continued on next page 
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f(x) 

m 

^ sin (ax) 

X 

f (■ jt/2 ) 1 ^ 2 |£| < a, 

' ’ ISI SN 523 

(0 \£\>a 

1 1 x 

23 11 

sinh x 

(2tt 3 ) 1/2 e 7 ^ 

v ’ „ SU 123 

(1 + e<) 2 

24 7 x n signer, n=l,2, ... 

(2/tt ) 1/2 (-i^)" (1+n) n! SU 506 

25 7 |af, 

— 1 < v < 0,but not integral 

( 2 /tt ) 1 / 2 T{y + l)|^| _I/_1 cos [ 7 t(i/ + l)/2] 

SU506 

26 7 X "signer, 

— 1 < v < 0,but not integral 

«sign^(2/7r) 1 / 2 sin [{n/2) {v + 1)] T{v + 1) 

icr +1 

SU 506 

27 e~ ax In 1 - e“ x , 

— 1 < Re a < 0 

/7r\ !/ 2 cot (7ra — i£n) , % 

(2) a-* ET ' 121(26) 

28 e~ ax In (l + e~ x ) , 

— 1 < Re a < 0 

ET 1 121 (27) 


In deriving results for the preceding table from ET I, account has been taken of the fact that the normal- 
ization factor l/(27r) 1 / 2 employed in our definition of F has not been used in those tables, and that there 
is a difference of sign between the exponents used in the definitions of the exponential Fourier transform. 

17.24 Table of Fourier transform pairs for spherically symmetric functions 



/(| l r|l) =(2^/// £( " k ") e,kr<,k 

E(l|k|l) - (2»)3 -n S j j ir 

1 

[21 r°° 

f(r) = \ — / E(k)sm(kr)kdk 

V nr J 0 

m = y 

2 1 f” 

— — / f(r) sin(fcr)r dr 
nkJo 

2 

e~ ar 


[2 2 a 

J 7T (a 2 + k 2 ) 2 

3 11 

e~ ar 

r 

1 

F 1 

/ n (a 2 + k 2 ) 2 

4 11 

1 

(2tt) 3 / 2 <f(k) 
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17.31 Fourier sine and cosine transforms 

The Fourier sine and cosine transforms of the function /( x), denoted by F s (£) and F c (£), respectively, 
are defined by the integrals 

F s (0 = ]f~ J f( x ) sin (C^) dx and F c (£) = J f(x) cos(£x) dx. 

The functions /( x) and F s (£) are called a Fourier sine transform pair, and the functions f(x) and 
F c (£) a Fourier cosine transform pair, and knowledge of either F s (£) or F c (£) enables f(x) to be 
recovered. 

Setting 

F.(Z)=Fe [/(*); £] and F c (0 = F c [/(*); £] , 
to emphasize the nature of the transforms, we have the symbolic inverses 

f(x) = T- 1 [F s (£); x] and f(x) = T F 1 [F c (£); x] . 

The inversion of the Fourier sine transform is accomplished by means of the inversion integral 


f(x) = \jlj F s (£) sin(£r) [x > 0] 

and the inversion of the Fourier cosine transform is accomplished by means of the inversion integral 

/O) = ]f~J Fc (?) cos tt x ) d Z [*>0]. 


SN 17 


17.32 Basic properties of the Fourier sine and cosine transforms 

1. For a and b arbitrary constants, 

Fs [af(x) + bg(x)\ = aF s (£) + &G S (£) 

and 

F c [af(x) + bg(x)\ = aF c (£) + bG c ( '£) (linearity) 

2. If lim f F ~ 1 \x) = 0 and lim < — f F ~ 1 \x) = a r _i, then denoting the Fourier sine and cosine 

x—*oo x — >-oo V 77 

transforms of f( r \x) by F s ^ and F ( S r \ respectively, 

(i) F c «(0 = -a r _ 1 +,£F s ^ 1 >. 

(ii) F s ( r \o = -d F c {r - 1) (0, 


(iii) FX 2r \0 = -X)(-l ) n a2r-2n-lt 2n + (-1)^ 2 "F C (0, 


n — 0 

i — 1 


(iv) FX 2r+1 \0 = -^'(-l) n a2 J --2nC 2 " + (-lR 2r+1 F s (a 

n — 0 

(v) F s ( r X0=&r-2-eF s ( r ~ 2 X 0 , 

r 

(Vi) 6 FX 2r \0 = — ]T(-in 2 " _ W- 2 n + (-1 re r F s (0: 

n = 1 

r 

(vn) fX 2t+i xo = - Y!(- i n 2n ~ 1 ^r-2u+i + (-i) r+l e r+l F c (o- 


SN 28 
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/*00 1 /»oo 

3. (i) / F a (£)G a (£)cos(£x)d£= - / #(s) [/(s + x) + /(s - a:)] ds, 

Jo z Jo 

/»00 -| nOO 

(ii) / F C (£)G C (£) cos(£r) d£ = - / g(s) [/(s + a') + / (|x - s|)] ds 

do z do 

(convolution (Faltung) theorem) SN 24 

4. (i) If F s (^) is the Fourier sine transform of fix), then the Fourier sine transform of F s (x) is 

/(£)■ 

(ii) If _F C (£) is the Fourier cosine transform of fix), then the Fourier cosine transform of F c {x) 

is ml 

(iii) If f{x) is an odd function in (— 00 , 00 ), then the Fourier sine transform of /( x) in (0,oo) is 

-im- 

(iv) If f{x) is an even function in (— 00 , 00 ), then the Fourier cosine transform of fix) in (0, 00 ) 
is F( 0- 

(v) The Fourier sine transform of fix /a) is a-F s (a£). 

(vi) The Fourier cosine transform of fix /a) is aF c ia£f). 

(vii) T s [fix)-, £] = F s (|£|) sign £ SU 45 


17.33 Table of Fourier sine transforms 


.fix) 

FsiO (£ > 0 ) 

1 X- 1 

(tt/2) 1/2 , £>0 ET 1 64(3) 

2 x~ v , 0 < Re v < 2 

(2/tt) 1 / 2 ^- 1 r(l - v) cos iyit /2) , 

£ > 0 ET 1 68(1) 

3 x- 1 ' 2 

C 1 ' 2 , f, > 0 ET 1 64(6) 

4 x-*' 2 

2£ 1/2 , ^ > 0 ET 1 64(9) 

fl 0 < x < a 
(^0 x > a 

(2/tt) 1 / 2 ^” 1 [1 - cos«)] , ?>0 ET 1 63(1) 

I x~ x 0 < x < a 
[0 x > a 

(2/7r) 1/2 Si«), £>0 ET 1 64(4) 

7 1 , a > 0 

a — x 

(2/7T) 1 / 2 |sin(a£) Ci(a£) - cos(a£) [\it + Si(a£)] } , 

£ > 0 ET 1 64(11) 

continued on next page 
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f(x) 

F s ( 0 

(£>0) 


8 7 

1 

x 2 + a 2 ’ 

a > 0 

(27r) _1 / 2 a _1 [e“ a «Ei(aO 

- e a « Ei(- 

-O] t 





^>0 

ET 1 65(14) 

9 

2 ; (a; 2 + a 2 ) 3 ^ 2 , 

Re a > 0 

(2/ 7 r) 1 / 2 ^ 0 (aO, 

5>o 

ET 1 66(27) 

10 

^-l/ 2 ( x 2 + a 2)-l/ 2 5 

Re a > 0 

? 1/2 /i(ia0^r (§<*), 

^>0 

ET 1 66(28) 

ll 7 

2 ; (a; 2 + o 2 ) v 2 , 

Re v > —1, 

Re a > 0 

j;v+l 

—p= 7 5-r- K v (a£). 

y/2{2aYT{v+l) 

12 

X 

a 2 + x 2 ' 

Re a > 0 


^>0 

ET 1 65(15) 

13 

X 

(a 2 + x 2 ) 2 



C>0 

ET 1 67(35) 

14 

x~ x ( x 2 + a 2 ) 1 , 

Re a > 0 

er v 7 

C>o 

ET 1 65(20) 

15 

a; _1 e _ax , 

Re a > 0 

(2/7r) 1/2 tan _1 , 

C > 0 

ET 1 72(2) 

16 

x v ~ 1 e~ ax , 


(2/») I,! rM { a 2 + ^>— 

^sin v tan 1 , 


17 e~ ax , 


— ax 

xe , 


sm ax 

X 


sm ax 
Z2 > 


Re v > —1, Re a > 0 
Re a > 0 

Re a > 0 
|arga| < 7t/2 
a > 0 

a > 0 


\/2M 

a 2 + C 2 ’ 
(2/7r) 1/,2 2a£ 

(a 2 + C 2 ) 2 ’ 


£ > 0 ET I 72(7) 

£ > 0 ET I 72(1) 

£ > 0 ET I 72(3) 


(2a)- 3 / 2 £exp^^) , £>0 ET I 73(19) 


1 1 £ + a 
(2 tt) 1 / 2 n £ — a ’ 


e(f) 1/2 0 < £ < 
a (f ) 1/2 a<£< 


£ > 0 ET I 78(1) 

£ > 0 ET I 78(2) 

continued on next page 
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f(x) 

22 ”"(7)' 


23 x 1 sin 


„ „ _ 2 • / a 
24 x sm — 


m) (c > 0) 


25 10 cosech(ax), 


26 coth I - ax J — 1, 


27 (l — x 2 ) 1 sin(7rx) 




£>o 

ET 1 83(6) 

/7 rx 1 / 2 / 1/9 \ / 2 \ 1/2 

(2) y ° ( 2< ) + (tt J 

[lai 1 ' 2 ) 


ET 1 83(7) 

(I) 1/2a “^ 1/2Ji H 1/2 )> 


£>o 

ET 1 83(8) 

(tt/ 2) 1 ^ 2 a^ 1 tanh (|7ra _1 C) > 


C > 0 

ET 1 88(2) 

(2n) 1 ^ 2 a~ 1 coth (7ra _1 £) — £, 


C > 0 

ET 1 88(3) 

f (2 / 7r) 1 / 2 sin£ 0 < £ < 7r 

1 0 7T < ^ 

ET 1 78(4) 


e ax sin(6x), 

Re a > 0 

(2a) 1//2 exp [— (£ 2 + b 2 ) / (4a)] sinh (6£/2a) , 

$ > 0 ET 1 78(7) 

sin 2 (ax) 

1 

X 

a > 0 

f 7r 1/2 2 _3/2 0 < £ < 2a 

J 7r i/ 2 2-5/ 2 £ = 2a 

[0 2a < £ 

ET 1 78(8) 

sin (ax 2 ) , 

a > 0 

a -1 / 2 jcos (£ 2 /4a) C (27ra) _1 / 2 £ | 

+ sin (£ 2 /4a) S' (27ra) _1 / 2 £ , 




£ >0 

ET 1 82(1) 

cos (ax 2 ) , 

a > 0 

a 1 ^ 2 jsin (£ 2 /4a) C (2tt a) x / 2 £ | 

— cos (£ 2 /4a) S' (27ra) _1 / 2 £ , 


£>0 

continued on next page 
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17.34 Table of Fourier cosine transforms 





Table of Fourier cosine transforms 


continued from previous page 

f(x) 

13 xe~ ax , 


Rea>0 ( 2 / 7 r) 1 / 2 (a 2 - £ 2 ) (a 2 + £ 2 ) 2 , 


£ > 0 ET I 15(7) 


14 7 x''~ 1 e~ ax , 


15 x~ 1/2 e 


16 7 e“ 


(2/tt) 1 / 2 T(^) (a 2 + £ 2 ) ^ 2 cos ^tan 


-1 ^ 


Rea >0, Re > a 


Rea > 0 2- 1/2 |ar 1 e-« 2/4a2 , 


£ > 0 ET I 15(7) 


Rea > 0 (a 2 +e)~ 1/2 [(a 2 + £ 2 ) 1/2 + a] ^ , 


£ > 0 ET I 14(4) 


£ > 0 ET I 15(11) 


17 x 1 e x sin x 


(27 r) 1 / 2 tan 


-1 ( 2 


£ > 0 ET I 19(7) 


18 sin (ax 2 ) , 


19 cos (ax 2 ) , 


sin (ax) 


- sin 2 (ax) 


1 ( f 2 \ f £ 2 \ 

a > 0 — -= cos — — sin — , 

2 -y/a [ \4a / \4ay 


£ > 0 ET I 23(1) 


1 ft 2 \ ( £ 2 \ 

a > 0 — -= cos — + sin — , 

2 y/a [ V 4a ) V 4a ) . 


£ > 0 ET I 24(7) 


f (^/ 2 ) 1/2 £ < a 

a > 0 < 4 (71-/2) 1 / 2 £ = a 

[0 g > a 

a > 0 l^/ 2 ) 172 ( a “ 50 £< 2a 

I 0 2 a < ^ 


ET I 18(1) 


ET I 19(8) 


22' (a*), a>0, Rei>0 (2>)- 1/2 [ fc2 + °+) {)2 + ^ + ° (a f 


6 2 + (a-C) 2 J ’ 

£ > 0 ET I 19(6) 


sin b (x 2 + a 2 ) 1 
(x 2 + a 2 ) 2 


a>0 (b/a) (ir/2) 1 ^ 2 e a? , 


£ > 0 ET I 26(29) 


/ 2 , 2 \-i/ 2 • f, / 2 , 2 \i /21 f(V2) 1/2 ^o fa(^ 2 -? 2 ) 1/2 j 0<C<6 

( x + a sin o x +a , < L J 

L J [0 &<c 


ET I 26(30) 

continued on next page 
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/(s) m) ~ 

1 — cos (ax) „ f (7t/ 2) 1,/2 (a — £) £<a 

25 ^ a > 0 K S ET I 20 16 

a;" 1 [0 a < £ 

26 e -< “ 2 sin (&x 2 ) , Rea>|Im6| 2 _1 / 2 (a 2 + 6 2 ) 4 ^ 4 exp {-a£ 2 / [4 (a 2 + 6 2 )] } 

x sin | arctan(6/a) — ^6£ 2 (a 2 + b 2 ) 1 , 


27 e~ ax2 cos (&x 2 ) 


£ > 0 ET I 23(5) 


Rea>|Im6| 2 l ^ 2 (a 2 + fe 2 ) 4 ^ 4 exp {— a£ 2 / [4 (a 2 + 6 2 )] } 
x cos |&£ 2 (a 2 + 6 2 ) 1 — \ arctan (b/a) , 


sinh(ax) 

sinh(frx) 


cosh(ax) 
cosh(6x) ’ 


|Rea|<Reb 


|Re a| < Re b 


£ > 0 ET I 24(6) 

n rx 1 / 2 sin(7ra/6) 

V2/ b [cosh (ir^/b) + cos(7ra/6)] ’ 

£ > 0 ET I 31(14) 

(27 r) 1 / 2 cos(na/2b) cosh (7 t£/2 b) 
b [cosh (tt£/&) + cos (ira/b) ] 




e>o 

ET 1 31(12) 

30 

sech(ax), 

Re a > 0 

a 1 (tt/ 2) 1 ^ 2 sech (7r^/2a) , 

C>0 

ET 1 30(1) 

31 

(x 2 + a 2 ) sech (J^- j , 

Re a > 0 

2(2/7r) 1 / 2 a 3 sech 3 (a£), 

e>o 

ET 1 32(19) 

32 

>»(-$)• 

Re a > 0 

(270^-1 (l-e-<), 

£>o 

ET 1 18(10) 

33 7 

/ a 2 + x 2 \ 

11 \ b 2 + x 2 ) ’ 


(27T) 1 / 2 (e- fc f - e-*) , 

e>o 

ET 1 18(12) 


Re a > 0, Re b > 0 

34 (x 2 + b 2 ) 1 J 0 (ax), 

a > 0, Re b > 0 


(tt/2 ) 1/2 b x e bi I 0 (ab), 


a < £ < 00 ET I 45(14) 
continued on next page 
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continued from previous page 

f(x) 

Fc(0 

35 x (x 2 + b 2 ) 1 Jo(ax), 

a > 0, Re b > 0 

(2/7 r) 1 / 2 cosh(6£) K 0 (ab), 

0 < £ < a ET 1 45(15) 


In deriving results for the preceding table from ET I, account has been taken of the fact that the normal- 
ization factor i/2/V employed in our definition of F c has not been used in those tables. 

17.35 Relationships between transforms 

The following relationships exist between transforms, and they may be used to derive further transform 
pairs from among the results given in Sections 17.13-17.34. The appropriate sections of the main body 
of the tables may also be used to extend the list of transform pairs. 

17.351 

Fourier cosine transform and Laplace transform relationship 

f c [f(x); £\ = [/(*); *£] + [/(*); “*£] ■ 

17.352 

Fourier sine transform and Laplace transform relationship 

f s [/(*); £] = [/(*); *£] - [/(*); -*£] ■ 


17.353 

Exponential Fourier transform and Laplace transform relationship 

F [/(*); f) = [/( x); -if] + V2 ttC [/(— ar); if] . 

17. 41 10 Mellin transform 

The Mellin transform of the function f(x), denoted by f*(s), is defined by the integral 

/»00 

/*(«)= / f(x)x s ~ 1 dx. 

Jo 

The functions f{x) and f*(s) are called a Mellin transform pair, and knowledge of either one enables 
the other to be recovered. 

The transform exists, provided the integral 

/•OO 

/ \f(x)\x k ~ X dx 
Jo 

is bounded for some k > 0, and then the inversion of the Mellin transform is accomplished by means of 

the inversion integral 




1130 


Integral Transforms 


-i nC-\~lOO 

f{x)=—j f*(s)x~ s ds, 

where c > k. 

Setting 

/*(s) = M [f(x);s] 

to denote the Mellin transform, we have the symbolic expression for the inverse result 

f{x) =M~ 1 [f*( S y,x}. MS 397(6) 

17.42 Basic properties of the Mellin transform 

1. For a and b arbitrary constants, 

Ad [a f{x) + bgix)\ = a/*(s) + bg*is) (linearity) 

2. If limx s - r - 1 f( r '>{x) = 0, r = 0,1,... ,n-l, 

x—*0 

(i) Ad l/^H = (-l)"-^f( S -«) 

L J 1 (s — n) 

(transform of a derivative) SU 267 (4.2.3) 

(h) m [®"/ (n) (*); s\ = (-1 )"ffe^/*W 

l J r(s) 

(transform of a derivative) SU 267 (4.2.5) 

3. Denoting the n th repeated integral of fix) by I n [f(x)], where 

In [fix)} = f In - 1 [/(«)] du, 

J 0 

(i) Ad [In [fix)} ; s] = /*(« + «) 

(transform of an integral) SU 269 (4.2.15) 

(ii) Ad [/- [/(*)] ; 5] = + n), 

where 

/»00 

Iff [fix)} = / [/(«)] du (transform of an integral) SU 269 (4.2.18) 

J X 

-i f>c-\-ioo 

4. Ad [/(a;)g(a;); s}= — ,f*iu)g*is - u) du 

ZlTt J c—Iqq 

(Mellin convolution theorem) SU 275(4.4.1) 
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f 0*0 

/*(«) 

1 e~ x 

T(s), Re s > 0 SU 521(M13) 

2 e~* 2 

ir(±s), Re s > 0 SU 521(M14) 

3 cos a; 

r(s) cos (|tts) , 0<Res<l SU 521(M15) 

4 sin x 

T(s) sin (g7rs) , 0<Res<l SU 521(M16) 

1 

5 1-* 

7rcot(7rs), 0<Res<l SU 521(M1) 

6 1 

1 + X 

7rcosec(7rs), 0<Res<l SU 521(M2) 

7 (i + X a y b 

r(s/a) T(b - s/a) 

, 0 < Re s < ab 

al (b) 

SU 521(M3) 

0 T n (x) H(l-*) 

2 _s 7r r(s) 


r (l + l s + l n ) r (l + l s “l n )’ 

Re s > 0 SU 521(M4) 

n T n (x- 1 ) H(1 - x) 

2 s " 2r (in+ is) r (is- |n) 

V(l-* 2 ) 

r(s) 

Re s > n SU 521(M5) 

10 Pn{x) H(1 — x) 

r(|«)r (§« + §) 

2r {\ s ^\ n + h) T (h s+ \ n + l )' 

Re s > 0 SU 521(M6) 

11 P n (a:" 1 ) H(1 - x) 

2 s ' 1 T (|s+ \n+ |)r(±s- \n) 

0iT(s + 1) 

Re s > n SU 521(M7) 

1 + X cos </> 

1 — 2a; cos <j) + x 2 

7 T COS (sd)) 

. / 0 < Re s < 1 SU 521(M11) 

sm(57r) 

x sin <f> 

3 1 — 2x cos (/> + x 2 ’ 7r< 4 ><Tr 

7rsin (sd>) ^ ^ , 

/ V > 0 < Re s < 1 SU 521(M12) 

sin(s7r) 


continued on next page 
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f(x) 

14 e~ x cos ^ cos (x sin <j>) 


r(s) COS (s(j)), 


\tt < (j) < \tv 


Re s > 0 SU 522(M17) 


15 e x sm ^ sin (a sin p<j>) , 


16 x v J v (x), 

17 Y„( x), 


— \tf < (f) < \tt 


r(s) sin(s</>), 


2—'- 1 r(i«) 


Re s > — 1 SU 522(M18) 


v>-k —7 , w ; , 0 < Re s < 1 SU 522(M19) 

r (^- 2 s + 1 ) 


GK -2 s 1 n 1 T(\s+\u)T(\s-\v) 
x cos (|s — \v) 7 r, 


K u (x), 


h„(s), 


\v\ < Re s < | SU 522(M20) 

eR 2- 2 r(| s +ii/)r 

Re .s >//>(} SU 522(M21) 
2 a ~' i -tfm(\ns+\Ttv)T{\s+\v) 

— 1 — v < Res < min (§, 1 — v) SU 522(M22) 


-1 /7TS\ 

cosec ^ — J 


(s/n)-l 


|arga|<7r, n= 1,2,3,..., 


0 < Re s < n MS 453 


(l + ax h ) U , 


h > 0, |arg a| < 7T 

(l — x h Y 1 for 0 < x < 1 
0 for x > 1 

h > 0, Re v > 0 


h l a s ! h B (s/h, v — (s/h)) 


h 1 B(v,s/h) 


0 < Re s < hBe v MS 454 


MS 454 


ln(l + ax), 


|arga|<7r 7rs l a s cosec(7rs), — l<Res<0 MS 454 


24 arctan x 


— rs 1 sec(7rs/2), — l<Res<0 MS 454 


continued on next page 
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TW) rw 


25 arccot x 

^7ts 1 sec(7ts/2), 0<Res<l MS 454 

26 cosecli(ax) Re a > 0 

a _s 2 (l — 2 _s ) r(s) £(s), Res > 1 MS 454 

27 sech 2 (ax), Rea>0 

4a _s (l - 2 2_s ) T(s)2- S C(s - 1), 

Res >2 MS 454 

28 cosech 2 (ax) , Rea>0 

4«- s r(s)2- s C(s - 1), Res >2 MS 454 

29 11 (x 2 + b 2 y iu J v [a(x 2 + b 2 ) 1/2 

2^- 1 a-H^-''r(\s) J„- s/2 (ab), 

0 < Re s < | + Re v ET 1 328 

( [a 2 — x 2 ) J„ a(b 2 — x 2 ) 1 ^" 
30 < for 0 < x < a 

0 for x > a 

Re v > — 1 

25-^ (is) b-^a^r J v+is (ab), 

Res > 0 MS 455 

[ (a 2 — x 2 ) ^ 1 ' J v [b (a 2 -x 2 ) 1/2 
31 < for 0 < x < a 

0 for x > a 

2 1 -" [T^r 1 a*- v b-$ v S v _ 1+ls , s _ v {ab), 

Res > 0 MS 455 

32 K v (ax) 

a -s 2 s-2 r ( 1 S _ ij,) r ( 1 s + \v) , 

Res> Re^ MS 455 

(pa 2 + x 2 )-^ 
xK„ a (/3a 2 + x 2 ) 1/<2 

Re (a, jd) > 0 

a -i« 2 » s - 1 i 9» a - ,/ r,(ia) K v _ i s (a0), 

Res > 0 MS 455 
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18 The z-Transform 


18.1-18.3 Definition, Bilateral, and Unilateral z-Transforms 


18.1 Definitions 


The z-transform converts a numerical sequence x [n] into a function of the complex variable z, and it 
takes two different forms. The bilateral or two-sided z-transform, denoted here by Z b {x[n]}, is used 
mainly in signal and image processing, while the unilateral or one-sided z-transform, denoted here 
by Z u {x[n]}, is used mainly in the analysis of discrete time systems and the solution of linear difference 
equations. 

The bilateral z-transform, X b (z ) of the sequence x[n] = { x n is defined as 


OO 

Z b {x[n\} = ^2 x n z~ n = X b (z), 

n=— oo 

and the unilateral z-transform X u (z ) of the sequence x[n] = {x n }™_ 0 is defined as 


Z b {x[n}} = ^2 x n z n = X u (z), 

n = 0 

where each has its own domain of convergence (DOC). The series X b {z) is a Laurent series, and X u (z) 
is the principal part of the Laurent series for X b (z). When x n = 0 for n < 0, the two z-transforms 
X b (z) and X u (z ) are identical. In each case the sequence x[n] and its associated z-transform is a called 

a z-transform pair. 

The inverse z-transformation x[n ] = Z {X(z)| is given by 


x[n ] = — [ X(z)z n 1 dz, 

2tti J p 

where X(z) is either X b (z) or X u (z), and T is a simple closed contour containing the origin and lying 
entirely within the domain of convergence of X(z). In many practical situations, the z-transform is either 
found by using a series expansion of X(z) in the inversion integral or, if X(z) = N(z)/ D(z) where N(z) 
and D(z) are polynomials in z, by means of partial fractions and the use of an appropriate table of 
z-transform pairs. In order for the inverse z-transform to be unique, it is necessary to specify the domain 
of convergence, as can be seen by comparison of entries 3 and 4 of Table 18.2. Table 18.1 lists general 
properties of the bilateral z-transform, and Table 18.2 lists some bilateral z-transform pairs. In what 


follows, use is made of the unit integer function h(n) 


0 for n < 0 . 

, that is, a generalization of 

1 for n > 0 


the Heaviside step function, and the unit integer pulse function A (n — k) 
a generalization of the delta function. 


1 for n = k 

, that is, 

0 for n =£ k 
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18.2 Bilateral ^-transform 


oo 

Table 18.1 General properties of the bilateral ^-transform X b (n) = x n z 

n =— oo 



Term in sequence 

z- Transform Xi ,(z) 

Domain of Convergence 

1 

ax n + (3y n 

aX b (z) + (3Y b (z) 


Intersection of DOC’s of X b (z) 
and Y b (z) with a, (3 constants 

2 

%n—N 

z~ n X b {z ) 


DOC of X b (z), to which it may 
be necessary to add or delete the 
origin or the point at infinity 

3 

nx n 

dX b {z) 

~ dz 


DOC of X b (z), to which it may 
be necessary to add or delete the 
origin and the point at infinity 

4 

z%x n 

*(i) 


DOC of X b (z) scaled by zo 

5 

nZgXn 

dX b (z/z 0 ) 

dz 


DOC of X b (z) scaled by 2:0 to 
which it may be necessary to 
add or delete the origin and the 
point at infinity 

6 

X-n 

X b (l/z) 


DOC of radius 1/R, where R is 
the radius of convergence of 

DOC of X b (z) 

7 

TlX-n 

dX b (l/z) 

Z dz 


DOC of radius 1/R, where R is 
the radius of convergence of 

DOC of X b (z) 

8 

X n 

X~b(z) 


The same DOC as x n 

9 

Re x„ 

1 [X b (z) + X~ b (z) 


DOC contains the DOC of x n 

10 

Im x n 

Y[X b (z)-X- b (z)] 

DOC contains the DOC of x n 

11 

OO 

'"y ^ XkVn—k 

k— — oo 

X b (z)Y b (z) 


DOC contains the intersection of 
the DOCs of X b (z ) and Y b (z) 
(convolution theorem) 

12 

% nUn 

s (i 

) r 1 ^ 

DOC contains the DOCs of 

X b (z) and Y b (z), with T inside 
the DOC and containing the 
origin (convolution theorem) 

13 

Parseval formula 

oo ^ 

£ 

n =— oo 

I^X b (0Y b (^j r 1 d( 

DOC contains the intersection of 
DOCs of X b (z) and Y b (z), with 
r inside the DOC and 
containing the origin 

14 

Initial value 
theorem for 
x n h(ri) 

a;o = lim X b (z) 

z — too 






Bilateral 2-transform 


Table 18.2 Basic bilateral 2 -transforms 



Term in sequence 

2 -Transform Xb(z) 

Domain of Convergence 

1 

A(n) 

1 

Converges for all 2 

2 

A(n - N) 

z -n 

When N > 0 convergence is for 
all 2 except at the origin. When 
N < 0 convergence is for all z 
except at oo 


a n h{n ) 

z 

\ z \ > \n\ 


z — a 

\ Z \ ^ \ a \ 

A 

a n h(—n — 1) 

z 

H < lr/l 


z — a 

\ Z \ ^ l a l 


na n h(n) 

az 



(z — a) 2 



na n h(—n — 1) 

az 



( 2 - a) 2 


7 

n 2 a n h{n) 

az(z + a) 

(z - a) 3 

2 > a > 0 


( 1- ^ h(n) 

\a n b n J y ’ 

az bz 



az — 1 bz — 1 

\ z \ > max \Ja| ’ |6| ) 

Q 

a n h(n - N) 

z(l-{a/z) N ) 

i~i -> n 


z — a 

\ z \ ^ u 

1 D 

a n h(n ) sin fin 

az sin 0 



2 2 — 2 az cos 0 + a 2 



a n h(ri) cos f in 

z(z — acosO) 



2 2 — 2 a 2 cos 0 + a 2 


1 9 

e an h(n ) 

z 



z — e° 

\ z \ ^ e 

13 

e~ an h(n) sin 0 n 

2 e a sin 0 



2 2 e 2a — 22 e a cos 0 + 1 

\ z \ ^ e 

1 4 

e~ an h(n) cos On 

ze a (ze a — cosO) 



2 2 e 2a — 2ze a cos 0 + 1 

\ z \ ^ e 
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18.3 Unilateral ^-transform 


The relationship between the Laplace transform of a continuous function x(t) sampled at t = 0, T, 2 T, 

OO 

. . . and the unilateral ^-transform of the function x(t) = x(nT)5(t — nT) follows from the result 

n=0 


£{£(*)} 



^ 2x(kT)S(t-kT ) 
_k=0 


e st dt 


Setting z = e sT , this becomes: 


= j2 x ( kT ) e ~ ksT - 

fc= o 


C{x(t)} = J2 x ( k T)z~ k = X(z), 

k—0 

showing that the unilateral ^-transform X u (z) can be considered to be the Laplace transform of a con- 
tinuous function x(t) for t > 0 sampled at t = 0, T, 2 T, .... 

Table 18.3 lists some general properties of the unilateral ^-transform, and Table 18.4 lists some uni- 
lateral ^-transform pairs. 



Unilateral 2 -transform 
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Table 18.3 General properties of the unilateral 2 -transform 



Term in sequence 

2 -Transform X u (z) 

Domain of Convergence 

1 

ax n + (3y n 

aX u (z ) + (3Y u (z) 

Intersection of DOC’s of X u (z) 
and Y u (z) with a, (3 constants 

2 

%n-\-k 

z k X u (z) - z k x o ^ z k ~ 1 x 1 

-Z k ~ 2 x 2 ZX k _ 1 


3 

nx n 

dX u (z) 

dz 

DOC of X u (z), to which it may 
be necessary to add or delete the 
origin and the point at infinity 

4 

ZoX n 


DOC of Xb(z) scaled by 2 o|, to 
which it may be necessary to 
add or delete the origin and the 
point at infinity 

5 

UZq x n 

~dX u (z/z 0 ) 

dz 

DOC of X u (z) scaled by 2o|, to 
which it may be necessary to 
add or delete the origin and the 
point at infinity 

6 

X n 

XZ(z) 

The same DOC as x n 

7 

Re x n 

l [X u {z) + X~ u {z)\ 

DOC contains the DOC of x n 

8 

d < i 

L x ' {z ’ a) 

Same DOC as x n (a) 

9 

Initial value 
theorem 

x 0 = lim X u (z) 

z — too 


10 

Final value 
theorem 

Inn x n = Inn ( ] X u (z) 

n — too 2 — ^1 \ Z J 

When X u (z) = N{z)/D{z) with 
N(z), D(z) polynomials in z and 
the zeros of D(z) inside the unit 
circle \z = 1 or at 2 = 1 
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Table 18.4 Basic unilateral 

^-transforms 



Term in sequence 

2- Transform X„(t) 

Domain of Convergence 

1 

A(n) 

1 

Converges for all z 

2 

A (n — fc) 

z -k 

Convergence for all z ^ 0 

Q 

a n h(n) 

z 

\ z \ > \ n \ 

o 

z — a 

\ z \ ^ l a l 

4 

na n h(n ) 

az 

1 y 1 n D 


(z — az) 2 


5 

n 2 a n h(n) 

az(z + a) 

(z - a) 3 

z > a > 0 


na n ~ 1 h(n ) 

z 

1 y 1 n D 

U 

(z — a) 2 


7 

(n — l)a"/i(n) 

z(2a — z) 

(z-a) 2 

\z\ > a > 0 

ft 

e~ an h(n) 

ze° 

1 y\ "> p~ a 

O 

ze a — 1 

\ z \ e 

Q 

ne~ an h(n ) 

ze a 

\z\ Z> p~ a 


(ze a — l) 2 


10 

n 2 e~ an h(n ) 

ze a (l + ze a ) 

( ze a — l) 3 

| z | > e~ a 

1 1 

e~ an h(n) sin fin 

ze° sin 0 

1 y\ "> a 

T T 

z 2 e 2 a — 2ze a cos 0 + 1 

PI e 

12 

e~ an h(n ) cos fin 

ze a (ze a - cosO) 

PI "> p~ a 


z 2 e 2a — 2ze a cos 0 + 1 

PI e 


h (n) sinh an 

z sinh a 

1 ^1 p a 

TO 

z 2 — 2z cosh a + 1 

PI e 

14 

cosh an 

z(z — cosh a) 

1 y\ "> p — a 


z 2 — 2z cosh a + 1 

PI e 


h{n)a n ~ 1 e~ an sin fin 

ze a sin 0 

1 H "> p~ a 

TO 

z 2 e 2a — 2 zae a cos 0 + a 2 

PI p* e 


h(ri)a n e~ an cos fin 

ze a (ze° - acosO) 

1 y 1 "> p a 

T U 

z 2 — 2zae a cos 0 + a 2 

PI e 
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Index of Functions and Constants 


This index shows the occurrence of functions and constants used in the expressions within the text. The 
numbers refer to pages on which the function or constant appears. 


Symbols 

! and ! ! see factorials 

(Sri"' 1 see Stirling numbers, second kind 

3n m) see Bessel functions, 3 

V xliv, 767, 1050-1053, 1055-1057 

f3 see beta function 

(5(x) see delta function 

Sij see Kronecker delta 

7 and T see gamma functions 

A function xxxix, 1043 

H function xxxix, 1043 

v function xxxix, 1043 

<f> see Lerch function and hypergeometric 

functions, confluent 

4/ see Euler function and hypergeometric 

functions, confluent 

0 function see Jacobi theta function 

p(x) see Weierstrass function 

£ function xxxix, 1040 

|| • || 1081 1083, 1085, 1086, 1095, 1096, 1120 

|| • |ji 108b 1083 

11-112 108b 1083 

|| - Moo 1081, 1083 


A 

Airy function (Ai) xxxviii 

am function xxxix, 625, 866, 867 

Anger function (J) xli, 339, 352, 371, 384, 421, 

423, 444-446, 670, 671, 946, 948, 949, 992 
arccos function . . xxxi, xxxii, 23, 56-60, 64, 99, 135, 
139, 173, 179-183, 210, 211, 241-244, 263, 272, 
279, 293-296, 307, 312, 313, 318, 393, 454, 511, 
558, 562, 589, 600, 601, 607, 610, 624, 695, 730, 
742, 767, 768, 861, 890, 936, 993, 994 


arccosec function 242, 244, 728 

arccosh function xxxi, xxxii, 56, 60-62, 64, 97, 


126, 133, 135, 137, 138, 241, 382, 386, 511, 532, 
621, 624, 729, 768 


arccot function xxxi, xxxii, 51, 56-58, 64, 242, 

244, 245, 263, 274, 279, 325, 326, 499, 556, 561, 
599, 601-607, 625, 767, 892, 1115, 1133 

arccoth function xxxi, xxxii, 56, 60, 62, 75, 

131-134, 172, 177, 178, 241, 644, 647 

arcosech function 62 

arcsec function 61, 66, 99, 242, 244 

arcsech function 62 

arcsin function xxxi, xxxii, 27, 56-61, 


64, 66, 94, 97, 99, 116, 124-126, 133-138, 173, 
179-182, 186-193, 195, 196, 198, 202-213, 225, 

241- 245, 254, 263, 265, 272, 275, 279, 297, 307, 
382, 558, 563, 566-568, 583, 588, 589, 591, 600, 
601, 604, 605, 607, 621, 622, 624, 625, 631, 632, 
637, 638, 662, 668, 700-702, 713, 717, 718, 727, 
728, 743, 744, 748, 755, 767, 768, 793, 815, 860, 
914, 989, 1007 

arcsinh function . . xxxi, xxxii, 54, 56, 60-62, 64, 94, 
97, 126, 133, 135, 139, 240, 241, 371, 382, 386, 
448, 588, 624, 637, 638, 1007 

arctan function xxxi, xxxii, 27, 30, 49, 51, 

52, 55-61, 63-67, 71-77, 79, 83-85, 87, 90, 97, 
103, 104, 106, 114, 116, 117, 119, 126, 128-133, 
147, 148, 171-175, 177, 178, 190, 205, 239, 240, 

242- 245, 254, 263, 272, 274, 279, 294, 295, 307, 
317, 324, 329, 346, 363, 372, 373, 381, 393, 409, 
453, 493-501, 507, 509, 516-521, 524, 556, 557, 
560, 563-565, 593, 599-607, 612, 622-624, 631, 
632, 637, 639, 640, 643, 644, 646-649, 748, 763, 
860, 884, 885, 890-893, 898, 923, 1007, 1036, 
1113, 1125, 1128, 1132 

arctanh function xxxi, xxxii, 56, 60-62, 

64, 75, 79, 97, 125-128, 131, 132, 134, 172, 177, 
178, 241, 621-623, 977 
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associated Legendre functions 

first kind (P). . . .xli, 326, 327, 333, 336, 374, 406, 
407, 486, 660, 661, 665, 666, 686, 699, 703, 705, 
706, 727, 755, 760, 761, 767-789, 792, 793, 797, 
806-808, 810, 823, 831, 839, 840, 848, 958-972, 
974, 975, 980-983, 992 

second kind ( Q ) xli, 333, 336, 374, 383, 407, 

511, 661, 662, 666, 685, 686, 700, 702, 703, 705, 
727, 769-781, 783-785, 791, 795, 823, 831, 839, 
840, 958-973, 981 

B 

B n (x) see Bernoulli polynomials 

B(x ) see Beta function 

Bateman function (k) xli, 349, 1023 

bei(«) see Thomson functions 

ber(z) see Thomson functions 

Bernouli number (B„) . . xxxii, xxxiii, xxxix, 1-3, 8, 
26, 42, 43, 46, 55, 145, 146, 148, 221-224, 353, 
356, 376, 379-382, 387, 472, 550-552, 554, 560, 
567, 574, 580, 581, 587, 589, 591, 764-766, 899, 


906, 936, 1038-1045 

Bernouli number (B*) xxxiii, 62 

Bernoulli polynomial (B n (x)) . . .xxxii, xxxiii, xxxix, 
46, 1037, 1041, 1042, 1045 
Bessel functions 

I n (x) xxxviii, 


xli, 13, 320, 339, 340, 345, 347, 350, 351, 368, 
382, 385, 419, 435, 441, 444, 445, 470, 477-480, 
491, 494, 496, 507, 513-515, 524, 595, 605, 616, 
617, 660, 661, 663-681, 684-687, 689, 691, 692, 

695- 699, 702-716, 719, 720, 722-725, 727, 729, 
730, 735, 736, 738, 741, 743, 745-747, 751-760, 
762, 779-781, 783-787, 789, 794, 797, 800, 820, 
832, 833, 838, 846, 847, 901, 911, 916, 917, 919, 
920, 925-933, 943, 954, 1002, 1027, 1028, 1116, 
1117, 1123, 1125, 1128 

J n (x) xxxvii, xxxviii, xli, 13, 339, 350, 

352, 371, 384, 385, 417-421, 423, 435, 440-443, 
445, 446, 477-480, 482, 483, 491, 492, 507, 514, 
515, 522, 524, 525, 578, 629, 642, 653, 659-694, 

696- 753, 756-759, 761-763, 767, 768, 777, 779, 
780, 782-787, 792-794, 797-799, 802, 803, 808, 
811, 812, 818-820, 830-838, 841, 845-848, 854, 
855, 900, 910-914, 916, 918-931, 933-950, 954- 
957, 963, 964, 972, 992, 1000, 1002-1004, 1017, 
1023-1025, 1028, 1034, 1116, 1117, 1124-1129, 
1132, 1133 


Bessel functions ( continued ) 

K n (x) xxxviii, xli, 2, 

337, 339, 345-348, 350-353, 364-368, 370, 371, 
384, 385, 417, 419, 435, 442, 444, 445, 477-482, 
490, 491, 504, 505, 507, 514, 515, 529, 573, 575, 
576, 578, 595, 638, 645, 648, 653, 654, 657, 660- 
682, 684-696, 698-700, 702-716, 718-724, 726, 
727, 729-732, 735, 736, 738, 740, 742, 745-753, 
756-759, 761, 768, 776-787, 789, 794, 800, 803, 
811, 814, 817-820, 828, 832-834, 837, 838, 841, 
845, 846, 848, 854, 855, 900, 911, 917-920, 923, 
925-933, 939, 942, 945, 955, 957, 1027, 1028, 
1035, 1123-1126, 1129, 1132, 1133 


N n (x) xxxvii, 910 

Y„(x) xxxvii, xlii, 338, 339, 345, 346, 


351 -353, 371, 384, 385, 419, 435, 440, 442, 443, 
445, 446, 477-480, 482, 483, 492, 507, 514, 515, 
573, 578, 647, 654, 659-664, 666-682, 684-693, 
695-700, 705-709, 711, 714-720, 722-724, 726, 
728, 729, 732-736, 738, 740-742, 745, 747-752, 
756-759, 761, 767, 768, 777, 779, 782, 783, 785, 
787, 793, 794, 799, 817-819, 832, 833, 835-837, 
847, 848, 854, 855, 910, 911, 914, 918-920, 922, 
923, 925-931, 933, 937-939, 941-943, 945, 946, 
949, 954-957, 975, 1025, 1034, 1124, 1126, 1132 

Z n (x) xlii, 483, 629, 630, 767, 910, 911, 926, 

931 -933, 937, 940, 941, 975 

3 n(x) xlii, 629, 630 

Hankel see Hankel function 

beta function (/?) 319, 322, 324, 325, 334, 

371, 375, 383, 395, 396, 403, 432, 471, 553, 558, 
562-564, 573, 586, 602, 904, 906, 907 

Beta function (B) xxxix, 6, 

129, 175, 315-318, 320, 322-330, 332, 333, 335, 
338, 347-349, 351, 359, 360, 364, 368, 370, 372, 
374, 375, 382, 383, 395-397, 399-402, 407, 408, 
411-413, 440, 442, 444, 460, 469, 472, 485, 486, 
490, 512, 539-543, 548, 553, 559, 585, 705, 749, 
754, 760, 801, 810, 813, 814, 816, 821, 894, 895, 
908-910, 991, 1005, 1023, 1025 

Bi function xxxviii 

bilateral z transform 1135-1137, 1139, 1159 

binomial coefficients xxxiii, xliii, 

1-6, 11, 12, 15, 22, 23, 25, 31, 33, 46, 84, 86, 
88, 89, 100-103, 106, 110, 111, 114, 115, 119, 
120, 140, 143, 148, 153, 157, 161, 173, 215, 220, 
221, 223, 228, 232-238, 241, 316, 326, 329, 354, 
357, 361, 362, 386, 393, 394, 397-402, 416, 431, 
437, 459-461, 466, 469, 470, 478, 488, 498, 499, 
504, 505, 545, 546, 548, 549, 552, 612, 808, 910, 
934, 993, 994, 996, 998, 1003, 1023, 1030, 1040, 
1041, 1044, 1046, 1047 
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c 

C„(x) see Gegenbauer polynomials 

C(x) . . see Fresnel sine integral and Young function 

Catalan constant (G) xxxii, xl, 9, 375, 380, 

433, 434, 448, 449, 452, 453, 470-472, 530-534, 
536-538, 556, 558, 560, 563, 564, 580, 600-603, 
632, 633, 1046 

cd function xxxiii 

Ce function xxxviii, xl, 763-766, 953, 954 

ce function xxxviii, xl, 763-767, 951-957 

Chebyshev polynomials 

first kind (T n { x)) xli, 448, 667, 718, 790, 

800-803, 983, 988, 993-996, 999, 1131 

second kind ( U n (x )) xxxvii, xli, 800-802, 

994-996 

chi function xxxvi, xl, 142-144, 644, 645, 886 

ci function .... xxxv, xl, 219-221, 340-344, 423-426, 
436, 437, 447, 495, 505, 506, 528, 529, 571, 572, 
578, 581, 594, 595, 599, 605, 628, 629, 638-645, 
647, 656, 658, 748, 762, 886, 887, 1115 

Cm function xxxvi 

cn function xxxiii, xxxiv, xl, 623-626, 714, 

866-873, 875, 879, 880 

complex conjugate xliii, 293, 341, 342, 

421, 422, 424-426, 511, 528, 529, 927, 931, 933, 
1060, 1061, 1070, 1071, 1082, 1087, 1136, 1139 

confluent hypergeometric functions see 

hypergeometric functions, confluent 


constants 

Catalan see Catalan constant 

Euler see Euler constant 

cos function xxix, xxxvi, xxxviii, 4, 13, 19, 


20, 26-39, 41-52, 54-56, 64, 74-76, 78, 79, 126, 
147, 151 237, 249, 250, 253, 254, 317, 318, 320, 
322, 323, 326-329, 331-333, 338-345, 353, 358, 
372, 373, 377-383, 385, 388-534, 537, 540-545, 
550, 551, 561, 563, 565, 567-573, 576, 578, 579, 
581-601, 604-608, 610-612, 616, 621-623, 628, 
629, 631, 632, 634-644, 647-650, 652, 655, 656, 
658, 659, 662-664, 667, 669, 671, 673-675, 677- 
681, 686, 688, 689, 691, 692, 695, 703-707, 709, 
711, 713, 715, 717-748, 750-752, 754, 756-770, 
779-782, 784, 785, 787-789, 792-794, 797-800, 
802, 806, 808, 811, 812, 815, 817, 818, 823, 825, 
829-831, 833, 836, 837, 844, 845, 847-849, 854, 
862-869, 877-880, 882-886, 888-894, 896, 898- 
900, 904, 906-910, 912-918, 920, 922, 924, 925, 
928, 930, 933-943, 945-951, 953, 954, 958-964, 
966-981, 984-993, 997, 998, 1000, 1003, 1005- 
1007, 1023, 1025, 1026, 1029, 1030, 1037, 1038, 
1041, 1042, 1044, 1053, 1057, 1060, 1061, 1066, 


1067, 1090, 1110-1113, 1115, 1117, 1119-1122, 
1124-1128, 1131, 1132, 1137, 1140 
cosec function, .xxvii, xxix, 36-39, 43, 44, 49, 50, 64, 
113-115, 126, 155, 156, 160, 225, 254, 315-323, 
325, 327-332, 334, 335, 339, 349, 352, 354, 355, 
358, 373, 381-383, 387, 388, 400, 401, 403-408, 
410-414, 421, 422, 434, 437-439, 446, 453, 454, 
471, 479, 480, 484, 496, 508, 509, 529, 540, 541, 

547, 551, 565, 586, 588, 593, 600, 602, 604, 658, 

659, 663, 664, 669, 670, 677-682, 689-692, 695, 
697, 700, 713, 715, 717, 718, 723, 724, 755, 760, 

761, 780, 787, 788, 844, 853, 869, 900, 921, 927, 

929, 930, 932, 964, 967, 1131, 1132 


cosech function 27, 43, 113-115, 126, 387, 501, 

513, 634, 715, 751, 1111, 1124, 1133 
cosh function xxviii, xxxvi, 27-36, 38, 


42, 43, 45, 47, 48, 50-52, 64, 110-151, 231-237, 
251, 323, 338, 339, 371 -390, 407, 419, 425, 432, 
433, 439, 448, 451, 452, 454, 455, 468, 482, 484, 
485, 502, 504, 509-527, 568, 570, 573, 578-581, 
595, 596, 605, 610, 611, 621, 622, 634, 643-645, 
648, 686, 702, 705, 710, 713-717, 722, 723, 729, 
735, 747, 750-752, 755, 760, 763-767, 778, 781, 
787-789, 791, 792, 802, 806, 843, 844, 886, 888, 
896, 906, 908, 909, 912-917, 921, 922, 952-958, 
960-963, 967-969, 973, 977, 980-982, 998, 1006, 
1043, 1112-1115, 1119, 1128, 1129, 1140 

cosine integral (Ci) .... xxxv, xxxvi, 886, 930, 1115, 
1122, 1126 

cot function, .xxvii, xxviii, 28, 36, 37, 39, 42, 44, 46, 
49, 52, 56, 64, 147, 157-161, 168, 174, 176-178, 
185, 188, 189, 194, 195, 204-207, 213, 222-225, 
229, 230, 274, 318-323, 330, 331, 334, 354, 355, 
358, 372, 379, 381-384, 388, 395, 396, 400, 401, 
403-406, 411-414, 422, 434, 448, 454, 455, 472, 
484, 485, 492, 493, 496, 506, 509, 511, 532-534, 
540, 542, 543, 546, 558, 559, 565, 567, 568, 587, 
588, 590, 594, 595, 604, 606, 611, 623, 631, 632, 
637, 663, 664, 669, 670, 676, 678-681, 690-692, 
697, 700, 717, 723, 753, 754, 849, 867, 868, 876, 
882, 903-905, 912, 914, 915, 922, 927, 929, 930, 
932, 954, 967-969, 971, 979, 989, 1013, 1089, 
1090, 1120 

coth function 28, 39, 40, 42, 44, 64, 110, 116, 

118-120, 124, 130-134, 138, 145-148, 381, 384, 
386-388, 485, 489, 502, 509-513, 520, 523, 580, 
582, 595, 622, 634, 715, 716, 876, 921, 922, 956, 
957, 967, 981, 1029, 1110, 1124 


cs function xxxiii 

curl 1050-1053, 1057, 1058 

cylinder function .... see parabolic cylinder function 
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D 

dc function xxxiii 

degrees 263-265 

delta function (<5(a:)) 661, 1115, 1118-1120 

determinant 1070, 1075-1077, 1084-1086, 1096, 

1100 

dilogarithm (L 2 ) 642 

div 1050, 1051, 1053, 1055, 1057, 1058 

dn function xxxiii, xxxiv, xl, 623-626, 714, 

866-873, 875, 879, 880 

double factorials see factorial, double 

ds function xxxiii 

E 

E n (x ) see Euler polynomials 

E(x) see MacRobert function 

elliptic functions 859 

I) xl, 860 

complete xl, 860, 861 

E xxxi, xl, 60, 135-139, 179-183, 


185-195, 197, 198, 200, 202-214, 225, 255-262, 
264-274, 280-283, 285-296, 300-315, 410, 604, 
606, 621-623, 625, 632, 672, 777, 814, 852, 853, 
855, 857, 860, 862-864, 880 

complete xxxiv, xl, 313, 394, 408-410, 

472-475, 562, 592, 593, 596-600, 619-622, 632, 
633, 671, 696, 704, 714, 729, 860-865, 869, 880, 
990 

F xxxi, 60, 61, 134-139, 179-183, 186-195, 

197-200, 202-214, 225, 250, 251, 254-315, 407, 
408, 410, 411, 470, 486, 563, 568, 602, 604, 606, 
621-623, 631, 632, 654, 660, 661, 683, 684, 687, 
699, 700, 704, 707, 730, 731, 733, 734, 758, 804, 
809-820, 822, 823, 843, 849, 856, 860-864, 889, 
918, 959, 963, 964, 968, 970, 971, 974-976, 979, 
981, 982, 984, 986, 991, 994 


K 672 

complete xxxiv, xli, 274, 275, 313, 


394, 408-410, 472-475, 538, 539, 562, 567, 585, 
588, 592, 593, 596-600, 611, 612, 619, 620, 622, 
631-633, 696, 704, 713, 714, 719, 720, 729, 756, 
788, 860-870, 875, 879-881, 990 

II xxxi, xxxiv, xxxix, 51, 52, 135, 137, 138, 

180, 181, 183, 197, 198, 200-202, 204, 205, 210, 
212-214, 255, 262, 263, 265, 276-279, 284, 285, 
293, 295-300, 605, 620, 623, 632, 860, 880 

erf xxxvi, xl, 107-109, 336, 365, 635, 646, 

887-889, 1115, 1116 

erfc xxxvi, xl, 887, 888, 890, 891, 1108, 1110, 

1115, 1116 

error functions see erf and erfc 


Euler constant (C) ... . xxxii, xxxv, xxxvi, xl, 3, 15, 
321, 323, 330-332, 334, 335, 359, 361, 362, 364, 
367, 369-371, 411, 412, 422, 447, 476, 478, 483, 
484, 501, 534, 535, 538, 541, 553-555, 558, 559, 
570-574, 578-581, 585, 586, 588, 593, 594, 599, 
605, 628, 639, 644, 656, 658, 747, 748, 883, 884, 
886, 894-896, 898, 903-906, 911, 919, 937-939, 
944, 1037, 1038, 1046, 1125 

Euler function (i/j) xxxix, 318, 321, 323, 

330-332, 334, 335, 356, 359, 360, 364, 369, 382, 
387, 388, 400, 403, 405, 411-414, 466, 486, 490, 
501, 509, 510, 523, 535-538, 540-543, 553-555, 
558, 559, 562, 570-574, 576-579, 585, 586, 588, 
594, 595, 607, 617, 658, 659, 747, 769, 770, 820, 
842, 902-907, 911, 919, 929, 969, 1011-1013 

Euler number (E n ) xxxii, xxxiii, 

xl, 8, 43, 145, 146, 221, 223, 376, 379, 380, 533, 
550, 580, 1043-1045 

Euler polynomial (E n (x)) . . xxxii, xxxiii, 1044, 1045 

exponential function (exp) 27, 

108, 109, 143, 144, 215, 335-340, 345-349, 352, 
364-371, 383-385, 390, 426, 428-430, 439, 440, 
480, 482, 484-486, 488, 489, 492-498, 501-509, 
513, 516, 521, 523, 524, 526, 574-576, 581, 617, 
639, 645-649, 651, 652, 655-658, 693, 697-699, 
706-710, 712, 713, 722, 723, 748-753, 759, 760, 
768, 778, 781, 785, 791, 805, 810, 811, 815, 826, 
828, 829, 831, 834, 837, 841-844, 848-850, 855, 
876, 877, 879, 880, 886-888, 890-893, 895, 896, 
913, 915-917, 920-923, 928, 933, 935, 967, 997, 
1002, 1024-1026, 1029, 1030, 1066, 1090, 1094, 
1096, 1098, 1099, 1105, 1110, 1119, 1123, 1124, 


1128 

exponential integral ( E n (x )) xxxv 

exponential integral (Ei(*)) xxxv, 


xl, 107, 109, 143, 144, 150, 151, 338, 340-344, 
361, 370, 375, 386, 421, 422, 424-426, 432, 461, 
468, 483, 484, 492, 495, 527-530, 535, 553, 555, 
571-573, 577, 578, 594, 595, 605-607, 627, 628, 
638-647, 649, 656, 658, 748, 883-887, 900, 902, 
931, 1115, 1123, 1125 


F 

T see Fourier transform 

F(x) see hypergeometric function 
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factorial 

! xxxii-xxxiv, xxxvii, 

xliii, 2-5, 8, 12, 13, 18, 19, 22, 23, 25-27, 33, 
34, 42-44, 46, 49-51, 54, 55, 60-62, 66, 68, 77, 
79, 85, 90, 92, 94, 106-109, 114, 115, 127, 128, 
140-143, 145, 146, 148, 152, 155, 156, 163-167, 
174, 215-219, 221-224, 228, 230, 241, 315, 316, 
321, 323, 325, 326, 328-330, 332, 336, 340-342, 
344, 346, 353, 354, 359, 361, 364, 365, 367, 379, 
381, 382, 386, 389, 393, 396-398, 400-402, 405, 
408, 417, 419, 430, 431, 436, 437, 441, 444, 466, 
469, 470, 472, 486-488, 495-499, 502-505, 508, 
510, 512, 517, 522, 528, 530, 531, 533, 535, 550- 
552, 555, 559, 560, 567, 572-578, 580, 585-587, 
591, 593, 601, 607, 612, 613, 616, 619, 627, 635, 
636, 660, 672, 677, 687, 688, 698, 704, 705, 707, 
709, 725, 769-771, 789-793, 795-801, 803-812, 
840-842, 844, 860-862, 866, 867, 869, 884-886, 
889, 892, 893, 895-897, 899-901, 904, 907, 909- 
911, 913, 918-921, 923-925, 929, 930, 934-936, 
940, 941, 944, 949, 950, 961, 962, 968, 973-975, 
977, 979, 982-984, 986, 988-993, 995, 997-1002, 
1005, 1010-1013, 1018, 1022, 1023, 1025-1027, 
1031, 1034, 1038-1044, 1046, 1047, 1074, 1108, 
1109, 1120 

double (!!) xliii, 23, 77, 79, 

94, 110, 111, 113, 114, 127, 128, 146, 152, 155, 
156, 174, 222, 226, 245, 250, 316, 319, 324-326, 
336, 345, 346, 363, 364, 367, 369, 395-398, 401, 
402, 405, 408-410, 420, 430, 435, 459, 460, 466, 
467, 469, 470, 472, 478, 488, 531, 538, 539, 543, 
551, 573-576, 585, 586, 601, 607, 616, 793, 805, 
860-862, 889, 897, 909, 923, 934, 940, 974, 977, 
982, 984, 986, 988-990, 992, 994, 997 


Fe function xl, 953-955 

fe function xl, 953-955 

Fek function xl, 955, 957 

Fey function xl, 765, 767, 955, 956 

Fourier transform xliv, 1117, 1118, 1121, 1122, 

1129 

cosine xliv, 1121, 1122, 1126-1129 

sine xliv, 1121-1125, 1129 

Fresnel integral 

cosine (C) xxxvi, xl, 171, 225, 226, 415, 434, 


475, 476, 492, 629, 641, 649, 650, 659, 887-890, 
935, 1126 

sine (S) . . xxxvi, xli, 170, 171, 225, 226, 415, 434, 
475, 476, 492, 629, 641, 649, 650, 659, 887-890, 
935, 1057, 1124 


G 


G^ n (x | "') see Meijer G function 

gamma function 

r(x) xxxiv, xxxvii-xxxix, xliii, 6, 9, 68, 107- 

109, 121-123, 163-167, 264, 296, 317, 318, 321, 
322, 324, 326-333, 336-338, 346-355, 358-361, 
365-368, 370, 374, 376, 377, 379-384, 386-390, 
395, 396, 398-401, 406, 407, 411, 414, 419, 421, 
423, 436-445, 459, 460, 462, 466, 472, 479, 486, 
491, 492, 497-499, 503, 506, 509, 511, 512, 515, 
521-523, 529, 535, 538, 539, 545-548, 550-553, 
555, 560, 566-568, 570-574, 576-580, 585, 588, 
594, 595, 602, 604, 605, 613-617, 632-640, 645, 
646, 648-663, 665-668, 670, 672-688, 690-694, 
696-700, 702-712, 715-717, 724-727, 730-734, 
736-738, 741, 744-749, 752-761, 769-789, 791- 
801, 803-853, 856, 864, 889, 892-902, 904, 909, 
910, 912-921, 923, 929, 940-949, 959-964, 966- 
975, 978, 979, 981-983, 991-993, 995, 999, 1002, 
1003, 1005, 1008, 1009, 1013, 1019-1030, 1032, 
1033, 1035-1040, 1043, 1046, 1048, 1056, 1108, 
1110, 1113, 1116, 1117, 1119, 1120, 1122, 1123, 
1126, 1127, 1130-1133 

7 (z) . . 215, 335, 338, 340, 346, 347, 370, 440, 492, 
496, 639, 657, 677, 706, 899, 902, 1027 

incomplete (r(a;, y)) xxxix, 215, 338, 340, 

346-348, 352, 366, 368, 436, 438, 498, 576, 657, 
658, 710, 749, 787, 899-902, 1002, 1027, 1110 

incomplete (7 {x,y)) xxxix, 439, 899-902 

gd(x) see Gudermannian function 

Ge function xl, 953-955 

ge function xl, 953, 955 

Gegenbauer polynomial ( C n (x )) xl, 327, 406, 

795-800, 927, 940, 941, 969, 983, 990-993, 995, 
997, 999, 1017 


Gek function 

Gey function 

grad 

Gudermannian (gd) 


xl, 955, 957 

xl, 765, 955-957 

1050, 1051, 1053, 1055, 1056 
xl, 52, 53, 116 


H 


H function 

1 1, A -i') 

HU) 

H(x) 

"u) 

Hankel function (H n (x)) 


xli, 879, 880 

see Hermite polynomials 

see Struve function 

see Hankel function 

. . see Heaviside function 
xxxvii, 


xli, 339, 350, 351, 368, 370, 385, 492, 653, 663, 
688, 691, 693-695, 698, 702, 709, 723, 750, 752, 
753, 768, 778, 789, 850, 910, 911, 914-916, 920, 
922, 923, 925-928, 931, 940, 944 


He„(x) 


see Hermite polynomials 
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Heaviside Function (H(*)) xliv, 642, 750, 1115, 

1118, 1131 


hei^(z) see Thomson functions 

herv (z) see Thomson functions 


Hermite polynomials 

H n (x ) xxxvi, xxxvii, xli, 365, 503, 803-806, 

810-812, 983, 992, 996-998, 1001, 1030 

He n (x) xxxvi, xxxvii 

Hermitian xliv, 1070, 1071, 1082, 1083 

hyperbolic 

cosine integral see chi function 

sine integral see shi function 

hypergeometric functions 

F xxxix, xl, 315-318, 

320, 327, 329, 330, 335, 347-349, 351, 368, 370, 
374, 375, 394, 398, 436, 438-440, 442, 444, 488, 
490, 503, 512, 517, 639, 646, 648, 654, 657, 663, 
670, 671, 673, 677-681, 683, 685, 688, 690, 699, 
703, 704, 706, 707, 711, 712, 736, 737, 745, 749, 
754, 755, 759, 760, 771-776, 779, 780, 784, 791, 
792, 794-797, 801, 803, 805, 807-810, 813-818, 
821-824, 826-835, 838, 841, 844, 846, 848, 849, 
889, 910, 946, 982, 999, 1005-1013, 1015-1023, 
1025, 1033, 1035, 1037, 1039 

confluent (<f>) xxxix, 1022- 1024, 1027, 1028, 

1030-1032 

confluent (T) . . 816, 1023, 1027, 1028, 1038, 1039 


I 

incomplete beta function 

I xli, 910 

B xxxix, 910, 1132 

incomplete Gamma function . . see gamma function, 
incomplete 

inverse functions 1118, 1121 

J 

Jacobi elliptic functions . . . see cd, cn, cs, dc, dn, ds, 
nc, nd, ns, sc, sd, sn 

Jacobi polynomial ( p„(x )) xli, 998-1000, 1003 

Jacobi theta function (0) .... xxxiv, xxxix, 879, 880 
Jacobi zeta function (zn) xxxiv 


K 

kei(z) see Thomson functions 

ker( 2 ) see Thomson functions 

K' 867 

k' xliv, 134, 135, 184-200, 

204, 206, 225, 263, 410, 472-475, 562, 567, 568, 

585, 588, 592, 593, 596-602, 604-606, 619-626, 
631-633, 859-868, 870-873, 875, 879, 881, 1006 
Kronecker delta xliv, 1046, 1047, 1076, 1088 


L 

C see Laplace transform 

1/2 (*) see dilogarithm function 

L„(i) or L “(*) see Laguerre polynomials 

L(x) see Lobachevskiy function 

L(*) see Struve function 

Laguerre 

function (L“(x)) .... 348, 441, 707, 709, 803-806, 
808-812, 840, 901, 983, 1000-1004, 1028 

polynomial ( L n (x )) . . xli, 344, 806, 808, 809, 811, 
812, 844 

Laplace transform xliv, 1107, 1108, 1129, 1138 

Legendre functions 

first kind (P n (x)) xli, 93, 106, 327, 390, 405, 

406, 409, 513, 612, 698, 707, 719, 769-772, 774, 
776-782, 785, 786, 788-794, 801, 809, 815, 829, 
933, 936, 940, 941, 959-961, 963-969, 972-990, 
992, 999, 1017, 1131 

second kind ( Q n {x )) xli, 324, 373, 383, 696, 

719, 769-771, 773, 777, 780, 785, 788, 790, 791, 
959, 960, 965, 966, 968, 972, 973, 975-981, 986 

Lerch function (<f>) xxxix, 642, 1039 

li function . . . xxxv, xli, 238, 340, 527, 553, 636, 637, 
883, 884, 887, 902, 1027 

limit xxxii, 6-8, 14, 21, 26, 53, 250-252, 511, 

610, 611, 617, 635, 883, 887, 890, 894, 895, 904, 
905, 931, 951, 963, 992, 1000, 1003-1006, 1023, 
1038-1040, 1067, 1101, 1104, 1106-1108, 1118, 
1121, 1130, 1136, 1139 

In function .... xxvii-xxix, xxxi, xxxii, xxxiv-xxxvii, 
3, 9-11, 23, 26, 27, 43, 44, 46, 47, 49, 51-56, 
61-67, 69-85, 87, 90, 94, 97, 99, 103, 104, 106, 
113-120, 123-130, 133, 143, 145-148, 150, 155- 
161, 167-172, 174-176, 178, 186-197, 199, 200, 
204-207, 220-225, 237-245, 250, 316, 321, 324, 
326, 330-332, 334, 338-340, 353-364, 369-373, 
375, 376, 378-381, 383, 386-390, 395, 402, 410, 
431, 433, 434, 438, 447-449, 451-457, 462-466, 
470-473, 483-485, 495, 497, 499-502, 517-521, 
527-607, 622-628, 631-633, 636-645, 647-649, 
656, 658, 659, 661, 668, 671, 672, 695, 702, 718, 
719, 728, 747, 748, 755, 763, 861, 862, 868, 880, 
882-887, 891-893, 895, 898-900, 902-907, 909, 
911, 914, 919, 929, 937-939, 944, 963, 969, 972, 
977-979, 981, 982, 990, 1006, 1011-1013, 1026, 
1027, 1037-1040, 1046, 1048, 1056, 1113, 1115, 
1120, 1123, 1125, 1128, 1132, see log function 
Lobachevskiy function ( L ) . . .xli, 147, 225, 375, 380, 
381, 530-534, 588, 589, 593, 891 
log function 27, 642, see In function 
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Lommel function (S) xxxvi, xli, 339, 346, 352, 

371, 384, 386, 417, 670, 674, 676-678, 680, 681, 
756, 758, 760, 761, 779, 782, 783, 785, 787, 788, 
794, 815, 816, 819, 828, 945-947, 950, 1035 
Lommel function (s) . . . . xli, 419-421, 439, 443, 670, 
692, 725, 760, 761, 945, 946, 1133 

Lommel function (U) xlii, 947 

Lommel function (V) xlii, 947, 948 


M 

A4 see Mellin transform 

M\ , M (z) see Whittaker functions 

MacRobert function ( E ) 1035, 1036 

Mathieu functions 

Se xxxviii, xli, 764-766, 953, 954 

se xxxviii, xli, 763-766, 951 957 

max 851, 854, 856, 987, 1066, 1081-1086, 1088, 

1091 

Meijer function (G) xl, 351, 444, 654, 690, 691, 

704, 711, 758, 776, 778, 817-819, 825-832, 835, 
838, 844, 845, 847, 850-856, 1032-1035 

Mellin transform xliv, 1130 

min 851, 854, 856, 1085, 1091 


N 


N v {z) 

nc function 

nd function 

Neumann function 

Neumann polynomial (0„(*)) 


see Bessel function, Y 

xxxiii 

xxxiii 

see Bessel function, Y 
xxxvii, xli, 346, 


384, 386, 946, 949, 950 


norm see 1 1 ■ 1 1 and 1 1 ■ | | P 

ns function xxxiii 


o 

O n (x) see Neumann polynomials 

orthogonal function 798 


P 

P„(x) see Jacobi polynomials and Legendre 

polynomials 

P n (x) see Legendre functions (first kind) 

P™(x) see Legendre functions (associated, first 

kind) 

parabolic cylinder function (D) xxxviii, xl, 

348, 349, 352, 365, 384, 390, 503, 504, 506, 653, 
657, 658, 697, 708, 712, 740, 746, 802, 805, 811, 
841-850, 1028-1031 


Phi function (4?) xxxvi, xxxix, 

xl, 239, 336-338, 344, 345, 353, 354, 358, 364, 
367, 371, 376, 379, 381, 384, 390, 489, 503, 504, 
526, 574, 604, 629, 640, 645-649, 748, 749, 755, 
781, 802, 835, 838, 887-891, 899, 902, 997, 998, 
1001, 1050, 1051, 1056, 1057 

Pochhammer symbol xliii, 321, 330, 635, 

672, 705, 900, 918, 947, 1010-1012, 1018, 1022, 
1031, 1048 

polynomials see specific name 

principal value (PV) . . .xliii, 322, 329, 335, 337, 433, 
454, 528, 534, 563, 572, 883 

Q 

Qn(x) see Legendre functions (second kind) 

Q™ (x) . . . see Legendre function (associated, second 
kind) 


R 

root 15, 84, 104, 331, 539, 542, 553, 576 

3 .... 72, 86-88, 264, 330, 331, 363, 364, 539, 570, 
918 

4 73, 78, 83, 105, 135, 136, 139, 210, 211, 

263-265, 272, 295, 296, 312-315, 483, 493-495, 
507, 524, 525, 868, 875, 878-881, 997 

8 105 

2 k 894 

rot 1050 


s 

S n (a;) see Schlafli polynomials 

Si" 1 ' 1 see Stirling numbers, first kind 

s(*) see Lommel function 

S(x) see Lommel function and Fresnel cosine 

integral 

sc function xxxiii 

Schlafli polynomial ( S n (x )) xli, 949, 950 

sd function xxxiii 


Se(x) see Mathieu functions 

se(x) see Mathieu functions 

sec function 36, 39, 43, 44, 50, 52, 


64, 113, 114, 155, 156, 315, 323, 328, 329, 371, 
372, 377-379, 389, 395, 396, 400, 401, 403-405, 
410-414, 421, 422, 436, 438, 439, 446, 471, 472, 
479, 541, 551, 586, 646, 653, 661, 663, 664, 669, 
670, 674, 682, 689, 691, 699, 706-708, 710, 713, 
716, 718, 719, 726, 728, 734, 740, 749, 757, 761, 
783, 806, 820, 825, 845, 846, 864, 921, 922, 932, 
1007, 1126, 1132, 1133 

sech function 27, 43, 62, 

113-115, 323, 387, 509, 634, 715, 750, 751, 787, 
800, 802, 841, 883, 1128, 1133 
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shi function, .xxxvi, xli, 142-144, 495, 644, 645, 886 


Si function xxxv, 643, 886, 930, 1115, 1122 

si function xxxv, xli, 219-221, 340-344, 421, 


423-426, 447, 495, 505, 506, 528, 529, 571, 572, 

578, 581, 594, 595, 599, 605, 628, 629, 638-644, 
647, 649, 650, 656, 658, 748, 762, 886, 887, 992, 
1115 

sigma function xxxix, 876, 877 

sign function . . xlv, 46, 177, 241, 243, 251, 322, 350, 
351, 365, 370, 423, 437, 438, 447, 465, 485, 594, 
596, 603, 604, 610, 611, 640, 642, 652, 750, 768, 
885, 1118-1120, 1122 

sin function xxvii, xxix, xxxi, xxxii, 

xxxiv-xxxviii, 4, 13, 19, 20, 23, 26-52, 55, 56, 
64, 74-76, 79, 147, 151-237, 249, 250, 253, 254, 
263-265, 317, 318, 321-323, 325-329, 331-333, 
339-345, 348, 354, 355, 358, 359, 371-373, 375, 
377-383, 385, 387-534, 537, 539-547, 550, 551, 
554, 558, 559, 561-563, 565, 567-573, 576, 578, 

579, 581-601, 604-606, 608, 610-612, 616, 621- 
623, 628, 629, 631-633, 635-644, 647-651, 655, 
656, 658, 659, 662-665, 667, 669, 671-675, 677, 
678, 680, 684, 686, 688, 689, 691, 692, 695, 698, 
703, 705, 706, 708, 709, 711, 713-715, 717-748, 
751, 752, 754-756, 758-760, 762-770, 773, 774, 
776, 777, 779-782, 784, 789, 793, 794, 797-800, 
802, 806, 808, 810-812, 817, 820, 825, 829, 830, 
833, 836, 837, 839, 842, 844-846, 848-850, 853, 
859-869, 876-880, 882-893, 896, 898, 900, 904, 
906-910, 912-918, 920, 922, 924, 925, 927, 928, 
930, 933-940, 942, 943, 945-951, 954, 958, 959, 
961 -964, 966-981, 984-992, 994, 997, 998, 1000, 
1005-1007, 1009, 1013, 1025, 1026, 1029, 1036- 
1038, 1042, 1044, 1053, 1057, 1060, 1061, 1066, 
1067, 1090, 1110-1113, 1115, 1117-1128, 1131, 
1132, 1137, 1140 

sinh function xxxvi, 27-36, 

38, 40, 42, 43, 45, 47, 48, 50-52, 64, 110-151, 
231 -237, 251, 338, 339, 358, 371-390, 407, 419, 
425, 432, 433, 438, 439, 448, 451, 452, 454, 455, 
461, 466-468, 477, 484, 485, 489, 491, 496, 502, 
504, 508-527, 570, 573, 578-582, 595, 596, 606, 
610, 611, 621, 622, 634, 643-645, 664, 686, 698, 
702, 704, 705, 710, 711, 713-716, 723, 729, 735, 
747, 751-753, 755, 760, 763-766, 778, 787-789, 
806, 843, 844, 886, 888, 896, 898, 913-915, 917, 
943, 953, 955-957, 960-963, 967-969, 980, 981, 
997, 1006, 1025, 1029, 1040, 1112- 1115, 1119, 
1120, 1124, 1125, 1128, 1140 


sn function xxxiii, xxxiv, xli, 623-626, 714, 

866-873, 875, 879, 880 

special functions 859 


square root xxxii, 

xxxiv, xxxvi, xxxviii, xliv, 2, 9-11, 14, 15, 23, 
25, 26, 30, 37, 43, 44, 54-61, 63-67, 71-79, 83- 
99, 103-109, 125-139, 158, 170-175, 177-184, 
197, 199, 200, 202-214, 225, 226, 230, 239-245, 
249, 251, 254-315, 317-319, 321, 324-328, 330, 
333, 336, 337, 339, 344-353, 355, 359, 363-376, 
380, 382-385, 390, 391, 393-396, 400-402, 404- 
411, 414-419, 421, 425, 426, 428-430, 434-436, 
440-446, 448, 451-454, 456, 457, 460, 472-479, 
481-483, 485, 486, 488-497, 499, 501-507, 511, 
513-515, 517, 518, 522-527, 529, 531, 532, 534, 
535, 537-539, 542, 543, 545, 549-551, 553, 554, 
556-558, 560, 562, 563, 565-568, 570-576, 578- 
581, 584, 585, 588, 590-593, 595-606, 608-613, 
615-617, 619, 621-623, 629, 631-635, 637-642, 
644-651, 653, 657, 659, 661-668, 670, 672-675, 
677, 678, 680-683, 685-763, 766-768, 771, 773, 
777, 778, 780-782, 785-789, 791-794, 800-808, 
810-812, 814, 815, 819, 828, 829, 837, 841, 843- 
845, 848, 853, 854, 856, 859-866, 868, 870-876, 
879-881, 887-891, 893-902, 905, 908, 909, 913- 
915, 917, 918, 920-926, 928, 931-946, 950, 951, 
958, 960-974, 976-983, 985, 987, 988, 990-998, 
1000, 1002, 1003, 1007, 1009, 1018, 1019, 1023, 
1026-1030, 1035, 1038, 1052, 1054, 1055, 1060, 
1082, 1116-1121, 1123, 1125-1127, 1129, 1131 

step function 798 

Stirling number 

first kind ( S ™) xlv, 1046-1048 

second kind (©™) xlv, 1046-1048 

Struve function 

H(z) . . xli, 345, 351, 421, 435, 442, 443, 573, 647, 
659, 660, 663, 664, 669, 675, 677, 679, 680, 692, 
694, 708, 722, 725, 735, 753-759, 787, 838, 848, 
856, 942, 943, 946, 1035, 1132 

modified (L(a:)) xli, 345, 350, 351, 435, 441, 

515, 595, 605, 663, 664, 669, 671, 675, 676, 678, 
679, 692, 722, 736, 753-759, 787, 794, 942, 943 
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T 


T n (a;) see Chebyshev polynomials 

tan function xxvii-xxix, 27-30, 35, 36, 


39, 40, 42, 44, 46, 50, 52, 53, 55, 56, 60, 64, 126, 
151, 155-161, 167-178, 180, 181, 183-185, 188, 
189, 194, 195, 199, 200, 202-207, 209, 212, 214, 
222-225, 229, 230, 274, 322, 332, 339, 340, 355, 
371, 375-379, 381, 382, 384, 388, 389, 393, 395, 
396, 400, 403-405, 409-414, 421-423, 433, 434, 
451-455, 457-459, 471-475, 483-486, 492, 493, 
496, 498, 505, 506, 509, 515, 518, 532-535, 537, 
541, 545, 546, 567-570, 579, 582, 586-589, 591- 
594, 597-599, 604, 606, 622, 631, 632, 659, 664, 
669-671, 682, 686, 699, 716, 717, 725, 728, 744, 
745, 754, 766, 849, 862-865, 867-869, 883, 886, 
890, 894, 905, 909, 922, 932, 954, 969, 971, 979, 
986, 990, 1006, 1007, 1023, 1123, 1127, 1132 

tanh function 12, 27-29, 31, 39, 40, 42, 44, 

51, 52, 62, 64, 110, 113-120, 123-126, 128-132, 
134-137, 139, 145-148, 338, 380-383, 387, 390, 
472, 484, 485, 489, 502, 509, 512, 513, 516, 518, 
520, 569, 606, 621, 622, 716, 717, 751, 753, 766, 
788, 789, 841, 921, 922, 956, 957, 1025, 1124 
theta function (#) .... xxxiv, 521, 633, 634, 877-883 
Thomson functions 

bei(x) xxxix, 761-763, 944, 945 

ber(a:) xxxix, 761-763, 944, 945 

hei(x) xli, 944 

her(a;) xli, 944 

kei(x) xli, 641, 663, 672, 674, 748, 762, 763, 

944, 945 

ker(a;) xli, 641, 663, 671, 674, 747, 762, 763, 

944, 945 

toroidal function 981 


tr see trace 

trace 1084 

transpose xlv, 1069-1073, 1075, 1089 


u 

U n (*) see Chebyshev polynomials 

unilateral 2 transform 1135, 1138-1140, 1159 


w 

see Whittaker functions 

Weber function (E) . . . .338, 339, 346, 353, 371, 384, 
421, 423, 670, 671, 751, 943, 946, 948, 949 
Weierstrass function (p) . . . .xxxix, xl, 626, 873-877, 
880 

Whittaker functions 

M xli, 338, 348, 445, 654, 682, 697, 703, 705, 

706, 709, 710, 715-717, 736, 748, 749, 784, 785, 

787, 819-841, 1024-1027 

W xlii, 338, 346-349, 367, 368, 384, 423, 

445, 635, 652, 654, 682, 697, 698, 704, 706, 707, 

709, 710, 712, 715, 716, 726, 727, 736, 745, 749, 

756, 759, 761, 776-778, 781, 782, 784-788, 803, 
814-817, 819-841, 843, 844, 846, 847, 857, 979, 
1024-1028, 1035 


X 

Xb see bilateral 2 transform 

X u see unilateral 2 transform 

Y 

Y see Bessel function, Y 

Young function ( C ) xxxvi, xl, 417, 439, 440 


z 

zeta function {Q . .xxxix, 8, 338, 353, 354, 358, 359, 
376, 377, 379-381, 386-389, 433, 434, 449, 471, 
509, 540, 542, 543, 550, 552, 560, 567, 569, 576, 
577, 580, 587, 591, 593, 607, 626, 633, 634, 658, 
659, 802, 876, 877, 880, 894, 898, 903-905, 907, 
909, 1036-1041, 1133 

zn(a;) see Jacobi zeta function 
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Index of Concepts 


This index refers to concepts appearing in the text. 


A 

Abel’s identity 1098 

absolute convergence 6 

absolute values 63 

addition theorems 973, 975 

adjoint 1099 

equations 1098 

algebraic 

inequalities 1059, 1060 

algebraic functions 82, 253 

and arccosine 242 

and arccotangent 244 

and arcsine 242 

and arctangent 244 

and associated Legendre functions 789 

and Bessel functions 674, 715 

and exponentials 344, 363 

and hyperbolic functions 132, 375, 715 

and logarithmic functions 538 

and logarithms 238 

and powers 363 

and rational functions 789 

and trigonometric functions 434 

alternating series 7 

amplitudes 866 

analytic continuation 970, 1012 

Anger functions 948 

angle of parallelism 51 

anticommutative 1049 

approximate solution 1093-1096 

approximation by tangents 921 

arccosecant 242 

and powers 244 

arccosine 241 

and algebraic functions 242 

arccotangent 242 

and algebraic functions 244 

arcsecant 242 

and powers 244 


arcsine 241 

and algebraic functions 242 

arctangent 242 

and algebraic functions 244 

and Bessel functions 747 

argument 866 

of a complex number xliv 

arithmetic mean theorem 1056 

arithmetic progression 1 

arithmetic-geometric inequality 1060 

arithmetic-geometric progression 1 

associated Legendre functions . . . 769, 788, 958, 972, 
974 

and algebraic functions 789 

and Bessel functions 782, 787 

and exponentials 776 

and hyperbolic functions 778 

and powers 770, 776, 779 

and probability integral 781 

and rational functions 789 

and trigonometric functions 779 

associated Mathieu functions 952 

asymptotic expansions 1146 

asymptotic result 21, 356, 895, 1026, 1029 

asymptotic series 21 

B 

Ballieu theorem 1086 

basic theorems 1091 

Bateman’s function 1023 

Bernoulli 

numbers 1040, 1045 

polynomials 1040, 1041 

Bessel functions. . .629, 659, 748, 749, 753, 910, 912, 
914, 916-920, 924, 925, 928, 931, 933-937, 940, 
941, 954, 1146, see Constant/Function index 

and algebraic functions 674, 715 

and arctangent 747 

and associated Legendre functions 782, 787 


1161 
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Bessel functions ( continued ) 

and Chebyshev polynomials 803 

and exponentials .... 694, 699, 708, 711, 713, 715, 
742, 834 

and Gegenbauer functions 798 

and hyperbolic functions 713, 715, 747 

and hypergeometric functions 817 

confluent 830, 831, 834 

and Legendre polynomials 794 

and logarithms 747 

and MacRobert functions 854 

and Mathieu functions 767 

and Meijer functions 854 

and parabolic cylinder functions 845 

and powers 664, 675, 689, 699, 708, 711, 727, 

742, 831, 834 

and rational functions 670 

and Struve functions 756 

and trigonometric functions . . . 717, 727, 742, 747 

generating functions 933 

imaginary arguments 911 

Bessel inequality 1068 

bilateral 2 -transform 1135, 1136 

bilinear concomitant 1099 

binomial coefficients 3 

symbol xliii 

binomials 25 

and powers 315, 322 

Bonnet-Heine formula 988 

bounded variation 20 

boundedness theorems 1106 

branch points 866, 1024 

Brauer theorem 1086, 1088 

Buniakowsky inequality 1059, 1061, 1064 

c 

Calogero 1089 

Carleman inequality 1060, 1066 

Catalan constant xxxii, 1046, see 

Constant/Function index 

Cauchy principal value 528 

Cauchy problem 1093, 1095 

Cauchy-Schwarz-Buniakowsky inequality 1059, 

1061, 1064 

Cayley-Hamilton theorem 1084 

change of variables 248, 607, 608 

characteristic equation 1071 

characteristic polynomial 1084 

characteristic values 1084 

Chebyshev inequality 1059, 1065 


Chebyshev polynomials 988, 993 

and Bessel functions 803 

and elementary functions 802 

and powers 800 

Christoffel formula 983 

Christoffel summation formula 986 

circle of convergence 16 

circulants 1078 

classification system xxxi 

classified references 1145 

column norm 1082 

comparison of approximate solutions .... 1094, 1096 

comparison theorem 1100, 1101, 1103, 1104 

complementary error function. . .see error functions, 
complementary 

complementary modulus 859 

complete elliptic integrals 619, 632, 859 

complex analysis 1146 

complex conjugate xliii 

conditional convergence 6 

conditions, Dirichlet 19 

confluent hypergeometric function see 

hypergeometric function, confluent 

conical functions 980 

constant of integration 63 

constants see Constant/Function index 

Catalan see Catalan constant 

Euler see Euler constant 

continued fraction 902 

continuity, Lipschitz 1094, 1095 

converge 

absolutely 6 

conditionally 6 

uniformly 15 

convergence 

circle 16 

radius 16 

tests 6, 19 

convexity 1066 

convolution 1118 

theorem 1108, 1118, 1122, 1130, 1136 

coordinates, curvilinear 1052 

cosine 

and rational functions 171, 390 

and square roots 472 

integral 628, 639, 886 

hyperbolic 644, 886 

multiple angles 161 

cosine-amplitude 866 

Cramer’s rule 1077 

cube roots 86 

curl 1050 
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curvilinear coordinates 1052 

cycles 1046 


cylinder function .... see parabolic cylinder function 


D 

Darboux-Christoffel formula 983 

de Moivre’s theorem 1060 

decreasing solutions 1104 

definite integrals 247, see integrals, definite 

delta amplitude 866 

derivative of a composite function 22 

determinants 1075, 1076, 1078 

Gram 1080 

Hessian 1079 

Jacobian 1078 

Vandermonde 1078 

Wronskian 1079 

differential equations 873, 874, 

910, 931, 944, 947-950, 952, 958, 974, 975, 980, 
981, 983, 993, 995, 998, 1000, 1003, 1011, 1013, 
1015, 1024, 1031, 1034, 1093 

adjoint 1098 

exact 1097 

homogeneous 1097 

hypergeometric 1010 

partial 1018, 1031 

Riccati 1099 

Riemann 1014, 1022 

second-order 1017, 1098, 1100, 1104 

self-adjoint 1098 

special types 1097 

variables separable 1097 

differentiation 

of integrals 21, 1064 

of matrices 1073 

of vectors 1050 

dilogarithm 642 

diophantine relations 1089 

directional derivative 1051 

Dirichlet conditions 19 

Dirichlet lemma 1067 

div 1050 

divergence theorem 1055 

DOC (domain of convergence) 1135 

domain of convergence (DOC) 1135 

dominant solutions 1104, 1105 

double factorial symbol xliii 

double integrals 610, 1021 

doubling formula 896 

doubly-periodic function 866, 874 


E 


eigenvalues 951, 1071, 1084, 1087 

eigenvectors 1071 

elementary functions 25, 247, 1006 

and Chebyshev polynomials 802 

and Gegenbauer polynomials 797 

and Legendre polynomials 792 

and MacRobert functions 850 

and Meijer functions 850 

indefinite integrals 63 

elliptic functions 619, 631, 865, 1148 

Jacobian 866, 870 

order 865 

Weierstrass 626, see Weierstrass elliptic 

functions 

elliptic integrals . . . 104, 184, 619, 621, 631, 632, 859 

complete 394, 472-474, 632, 859 

derivatives 394, 863, 865 

functional relations 863 

generalized 635 

Jacobian 623 

kinds 859 

equations 

differential see differential equations 

first-order 1093, 1096 

linear 1096 

special types 1097 

system 1094, 1095 

error functions 887, 1147 

complementary 887 

essential singularity 1024 

Euclidean norm 1081 

Euler 

constant xxxii, see Constant/Function index 

dilogarithm 642 

integrals 892, 908 

numbers 1040, 1043, 1045 

polynomials 1044 

substitutions 92 

exact differential equations 1097 

expansion of determinants 1075, 1076 

expansions, asymptotic 1146 

expansions, Weierstrass 869 

exponential integrals . . 627, 636, 638, 883, 885, 1147 

and exponentials 628 

and powers 627 

exponentials 26, 106, 334 

and algebraic functions 344, 363 

and associated Legendre functions 776 

and Bessel functions 694, 699, 708, 711, 713, 

715, 742, 834 


and complicated arguments 


336 
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exponentials ( continued ) 

and exponential integrals 628 

and gamma functions 652 

and hyperbolic functions 148, 338, 382, 386, 

522, 525, 713, 715 

and hypergeometric functions 814 

confluent 822, 834 

and inverse trigonometric functions 605 

and logarithmic functions 339, 571, 573, 599 

and parabolic cylinder functions 842 

and powers 148, 346, 353, 363, 364, 386, 497, 

525, 573, 699, 708, 711, 742, 754, 776, 834, 842 

and rational functions 106, 340, 353 

and Struve functions 754 

and trigonometric functions. . .227, 339, 485, 493, 
495, 497, 522, 525, 599, 742 

matrix 1074 

of exponentials 338 

series 27 

F 

factorial symbol xliii 

field theory 1049 

figures 608-610, 892, 913, 915, 916, 1036 

final value theorem 1139 

finite sums 1 

first mean value theorem 1063 

first-order equations 1093, 1096 

first-order systems 1094 

footnotes xxix, 

xxxi, 82, 132, 247, 248, 274, 397, 410, 547, 656, 
859, 867, 908, 920, 931, 981, 991, 1039, 1141 

Fourier series 19, 46, 1066, 1067 

generalized 1067, 1068 

Fourier transform 1107, 1117 

basic properties 1118 

cosine 1121, 1129 

properties 1121 

table 1126 

exponential 1129 

sine 1121, 1129 

properties 1121 

table 1122 

tables 1118, 1120 

fourth roots 313 

fractional transformation 1014 

Fresnel integrals 629, 649, 887, 1147 

Frobenius theorem 1088 

functional series 15 


functions see Constant/Function index 


inner xxviii 

ordering xxviii 

orthogonal 798 

outer xxvii 

fundamental inequalities 1094 

fundamental system 1100 

G 

gamma functions 650, 892, 894, 895, 1147 

and exponentials 652 

and logarithms 656 

and powers 652 

and trigonometric functions 655 

incomplete 657, 899 

Gauss divergence theorem 1055 

Gegenbauer functions and Bessel functions 798 

Gegenbauer polynomials 990 

and elementary functions 797 

and powers 795 

general formulas 65, 249 

generalized elliptic integrals 635 

generalized Fourier series 1067, 1068 

generalized Legendre polynomials 990 

generating functions 

Bernoulli numbers 1040 

Bernoulli polynomials xxxii, 1041 

Bessel functions 933 

Chebyshev polynomials 995 

Euler numbers 1043 

Euler polynomials xxxii, 1044 

Hermite polynomials 997 

Jacobi polynomials 1000 

Legendre polynomials 988 

Neumann polynomials xxxvii, 950 

Stirling numbers 1046, 1047 

geometric progression 1 

Gerschgorin theorem 1083, 1088 

grad 1050 

gradient 1050 

Gram determinant 1080 

Gram inequality 1065 

Gram-Kowalewski theorem 1080 

Green theorem 1055, 1056 

Gronwall’s lemma 1094 

growth estimates 1104 

growth of maxima 1106 

Gudermannian (gd) 52 
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H 


Hadamard’s inequality 1077 

Hadamard’s theorem 1077 

Hankel functions 910, 925 

Heaviside step function xliv 

Heine formula 988 

Helmholtz equation 767, 1052 

Hermite method 67 

Hermite polynomials 803, 996, 997 

Hermitian matrix 1077, 1089 

Hessian determinant 1079 

Holder inequality 1059, 1061, 1064 

homogeneity 875 

homogeneous differential equations 1097 

hyperbolic 

amplitude 52 

cosine integral 644, 886 

sine integral 644, 886 

hyperbolic functions 28, 110, 371 

and algebraic functions 132, 375, 715 

and associated Legendre functions 778 

and Bessel functions 713, 715, 747 

and exponentials .... 148, 338, 382, 386, 522, 525, 
713, 715 

and inverse trigonometric functions 605 

and linear functions 120 

and logarithmic functions 578 

and Mathieu functions 763 

and parabolic cylinder functions 843 

and powers 139, 148, 386, 516, 525 

and rational functions 125 

and trigonometric functions. . .231, 509, 516, 522, 
525, 747, 763 


inverse 56, 240 

and logarithms 237 

powers 110, 120 

hypergeometric 

differential equation 1010 

series 1005, 1008 

confluent 1031 

generalized 1010 

hypergeometric functions 812, 841, 946, 1005, 

1006, 1039, 1147 

and Bessel functions 817 

and exponentials 814 

and powers 812 

and trigonometric functions 817 


hypergeometric functions ( continued ) 


confluent 820, 841, 1022, 1023, 1147 

and Bessel functions 830, 831, 834 

and exponentials 822, 834 

and Legendre functions 839 

and parabolic cylinder functions 849 

and polynomials 840 

and powers 820, 831, 834 

and special functions 839 

and Struve functions 838 

and trigonometric functions 829 

several variables 1022 

two variables 1018 


I 


identities 


Abel 1098 

Lagrange 1099 

Picone 1102 

improper integrals 251, 252 

incomplete beta functions 910 

incomplete gamma function 657 

increasing solutions 1104 

indefinite integrals 

elementary functions 63 

special functions 619 

induced norm 1082 

inequalities 950, 963, 979, 987, 997, 1041, 1061, 

1083-1085, 1094 

algebraic 1059, 1060 

Carleman 1060, 1066 

for sets 1061 

Hadamard 1077 

integral 1063-1066 

Schur 1087 

triangle 1061 

inertia 1072 

infinite products 6, 14, 862 

initial value theorem 1136, 1139 

inner function xxxi 


integer function 1135 

integer pulse function 1135 

integral 


differentiation 21, 1064 

formula 985 

inequalities 1063-1066 

inversion 1107, 1118, 1121, 1129 

part (symbol) xliii 

representations 887, 888, 892, 898, 900, 902, 


906, 908, 912, 914, 916, 942, 946, 950, 960, 974, 
976, 980, 981, 985, 991, 996, 1005, 1021, 1023, 
1025, 1028, 1035, 1036, 1039, 1040, 1067 
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integral ( continued ) 

theorems 1049 

transforms 1107, 1147 

relationships 1129 

integrals 

definite 247 

special functions 631 

double 610, 1021 

elliptic 104, 859 

Fresnel 1147 

improper 251, 252 

indefinite see indefinite integrals 

Mellin-Barnes 1021 

multiple 607, 612 

pseudo-elliptic 105 

triple 610 

integration 

constant 63 

techniques 92 

termwise 16 

interlacing of zeros 1101 

invariants 874 

inverse ^-transformation 1135 

inverse hyperbolic functions see hyperbolic 

functions 

inverse trigonometric functions 599, see 

trigonometric functions 

and exponentials 605 

and hyperbolic functions 605 

and logarithms 607 

and powers 600, 601, 607 

and trigonometric functions 605, 607 

inversion integral 1107, 1118, 1121, 1129 


J 

Jacobi polynomials 

Jacobi theorem 

Jacobian determinant 

Jacobian elliptic functions . 
Jacobian elliptic integrals . 
Jensen inequality 


806, 998 

1076 

1078 

866, 870, 879, 1148 

623 

1066 


K 

Kneser’s non-oscillation theorem 1103 

Kowalewski theorem 1080 


L 


1/2 norm 1081 

Lagrange identity 1059, 1099 

Laguerre polynomials 808, 1000 

Laplace formula 987 

Laplace integral formula 985 


Laplace transform 1107, 1129 

basic properties 1107 

table 1108 

Laplacian 767, 1051 

latent roots values 1084 

Laurent series 1135 

least common factor 798 

least common multiple 798 

Lebesgue lemma 1067 

Legendre functions 975, 1149 

and hypergeometric functions 

confluent 839 

associated see associated Legendre functions 

special values 969 

Legendre normal form 859 

Legendre polynomials 983, 988 

and Bessel functions 794 

and elementary functions 792 

and powers 791 

lemmas 

Dirichlet 1067 

Gronwall 1094 

Riemann-Lebesgue 1067 

letters, conventions 63 

linear dependence 1080 

linear equations 1096 

Lao norm 1081 

Lipschitz continuity 1094, 1095 

Lobachevskiy’s “angle of parallelism” 51 

Lobachevskiy’s function 891 

logarithm integrals 636, 887 

logarithms 53, 237, 527, 529 

and algebraic functions 238, 538 

and Bessel functions 747 

and exponentials 339, 571, 573, 599 

and gamma functions 656 

and hyperbolic functions 578 

inverse 237 

and inverse trigonometric functions 607 

and powers 540, 542, 553, 555, 573, 594 

and rational functions 535, 553 

and trigonometric functions . . . 339, 581, 594, 599 

gamma functions 898 

Lommel functions 760, 945 

two variables 947 

Lyapunov theorem 1089, 1105 

M 

MacRobert functions 850, 1035 

and Bessel functions 854 

and elementary functions 850 

and special functions 856 
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Mathieu functions 763, 950, 951, 953, 954, 1149 


and Bessel functions 767 

and hyperbolic functions 763 

and trigonometric functions 763 

imaginary argument 952 

matrix 

adjoint 1070 

cofactors 1075 

determinants see determinants 

diagonal 1069 

diagonally dominant 1071 

differentiation 1073 

equivalent 1069 

exponential 1074 

Hermitian 1070, 1077, 1089 

idempotent 1071 

identity 1069 

inverse 1070 

irreducible 1069 

minors 1075 

principal 1076 

nilpotent 1071 

non-negative definite 1071 

norm 1082, 1083 

null 1069 

orthogonal 1070 

positive definite 1071 

reducible 1069 

skew-symmetric 1070 

special 1069 

symmetric 1070 

trace 1070 

transpose 1069, 1070 

triangular 1070 

unitary 1071 

maxima 1106 

mean value theorems 247, 1063, 1064 

Meijer functions 850, 1032 

and Bessel functions 854 

and elementary functions 850 

and special functions 856 

Mellin transform 1107, 1129 

basic properties 1130 

table 1131 

Mellin-Barnes integrals 1021 

metric coefficients 1052 

metrical coefficients 1054 

Minkowski inequality 1059, 1061, 1065 

modulus 632, 859, 860 

multiple angle expansion 31 

multiple integrals 607, 612 


N 

named theorems 1087 

natural norm 1082 

natural numbers xliv 

necessary conditions 1104 

Neumann functions 910 

Neumann polynomials 949 

nome 877 

non-oscillation 1100, 1103, 1104 

normal form 859 

norms 1081 

column 1082 

compatible 1082 

Euclidean 1081 

induced 1082 

matrix 1082, 1083 

natural 1082 

row 1083 

spectral 1082 

vector 1081 

notation xliii 

o 

one-sided z-transform 1135 

order of presentation xxvii 

ordinary differential equations 1093 

orthogonal curvilinear coordinates 1052 

orthogonal polynomials 795, 982, 1149 

oscillation 1100, 1102 

Ostrogradskiy-Hermite method 67 

Ostrowski inequality 1066 

Ostrowski theorem 1089 

outer function xxxi 


P 

parabolic cylinder functions. . . .841, 849, 1028, 1150 

and Bessel functions 845 

and exponentials 842 

and hyperbolic functions 843 

and hypergeometric functions 849 

and powers 842 

and Struve functions 848 

and trigonometric functions 844 

parameter 877 

parameter of the integral 859 

Parodi theorem 1086 

Parseval formula 1136 

Parseval theorem 1067, 1068 

partial fractions 66 

partial sums 1067 

Perelomov 1089 
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periodic 19 

Mathieu functions 951 

periods 865, 870 

permutations 1046 

Perron theorem 1088 

Perron-Frobenius theorem 1088 

Picone identity 1102 

Picone theorem 1102 

Pochhammer symbol xliii 

Poincare’s separation theorem 1087 

points, singular 958 

Poisson integral 1056, 1057 

poles 865, 870, 874, 892 

polynomials 254, 313, 322 

and hypergeometric functions confluent 840 

characteristic 1084 

Chebyshev see Chebyshev polynomials 

degree 3 or 4 859 

Gegenbauer 990 

Hermite see Hermite polynomials 

Jacobi see Jacobi polynomials 

Laguerre see Laguerre polynomials 

Legendre see Legendre polynomials 

orthogonal 795, 982, 1149 

positive definite 1071, 1072 

positive semidefinite 1072 

power series 16-18, 25 

expansion 42 

powers 253 

and algebraic functions 363 

and arccosecant 244 

and arcsecant 244 


and associated Legendre functions. . 770, 776, 779 
and Bessel functions 664, 675, 689, 699, 708, 


711, 727, 742, 831, 834 

and binomials 315, 322 

and Chebyshev polynomials 800 

and exponential integrals 627 


and exponentials .... 148, 346, 353, 363, 364, 386, 
497, 525, 573, 699, 708, 711, 742, 754, 776, 834, 
842 


and gamma functions 652 

and Gegenbauer polynomials 795 

and hyperbolic functions. . 139, 148, 386, 516, 525 

and hypergeometric functions 812 

confluent 820, 831, 834 

and inverse trigonometric functions 600, 601, 

607 


and Legendre polynomials 791 

and logarithmic functions 540, 542, 553, 555, 

573, 594 

and parabolic cylinder functions 842 


powers ( continued ) 

and rational functions 353, 401, 553 

and square roots 472 

and Struve functions 754 


and trigonometric functions. . . 214, 397, 401, 405, 
411, 436, 459, 475, 497, 516, 525, 594, 607, 727, 


742, 779 

binomials 25 

hyperbolic functions 110, 120 

trigonometric functions 151, 395 

principal 

function xxxi 

natural norms 1082 

values 56, 252, 528 

vector norms 1081 

probability function 1150 

probability integrals 629, 645, 887 

and associated Legendre functions 781 

problem, Cauchy 1093, 1095 

product 

finite 41 

infinite 6, 14, 45 

of vectors 1049 

theorem 896 

progressions 1, 8 

pseudo-elliptic integrals 105, 184 

pulse function 1135 

Q 

^-series 880 

quadratic forms 1071 

quasiperiodicity 878 

R 

radius of convergence 16 

rank 1072 

rate of change theorems 1057 

rational functions 66, 253, 254 

and algebraic functions 789 

and associated Legendre functions 789 

and Bessel functions 670 

and cosine 171, 390 

and exponentials 106, 340, 353 

and hyperbolic functions 125 

and logarithmic functions 535, 553 

and powers 353, 401, 553 

and sine 171, 390 

and trigonometric functions 401, 423, 447 

Rayleigh quotient 1091 

real numbers xlv 

reciprocal theorem 1056 

reciprocals 3, 12 
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references 1141 

supplementary 1145 

remainder 18 

representation theorem 1056 

residues 870 

Riccati equation 1099 

Riemann differential equation 1014 

Riemann hypothesis 1038 

Riemann zeta functions 1036, 1150 

Riemann-Lebesgue lemma 1067 

Rodrigues’ formula 993, 995, 998, 1000 

roots see square roots and Constant/Function 

index 

fourth 313 

Routli Hurwitz theorem 1086 

row norm 1083 

s 

salt us 19 

scalar product 1049 

Schlafli integral formula 985 

Schlafli polynomials 949 

Schur’s inequalities 1087 

Schwarz inequality 1059, 1061, 1064 

second mean value theorem 1063, 1064 

second-order equations 1017, 1098, 1100, 1104 

self-adjoint equations 1098 

semiconvergent series 21 

separation theorem 1087, 1101 

series 860, see specific type 

alternating 7 

asymptotic 21 

convergence 6 

diverge 21 

Fourier 19, 46, 1066-1068 

generalized 1067, 1068 

functional 15 

hyperbolic functions 51 

hypergeometric 1005, 1008 

generalized 1010 

of exponentials 27 

of logarithms 55 

power 16-18 

rational fractions 26 

remainder 18 

semiconvergent 21 

Taylor 18 

trigonometric 46, 862 

sign function xlv 

signature 1072 

signum function xlv 


sine 

and rational functions 171, 390 

and square roots 472 

integral 628, 639, 886 

hyperbolic 644, 886 

multiple angles 161 

sine-amplitude 866 

singular points 958, 1038 

solenoidal fields 1052 

Sonin theorem 1106 

special functions xxxix 

and hypergeometric functions 

confluent 839 

and MacRobert functions 856 

and Meijer functions 856 

indefinite integrals 619 

spectral norm 1082 

spectral radius 1083 

spherical functions 974 

square roots ... 84, 88, 92, 94, 99, 103, 179, 184, 254 

and cosine 472 

and powers 472 

and sin 472 

trigonometric functions 408 

Steffensen inequality 1065 

step function xliv 

Stieltjes’ theorems 987 

Stirling numbers 1046, 1048 

table 1047, 1048 

Stokes phenomenon 920 

Stokes theorem 1057 

Struve functions 753, 942, 1150 

and Bessel functions 756 

and exponentials 754 

and hypergeometric functions confluent 838 

and parabolic cylinder functions 848 

and powers 754 

and trigonometric functions 755 

Sturm comparison theorem 1101 

Sturm separation theorem 1101 

Sturm-Picone theorem 1102 

Sturmian separation theorem 1087 

subdominant solutions 1104 

subordinate norm 1082 

substitutions, Euler 92 

sufficient conditions 1104 

summation formula 986 


summation theorems 940, 986, 992, 998, 1002, 

1030, 1042 
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sums 



theorems ( continued ) 


binomial coefficients 


3 

Kneser 

1103 

partial 


7 

Lyapunov 

1089, 1105 

powers 


1 

mean value 

247, 1063, 1064 

powers of trigonometric functions 

37 

named 

1087 

products 


3 

non-oscillation 

1100, 1103, 1104 

products of trigonometric functions . . . 

38 

oscillation 

1100 

reciprocals 


3, 12 

Ostrowski 

1089 

tangents of multiple angles 


39 

Parodi 

1086 

trigonometric and hyperbolic functions 

36 

Parseval 

1067, 1068 

supplementary references . . . . 


1145 

Perron 

1088 

Sylvester’s law of inertia .... 


1072 

Perron-Frobenius 

1088 

symbol 



Poincare’s 

1087 

binomial coefficient 


xliii 

product 

896 

factorial 


xliii 

quadratic forms 

1072 

double 


xliii 

rate of change 

1057 

integral part 


xliii 

reciprocal 

1056 

Pochhammer 


xliii 

representation 

1056 

synonyms 


xxvii 

Routli-Hurwitz 

1086 

system of equations 


1094, 1095 

second-order equations . . . . 

1100 

linear 


1096 

separation 

1087 

Szego comparison theorem . . 


1101 

Sonin 

1106 




Sticltjes’ 

987 

T 



Stokes 

1057 

table usage 


xxxi 

Sturm comparison 

1101 

tangent approximation 


921 

Sturm separation 

1101 

Taylor series 


18 

Sturm- Picone 

1102 

termwise integration 


16 

Sturmian 

1087 

tests, convergence 


6. 19 

summation . . 940, 986, 992 

998, 1002, 1030, 1042 

theorems 



Szego comparison 

1101 

addition 


. . 973, 975 

vector integral 

1055 

arithmetic mean 


1056 

Wielandt 

1088 

Ballieu 


1086 

theta functions 

633, 877 

basic 


1091 

Thomson functions 

761, 944 

boundedness 


1106 

total variation 

20 

Brauer 


1086, 1088 

trace 

1084 

Cayley-Hamilton 


1084 

transformation formulas 

1008 

comparison 

1100, 1101, 

1103, 1104 

transforms 


convolution 1108, 

1118, 1122, 

1130, 1136 

Fourier 

see Fourier transform 

do Moivre 


1060 

fractional 

1014 

divergence 


1055 

Hankel 

. see Hankel transform 

final value 


1139 

integral 

1147 

Frobenius 


1088 

Laplace 

see Laplace transform 

Gauss 


1055 

Mellin 

. see Mellin transform 

general nature 


247 

of a derivative 

1118 

Gerschgorin 


1083, 1088 

triangle inequality 

1061 

Gram-Kowalewski 


1080 

trigonometric functions 

28, 151, 390, 415 

Green 


1055, 1056 

and algebraic functions . . . 

434 

Hadamard 


1077 

and associated Legendre functions 779 

initial value 


1136, 1139 

and Bessel functions 

.... 717, 727, 742, 747 

integral 


1049 



Jacobi 


1076 
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trigonometric functions ( continued ) 

and exponentials .... 227, 339, 485, 493, 495, 497, 
522, 525, 599, 742 

and gamma functions 655 

and hyperbolic functions 231, 509, 516, 522, 

525, 747, 763 

and hypergeometric functions 817 

confluent 829 

and inverse trigonometric functions 605, 607 

and logarithmic functions 339, 581, 594, 599 

and Mathieu functions 763 

and parabolic cylinder functions 844 

and powers 214, 395, 397, 401, 405, 411, 436, 

459, 475, 497, 516, 525, 594, 607, 727, 742, 779 

and rational functions 401, 423, 447 

and square roots 408 

and Struve functions 755 

inverse 56, 241 

powers 151, 459 

trigonometric series 46, 862 

triple integrals 610 

triple vector product 1049 

two-sided 2 -transform 1135 


V 


Vandermonde determinant 1078 

variables separable 1097 

variational principles 1091 

vector 

differentiation 1050 

field theory 1049 

integral theorems 1055 

norms 1081 

operators 1049 

product 1049 


w 

Weber functions 948 

Weierstrass elliptic functions. . . .626, 873, 880, 1148 

Weierstrass expansions 869 

weight function 982 

Whittaker functions 1024 

Wielandt theorem 1088 

Wronskian determinant 1079 

Y 

Young inequality 1065 


u 


uniform convergence 15 

unilateral 2 -transform 1135, 1138 

unit integer function 1135 

unit integer pulse function 1135 

use of the tables xxxi 


z 


zeros 865, 870, 879, 972, 1038 

interlacing 1101 

simple 1000 

zeta function 1150 

2 -transforms 1135 
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